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1.1 INTRODUCTION 

Since our childhood we have been using four fundamental operations of addition, subtrac- 
tion, multiplication and division. We have applied these operations on natural numbers, 
integers, rational and irrational numbers. In this chapter, we will begin with a brief recall of 
divisibility on integers and will state some important properties of integers, namely, Euclid's 
division Lemma, Euclid's division algorithm and the Fundamental Theorem of Arithmetic 
which will be used in the remaining part of this chapter to learn more about integers and real 
numbers. 

Euclid's division lemma tells us about divisibility of integers. It is quite easy to state and 
understand. It states that any positive integer a can be divided by any other positive 
integer b in such a way that it leaves a remainder r that is smaller than b. This is nothing 
but the usual long division process. Euclid's division lemma provides us a step-wise 
procedure to compute the HCF of two positive integers. This step-wise procedure is 
known as Euclid's algorithm. We will use the same for finding the HCF of positive 
integers. 

The Fundamental Theorem of Arithmetic tells us about expressing positive integers as 
the product of prime integers. It states that every positive integer is either prime or it can 
be factorized (expressed) as a product of powers of prime integers. This theorem has 
many significant applications in mathematics and in other fields. We have learnt how to 
find the HCF and LCM of positive integers by using the Fundamental Theorem of 
Arithmetic in earlier classes. In this chapter, we will apply this theorem to prove the 


irrationality of many numbers such as /2,/3,/5 etc. We know that the decimal 
representation of a rational number is either terminating or if it is non-terminating then 
it is repeating. The prime factorisation of the denominator of a rational number 
completely reveals the nature of its decimal representation. In fact, by looking at the 
prime factorisation of the denominator of a rational number.one can easily tell about its 
decimal representation whether it is terminating or non-terminating repeating. We will 
also use the Fundamental Theorem of Arithmetic to determine the nature of the decimal 
expansion of rational numbers. 


Let us begin with the divisibility of integers. 


1.2 DIVISIBILITY 
Wehave been studying division of numbers for the last many years. Let us recall the same in 


a formal manner. 
DEFINITION A non-zero integer ‘a’ is said to divide an integer ‘b’ if there exists an integer c such that 


b=ac. 
1.1 
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"s А ds -— А “эл PS : эур c is 
The integer ‘b is called the dividend, integer ‘a’ is known as the divisor and integ 
known as the quotient. 
noe k ver, З does 
For example,3 divides 36 because there is an integer 12 such that 36 = 3 х 12. However, 3 does 
In other words, 


not divide 35 because there do not exist an integer c such that 35 = 3 х c. 


35 = 3xc isnot true for any integer c. 
If a non-zero integer ‘a’ divides an integer b, then we write a|b. This is read as 
“а divides b”. When a |b, we say that ‘b is divisible by a’ or ‘a is a factor of b' or ‘bisa 
multiple of a’ or ‘ais a divisor of b’. 
We write a + b to indicate that b is not divisible by a. 
We observe that: 

-4x(-5), 


(i) 4/20, because there exists an integer —5 such that 20 = 
(ii) 4|- 20, because there exists an integer -5 such that -20 = 4x ( -5) 
(iii) —4|- 20, because there exists an integer 5 such that —20 = —-45. 


State whether Ute following are true or not: 


ILLUSTRATION 
(i) 3|93 (i) 6|28 (ui) 0|4 (iv).-510 (v) -2|8 
(vi) -7|-35 (vii) 6|6 (viii) 8|-8 (ix) 13|<25 (х) 1|-1 


SOLUTION We observe that: 
(i) 3|93is true, because 93 = 3 x 31 
6 | 28 is not true, because 28 = 6c is not valid for any integer c. 


(ii) 
(iii) 0|4 is not true by definition. 
(iv) 5 [0 is true, because 0 = 5x 0 
(v) -2|8is true, because 8 = (-2) х (4) 
(vi) —7 |-35 is true, because -35 = (=7) x 5 Я 
(vii) 6 |6 is true, because 6 = 6x1 
(viii) 8|- 8 is true, because – 84= 8x -1 
(ix) 13|-25is not true, because 25 = 13 х c isnot valid for any integer c. 
(х) 1|-1is true, because —1 = 1x -1 
Following are some properties of divisibility: 
(i) +1 divides every non-zero integer. 
i.e, +1|@ for every non-zero integer а. 
(11) O is divisible by every non-zero integer a. 
i.e., ao for every non-zero integer a. 
(iii) 0 does not divide any integer. 
(iv) If a is a non-zero integer and bis any integer, then 
a|b = a|- b, - a|band - a|- b 
(v) If a and b are non-zero integers, then 
a|b and b|a > a = tb 
(vi) If a is a non-zero integer and b, c are any two integers, then 
a|b tc 


ah and a|c f aſ be 
la |bx for any integer x. 
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(vii) If a and c are non-zero integers and b, d are any two integers, then 

(i) a|bande|d = ac |bd 

(ii) ac|be => a|b 
REMARK Ifa divides b, then by property (iv) a divides h and —a divides b. It is therefore enough 
if we consider positive divisors of positive integers only. 
Thus, whenever we will speak of divisors in this chapter we will mean positive divisors of 
positive integers. 


1.3 EUCLID'S DIVISION LEMMA 

Euclid was the first Greek Mathematician who initiated a new way of thinking the study of 
geometry. He is famous for his Elements of Geometry but few people are aware that he also 
made important contributions to the number theory. Among these is the Euclid's Lemma. A 
lemma is a proven statement which is used to prove other statements. This lemma was 
perhaps known for a long time, but was first recorded in Book VII of Euclid's Elements. 
Euclid's division algorithm is based on this lemma. This lemma is nothing but a restatement 
of the long division process we have been doing for the last many years. 

Consider the division of one positive integer by another, say 58 by 9. The division can be 
carried out as follows: 


9)58(6 
54 


4 


While carrying out this division, we had to think of about the largest multiple of 9 which 
does not exceed 58 so that after subtraction the remainder 4 is less than the divisor 9. The 
result of this division is that we get two integers, namely, 6 which is called the quotient 
and 4 which is called the remainder. We can write the result in the following form: 


58 = 9х6 +4, „0 44 <9 


Let us now apply the.same procedure to other pairs of positive integers to see whether 
such a representation is always possible or not. 


Pair of integers Representation 
7 goes into 25 thrice and leaves 
25,7 25-7x344,0€4«7 demssmdera 
3 goes into 20 six times and 
20,3 20=3х6+2, 08283 leaves remainder 2 
15 is larger than 7. So, this 
7,15 7 = 15х0+7, 0<7 <15 relation is always possible 
w 5 goes into 35 seven times 
35,5 3525x740, 0<0<5 and leaves no remainder 


It is evident from the above discussion that the above representation also holds for other 
pairs of integers. We also observe that for each pair of positive integers à and b, we can 


find unique integers @ and r satisfying the relation a = ру +, 0 € r < b. In fact, this 


holds for every pair of positive integers as proved in the following lemma. 


LIS 
ww 


| 5 
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KM AK | Theabove Lemma is nothing but a restatement of the long division process we have ben 
doing all these years, and that the integers qand r are called the quotient aud remainder, respectively 

II MARK > The above Lemma has been stated for positive integers oily. Bul, 1t can белел 
negers as stated below: 

Let a and b be any two integers with b #0, Then, there exist unique integers q and е sindt that 


a=bq+r, where 0 < r « |b! 
) When a positive integer is divided by 2, the remainder is either Oor 1. So, any posttice 
integer is of the form 2m, 2m + 1 for some interger m. 
Gi) When any positive integer is divided by 3, the remainder is 0 or 1 or 2. Sa. à 
integer can be written in the form 3m, 3m + 1, 3m + 2 for some ие ег m. 
(% When a positive integer is divided by 4, the remainder can be 0 or 1 or So, ity 
positive integer is of the form 4q or, 4q + 1 or, 4q + 2 or, 4q + 3. 


ИЛ 


Let us now discuss some problems to illustrate the applications of Euch Lemma. 
d mt 
E J aS 
REVEL) l 
EXAMPLE 1. Show that every positive even mlege erm 29, and that every positive odd 
integer ts of the form 2q + 1, where д is some integer. Ф INCERTI 


SOLUTION eta be any positive integer and h = chd's division Lemma there 


exist integers j and r such that 
а = 29 *r, where 0 < г <2 
Now, 0<г<2=0<г<1- г = ог, г [^ ris an integer] 
a=29 or, 4-24 +1 


If à = 20, then à is an even in 


We know that an integer ca er even or odd. Therelore, any odd integer is of the form 


29 +1. 


EXAMPLE 2 Show positive titeger is of Ute form. M or, 3q +1 or, 39 2 for some 
integer q. 


SOLUT L be any positive integer and b = 3, Applying division Lemma with a and 
bz 

q+r, where 0 r « 3 and q is some integer 
=> 30 +0 or, a=3q+1 or, a= 3442 
zd a= M or, a= M € ог, a= 39 + 2 for some integer q. 
LAMPIE f. Show that any positive odd integer ts of Hie form 4q Vor4q + А, where q is some 
miteger. INCERTI 


SOLUTION Leta be any odd positive integer and p = 4, By division Lemma there exists 
integers g and r such that 
a=4g+r, where 0€ r« 4 
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à | à; 
UCLID — LEMMA Jel a and b be any two positive integers Then, there exist unique integers 
qand r such Hiat | 


id hq .F. 0 n h 


fb ; 
IF ра, then ү = с. Oth Meise, r salisfies the stronger inequality O < r < b. 
OUT. Consider the follow ing arithmetic progression 


1 30, 6 20, 4 aa+h,a+2b,a+3b,. 


, 


Clearly, it is an arithmetic 


progression with common difference “һ' апа it extends 
indefinitely in both direction 


>. 
Let r be the smallest non-negative term of this arithmetic progression. Theft, there exists 
à non-negalive integer q such that 


T ur ! > 4 5 4 


\s, is the smallest non Negative integer satisfying the above result 
0 ! h 


l'herefore, 


I hus, we have 
п = H, where 0<r<h 


We shall now prove the uniqueness of q and } 


Uniqueness To prove the uniqueness of i and r, let us assume that there is another pair 


i, and n of non-negative integers satisfying the same relation i.e 


í TP " П () , h 


We shall now prove that 7 r and h= q 
We hay e 


bir, @ 
| ‚ ~~ & Osr<b and О < к <р 0: -r< b] 
А ES 
Now n ! 
— [Multiplying both sides by (-1)] 
| eee [Adding a on both sides] 
a=bha+r anda bq, n | 
R bq, = bq ^q =a- rand bq, =a-r, 
4-74 


Hence, the representation a = bg +r, 0 <r <b is unique. 


Q.E.D. 


——— M 
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16 
> d=4q or, 4% +1 ог, a-4q*2 or, 4844 [ 0<ғ<4=7 = 0,1,2,3] 
> п= А +1 or, а = 40 + 3 [^ aisan odd integer ~. à * 4q,a + 4q + 2] 


Hence, any odd integer is of the form 4j * 1 or, 4q +3. 


МАМЕ 4 Show that the square of an odd integer is of the form 4q +1 for the some 
mleger q INCERT EXEMPLAR] 
SOLUTION. Let be any odd integer. Then, x = 2m + 1, for some integer n. 


v= (2m + 1) = 4m? + 4m +1 = 4] +1, for some integer q = m^ + nf 


UXAMPLE S.— Show that n^ -1 is divisible by 8, if n is an odd posit ig Teer. 
INCERT EXEMPLAR] 
SOLUTION We know that any odd positive integer is of the form 45 + Tor 44 + 3 for some 


менег] 
So, we have the following cases: 
CASE | When n 4q + 1: In this case, we have 


п — 1 =(4q +1) -1 = 16q? + 87 + L- Ф 84 = 8q(2q +1) 
а n? is divisible by 8 | 8q(2q + 1)is divisible by 8 ] 
CASE up When = 4g + 3: In this case, e Haye 
m — 1 =(4q +3) -1 = тоу 249 399 - 1 = 1697 + 249 + 8 
п — 1 = 8( 24? + 30+ | = о? 1)(а +1) 


|) 


n? lis divisible By 8 [= 8(29 +1)(q + 1]is divisible by 8 | 


Hence, n is dis isible by Я. 

EXAMPLE ь Prog Ы л ma y are odd positive integers, then at 4 у? is even but not divisible 
ly 4 

SOLUTION We know that any odd positive integer is of the form 2q+1 for some 


integer i 
Уо fet x zm Гапа y = 20 + 1 for some integers m and n. 


vy = (2 + 1) + (2л + 1) 


^ ^ ^ ^ 
1 «wv =4(т + п") + 40m +n) + 2 


> 
> ev Alim + п) + (mse л) +2 

5 m y` = 40 +2, where д = (т? + п?) + (m+n) 

= v + v) is even and leaves remainder 2 when divided by 4 
=> vo + a£ as even but not divisible Бу 4 


EXAMPLE 7 Prove that n° -n is divisible by 2 for every positive integer п. 
SOLUTION We know that any positive integer is of the form 24 or 2q + 1, for some integer q. 
So, following cases arise: 
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CASEI When n= 24: In this case, we have 
п? =n = (29)? — 20 = 4% — 29 = 2q( 29 - 1) 
25) п? —n-2r, where r= q(29 - 1) 
=> n^ =n is divisible ру 2 
CASEI When п = 20 + 1: In this case, we have 
m * =(29+1) (2q +1) = (24 +1)(2q9+1-1) 2 22(24 +1) 
п? — п = 2r, where r= q(2q +1) 
n^ is divisible by 2. 
Hence, n° — is divisible by 2 for every positive integer п. 


EXAMPLE 8 Show that the square of any positive integer is of the form 3mxor, 3m 4 1 for some 
integer m. INCERT, CBSE 2008] 


SOLUTION Leta be any positive integer. Then, it is of the form 3q cr, 30 1 or, 3q + 2. 
50, we have the following cases: 
Ifen a = 3q: In this case, we have 
а? =(3q) = 9% = 3q (30) = 3m, where т = 3q 
CASEN When a = 3q +1: In this case, we have 
а? = (30 +1)? = 9g? + бй +1 = 30] (3q + 2)+1 = 3nr* 1, where m 7 q (30 +2) 
CASEI When а = 3q + 2:1п this case, weave 
а? = (3а + 2)? = 945 +124 + ЗЬ 942 #1204 +341 
= 3(3q° + 44 +1)+1=8m where m = 342 + 4] +1 
Hence, à is of the form 3m ог + 1. 
EXAMPLE 9 Use Euclid's division Lemma to show that the cube of any positive integer is either of 
the form Im, 9m + 1 or, Әт 8 for some integer m. INCERT] 
SOLUTION Let beany positive integer. Then, it is of the form 3q or, 3q + 1 or, 3q + 2. So, we 
have the following cases: 
САУ | When x = 30 In this case, we have 


vs (37 y = 270 =9 ( aq? | = 9m, where т = 3q° 


ЛУ When X = 3q + 1: In this case, we have 


* = (34 + y 
> х? = 270° + 274° +9q+1 
=> х? = 9q(3q7 + 34 +1)+1 
=> x* = 9m + 1, where m = 90392 +3q+1) 


CASEI! When x = 3q + 2: In this case, we have 
3 
х? = (34 +2] 


> х? = 274° + 5442 + 36q +8 


— — 


~ e+ 
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= 1 99 (3% + 6g +4) +8 
> v = 9m + 8, where m = (30° + 6g + 4) 


Hence, у is either of the form 97 or, 9m + Lor, 9m 8. 
pNAMPEE то Show that the cube of any positive integer is of the form 4m, 4m + 1, or 4m + 3 for 


some integer n 
SOLUTION Let n be any positive integer. Then, it is of the form 44, 4j + 1,40 + 2, and 


4р + 3. So, we have the following cases: 
Casti When n = 4q:Inthis case, we have 
n = (4q)' = 649° = 4(16q)* = 4m, where m = 160° 
CASEI When n = 4q + 1: In this case, we have 
i^ = (4q e D)! = 644 + 48q? + 129 +1 
= 4(16q* + 124 +30) +1 = 4m + 1, where m = 160° + 129 39 


cost UL When n = 4q + 2: ln this case, we have 
n! = (4q + 2) = 644? + 964 + 48q +8 


= 4(16q* + 244? + 120 + 2) = Anf wherein 16q° + 244° + 12q +2 


Mos When n = 4q + 3: In this case, Wwehave 
n = (4 + = e4q* + 144984 1089 27 
= odg’ + 144q° + 10879804 AB 
= 4(16q° + 36+ 979 + 0+3 = 4m + 3, where m = 169 + 364? + 274 + 6 


^ 


Hence, n is of the form МЫЛА Lor Anm 3. 


EXAMPLE I Show ае square of any positive integer cannot be of the form 5q + 2 or 
мр + 3 for any integ INCERT EXEMPLAR] 


SOLUTION Leti be any positive integer. When we divide x by 5, the remainder is either 0 or 1 or 
2 or 3 ог 4. So camberitten as X = 5m, or x =5т+1 or x = 5óm «20r x = 5т +3 or 
= Sin + 4. Thus we have the following cases: 
uo: Wiwen X» 5m : In this case, 
у> = 25° = 5(5my = 5q, where 4 = 5n? 
When x = 5m + 1: In this case, 
vè =(5т + Dy = 257 «10m +1 = 5 (In + 2m) +1 = 5q + 1, where q = 5n? + 2m 
sos When x = 5m + 2 ln this case, 
v? = (5m + 2)? = 25m? 20m + 4 = 5(5т? + 4m) + 4 = 5q A, where q = 5 + 4m 
oos When x = 5m + 3: In this case, 
v = (5т + M = 25m7 + 30m +9 = (57 + 30m + 5) + 4 


= 5(5m? + 6 + 1) +4 = 5% + 4, where q = 5m^ +6т +1 


When x = 5m + 4 In this case, 


Y^ 


Hence, x is of the form 54 or 5g + 


EXAMPLE 1 


(5m + 4)? = 25m? 4 40% + 16 


= 5(5т* + 8m + 3) + 1 5q + 1 where q = 5m” + 8m + 3 


Show that one and only one out of n, n + 20r, n + 4 is divisible by 3, where n is any 


positive integer. 


SOLUTION We know that any positive integer is of the form 3q or, 34 + lor, 34 +2 for 


some integer 4 and one and only one of these possibilities can occur. 


50, we have following cases: 


When n = 39: In this case, we have 


n 


Now, * 


> n 


=> n 


Again, n 


3q, which is divisible by 3 
N] 


30 + 2. 


- 2 leaves remainder 2 when divided by 3 


2 is not divisible by 3 
3q 


> n+4=3q+4=3(q+1)+1 
ES n + 4 leaves remainder 1 when divided by 3 
= n+4 is not divisible by 3 


Thus, л is divisible by 3 but m+ 2 and m 4 are not divisible by 3. 


When n = 3q + 1: In this case, we have 


п = 3] + 1 
> п leaves remainder] when divided by 3 
se п is not divisible by 3 


Now, n=3q+d 


> п +2 (3g + 1)+ 2 = 3(q +1) 


= п + 2 is divisible by 3 


Again, = 34 1 


пъ = 3) +1+4 = 30 +5 = 3(0+1) + 2 


п + 4 leaves remainder 2 when divided by 3 


=> n+4 is not divisible by 3 


Thus, n + 2 is divisible by 3 but n and n +4 are not divisible by 3 


CAS 


ш When n = 3q + 2: In this case, we have 


n=3q+2 
=> n leaves remainder 2 when divided by 3 
=> п is not divisible by 3 


Now, n=3q+2 


, 5q + 4.50, it cannot be of the form 5q + 2 or 5q + 3. 
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2 п+2 = 37 +2+2 = 3(0 + 1) +1 

n + 2 leaves remainder 1 when divided by 3 
> n +2 is not divisible by 3 


Again n=3q+2 
n+4=37+2+4 = 3(q + 2) 
=> n+ 4 is divisible by 3 
Thus, „ 4 is divisible by 3 but ir and л + 2 are not divisible by 3. 
EXAMPLE 13 Prove that one of every three consecutive positive integers is divisible By, 3. 
SOLUTION Let n, n 1, n +2 be three consecutive positive integers. We know that iris of 
the form 3j, 37 +1 or, 3q + 2. So, we have the following cases: 
cast 1 When n = Зр: In this case, 
nis divisible by 3 but 1+ and n+ 2 are not divisible by 3. 
луи When n = 3q + 1: In this case, 
n+2= 3q4142=3(q +1) isdivisible by 3 but u and n +1 arenobdivisible by 3. 
CASE Ин When п = 3q + 2: In this case, 
п+1 = 30 +142 = 3(9 + 1) is divisible by 3 but mandy + 2 are not divisible by 3. 
Hence, one of n, n + Land n +215 divisible by 3. 


-- — — EXERCISE 1.1 


1. lfa and bare two odd positive integers such that a > b, then prove that one of the two 


a+ h й — h Я 8 
numbers y and Q òdd and the other is even. 


— — 


2. Prove that the product ot two consecutive positive integers is divisible by 2. 


P 


„+ 


. Prove that the product of three consecutive positive integer is divisible by 6. 
For any positive integer , prove that i — n divisible by 6. INCERT EXEMPLAR] 


d- 


5. Prove that ifa positive integer is of the form 64 + 5, then itis of the form 3] + 2 for some 
integer q, but not conversely. 
в. Prove that the square of any positive integer of the form 5q + 1 is of the same form. 


7, Prove that the square of any positive integer is of the form 3m or, 3m + but not of the form 
3m +2. 


* Prove that the square of any positive integer is of the form 4q or 4q + for some integer ў. 

INCERT EXEMPLAR] 

9. Prove that the square of any positive integer is of the form 50, 50 + 1, 50 + 4 for some 
integer q 


10. Show that the square of an odd positive integer is of the form 80 + 1, for some 
integer q. 
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11. 


ul 


Show that any positive odd integer is of the form 6q + Тог, 6q + З or, 6q + 5, where q is 
some integer, [INCERT] 


LEVEL-2 


‚ Show that the square ofany positive integer cannot be of the form бт + 2 or 6m + 5 for 


any integer jn. INCERT EXEMPLAR] 


- Show that the cube of a positive integer is of the form 6q +r, whereqisan integer and 


r=0,1,2,3,4,5. INCERT EXEMPLAR] 


4. Show that one and only one out of n, n +4, n € 8, n + 12and n +16 is divisible by 5, where 


n is any positive integer. INCERT EXEMPLAR] 


- Show that the square of an odd positive integer can be of the form 64 + lor бф + 3 for 


some integer g. INCERT EXEMPLAR] 


‚ A positive integer is of the form 3q + 1, being a natural number. Can you writeits square 


in any form other than 3m + 1, 3m or 3m +2 for some integer im? Justify your answer. 


7. Show that the square of any positive integer cannot be of the form З, where m is a 


natural number. 


——— HINTS TO SELECTED PROBLEMS 


Let in - land i. be two consecutive positive integers. Then, their product is (п — 1) 


„ — 
Nu. Now, proceed as in example 6. 


Let ii be any positive integer. Since any positive integer is of the form 6q or, 6q +1 or, 


6q + 2 or, 6q + З or, 6q +4 or, 6g 5. 

If n = 6q, then 
n(n + 1)(n + 2) = 6q (6q + 1) (61 42), which is divisible by 6 

If = 64+ 1, then 
n (n * 1)(n + 2) = (6 Ф 1)(6q + 2) (67 + 3) = 6 (67 + 1) (3q + 1) 24 + 1), 
which is divisible by 6, 

If = 64 + 2, then 
n (n + 1) (n + 2) 269 + 2) (6q + 3) (6q + 4) = 12 (3q + 1) (27 + 1) (2q + 3), 
which is divisible by 6. 

Similarly, n(nm1) (n+2) is divisible by 6 if n = 6q + 3 or, 6q + Aor, 6q + 5. 


‚ Wehave, 


n? —n =(n—V(n)(n +1), which is product of three consecutive positive integers. 


So, proceed as іп О. No. 3. 


Let n= 69 5, where qis a positive integer. We know that any positive integer is of the 


form 3k or, 3k + Lor, 3k + 2. 
q = ЗК or, ЗК + 1 or, 3k +2 
If q = ЗК, then 
п = 69 +5 = 18k +5 = 3(6k + 1) + 2 = 3т +2, where m = 6k +1 
If q = 3k +1, then 
n = 69 + 5 = 6(3k + 1) +5 = 3(6k + 3) + 2 = 3m + 2, where m = 6k +3 
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If = 3k + 2, then 
n= б] +5 = 6(3k + 2) +5 = 3(6k + 5) + 2 = 3m + 2, where т = 6k + 5. 
ө. Let w= 5] + 1. Then, 
и” = 2597 +10] + 1 = 5(5q* + 2g) + 1 = 5m + 1, where m = 5q* + 2] 
is of the form 5m + 1. 
Iny positive ingeger n is of the form 37, 3q 1 or, 3q + 2. 
If 11 = 3q, then 
n> = 94? = 3(3q7) = 3m, where m = 302 
IF = 30 + L then 
"> = 99 + бї + 1 = 30(3] + 2) +1 = 3m+1, where m =] (3q + 
INM =3y + 2, then 
п? = (3q + 2)° = 9р + 12] + 4 = 3 (39° + 49 4+1)+1= 3+ 1, where im = 37 + 4% +1. 
Hence, i is of the form 3m or, 3m + 1 but not of the form 3 2. 


5. Any positive integer ir is of the form 2m or, 2m + 1 
Ho = 2n, then 


п? = 4nr = 47, where q = n? 
Un = 2m + 1, then 
n? = (2т+ 17 = 4н + 4n4+1= Amm + 1) 934m 39 + 1, where q = m(m + 1) 
Any positive integer n is of the form 5m or 5w + 1, Or 5m + 2 or 5m + 3 ог 5m + 4. 
If н = 5m, then 
п? = 25т? = 5 (5т?) = 50, where q = Sin? 
In = 5m + 1, then 
n^ = (Эт + = 2) 41 = 5] + 1, where = m (5m + 2) 
И n = 5m + 2, then 


н? = (Sin + 2m Im (57 + 4) +4 = 5% + 4, where д = m (5m + 4) 


Гоп = 8m + 3,Дһеп 


т? S (may - S(n? + 6m + 1) +4 = 5q + 4, where q = 5m + 6m + 1 
lf = 5m + Athen 


| Ir 25 (57 + 8т +3) +1 = 5] + 1, where q = 5n? +8т+3 
Hence, uñ is of the form 5q or, 50 + 1 or, 5q +4. 
IU. Since, any odd positive integer i is of the form 4m +1 or 4m +3, 
Itn 4m = then 


п? = (4т +1)? = 16т? + 8т +1 = 8т(т +1) +1 = 8q + 1 where ў = m (m + 1) 
I — 4m + 3, then 


n^s(4m + 3y = 16т? + 24m + 9 = 8(2n? + 3m + 1) + 1 = 8q + 1, where q = 2 3 ! 
Hence, п? is of the form 8q + 1. 
let a be any odd positive integer and b = 


6. Then, there exist integers qand rsuch that 
а= = SS 


[By division algorithm] 


l6. No. (344 )y = 9 + 69+ 1 = 3 (30? + 24) +1 = Зт + 1 


> а= 6q ог, 60 +1 ог, 6% +2 or, 69 +3 ог, 64 + 4 ог, 6% 5 


jut, 6q, 6% + 2 and бу + 4 are even positive integers. 


a= б] + lor, 69 + Зог, 6g +5 


We know that any positive integer x can be of the form 6m, бт + 1, 6m + 2, 6m + 3, 
Өт +4 or бт S ee x= бт +r, et 0, 1, 2, 3, 4, 5. А 


Now, show that x^ is of the form 6m, Gm + 1 or 6m + 4. 
Hence, x^ cannot be of the form 6m + 2 or 6n + 5. 


We know that any positive integer x can be of the form 6m, бт + 1, бт. 2; 6n + 3, 
6m +4 or 6m 45 


When x = бд: In this case, 


c = (69) 636% ) = бт, where m = 30% 
When x = 6q + 1; In this case, 
v = (6q + 1)" = 2169 + 1080? + 18] +1 = 6 (36q* 41897 * 39) +1 
= бт +1, where m = 364 + 1802 + 3] and so on. 
We know that any positive integer can be of the form 5g, 5q + 1, 5q + 2, 5q + 3 or 
aq + 4. 


We know that any positive integer can be of the form 6m, 6m + 1, 6m 2, 6m + 3, 
бт + 4 or бт + 5 for some integer m, So, an odd positive integer x is of the form 
бт + lor 6m + 3. 


ASI When x = 6m + 1: In this case, 
v = (бт +1)” -36m^«12m + l= 6 (6m? + 2m) +1 = 6q + 1, where q = бт” + m 
SI When x = 6m + 3:In this case, 


х? = (Gin + ay 36 « 36m + 9 = (36m? + 36m + 6) +3 


=6 (б? +бт +1) + 3 = б] + 3, where q = 6m^ + 6m + 3. 


D 


Any positive integer x can be written as 30, 3q + 1, 3q +2. 
CASL| When x = 3q In this case, 
* = (3q)? = 902 = 3(347) = 3m, where т = 347 
CASE When x = 3q + 1: Та this case, 
y = (3q +1) = 9g? +6q9+1=3 (34° + 24) +1 = 3m + 1, where т = э? + 24 
CASEI When x = 3q + 2 : In this case, 


3 (3q7 + 4q+1)+1=3m +1, 


[[ 


x? = (3q + 2y = 942 +124 + 4 = (94° + 124 + 3) +1 


where т = 3q* + 40 +1 
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14 EUCLID'S DIVISION ALGORITHM 


In the previous section, we have learnt about Euclid’s division lemma and its applications. 
We have seen that the said lemma is nothing but a restatement of the long division process 
which we have been using all these years. In this section, we will learn one more application 
of Euclid's division lemma known as Euclid’s division algorithm. The word algorithm 
comes from the name of 9th century Persian mathematician al-Khwarizmi. An algorithm 
means à series of well defined steps which provide a procedure of calculation repeated 
successively on the results of earlier steps till the desired result is obtained. Euclid's division 
algorithm is also an algorithm to compute the highest common factor (HCF) of two given 
positive integers. So, let us first have a brief review of HCF of positive integers. 

In section 1.2, we have recalled that if an integer c divides each one of seyeral integers 
ri, 35, п, then it is called a common divisor of these integers. For ex ample,7 is a common 
divisor of a and 63 as it divides both the integers. Throughout this chapter wewill discuss 
positive divisors of positive integers only and the word integer will mean positive integer. 
Note that 1 is a common divisor of all positive integers. Two or more PNE may have many 
common divisors. For example, common divisors of 24 and 42 anê 1, 2, 3, Pad 6. The largest 
among these common divisors is 6. This is called the Greatest Common Divisor (GCD) or 
Highest Common Factor (HCF) of integers 24 and 42. Thus, the largest or greatest among the 
common divisors of two or more integers is called the Greatest Common Divisor (GCD) or 
Highest Common Factor (HCF) of the given integers, The ACF of two or more positive 
integers always exists and it is unique. The proof gt the same is beyond the scope of this book. 
Leta and b be two positive integers such that a >b. If H is not a divisor of a, then by Euclid's 
division lemma there exist positive integers Mandysuch that a = bq +r, where Q < р < p. 
Common divisors of à and h are closely associated with the common divisors of band ғ. In 
fact, every common divisor of band risa common divisor of à and band vice-versa as stated 
and proved in the following theorem. 


THEOREM lfa and bare positive Mees such that a = bq + т, then every common divisor of a and 
bis à common divisor of h Mit vice-versa. 
PROOF Lete be a common divisor of a and b. Then, 
c|a — a= cq, tor some integer q c|b = b = cq, for some integer 9 
Now, 


а = h ғ 


|) 
^ 

il 
2 

| 
— 
= 


= L4 eqs] 

5 r= (фу = 449) 

= clr 

= c|r and c|b [- elb (given)] 
=> € is à common divisor of апа r. 


Hence, a common divisor of a and bis a common divisor of band r. 


e EEE EEE D ь Yes + 
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Conversely, Let d be a common divisor of band r. Then, 
d|b — b = r, d for some integer r, 
d|r = r = r d for some integer r 


We will now show that d is а common divisor of a and b. 
We have, 


a=bg+r 
= a= ndq + ља 
= а = (nq + n)d 
zs d|a 
=y d |a and d | b [^ d|b(given)] 
=> d is а common divisor of a and b. 
Q.E.D 
Let us now discuss an application of this theorem and Euclid's division lemma. 
Consider integers 117 and 45. 
Let a = 117 and b = 45. By Euclid's division lemma, we obtain 
v 45)117(2 
117 = 45x 24 27 i) — 
27 
or, a=bq, +n, where q = 2and т 227 


By using the above theorem, we observe that the common divisors of a = 117 and 
b= 45 are also the common divisors of b 45 and r) = 27 and vice-versa. 


Applying Euclid’s division lemma on divisor b = 45 and remainder т, = 27, we get 


> 27)45-(1 
45 = 27 x 1+ 18 aH) 2 
18 


Or, be 92) , where q, = land r, = 18 

Using the above theorem, we find that the common divisors of r, = 27 andr, = 18 are the 
common divisors of p = 45 and r, = 27 and vice-versa. But, common divisors of b= 45 and 
ђ = are the common divisors of а = 117 and b = 45 and vice-versa. Therefore, common 
divisors of n = 27 and h = 18 are the common divisors of a = 117 and b= 45 and vice-versa. 
Applying Euclid’s division lemma on n = 27 and r, = 18, we get 


- 18)27(1 


27 = 18x 14.9 (üi) 18 
9 


Or, n = 435 +13, where q} = and n = 9 
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Again by using the above theorem, we find that common divisors of n = 18 and r, = 9 are 
the common divisors of a = 117 and b = 45 and vice-versa, 
Using Euclid’s division lemma on n = 18 and r, = 9, we get 

18-9x240 (iv) 
Therefore, r, = 9 isadivisorof һ = IB and r, = 9. Also, itis the greatest common divisor (or 
HCF) of запал. Hence, n =9 is the greatest common divisor (or HCF) of 


а = 117 and = 45. We also observe that № = 9 is the last non-zero remainder. in the 
above process of repeated application of Euclid's division lemma on the divisor and the 
remainder in the next step. 

The set of equation (i) to (iv) is called Euclid's division algorithm for 117 and.45. The last 
divisor, or the last but one non-zero remained which is 9 is the HCF (6f GCD) of 117 and 


45. The above process of finding HCF can also be carried out by successive divisons as 
follows: 


45) 1M7(2 
90 
27 45(1 
27 
18 27 (1 
18 
9 18(»5 
18 
00 


In the general form Euclid's division algorithm may be described as follows: 
Let à, bbe positive integers such that a> b. 
Applying Fuclid's division lemma in succession as discussed above, we obtain. 


а= ду «n О<д <b +o»: (i) 
bh = n 0 n . (ii) 
h=h +h 0«n«n . (iii) 


п = hay th 0 Sn in sec UN) 
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1-3 = Th 2 % + "i3 O<h <> 0-1) 
2 n Gy ЖЮ Os e (n) 
Clearly, ahbe DH HN a> Го рн р, 

Thus, the remainders are positive and decreasing. Therefore, for some natural number п, 
must be zero and the process of applying division lemma ends there. 

The set of equations (i) to (i is called Euclid's division algorithm for numbers @ and b. 

his algorithm is not only useful for computing the HCF of very large positive integers, but 
also because it is one of the earliest examples of an algorithm that a computer Rad been 
programmed to carry out. Although we have stated Euclid's division algorithm for only 
positive integers, but it can be extended for all integers except zero, i.e. b zd}. However, we 
shall not discuss this aspect in this chapter. 


KENARA The HCF of numbers isa common divisor of the numbers which afe divisors of their LCM, 
Consequently, HCF is a divisor of LCM. 


In order to compute the HCF of two positive integers, say a and b,with a b we may follow the 
following steps: 


STE Apply Euclid's division lemma to a and b and obtain whole numbers q, and r, such that 
а=] n, SN b. 


en =0,b isthe HCF ofaand b 
If rj #0, apply Euclid's division lemnta.to b and n and obtain two whole numbers 
q and ry such that b = qir, + rs. 

n= 0, then n is the HCEofaand b. 

SUPY Hf rs , then apply Euclid's division lemma to r and ry and continue the above process 


till the remainder nis zero, The divisor at this stage i.e. Fia, or the non-zero remainder at 
the previous stage, is the PCF of a and b. 
Following examples will illustrate the same. 


ILLUSTRATIVE EXAM PLES SS NE eror 


Type | ON FINDING THE HCF OF TWO POSITIVE INTEGERS 


EXAMPLE Use Euclid's division algorithm to find the HCF of 210 and 55. 
SOLUTION Given integers are 210 and 55. Clearly, 210 » 55. Applying Euclid's division 
lemma to 210 and 55, we get 


— 55)210 (3 
210 = 55x 3+ 45 NU im 

45 
Since the remainder 45 + 0. So, we apply the division lemma to the divisor 55 and 
remainder 45 to get 


̃ꝗ——E—Z—»ↄU=́— ) 2 
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— 45)55(1 
45 


Now, we apply division lemma to the new divisor 45 and new remainder 10 to get 


— 10)45(4 
40 


— 


2 


45 = 10x44 5 (iii) 


We now consider the new divisor 10 and the new remainder 5, and apply division 
lemma to get 

1025x240 (iv) 
The remainder at this stage is zero. So, the divisor at this stage onthe remainder at the 
previous stage i.e. 5 is the HCF of 210 and 55. 
EXAMPLE 2 Use Euclid's division algorithm to find the HCF of 4052 and 12570. 
SOLUTION Given integers are 4052 and 12576 such that 12576 > 4052. Applying 
Euclid's division lemma to 12576 and 4052, we get 


© 4052)12576(3 
12576 = 4052 x 3 420 А 12156 
120 


Since the remainder 420 = 0. So, we apply the division lemma to 4052 and 420, to get 


- 420) 4052 (9 
3780 


4052 = 420 x 9 + 272 . (ii) — 
272 


We consider the new divis@r420 and the new remainder 272 and apply division lemma 
to get 


— 272) 420(1 


272 
148 


Let us now consider the new divisor 272 and the new remainder 148 and apply division 
lemma tà yet 


420 = 272x 1+ 148 (iii) 


> 148)272(1 
148 


124 


We consider now the new divisor 148 and the new remainder 124 and apply division 
lemma to get 


272 = 148x 1 + 124 (iv) 


124014801 


148 = 124 x 1 « 24 (у) 124 
24 
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We consider now the new divisor 124 and the new remainder 24 and a pply division lemma 
to get 


[= 24)124(5 
120 
124 = 24x54 4 . (vi) — 
4 
We consider the new divisor 24 and the new remainder 4 and apply division lemma to 
get 


 4)24(6 
T 24 
24- 48620 (УП) —— 
0 
We observe that the remainder at this stage is zero. Therefore, the divisomat this stage 
i.e. 4 (or the remainder at the earlier stage) is the HCF of 4052 and 12576. 


Type II ON FINDING THE HCF OF THREE NUMBERS 

To find the hef of three numbers, we use the following steps: 

STEP | Ата the HCF of any wo of the given numbers. 

УТЕРИ Find the HCF of the third given number and the HCE obtained in step I. 
STEP rii The HCF obtained іп step H is the HCF of three given numbers. 


EXAMPLE 3 Use Euclid's division algorithm to findshe HCF of 441, 567 and 693. 
[NCERT EXEMPLAR] 
SOLUTION — Let us first find the HCF of 441 and. 567 by using Euclid’s lemma. Applying 
Euclid's division lemma to 441 and 567,4ve obtain 
567 = 441 x 1 +126 
We find that the remainder is 126^which is à non-zero number. So, we apply Euclid's 
division lemma to 441 (divisor) and 126 (remainder) to get 
441 = 126 x 3 + 63 
Now, we apply Euclid's division lemma to the divisor 126 and the remainder 63, to get 
126 = 63 x 2 #0 
The remainder at this stage is 0, So, the divisor at the previous stage i.e., 63 is the HCF of 
44] and 567. 
Now, we use Eüclid's division lemma to find the HCF of 63 and 693. We observe that 
693 = 63 x 11 € 0 
So, the HCF of the third number 693 and 63 (the HCF of first two numbers 441 and 567) is 
63. 
Hence, the HCF of 441, 567 and 693 is 63. 


Type ПІ ON SOME APPLICATIONS OF HCF 


EXAMPLE 4 A sweet seller has 420 Kaju burfis and 130 Badam burfis she wants to stack them in 
such a way that each stack has the same number, and they take up the least area of the tray. 
What ts the number of burfis that can be placed in each stack for this purpose? [NCERT] 
SOLUTION  Thearea of the tray that is used up in stacking the burfis will be least if the sweet 
seller stacks maximum number of burfis in each stack. Since each stack must have the same 
number of burfis. Therefore, the number of stacks will be least if the number of burfis in each 
stack is equal to the HCF of 420 and 130. 
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In order to find the HCF of 420 and 130, let us apply Euclid's division lemma to 420 and 130 
to get | 


420 = 130 x 3+ 30 (i) 
Let us now consider the divisor 130 and the remainder 30 and apply division lemma to get 
130 = 30 * 4 + 10 (ii) 


Considering now divisor 30 and the remainder 10 and apply division lemma, we get 

30 = 3x10 +0 (iii) 
Since, the remainder at this stage is zero. Therefore, last divisor 10 is the HCF of 420 and 
130, 


Hence, the sweet seller can make stacks of 10 burfis of each kind to cover the least àrea of 
the tray 


ENAMPIE 5 Any contingent of 616 members is to march behind an army band of 82 inembers in a 
parade. The tivo groups are to march inthe same number of columns. What а Ўы number 
of columns im which they can march? INCERT] 
SOLUTION The maximum number of columns is the HCF of olod .in order to find the 
HCF of 616 and 32, let us apply Euclid's division lemma to 616 and 32 to get 
616 =32 x 1948 
Let us now take the divisor 32 as dividend and remainder 8 as divisor and apply Euclid's 
division lemma to get 
32=8 x4+0 
Since, the remainder at this stage is 0. Therefore, the last divisor i.e. 8 is the HCF of 616 
and 32. 
Hence, the maximum number of columns in which they can march is 8. 


EXAMPLE 6 Too tankers contain 850 [ев and 680 litres of petrol respectively. Find the maximum 
capacity of à container which can measure thepetrol of either tanker in exact number of times. 
SOLUTION Clearly, the maximum capacity of the container is the HCF of 850 and 680 in 
litres. So, Let us find the HCE of 850 and 680 by Euclid's algorithm. 


Clearly; HCF of 850 and 680 is 170. 
Hence, capacity of the container must be 170 litres. 


EXAMPLE 7 Find the largest number which divides 245 and 1029 leaving remainder 5 in each case. 
SOLUTION Itis given that the required number when divides 245 and 1029, the remainder 
15 5 ал each case This means that 245 ~ 5 = 240 and 1029 —5 = 1024 

are completely divisible by the required number. 

It follows from this that the required number is a common factor of 240 and 1024. It is 
also given that the required number is the largest number satisfying the given property. 
Therefore, it is the HCF of 240 and 1024. 

Let us now find the HCF of 240 and 1024 by Euclid's algorithm. 
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(Remainder) 


Clearly, HCF of 240 and 1024 is the last divisor i.e. 16. Hence, required number = 16. 

EXAMPLE § Find the largest number that divides 2053 and 967 and leaves a remainder of 5 and 7 
respectively. 

SOLUTION It is given that on dividing 2053 by the required number, there is a 
remainder of 5. This means that 2053 — 5 = 2048 is exactly divisible by the required 
number. 

similarly,967 — 7 = 960 is also exactly divisible by the required number. 

Also, the required number is the largest number satisfying the above property. 
lherefore, it is the HCF of 2048 and 960. 

Let us now find the HCF of 2048 and 960 by Euclid'$ algorithm. 


(Remainder) 


Clearly, HCF of 960 and 2048 is the last divisor i.e. 64. Hence, required number = 64. 


EXAMPLE Find the largest number that will divide 398, 436 and 542 leaving remainders 7, 11 
and 15 respectively, 
SOLUTION Clearly, the required number is the HCF of the numbers 
398 —7 = 391, 436 - 11 = 425, and, 542 - 15 = 527. 
First we find the HCF of 391 and 425 by Euclid's algorithm as given below. 


(Remainder) 


Clearly, H.C.F. of 391 and 425 is 17. 
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Let us now the HCF of 17 and the third number 527 by Euclid's algorithm: 


(Remainder) 


The HCF of 17 and 527 is 17. Hence, HCF 0f 391, 4250 and 527 is 17. 

Hence, the required number is 17. 

EXAMPLE 10 Can feo numbers have 18 as their HCF and 380 as their LCM? Justify your amer. 
SOLUTION We know that HCF of two numbers is a divisor of their L@M. Here, Wisnota 
divisor of 380. So, 18 and 380 cannot be respectively HCF and LCM of two numbers. 


EXAMPLE 11. The numbers 525 and 3000 are both divisible only by@, 5, 15,25 mul 75. What is 
HCF (525, 3000)? 


SOLUTION Itis given that 3,5, 15, 25 and 75 are the only common factors of 525 and 3000. 
The highest of these common factors is 75. Hence, HCF525, 3000) — 75. 


LEVEL2 
Type ТҮ ON EXPRESSING THE HCF OF TWO NUMBERS г AND |) IN THE FORM үл + wy 
EXAMPLE 12 If the HCF of 210 and 55 is expressible inthe form 210 x 5 + 55y, find y. 
SOLUTION Let us first find the HCF of 210 and 55. 
Applying Euclid's division lemma on 210 and 55, we get 


210 = 55x 3 + 45 05: 


Since, the remainder 45 2 0. So, we now apply division lemma on the divisor 55 and the 

remainder 45 to get 

т 45)55(1 
45 


= 45 AUR) 
55 «45x 1 « 10 15 


We consider the divisor 45 and the remainder 10 and apply division lemma to get 
1004504 
40 


45 = 44025 (iii) = 


We consider the divisor 10 and the remainder 5 and apply division lemma to get 


10 =5x2+0 . (iv) 
We observe that the remainder at this stage is zero. So, the last divisor i.e. 5 is the HCF of 
210 and 55. 


5 = 210x 5 + 55y 
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55y 5 210 х5 = 5 – 1050 


55y 1045 


1045 
= у — 15 
55 
EXAMPLE 13. [na seminar, the number of participants in Hindi, English and Mathematics are 60, | 


84 and 108, respectively. Find the minimum number of rooms required if in each room the same 
number of participants are to be seated and all of them being in the same subject. 
SOLUTION The number of participants in each room must be the HCF of 60, 84 and 108 


In order to find the HCF of 60, 84 and 108, we first find the HCF of 60 and 84 by Euclid’s 
division algorithm: 


А 60 | 84 | 
Е 48 | 60) 
— — 1— — 
12 24 7 
m э 
(НСЕ) | 24 x 
— + —— — 
0 
(Remainder) 


Clearly, HCF of 60 and 84 is 12 
Now, we find the HCF of 12 and 108 


12 | 108 ó 
(HCF) 108 
0 
(Remainder) 


Clearly, HCF of 12and 108 is 12. Hence, the HCF of 60, 84 and 108 is 12. 
Therefore, imeach room maximum 12 participants can be seated. 
We have, 

Total number of participants = 60 + 84 + 108 = 252 


Number of rooms required = 15 * 21. 

EXAMPLE 14 Three sets of English, Hindi and Mathematics books have to he stacked in such a way 
that all the books are stored topic-wrse and the height of each stack is the same. The number of English 
books is 96, the number of Hindi books is 240 and the number of Mathematics books is 336. Assuming 
that the books are of the same thickness, determine the number of stacks of English, Hindi and 
Mathematics books. 

SOLUTION Іл order to arrange the books as required, we have to find the largest number 
that divides 96, 240 and 336 exactly. Clearly, such a number is their HCF Computation 
of HCF of 96 and 240: 
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2[ 906 240 2 
96 192 
0 48 
(Remainder) (НСЕ) 
Clearly, HCF of 96 and 24015 48. 
Computation of HCF of 48 and 336: 
7 
(HCF) 
(Remainder) 
Clearly, HCF of 48 and 336 is 48, Thus, HCF of 96, 240 and 336is48. 
Hence, there must be 48 books in each stack. 
Now, Number of stacks of English books = _ МР English books &— = = = 2 
Number of books in each stack 48 
к Ж 1 2 
Number of stacks of Hindi books, = . oa 
Number of books in each stack 48 
i ; 336 
and, Number of stacks of Mathematics books = No. of Mathematics books = =7 


No. of books in each stack 48 


lype \ ON EXPRESSINS'HHÉEHCF OF TWO NUMBERS AND b IN THE FORM 


Flu the HGF of 81 and 237 and express it as a linear combination of 81 and 237. 
SOLUTION Givenintegers аге 81 and 237 such that 81 < 237. 
Applying division lemma to 81 and 237, we get 


* 81)237(2 


287 -81x2475 (i) 162 
75 


Since the remainder 75 = 0, So, consider the divisor 81 and the remainder 75 and apply 
division lemma to get 


75 T8171 


81 = 75х1+6 n 2 


We consider the new divisor 75 and the new remainder 6 and apply division lemma to 
get 


X 


75 = 6х 12 +3 (iii) 


6 = 3х2 + 0) (lv) = 
0 
The remainder at this stage is zero. So, the divisor at this stage or the remainder atthe earlier 
stage i.e. 3 is the HCF of 81 and 237. 
Lo represent the HCF as a linear combination of the given two numbers, we start from the last 
but one step and successively eliminate the previous remainders as follows: 
From (iii), we have 


3=75-6x12 


|) 

AJ 
“J 
л 


(81-75х1)х12 Г | 
- ^ / х X 2 


obtained from (ii) 
3275-12x81 + 12 х 75 


Бенет 75 = 237 – 81 х i 


> 3= 13x 75 – 12 х 81 obtained from (i) 
=> 3 = 13 х (237 – 81 х 2) — 322.81 
5 3 = 13 x 237 – 26 x 81 =12 81 
=> 3 = 13 х 237 – 38x 81 
2 3 = 237x Sly, Where = 13 and y = - 38. 


. follows from the above example that the HCF (say d) of two positive integers 
a and b can be expressed asa linear combination of a and b i.e., d = xa + yb for some integers x and y. 
Also, tliis representation is not unique. Because, 


d = xa. yb 
=> d = xa + yb + ab - ab 
5 d={(x+b)a+(y-a)b 


In the above example, we had 

3 = 13x 237 - 38 x 81 

3 = 13 x 237 - 38 x 81 + 237 x Bl - 237 x 81 

3 = (13x 237 + 237 x 81) + (-38 x 81 ~ 237 x 81) 


у 


3 = (13 + 81) х 237 + (38 - 237) х 81 
3 = 94 х 237 – 275 х 81 
3 = 94 х 237 + (275) x 81 


U Uu y 
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EXAMPLE ть Find the HCF of 65 and 117 and express it in the form 65 m + 117 n. 
SOLUTION Given integers are 65 and 117 such that 117 > 65. 


Applving division lemma to 65 and 117, we get à; 
[ 65) 117 (1 ! 
65 
117 65x14 52 (i) = 
52 


Since the remainder 52 ¢ 0, So, we apply the division lemma to the divisor 65 and the 
remainder 52 to get 
- is 52 
65 = 52 х1 +13 i) AS 
13 
We consider the new divisor 52 and the new remainder 13 and apply division lemma, to 
gel 
52 = 13x 4+0 «xy EF) 
At this stage the remainder is zero. So, the last divisor or the non-zero remainder at the 
earlier stage i.e. 13 is the HCF of 65 and 117. 
From (n), we have 
13 = 65 – 52 х 1 


> 13 - 65 - (117 — 65x 1) [Substituting 52 = 117 — 65 х 1 obtain from (i)] 
-5 13 = 65 ~ 117 + 65x1 

=> 13 = 65 « 2+117 x(-1) 

=> 13 = 65-117 + 65x 1 

-5 13 = 65m + 17n,awhere т = 2 and n = -1. 


EXAMPLE 17. If d is the HOE of 56 and 72, find x, y satisfying d = 56x + 72у. Also, show Hiat x 

and y are not unique, 

SOLUTION Applying Euclid's division lemma to 56 and 72, we get 

— 56)72(1 
56 
16 

Since the remainder. 16 = 0. So, we consider the divisor 56 and the remainder 16 and 


72/956 X + 16 ose (EY 


apply division lemma to get 


165603 
48 


56 = 16х32 + & (ü) == 
8 
We consider the divisor 16 and the remainder 8 and apply division algorithm to get 
> 8)16(2 
1Б=8х2+0 © (iii) » 


0 


REAL NUMBERS 1.27 


We observe that the remainder at this sta ge is zero. Therefore, last divisor 8 (or the remainder 
at the earlier stage) is the HCF of 56 and 72. 
From (ii), we get 


8 = 56-1673 
=> 8 = 56 - (72 – 56х 1)x 3 * 16 = 72 канш 
=> 8 = 56 -3 = 72 + 56х 3 
> 8 = 56 x 4 + (-3) x 72 


X = 4and y = -3. 
Now, 8 = 56x 4 + (—3) х 72 
= 56 x 4 + (-3) x 72 – 56x 72 + 56 x 72 
= 8 = 56 x 4 — 56 x 72 + (-3) x 72 + 56 x 72 
=> 8 = 56 x (4 - 72) + {(-3) + 56! x 72 
=> 8 = 56 x (-68) + (53) x 72 

x = 68 and y = 53. 


Hence, x and y are not unique. 


— Р 2 Ф EXERCISE 1.2 


1. Define HCF of two positive integers and find the HCF of the following pairs of numbers: 


(i) 32 and 54 (ii) 18.and 24 (iii) 70 and 30 
(iv) 56 and 88 (v) 475 and 495 (vi) 75 and 243. 
(vii) 240 and 6552 (viii) 155 and 1385 (ix) 100 and 190 (CBSE 2009] 
(x) 105 and 120 [CBSE 2009] 
2. Use Euclid's division algorithm to find the HCF of 
(i) 135 and 225 (ii) 196 and 38220 (ш) 867 and 255. [NCERT] 


(iv) 184, 230 and 276 (v) 136, 170 and 255 

3. Find the HCF of the following pairs of integers and express it as a linear combination of 
them. 

(i) 903 and 657 (ii) 592 and 252 (iii) 506 and 1155 
(iv) 1288 and 575 

4. Bind the largest number which divides 615 and 963 leaving remainder 6 in each case. 

5. If the HCF of 408 and 1032 is expressible in the form 1032 - 408 x 5, find m. 

6. If the HCF of 657 and 963 is expressible in the form 657 x 4 963 x - 15, find x. 

7. An army contingent of 616 members is to march behind an army band of 32 
members in a parade. The two groups are to march in the same number of columns. 
What is the maximum number of columns in which they can march? 

8. A merchant has 120 litres of oil of one kind, 180 litres of another kind and 240 litres 
of third kind. He wants to sell the oil by filling the three kinds of oil in tins of equal 
capacity. What should be the greatest capacity of such a tin? 

9, During a sale, colour pencils were being sold in packs of 24 each and crayons in 
packs of 32 each. If you want full packs of both and the same number of pencils and 
cravons, how many of each would you need to buy? 
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10. 144 cartons of Coke Cans and 90 cartons of Pepsi Cans are to be stacked in a Canteen. It 


each stack is of the same height and is to contain cartons of the same drink, what would 
be the greatest number of cartons each stack would have? 

11. Find the greatest number which divides 285 and 1249 leaving remainders 9 and 7 
respectively. | 

12. Find the largest number which exactly divides 280 and 1245 leaving remainders 4 and 
3, respectively 

13. What is the largest number that divides 626, 3127 and 15628 and leaves remainders of 1, 
2 and 3 respectively? 

14. Find the greatest number that will divide 445, 572 and 699 leaving remaindofs 4,5 and 
6 respectively, 

15. Find the greatest number which divides 2011 and 2623 leaving remainders 9. and 5 
respectively. 

16. Using Euclid’s division algorithm, find the largest number that divides 125T, 9377 and 
15628 leaving remainders 1, 2 and 3 respectively. INCERDEXEMPLAR] 


17. Two brands of chocolates are available in packs of 24and 15 respectively. If I need to buy 
an equal number of chocolates of both kinds, what is the east number of boxes of each 
kind | would need to buy? 

18. A mason has to fit a bathroom with square marble tiles of the largest possible size. The 
size of the bathroom is 10 ft. by 8 ft. What would bethe size in inches of the tile required 

that has to be cut and how many such tiles are required? 

19. 15 pastries and 12 biscuit packets have been donated for a school fete. These are to be 
packed in several smaller identical boxes with the same number of pastries and biscuit 
packets in each. How many biscuit packets and how many pastries will each box contain? 

20. 105 goats, 140 donkeys and 175:cows have to be taken across a river. There is only one 
boat which will have ti mabe many trips in order to do so. The lazy boatman has his 
own conditions fortransporting them. He insists that he will take the same number of 
animals in every.trip and. they have to be of the same kind. He will naturally like to take 
the largest possible mamber each time. Can you tell how many animals went in each trip? 

21. The length; breadth and height of a room are 8 m 25 cm, 6 m 75 cm and 4 m 50 cm, 

respectively. Determine the longest rod which can measure the three dimensions of 
the room exactly 

Express the HCF of 468 and 222 as 468x + 222y where x, y are integers in two 


differentaways. 


ә 
ә 


e — - а ANSWERS 
. (i) 2 (ii) 6 (ш) 10 (iv) B (v) 5 (vi) 3 (vii) 24 (vii) 5 (ix) 10 (x) 15 
2. (i) 45, 45 = (-1)225 +2 х 135 (іі) 196, 196 = 38220 x 1 + (-194) x 196 
(iii) 51 = 51.7 (-2) 867 +7 х 255 (iv) 46 (v) 17 
3 (i) 9 = (-15) х 963 + 22x 657 (ii) 4 = 77 x 252 + (20) 592 
(iii) 11 = 16x 506 + (-7) х 1155 (iv) 23 = (-4) х 1288 + 9 х 575 
4. 87 5, 2 6. 22 7. 8 columns 8. 60 litres 
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9. + packets of colour pencils, 3 packets of crayons 10. 18 11. 138 12. 138 

13. 625 14. 63 15. 154 16. 625 17. 5of first kind, 8 of second kind a 
18. 24 inches, 20 tiles 19.4 biscuit packets, 5 pastries 


20. 35 21. 75cm 22. 6 = 468 x -9 + 222 x 19,6 = 468 x 213 + 222 x (- 449) 


1.5 THE FUNDAMENTAL THEOREM ARITHMETIC 

In earlier classes, we have learnt about prime and composite numbers. Let us recall that a 
positive integer p is prime if p #1 and the only positive divisors of p are 1 and p. For 
example, 2, 3, 5, 7, 11, 13, 19, 23, 29, 31, 37, ..... are the first few primes. We have learnt that 
every positive integer, other than 1, is either primeor composite. If a given positive integer is a 
composite number, it can be written as the product of two of its factors. Thése factors in turn 
are also either prime or composite. If composite, the factors can be split up further. If we keep 
on doing this factorization, ultimately we will arrive at a stage when all the factors are prime 
numbers as shown below for the positive integer 1176. 


(11765 
T. 


(2) 


Thus, we have 
1176 = 2 x2-x2*3x7x7 


Also, we have 
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and, 
1176 
168 
(7 
1176 = 3x7x2x2x2x7 
and, 1176 27x2x3x7x2x2 etc. 


We observe that in all these prime factorizations-of 1176, the prime numbers appearing 

are same, although the order in which they appear are different. Thus, the prime 

factorization of 1176 is unique except for the order in which the primes occur. 

Let us now try another positive integer; say, 32760. This can be written as 

2x2x2x3x3x5x75»13 
. e., 32760 = 2x2x2x 3x 8x 5 ЖЕ х 18 
=3x2x2x@x 8х 7 х8 2 etc. 

We observe that the aboye observation is also true for the positive integer 32760. This 

leads us to a conjecture thal every positive integer is either prime or it can be expressed 

as the product of primes, In fact, this statement is true, and is called the Fundamental 

Theorem of Arithutetic because of its basic importance in the development of number 

theory. Let us now formally state this theorem. 

THEOREM 1* (FUNDAMENTAL THEOREM OF ARITHMETIC) Every composite number сап be 

expféssed (factorised) as a product of primes, and this factorization is unique except for the 

order in whieh the prime factors occur. 

While writing a positive integer as the product of primes, if we decide to write the prime 

tac tors in ascending order and we combine the same primes, then the integer is 

expressed as the product of powers of primes and the representation is unique. So, we can 

say that every composite number can be expressed as the products of powers distinct primes 

in ascending or descending order ina unique way. 

Following theorem is a direct consequence of the Fundamental Theorem of Arithmetic, 

THEOREM2 Let y be n prime number and а be a positive integer. If p divides a, then p divides a. 
INCERT] 


PROOF From the Fundamental Theorem of Arithmetic integer a can be factorised as the 


product of primes. Let @ = PPzPs «P, be the prime factorisation of a, where Py, ps, ..., Pa are 


primes, not necessarily distinct. 
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Now, 

а = pypps ...p, 
> а? = (ррэру...р„)(р\рэрз...р„) 
= * = Py py py. y 


It is given that p is prime and it divides a°. Therefore, p is a prime factor of a*. From the 
uniqueness part of the Fundamental Theorem of Arithmetic it follows that the only 


А ^ 5 : ? " 
prime factors of п“ are Pi, P2, PB . Therefore, p is one of Pi; P2; Рз, . This 
implies that 


p PID; n => pla. Q.E.D. 


Type І ON EXPRESSING A POSITIVE INTEGER AS THE PRODUCT OF ITS PRIME FACTORS 

EXAMPLE 1 Express each of the following positive integers as the product of its prime factors: 
(i) 140 (ii) 156 (її) 234 

SOLUTION (i) Using the factor tree for prime factorization, we have 


1402 2€2x8x7 = 22 x 5x7 
(ii) Using the factor tree for prime factorisation, we have 


156 = 2х 2х3 х 13 
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(iii) Using the factor tree for prime factorization, we have 


234 = 2x3x3x13=2x3?x13 


EXAMPLE 2 Express each of the following positive integers as the produ 
(1) 3825 (i) 5005 (tii) 7429 


SOLUTION (i) Using the factor tree, we have С) 


{те factors: 


3825=3х3х5 
(ii) Using the factor tree 


O 


5 5005 = 5x 7x 11х13 
(ii) Using the factor tree, we have 


7429 = 17 x 19 х 23 
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EXAMPLI Join the nrimetoctorizatinn ak "Io f 
Determine the prime factorization of each of the following numbers: 


(1) 13915 (ii) 556920 
SOLUTION (i) U i і izati 
LUTION (i) Using the prime factorization tree, we have 


(13915) 
ы 
/ ( 2 783; ) 
\ 5) ri ы S 
4 C253) 
| а 
E) (23) 
(1 
13915 = 5х 11x11x23 = 5x 11? x 23 


(п) Using the prime factorisation tree, we have 


556920 


556920 = 2х 2x2x3x3x5x7x13x17 = 2 x3? x5x7x13x17 


l ype Th ONMORE APPLICATIONS OF THE FUNDAMENTAL THEOREM OF ARITHMETIC 


EXAMPLE 4 Prove that there is no natural number for which 4" ends with the digit zero. 


INCERT] 


SOLUTION We know that any positive integer ending with the digit zero is divisible by 5 


and so its prime factorization must contain the prime 5. 
We have, 
de (Py р" 
The only prime in the factorization of 4" is 2. 
There is no other primes in the factorization of 4" = 2?" 
[By uniqueness of the Fundamental Theorem of Arithmetic] 
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> 5 does not occur in the prime factorization of 4" for any n. 
=> 4" does not end with the digit zero for any natural number n. 


HAMPIE 5 Show that 12" cannot end with digit 0 or 5 for any natural number n. 
| INCERT EXEMPLAR] 
SOLUTION Expressing 12as the product of primes, we obtain 


12-2?x3 


— 12 


" = (2° x 3)" Е [24v X 3" = (2)7" х 3" 


So, only primes in the factorisation of 12" are 2 and 3 and, not 5. 


Hence, 12" cannot end with digit Oor 5. 


ГАМИ o Show that there are infinitely many positive primes, 
SOLUTION If possible, let there be finite number of positive primes Pi, Pze Such 
that Pr < Pa < PS Pu: 
Let y= 1+ py po ра... р. Clearly, рур... p, is diyisible by each of Pri; Par Рз, Pre 
v= 14 py po pss py is not divisible by any one of Pis Pz. hn 
= is a prime or it has prime divisors other than Pi, . Py 


There exists a positive prime different from | Pi, P»; Py 

This contradicts that there are finite number of positive primes. 

Hence, the number of positive primes is infinite. 

кхм = Prove that em positive integer different from 1 сап be expressed as a product 
of à non-negatioe poweRef Nandan odd number. 

SOLUTION. Let neta positive integer other than 1. By the fundamental theorem of 
Arithmetic n can be uniquely expressed as powers of primes in ascending order. So, let 
n= py p ap be the unique factorisation of i into primes with Pi < P2 < P3 s.p. 


С\еа either py = 2 and Pr Prr- Pk аге odd positive integers or each of Pi« P2 Pk isan 


odd posiuye integer. 
Therefore, we have the following cases: 
a When Py = 2 and Py ру Pa are odd positive integers: 
In this case, we have 
п = 2^ py ра" Nh 
— n-22" x (ps pi | p^) 


> n = 2" x An odd positive integer. 


> n = (A non-negative power of 2) х (An odd positive integer) 


: vos ide integer: 
Ven each of Pe Pr Pan p, is an odd | 


in this case, we have 


n = р" p ps” opi” 
п = 2" x (p^ pi^ ps" ) 


=> п = (A non-negative power of 2) x (An odd positive integer) 


Hence, in either case п is expressible as the product of a non-negative power of 2 and an 
odd positive integer, 

AMPLI S Prove that a positive integer n is prime number, if no prime p less than or equal 
lo Jn divides il. 


SOLUTION Let л be a positive integer such that no prime less than or equal to |j 


divides п. Then, we have to prove that n is prime. Suppose n is not a prime integer. Then, 
we may write 


п = abwherel<a<b 
а € Jn and b > Jn 


Let p be a prime factor of a. Then, p € à € ул and pla 


S p |ab 
> pin 
> а prime less than % divides n. 


This contradicts our assumption that no prime less than Vn divides n. So, our 
assumption is is wrong. Hence, n is a prime. 


EXERCISE 1.3 


| LEVEL-1 | 


l- Express each of the following integers as a product of its prime factors: 


(i) 420 (ii) 468 (iii) 945 (iv) 7325 
2. Determine the prime factorisation of each of the following positive integer: 
(i) 20570 (i) 58500 (iii) 45470971 


^ Explain why 7 x 11x 13 + 13апа 7x6x5x4x3x2x1- 5 are composite numbers. 


ы 


+. Check whether 6" can end with the digit 0 for any natural number n. [INCERT] 
з. Explain why 3x 5x7 +7 is a composite number. [INCERT EXEMPLAR] 
ANSWERS 


3 


1. (i) 22х3х5х7 (ii) 2 x3? x13 (iii) 3 х5х7 (iv) 52 x 293 


132 


(i) 2x5x11? x17 (ii) 22x32x5! x13 (üi) 72 x 13? x17? x 19 
3. Since 7 x 11 x 13 +13 = (7x 11 + 1) х 13 


and, 7 х6х5х4х 3х 2х1+5 =(7x6x4x3x2x1+1)x5 4. No 
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4. We have, 6" = (2x 3)" = 2" x 3". Therefore, prime factorisation of 6" does not contain 


5 asa factor. Hence, 6" can never end with the digit 0 for any natural number. 


5. Since 3х5х7 +7 = (3х5 + 1) х7 = (15 + 1)x7 = 16х7. Hence, it is a composite 
number. 


1.6 SOME APPLICATIONS OF THE FUNDAMENTAL THEOREM OF ARITHMETIC 


In this section, we will learn about various applications of the Fundamental Theorem of 
Arithmetic. In fact, we have studied about some of these applications ing@arlier classes 
even without realising their dependence on the Fundamental Theorem of Arithmetic. 
For example, we have have used prime factorisation method to find-the НЕГ and LCM 
of positive integers. In this method, we use the Fundamental Theorem of Arithmetic in 
expressing the given integers as the product of primes. We will also discuss some other 
applications of the Fundamental Theorem of Arithmetic. 4 

16.1 FINDING HCF AND LCM OF POSITIVE INTEGERS 


In order to find the HCF and LCM of two or more positive integers, we may use the 

following algorithm. 

ALGORITHM 

STi} Factorize each of the given positive integers and express them as a product of powers 
of primes in ascending order of nttgnitudes-of primes. 

ЕП To find the HCF, identify Gammon prime factors and find the smallest (least) 
exponent of these commonfagtors Now raise these common prime factors to their 
smallest exponents and multiplysthem to get the HCF. 

To find the LCM, list all primegactors (once only) occuring in the prime factorisation 
of the given posiffüe. integers. 

For each of thèse faetors, find the greatest exponent and raise each prime factor to the 
greatest exponent and, multiply them to get the LCM. 

RY MARA. To find the LCM of two positive integers a and b, we can also use the following result, if we 

have already found He HGF. 

HR% LCM = ах b. 
Following examples will illustrate the above algorithm. 


ON FINDING THE HCF AND LCM BY PRIME FACT ORISATION 


F and LCM of 90 and 144 by the prime factorisation method. 
eee for the prime factorisation of 90 and 144, we have 


Tupe 1 
EXAMPLE 1 
SOLUTION Using the factor tree 


90 = 2x 3! х5 and 14 «3* 


To find the HCF, we list the common prime factors and their smallest exponents in 90 and 


144 as under: 
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Common prime factors Least exponents 
2 1 
3 2 


HCF = 2! x3? = 2x9=18 


To find the LCM, we list all prime factors of 90 and 144 and their greatest exponents as 
follows: 


Prime factors of 90 and 144 Greatest. exponents 
2 4 
3 2 
5 1 


LCM = 2 x3 x5! = 16x 9x 5 = 720 


INAMPLE 2 Find the HCF and LCM of 144, 180 and 192 by prime factorisation method. 


SOLUTION Using the factor tree for the prime factorisation of 144, 180 and 192, 
we have 


144 = 2 x 3,180 = 2? x 33 x and 192 = 2° x3 


To find the HCF, we list the common prime factors and their smallest exponents in 144, 
180 and 192 as follows: 


Common prime factors Least exponents 
2 2 
3 1 


HCF =2° х 3! = 12 


To find the LCM, we list all prime factors of 144; 180, 192 and their greatest exponents as 
follows: 


Prime factors of 144, 180 and 192 Greatest exponents 
2 6 
3 2 
5 1 


LCM = x 32 x5 = 64 x 9 x 5 = 2880 


ENAMPLLE 3 Find the HOF of 96 and 404 by prime factorisation method. Hence, find their LCM. 
INCERT] 
SOLUTION We have, 


96 = 2? x and 404 = 2? x 101 
^ ACF = 2? =: 
Now, HCF x LCM = 96 x 404 
96 х 404 96x 404 
^ HC 4 
REMARK The product of two positive integers ts equal to the product of their HCF and LCM, 
but the same is not true for three or more positive integers. 


=$ LCM = 96 x 101 = 9696 


Type I ON APPLICATIONS OF HCF AND LCM 


EXAMPLE 4 Find the largest positive integer that will divide 398, 436 and 542 leaving 
remainders 7, 11 and 15 respectively. 
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SOLUTION tis given that on dividing 398 by the required number, there is a remainder of 
7. This means that 398 -7 = 391 is exactly divisible by the required number. In other words 
required number is a factor of 391, 
Similarly, required positive integer isa factor of 436— 11 =425and 542—15= 527. 
Clearly, required number is the HCF of 391, 425 and 527. 
Using the factor tree the prime factorisations of 391, 425 and 527 areas follows: 

391 = 17 х 23, 425 = 5? x 17 and 527 = 17 x 31 


HCF of 391, 425 and 527 is 17 
Hence, required number = 17 


ХАМР! ere is a circular path around а sports field. Priya takes 18 minutes laulrive one 
round of the field, while Ravish takes 12 minutes for the same. Suppose they both start at the same 
point and at the same time, and go in the same direction. After how many mingites will they meet again 
at the starting point? INCERT] 
SOLUTION Required number of minutes is the LCM of 18and 12: 

We have, 


18 = 2х 32 and 12 = 2? х 3 


LCM of 18 and 12 is 2? х 3? = 36 
Hence, Ravish and Priya will meet again at the starting point after 36 minutes. 
IXAMPIF 6 [ira school there are two sections & section Wand section В of classX. There are 
32 students in section A and 36 students in section B. Determine the minimum number of books 
required for their class library so that the am besdistributed equally among students of 
section A or section B. 
SOLUTION Since the books are to bedistributed equally among the students of section A or 
section B. Therefore, number of books must be a multiple of 32 as well as 36. Hence, required 
number of books is the LCM of 32 and 36. 
We have, 

32 = 2° and go Ww 

LCM of ga and 36 is 2^ х 3? = 288 
Hence, required number of books is 288. 
(хам „Өл amorting walk, three persons step off together and their steps measure 
40 сш уст and 45 cm respectively. What is the minimum distance each should walk so that 


each can covéPthe same distance and complete steps? | INCER r EXEMPI AR] 
SOLUTION Each person will cover the same distance in complete steps if the distance 


covered in cm is the LCM of 40, 42 and 45. 
Now, 

40 = 2) х5, 42 = 2х3хх7 and 4523! x5 

LCM of 40, 42 and 45 is 2° х3? х5х7 =8х9х5 х7 = 2520 
Hence, minimum distance each should walk = 2520 cm. 


In a seminar, the number of participants in Hindi, English and Mathematics are 60, 
mau" 0 н minimum number of rooms required if in each room the same 


3 ^" ^ ГЫ ^ Find the . * 2 
на не so nec are to be seated and all of them being in the same subject. 
number of partic : 


|odis mmm m o- 
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SOLUTION The Number of room will be minimum if each room accomodates maximum 
number of participants. Since in each room the same number of participants are to be seated 
and all of them must be of the same subject. Therefore, the number of participants in each 


room must be the HCF of 60, 84 and 108. The prime factorisations of 60, 84 and 108 are as 
under: 


60 = 2° x3x 5,84 = 2? x 3х7 and 108 = 22 x 3? 
HCF of 60, 84 and 108 is 22 x 3 = 12 
Therefore, in each room 12 participants can be seated. 


: ; Total number of participants 
Number of rooms required = ——— — — — FE 


12 
_ 60+84+4+108 252 21 
12 12 
ve sets of English, Hindi and Mathematics books#tave to be stacked in such a 


way that all the books are stored topic wise and the height of each stack isthe same. The number 
of English hooks is 96, the number of Hindi books is 240 and the птишЬек of Mathematics books 
is 336. Assuming that the books are of the same thickness, determine the number of stacks of 
English, Hindi and Mathematics books. 

SOLUTION In order to arrange the books as required, we have to find the largest 
number that divides 96, 240 and 336 exactly. Clearly, such a number is their HCF. 

We have, 


96 = 2° x3,240 = 2/ x 3x 5 afd 336 22*x 3x7 


HCF of 96, 240 and 336 is-2* x8 = 48 
So, there must be 48 books in each stack. 


Number of stacks of English books = 45 =2 
74 240 
Number oí stacks of Hindi books = —— = 5 


Number of stacks of Mathematics books = x =7 


a = BN - - -EXERCISE 1.4 
LEVEL-1 
|. Find the LCM and HCF of the following pairs of integers and verify that 
LCM x HCF = Product of the integers: 
(i) 26 and 91 (ii) 510 and 92 (iii) 336 and 54 (iv) 404 and 96 [CBSE 2018] 
. Find the LCM and HCF of the following integers by applying the prime factorisation 
method: 
(i) 12,15and21|NCERT] (ii) 17,23and29[NCERT] (їі) 8,9and25INCERT]I 
(iv) 40, 36 and 126 (v) 84, 90 and 120 (vi) 24, 15 and 36 
3. Given that HCF (306, 657) = 9, find LCM (306, 657). INCERT] 


ra 
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Can two numbers have 16 as their HCF and 380 as their LCM? Give reason. 


ES 


~ 
Еј 


The HCF of two numbers is 145 and their LCM is 2175. If one number is 725, find the 
other. 

The HCF of two numbers is 16 and their product is 3072. Find their LCM. 

Ihe LCM and HCF of two numbers are 180 


and 6 respectively. If one of the numbers 
is 30, find the other number. 


| LEVEL-2 


Find the smallest number which when increased by 17 is exactly divisibl@by both 


520 and 468. 
Find the smallest num ber which leaves remainders 8 and 12 when divided by 28 and 
32 respectively, 

What is the smallest number that, when divided by 35, 56 and 91 leaves remainders 
of 7 in each case? 

A rectangular courtyard is 18 m 72 ст long and 13 m 20 cm broad. It is to be paved 
with square tiles of the same size. Find the least possible number of such tiles. 

Find the greatest number of 6 digits exactly divisible by 24, 15 and 36. 

Determine the number nearest to 110000 but greater than 100000 which is exactly 
divisible by each of 8, 15 and 21. 

Find the least number that is divisible by all the numbers between 1 and 10 (both 
inclusive). 

A circular field has a circumference of 360 km. Three cyclists start together and can cycle 
48, 60 and 72 km a day, round the field. When will they meet again? 

In à morning walk three persons step off together, their steps measure 80 cm, 
85 cm and 90 cm respectively. What is the minimum distance each should walk so that 
he can cover the distance in complete steps? 


—— ANSWERS 
| (i) LCM - 482, HCF - 13, (i) LCM = 23 460, HCF = 2, (iii) LCM = 3024, HCF = 6 
(iv) LEM =9696, HCF = 4 


“см НСЕ 3. 22338 4. Мо 5. 435 
4 3 6. 192 7. 36 8. 4663 
р = 1 9. 204 10. 3647 11. 4290 
n ш | 12 999720 13. 109200 14. 2520 
a а 2 5. 30 days 16. 122 m 40 cm 
(iv) 252 
(v) 2520 6 

3 


(vi) 360 
HINT TO SELECTED PROBLEM 
ber of 6 digits is 999999. Required number must be divisible by the LCM of 
Greatest num 
24. 15 and 36 i.e., by 360. 


гей number = 999999 – Remainder when 999999 is divided by 360 
Hence, requir 
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1.6.2 PROVING IRRATIONALITY OF NUMBERS 


In class IX, we have learnt about irrational numbers and their properties. We have also learnt 
about the existence of irrational numbers and their representation on the number line. Recall 


. 4 . Ж è . ) 
that a number is an irrational number if it cannot be written in the form Р, where p and аге 


q 

integers and q # 0. For ex IX A [7 v2 irrati is 

egers апа q * . For example, V2, V3, V. ТЕ, л etc. are irrational numbers. In this 

э 
wate AES —" fx rm 8 Й A ` 

section, we will prove that /2, V, V5 etc. are irrational numbers by using the Fundamental 
Theorem of Arithmetic. In fact, for any prime number p, Jp. is an irrational number. In 
proving the irrationality of these numbers, we will use the result that if a prime p divides a^, 
then it divides a also (see Theorem 2 on page 1.30). We will prove the irrationality of numbers 
by using the method of contradiction. In class IX, we have also learnt that the sum or 
difference of a rational and an irrational number is an irrational number, Also, the product 
and quotient of a non-zero rational number and an irrational number is an irrational 
number. We will also prove these results in the following examples. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Prove Hiat J) isan irrational number. INCERT, CBSE 2010] 
SOLUTION Let us assume on the contrary that is a rational number. Then, there exist 


positive integers п and b such that 


— ad . H * 2 
/2 = where, a and b, are co-prime i.e. their HCF is 1 
h 


| 
М 
| 


2| a? [^ 2] 2b? and 2b = a°] 
21a [Using Theorem 2 on page 1.29] (i) 
a = 2c for some integer c 

а? = 4c 


2b? = 4c? [> ** = à*] 


Uu uu дуду у 


1.42 


From (1) and (ii), we obtain that 2 isa common factor of a and b. But, this contradicts the fact 
that and b have no common factor other than 1. This means that our e e eee ы, 


* "pP 5 i i i 
Hence, /2 isan irrational number. 


+ > Jp » 5 2 еб я 
МАМІ Prove that J3 isan irrational питрег. INCERT, CBSE 2009, 2010] 


So) [ р 88 » yE j j ы 
SOLUTION et us assume on the contrary that is a rational number. Then, there exist 
positive integers @ and b such that 


УЗ = x where а and bare co-prime i.e. their HCF is 1. 
Now, 
= a 
43 = 5 
5 Ss T 
p 
=> 3b? = а? 
=> 314 l 3 307] 
> За [By Theorem 2 on page 1.29] . (i) 
=> a = 3c for some integer с 
= ‚эй? 
- 3Ь? = ө? [ à? = 322] 
- b as 
= з|ь? * 3|3c*] 
z alb [By Theorem 2 on page 1.29] (ii) 


From (i) and (ii), we observe that à and b have at least 3 as a common factor. But this 
contradicts the fact that а and bare co-prime. This means that our assumption is not correct. 


Hence, nis an irrational number. 
Prove that 34/2. is irrational. INCERTI 


SOLUTION Let us assume, to the contrary, that 3/2 is rational. Then, there exist 
gers a and b such that 


МАМЕА 


co-prime positive inte 


3/2 = xi 

b 

ü 

Inm 

— X42 ab 


MATHEMATICS... X 


Ы 
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a. 
= is rational E 3, a and b are integers ~. ap is a rational number | 


This contradicts the fact that n is irrational. So, our assumption is not correct. 
Hence, 34/2 isan irrational number. 
LXAMPIE 4 Prove that J5 is an irrational number. INCERT, CBSE 2009, 2010] 


SOLUTION Let us assume on the contrary that i isa rational number. Then, there exist co- 
prime positive integers a and bsuch that 


b 
D 5р? = а? 
=> 5 45 [> 5865 
= 5|а [See Theorem 2 on page 1.29] (i) 
=> a = 5c for some positive integer c 
EN 0? N 
a 5р2 = 25с? [ а? = 562] 
=> Б° = 5 
=> 510 [- 5|5c] 
_ 5|Ь [See Theorem 2 on page 1.29] (ii) 


From (i) and (ii), we find that a and b have at least 5 as a common factor. This contradicts 
the fact that a and b are co-prime. 


Hence, Is is an irrational number. 


Pot that 5- 43 is an irrational number. INCERTI 


SOLUTION Let us assume on the contrary that 5 – 4/3 is rational. Then, there exist co- 
prime positive integers à and b such that 


5-35 == 
b 
= 5-2-8 
- 5b — а " 
" b 
=> J3 is rational E a, b are integers ~. — is a rational number | 


This contradicts the fact that YH is irrational. So, our assumption is incorrect. Hence, 


5 H is an irrational number. 


* 


144 MATHEMATICS X 


UNAMPIE 6 Prove thal 34 245 is irrational. INCERT] 


SOLUTION Let us assume on the contrary that 3 + 2/5 is rational. Then there exist 
co-prime positive integers g and bsuch that 


34345. 2 

h 

= 2 3 
р 


Ü 

em 
ES 
E 


dh 


E ü , 
+ V5 is rational E a, b are integers г. isa ational | 


— 


This contradicts the fact that J5 is irrational. So, our suppositign is incorrect. Hence, 


3+ 245 is an irrational number. 


INAMPIE т Prove that N2 + V5 is irrational. 


SOLUTION Let us assume on the contrary that sis, a rational number. Then, 
there exist co-prime positive integers п and b such that 


— Ti 
V2 + J5 =— 
b 
> - J2 = 45 
h 
5% | — | = (V5)? [Squaring both sides] 
b ) 
А 
= 9 
=> T = `2 > = 
hr b 
3 
2 3 
— T. 3 ` asa V2 
** b 
> > 
a ЭВ _ [53 
— , = V2 
2ab 
2 352 
АР А g, b are integers *- i i 
= 43 is a rational number 8 zb 5 rational 


This contradicts the fact that /2 is irrational. So, our assumption is wrong. 


ra fe бе - al. 
Hence, J2 + V5 is irrational 


хдл s Show that there is no positive integer n for which In iA Vn + 1 is rational, 
SOLUTION If possible, let there be a positive integer n for which . N 


s e positive integers. Then 
i А — (say), where a, b ar 8 ' 
rational equal to b (say), 
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PRECES, JÁn +1 sue G) 
b o 1 


a Jn - 1 4 Мп +1 


b JÁn&1 - Jn-1 _ Уп +1 Уп +1-уп-1 _уп+1—-уп-1 | 
7 а rei (n41)-(1-1) 2 | 


= — -4n*1-4n-1 (ii) 


Adding (i) and (ii) and subtracting (ii) from (i), we get 


, a 2b a 2b 
24n +1 = tS and 2% 1 = — 
b a b a 
a + 2р? 2р? 
= Vn +1 =———— апа yn -1 
2ab = 
2 2 2 2 
è а^ + 2р a^ — 2b* 
Р п, bare integers ~. E and кес 
= / с - 1 are гг і als ‚ * * 
Jn + 1 and Vn — are rationals | „бос. 
= (n+ 1) and (л — 1) are perfect squares of positive integers. 


This is not possible as any two perfect squares differ at least by 3 


Hence, there is no positive integer n for which (Jn — 1 + Jn I) is rational. 


T Ф " ; a a 
EXAMPLE 9 Let aand b be positiveintegers. Show that Ya always lies between 5 and 5 
› а+ 
a а+2Ь a a+2b 
SOLUTION We do not know whether ~ < ог, = > . 
b a+b b a+b 


n ; a a+2b 
Therefore, to compare these two numbers, let us compute $^ 


a+b 
We have; 


а ya + 2b _ a(a+b)—b(a+ 2b) | a! + ab — ab - 2p? _ 92 = a 


bf arb b(a+b) Г b (a + b) (а b) 
a at 2b 50 
b a+b 
a^ Эр? 
— — 59 ү 
d b (a b) 
=> a? - 2? 
= a? > 2b 


= а> М2 


and, — 


— 0 
b ada b 
an 2р 
= s < 0 
b(a +b) 
> 
— a 2р () 
=> a 2b* 
~ n V2 һ 
E à a+2b .. n 
Thus, —> —,ifa> Vb and — < ———_ 
һ a+b h a+l 
50, we have the following cases: 
When а> 42b 
In this case, we have 
a а+2р. a+2b a 
> e, ——— < — 
b a+b a+b һ 
We have to prove that 
п + 2b de. a 
: & 2 < 
a+ b h 
We have, 
n 2р 
— a > 2b 
3 „ ^ ^, 
> а +a” >а + 204 
, 3 3 3 
= 2a* + 25° > (d 22) + 25” 
— 2635 4 р?) + ар > а? + Ab? + dab 
р! * > 
— 2 (a^ + 2ab+ b^) > a^ + 4ab + 4b° 
=> 2 (a + by > (а + 2by 
= </2(@ b) > a+ 2b 
a a+2b 
=> v2 > 
a+b 
Again, 
— a 
а> 42 bl 2 
h 
From (i) and (ii), we get 
? 1 
а + 2b г /2 < ы 
a+b b 


- 
Case у When a < 42b 


a ＋ 2b 


„if a « 2 b. 


[Adding a? on both sides] 
[Adding 2b? on both sides] 


[Adding 4ab on both sides] 


wo (i) 


cca (ii) 


In this case, we have 


a a+2b 


b a+b 
We have to show that w J/2 < 1*2 
b a+b 
We have, 
a< 2b 
a’ 230^ 
=> ata < а? + 2р? [Adding a? on both sides] 
> 2a* + 2b? < а? + 4b? [Adding 21^ on both sides] 
=> 2a? + 4ab + 2b" < a? + 4ab+ 402 


> An + Б)? < (a + 2b) 


— 43 ез 
ES 5 < a ! .. (ill) 
a+b 
re a = : 
s 1 4 Va b= ) « 2 „ dV) 
1 


From (iii) and (iv), we get 
a = а+2Ь 
—< V2 < —— 
b a+b 


— ü а + 2b 
Hence, J lies between pane E 
U й+р 


EXAMPLE Let a, b,c, d be positive rationals such that a + Vb = с + Vd, then either a = c and 
р = d or band d are squares of rationals, 
SOLUTION If.a =c, then 


a¢vab = C Jd = Vb = Jd bd. 


So, let a . Then, there exists a positive rational number x such that à = c +X. 
Now, 


at Jb =c+ Vd 
2 c+x+vb = с+ Ма [7 a2 с+ x] 
= x Nb = Jd cilii) 
=> 


СБ = (ЫЙ) 


=> х2 T2 * b = d 
=> d- -b=2x vb 


1{-х°-Ь 
—— 
* vb 2% 


[ 
vh is rational | d, x, bare rationals - 
his the square of a rational number. 
From (i), we have 


уй Y 4d vb 
Jd is rational 


d is the square of a rational number. 


Hence, either à = сапа b = dor b and d are the squares of rationals. 


EXAMPLE 11 Leta. bi 


p be rational numbers such that p is not a perfect cube. 
| 


lf a 4 hp? + ( p 0, then prove that ‘i= i= 
SOLUTION We have, 


c =. 
| 2 
a+bp}+ep3 «0 


l 
Multiplying both sides by p?, we get 


| 3 


ap! -bp? +ep=0 
Multiplying (i) by b and (ii) by c and subtracting, we get 


(ab + b> р? bep? 7) „баер! bep*? + p) = 0 


(а^ — pre ‘yc=0 


Ü 


— a re O, ore =0 
22 
Now, a - pt 0 
/ alld Ў (y | 
1 | 3 і í 5 А 
228 gy PES ыйы =. | (р) as 
> p = к Жаы l Le / C ^ C 


a 
is irrational and = is rational, 


A OO 


l 
[his is not possible as р 


vb is rational ] 


. (1) 


4 (ii) 


= (b? ac) p' cab кр "AU 
=> b^ — ac = O and ab сар = () 1 p "is irrational] 
=> b? = ac and ab = cp 
> b? ac and a» = сїр? 
: alta c! p? | Putting b? = ac in 4202 = сір? | 
> a * a pre" = 0 
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i = pe 


#0 
Hence, c=0 


Putting c = Qin b? — ac = 0, we get р = 0 


Putting b = Qand c = Qina + b p? + qr = 0, we get a=0 


Hence, a = bc 20. 


EXAMPLE 12. For any positive real number x, prove that there exists an irrational number y 
such that 0 = yx 


— g- r . D * * Li * * 
SOLUTION If xis irrational, then V = 2 is also an irrational number such that 0 < y < x. 


P . . x . * * X 
If is rational, then Va is an irrational number such that 5 « x as MAI. 


E s "e 
y= z is an irrational number such that 0 < y < x: 


— — EXERCISE 1.5 


1. Show that the following numbers are irrational. 


(i) -= (i) 745 (ü) 6% (iv) 3- J5 
2. Prove that following numbers are irrationals: 
(i) 15 (ii) ы (ii) 4+ J2 (iv) 542 
Show that 2 - V3 is an irrational number. [CBSE 2008] 
i. Show that 3 + 42 isan irrational number. [CBSE 2009] 
5. Prove that 45 is an irrational number. (CBSE 2010] 
b. Show that.5 — 24/3 isan irrational number. [CBSE 2009] 
7. Próvethat 24/3 — 1 is an irrational number. (CBSE 2010] 
5. Provethat 2 – 345 is an irrational number. (CBSE 2010] 
о. Prove that ‚/5 + V3 is irrational. INCERT EXEMPLAR] 
10. Prove that /2 + /3 is an irrational number. INCERT EXEMPLAR] 


11. Given that /2 is irrational, prove that (5 + 3V2) is an irrational number.| CBSE 2018] 


12. Prove that for any prime positive integer p, Jr is an irrational number. 


3. If p, q are prime positive integers, prove that Jp + Jq is an irrational number. 
[NCERT EXEMPLAR] 


MATHEMATICS. x 
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HINTS TO SELECTED PROBLEMS 


| : А 
| (i) If possible, let — be rational. Then, there exist positive co-primes a and bsuch that 


/2 


led 

v2 kbh 
> 24° =f * 2| 2a} 
- 2|b* 
>  2|b 


^ b= 2c for some positive integer c 
1 ” „э y | ^" ” ^" 
2 = | => 21° = 4° = п? = 202 2 2 |а 1 2|2c*] 


> 2 | i 
This is а contradiction to the fact that a, bare co-primes. 
| — — . 
Hence, J is irrational. 


- 


(n) Let 74/5 be rational. Then, 


i Tem = 
TS uA za Es = => V5 is rational, a contradiction. 
? 1 


7V5 is irrational. 


a 
(ui) Let 6 + 42 bea rational number equal to 5 where a, bare positive co-primes. Then, 


— i 
O + v2 = = 
һ 
f a 
> м2 = -F 6 
b 
fx a= eh 
29 NP E 
b 


is rational. 
This is a contradiction. 
Hence, 6 + 42 is irrational 


a 
x : : — Then, 
(1v) Let 3- 45 bea rational equal to b 


a 

з= => 

= a 

= * TM G 


U 

E: 
J 
| 


V5 is rational. 
This is a contradiction. 


Hence, 3 — J5 is irrational. 


= Р . i Е 
Let V5 + 4/3 Бе rational equal to ў" Then, 
pe 78 a 
25 V3 = 
b 
= A 7 
> VO УЗ 
b 
— ) a {7 ы . - " 
=>  (J5y = ; V3 [Squaring both sides] 
. D / 
. а? 2a43 
5 = ABE, 
р b 
a mag 
- 2 -— 243 — 
ho ) 
|; d -2 "9 
um 243 а _( 
һ br 
& 1 Ims ‘ PUT. 
=> /3 =——— = J is rational, a contradiction. 
2ab 


Hence, 45 + 43 is irrational. 
Let us assume on the contrary that y is rational. Then, there exist positive co-primes 
a and b such that 


0 


М 


a 
= POE. 
b^ 

5 у, 

=> рр = а" 


: si. 2 
> pla [> p|b?p] 
=> pla 
= а= рс for some positive integer с. 


Now, b*p = 


те 525 = pre [^ a= pc] 


— 
л 
N 


> pib 
> pib 
pla and p|b 
This contradicts that a and bare co-primes. 


L] “yp | 18 1 1 
Hence, Jp is irrational. 


13. Let us assume 5 3 i " 
sume that р 3 Jd isa rational number equal to p' where à and bare integers 
1 


having по common factor. 


i r п 
Now, VP +49 =~ 
b 

Is a 
у! p Y1 


b j 
a? A 
—- "7-2 |+ 
=> | 2 m = a *0-—D 
h p reg 
; Wg- G-B 
; b b7 


а? + 1 (q p) 


2ab 


-5 V4 = 


= is a rational number. 
This is a contradiction as ү] is an irrational number. 
Nd 
Hence, Jp + Jh is an irrational number. 


1.6 3 DETERMINING THE NATURE OF THE DECIMAL EXPANSIONS OF RATIONAL NUMBERS 


In class IX, we have studied that the decimal expansion of a rational number is either 
terminating Or non-terminating repeating (or recurring) without knowing when it is 
terminating and when it is non-terminating repeating, In this section, we will explore 
exactly when the decimal expansion of a rational number is terminating and when it is non- 
en a repeating. In earlier classes, ug have also learnt that any rational number 
having terminating decimal expansion can be written as a rational number whose 
denominator is some power of 10. For example, 


(i) 0.875 = 875 _ 875 (ii) 1.512 = 1512 _ 1512 
| "T 300 10 1000 10^ 
а | Р 
— „сг (iv) 26.7624 = 267624 _ 267624 


etc. 


(i) 0.01764 100000 105 10000 10° 
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As we know that 2 and 5 are the only prime factors of 10. Therefore, any positive integral 
power of 10, say 10", is expressible in the form (2 х 5)" = 2" х 5”, For example, 


10-2x5, 100-102 2 52, 1000-10?-2?x5?, 10000-10! = 2* x5? etc. 


Therefore, denominators of rational numbers hav ing terminating decimal expansions are of 
the form 2" > 5", If we express the numerators of such rational numbers as products of 
primes and cancel out the common factors between the numerators and the corresponding 
denominators, we find that the prime factorisations of their denominators are of the form 


2" x 5", where m and n are non-negative integers. For example, 


3 
Q sas 2! 
1! 22х52 2 2x5? 
1512 2 3 3x7 189 
ü 1512.225. 5 m Mn А0 
* 10° 53 53 c3 Ü 3 
2- x b 2 x5 
(ii) 0.01764 = 1764 — NA. 
| 10° uP PaF Px Be 


3 2 2 
(iv) 27.7624 = 277624 2 x3 x7x531 3' = 33453 
10° 2 x 5 2x5! 2! x 5! 


It follows from the above discussion that the denominators of the rational numbers having 


terminating decimal expansions are expressible in the form 2" x 5", where m, п are non- 
negative integers. 
This result can be stated formally as a theorem as follows: 


THEOREM 1 Let x bea rational number twhtose decimal expansion terminates. Then, x can expressed 


р ; = 
in the form 9 where p an qare co-primes, and the prime factorisation of q is of the form 2" x 5", 


where m, n are non-negative integers. 
Let us now see whether the converse of this theorem is also true or not. Thatis, if we have a 


rational number of the form Р, and the prime factorisation of qis of the form 2” x 5", where 
? 


1 


Let ; be a rational number in the lowest form such that the prime factorisation of bis of the 


m, are non-negative integers, then does | havea terminating decimal? 


form 2" x 5", where т, n are non-negative integers. 
We have the following cases: 
CASEI When т=п: 


In this case, we have 
a a a a 


— 


1.54 


MATHEMATICS. x 
SL Н When m >ñ: 
In this case, we have 


" — p, where p is a positive integer. 


а a _ Lu ax 5" ax 5" C 
E — AN. ma ————— — = — „here rp» — х БР 
h )" „Su 2'" Ф 5" “р 2" * g" (2 " 5)" 10" “Ww he ТЄ C= 0x 5 


tll) When m <n: 
In this case, we have 


"n mp, where pisa positive integer. 


4 а | ax? ах 2? ах 2" 


C . 
b "xS УР" PaF 5 57 10" Where X 


Thus, a rational number whose denominator is of the form 2” x 55 where rt; n are non- 


А с 
Negative integers, can be converted to an equivalent rational number of the form d 
where d is a power of 10. 


, 


For example, 


By t do 7x5 2125 875 
"B8 P 27,57 = (2x5) 105 
„ 189 189 2'x189 8x189 1512 
(u) 125 D. 5? E 23 * 53 = (2x 5)? 10° 
uy 49.._49 _ 49x2 —— 984 f OM 
uU) 505 2x5? 2.5 (25) 105 
уу 2139 2139 2139 K2 213908 17112 
BET ^ 2x54 21х90 Qos)? — 10! 
7 875 
7 2 805. gg 
8 10 
189 (pO Ns 
125 : 
22 698 _ 0098 
500. 10° 
К 
nd, = 17112 _ 1711; 
| 1250 10 


This shows that the decimal expansion of a rational number whose denominator is of the 
form 2" x 5", where m,n are non-negative integers, is terminating. Also, it terminates after k 
places of decimals, where k is the larger of m and n. 

This result can be stated formally as a theorem as follows: 


THEOREM 2 Let x =" be a rational number, such that the prime factorisation of q is of the 
q j . ^ . x : 2 

form 2" > 5", where m, n are non-negative integers. Then, x has a decimal expansion which 

terminates after k places of decimals, where k is the larger of m and n. 


‚= 
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Let us now consider rational numbers whose decimal expansions are non-terminating and 
repeating. For example, 


5 
(i) 3 = 1.65666. 10 5 = 2.83333......... (iii) ; = 0. 142857142857 


We observe that the prime factorisation of the denominators of these rational numbers are 
not of the form 2" x 5", where m,n are non-negative integers. 


— — 


So, we arrive at the following conclusion. 


) . * . . е + т 
THEOREM3 Let x = Ё bea rational number, such that the prime factorisation of q is not of the form 
] 


2" х 5", where m, n are non-negative integers. Then, x has a decimal expansion which is non- 
terminating repeating. 

Let us now discuss some examples to determine the nature of the decimal expansions of 
rational numbers by using the above theorems. 


ILLUSTRATIVE EXAMPLES Т 
LEVEL-1 


EXAMPLE 1 Without actually performing the long division, state whether the following rational 
numbers will have terminating decimal expansionyer а non-terminating repeating decimal 
expansion. Also, find the number of places of decimals after which the decimal expansion terminates. 


i zi (CER ii p NCER ii = NCERT 
(i) 8 [NCERT] (ii) 455 INCERT] (ii) 343 | | 
а В. — 13 = ‚ _23 NCERT 
(iv) 1600 INCERT] (v) 3125 [NCERT] (vi) 3352 INC | 
; 17 17 
SOLUTION (i) Wehave, 9 = ЭЗ 57 


So, the denominator 8 of t isof the form 2" x 5", where m, n are non-negative integers. 


Hence, м has terminating decimal expansion. The decimal expansion of ~ terminates 
after three places of decimals. 
(ii) We have, 

64 64 

455 5x7x13 


Clearly, 455 is not of the form 2” х 5". So, the decimal expansion of M is non- 
terminating repeating. 
(iii) We have, 

29 29 


Clearly, 343 is not of the form 2" х 5”. 
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29 
Hence, the decimal ex ^»ansion of —— js -terminati y i 
al expe 343 Is non-terminating repeating. 
(iv) Wehave, 


5 3 3 
1600 320 ys 


This means that the prime factorisation of the denominator of —— is of the form 2" x 5”, 


1600 


Hence, it has terminating decimal expansion which terminates after 6 places of decimals. 


(v) We have, 
13 аз 
325 2" „ 55 


E ca 13 
This shows that the prime factorisation of the denominator of 3125 is of the form 2" x 5". 


Hence, it has terminating decimal expansion which terminates after 5 places of decimals. 


(vi) Clearly, the prime factorisation of the denominator of is of the form 2" x 5", So, 
3s 


it has terminating decimal expansion which terminates After 3 places of decimals. 


IXAMPLE 2 What can you say about the prime faetorisations of the denominators of the following 
rationals: 

(i) 34.12345 (ii) 34.5678 
SOLUTION (i) Since 34.12345 has terminating decimal expansion. So, its denominator is of 


the form 2" x 5", where m, n are non-negative integers. 


(ii) Since 34,5678 has non-terminating repeating decimal expansion. So, its denominator 
has factors other than 2 or 5. 


EXERCISE 1.6 

LEVEL-1 

|. Without actually performing the long division, state whether the following rational 

numbers will have a terminating decimal expansion or a non-terminating repeating 
decimal expansion. 


35 

23 ceu. 229 "E T 

@ v (ii) Ai (iii) 50 INCERT] 
77 2 987 ; 

(v) SiS INCERTI (V) 57 d (vi) 10500 (NCERT LXEMPLAR] 


1. Write down the decimal expansions of the following rational numbers b 
their denominators in the form 2" x 5", аи k^ B 
13 3i 
* ni) — 
№ = () 125 0) gg 


y writing 
“Negative integers. 


we 
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(iv) бйз”. [NCERT] 
625 2? х 5 
‘ 257 . | 
. Write the denominator of the rational number 5000 in the form 2!" x 5" , where m, are 


non-negative integers. Hence, write the decimal expansion, without actual division. 


. Whatcan you say about the prime factorisations of the denominators of the following 


rationals: 


(i) 43.123456789 (i) 43123456789 
(ii) 27142857 [CBSE 2010] (iv) 0.1201200120001 200000 [INCERT] 


A rational number in its decimal expansion is 327.7081. What сап you say about the 


i Р 
prime factors of q, when this number is expressed in the form ? Give reasons. 


q 
INCERT EXEMPLAR] 


: : - ANSWERS 
(i) Terminating (ii) Non-terminating repeating (iii) Terminating 
(iv) Non-terminating repeating (v) Non-terminating repeating. (vi) Terminating 


(i) 0.375 (ii) 0.104 (iii) 0.0875 (iv) 23.3408 (v) 0.0004128 


2? x 55; 0.0514 

(i) Prime factorisation of the denominator is of the form 2" x 5", where m, n are non- 
negative integers. 

(ii) Prime factorisation of the denominator contains factors other than 2 or 5. 

(iii) Prime factorisation of the denominator contains factors other than 2 or 5. 

(iv) Prime factorisation of the denominator contains factors other than 2 or 5. 

Since 327.708 Lis a terminating decimal number, so, q must be of the form 2" x 5"; m,n 
are natural numbers. 


VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 


Answer each of the following questions either in one word or one sentence or as per requirement of the 
questions: 


State Fuclid's division lemma. 
State Fundamental Theorem of Arithmetic. 
Write 98 as product of its prime factors. 


‚ Write the exponent of 2 in the prime factorization of 144. 
. Write the sum of the exponents of prime factors in the prime factorization of 98. 
. If the prime factorization of a natural number n is 2? x 3* x 5? x 7, write the number 


of consecutive zeros in п. 


If the product of two numbers is 1080 and their HCF is 30, find their LCM. 


8. 


10 


MATHEMATICS. y 


. T . è ) . 
Write the condition to be satisfied by q so that a rational number E hasa terminating 
q 
decimal expansion. [CBSE 2008] 
Write the condition to be satisfied by q so that a rational number E h 


as a non- 
terminating decimal expansion. 1 


Complete the missing entries in the following factor tree. 


CBSE 2008] 


| i f ; 43 \ 
he decimal expansion of the rational number ——— will terminate after how many 
2% x 5 


<= 


places of decimals? | ICBSE 2009] 


Has the rational number 


"5 


т à terminating or a nonterminating decimal 
representation? ICBSE 2010] 


24/45 + 34/20 


‚ Write whether 275 on simplification gives a rational or an irrational number. 


[CBSE 2010] 


What is an algorithm? 

‚ Whatisa lemma? 

. If pand qare two prime numbers, then what is their HCF? 

7. Ifpand qaretwo prime numbers, then what is their LCM? 

What is the total number ot factors of a prime number? 

. What is a composite number? 

What is the HGF of the smallest composite number and the smallest prime number? 


[CBSE 2018] 


HF of two numbers is always a factor of their LCM (True/ False). 


X is an irrational number (True/ False). 


he sum of two prime numbers is always a prime number (True/False). 


The product of any three consecutive natural numbers is divisible by 6 (True/ False). 
Every even integer is of the form 2%, where m is an integer (True/ False). 
Every odd integer is of the form 2m - 1, where m is an integer (Тгце/ False). 


^. The product of two irrational numbers is an irrational number (True/ False). 
Ihe sum of two irrational numbers is an irrational number (True / False). 


For what value of n, 2" x 5" ends in 5. | 

lf a and b are relatively prime numbers, then what is their HCF? 

If a and b are relatively prime numbers, then what is their LCM? 
Two numbers have 12 as their HCF and 350 as their LCM (True/False), 


Vi dee «~~ -- 
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ANSWERS 
|. See text 2. See text 3. 2х7? 4.4 


2 4 6, 2 7. 36 


The prime factorization of q must be of the form 2" x 5^, where m, n are non- 
negative integers. 


he prime factorization of їз not of the form 2" x 5", where m, n are non-negative 
integers. 10. 42, 21 11.4 


12. Non-terminating 13. Rational Number 16. 1 

17. pxq 18,2 20.2 21. True | 
22. True 23, False 24. True 25. True 

26. True 27. False 28. False 29 No valueof i 

30. 1 31. ab 32. False 


MULTIPLE GHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following questions. 


|. The exponent of 2 in the prime factorisation of 144, is 


(a) 4 (b) 5 (c) 6 (d) 3 à 
?. The LCM of two numbers is 1200: Which of the following cannot be their HCF? 
(a) 600 (b) 500 (c) 400 (d) 200 | 


+3 


3 4 4 : A А 
If n= 2" x 3 «5° х 7,.then the number of consecutive zeros in п, where n is a natural 
number, is 


(a) 2 (b) 3 (c) 4 (d) 7 
4. The sum of the exponents of the prime factors in the prime factorisation of 196, is 
(a) 1 (b) 2 (c) 4 (d) 6 


л 


‚ The number of decimal places after which the decimal expansion of the rational number 


will terminate, is 


1x5 
(a) 1 (b) 2 (c) 3 (d) 4 
6. If p, and р, are two odd prime numbers such that p, > p; , then р - p is 
(a) aneven number (b) an odd number 
(c) an odd prime number (d) a prime number 


. If two positive ingeters à and b are expressible in the form а = pq and b = yq pg 
being prime numbers, then LCM (a, b)is 


~ 


(a) pq (b) pq (c) pq (4) pq 
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З. InQ. No. 7, HCF (a, b) is 


(a) pa (b) ру 


(c) pyr (d) pu 
9. If two positive integers nr and in are expressible in the form m = pq and л = pq, where 
p. q are prime numbers, then HCF (n, п) = 
(а) pq (b) pq? (c) pq (d) p 
10. Th the LCM ofa and 18 is 36 and the HCF of a and 18 is 2, then a — 
(a) 2 (b) 3 (c) 4 (d) 1 
11. The HCF of 95 and 152, is 
(a) 57 (b) 1 (c) 19 (d) 38 
12. If HCF (26, 169) = 13, then LCM (26, 169) = 
(a) 26 (b) 52 (c) 338 (d) 13 
13. lá 22! x 3,02 = 2х 3х5, с = 3" x5 and LCM (a,b,c) £ 2 x 3$ X 5, then = 
(a) | (b) 2 (c) 3 (d) 4 


; ; 1458 | ; 
he decimal expansion of the rational number 1250 willterminate after 


(a) one decimal place (b) two decimal place 
(c) three decimal place (d) four decimal place 
15. Прапа ij are co-prime numbers, then pandi” are 
(a) coprime (b) not coprime (с) even (d) odd 
l6. Which of the following rational numbers have terminating decimal? 
16 : mE З 7 
(1) 5 (ii) p (iii) 21 (iv) 250 
(a) (i) and (ii) (b) (ii) and (iii) (c) (i) and (iii) (d) (i) and (iv) 
I= His the least prime factor of number а and 7 is the least prime factor of number b, then 
the least prime factorof a + b, is 
(a) 2 (b) 3 (c) 5 (d) 10 
15/7327 is 
(a) aninteger (b) a rational number 
ca natural number (d) an irrational number 
19. The smallest number by which /27 should be multiplied so as to get a rational number 
Is 
(а) 437 (b) 343 0 N ШЕ 


“0. The smallest rational number by which 3 should be multiplied so that its decimal 


` ecimal, is 
expansion terminates after one place of d { 


3 b s (c) 3 d 3 
(а) 10 (b) 16 (9) 100 
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30. 


3. 


If is a natural number, then 9?" — 42" is always divisible by 
(a) 5 (b) 13 (c) both 5 апа 13 (d) None of these 
[Hint: 9°" — 4?" is of the form а?” — 22" which is divisible by both a Бапа a+b. 


2n 


So, 9°" — 4?" is divisible by both 9-4 =5 and 9 +4 = 13.] 


- If is any natural number, then 6" — 5" always ends with 


(a) 1 (b) 3 (c) 5 (d) 7 


lia For any n € М, 6" and 5" end with 6 and 5 respectively. Therefore, 6" — 5" 
always ends with 6 — 5 = 1.] 


. The LCM and HCF of two rational numbers are equal, then the numbers must be 


(a) prime (b) co-prime (c) composite (d) equal 


^4. Ifthesum of LCM and HCF of two numbers is 1260 and their LCM is 900 more than their 


HCF, then the product of two numbers is 
(a) 203400 (b) 194400 (c) 198400 (d) 205400 


he remainder when the square of any prime number greater than 3is divided by 6, is 


(a) 1 (b) 3 (c) 2 (d) 4 
[Hint: Any prime number greater than 3 i$ of the form 6k + 1, where k is a natural 


number and (6k + 1) = 36k? + 12k + 1 = 6k(6k + 2) + 1] 


For some integer т, every even integer is of the form 


(a) m (b) m 1 (c) 2m (d) 2m + 1 
For some integer q, every odd integer is of the form 

(а) 3 (b) +1 (c) 24 (d) 27+ 1 
. n? - 1 is divisible by 8, ify is 

(a) aninteger (b) a natural number 

(c) an odd integer (d) an even integer 


33 
. The decimalexpansion of the rational number 3.5 will terminate after 


x5 
(a) one decimal place (b) two decimal places 
(c) three decimal places(d)more than 3 decimal places 


If two positive integers à and b are written as à — % and b = xy? ; x, y are prime 
numbers, then HCF (a, b) is 


(a) xy (b) ху (с) y (d) Xv 
The least number that is divisible by all the numbers from 1 to 10 (both inclusive) is 
(a) 10 (b) 100 (c) 504 (d) 2520 


— — —— 
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32 The largest number which divides 70) and 125, leaving remainders 5 and 8, respectively, 
is 


(a) 13 (b) 65 (c) 875 (d) 1750 


Ik the HCFof 65and 117 is expressible in the form 65m — 117, then the value of m is 


(a) 4 (b) 2 (c) 1 (d) 3 


Я А | А 14587 
34. The decimal expansion of the rational number 1250 will terminate after: 


(b) two decimal places 
(d) four decimal places 


(a) one decimal place 


(c) three decimal places 


55, Euclid's division lemma states that for two positive integers a and b, there exist unique 
integers q and r such that = bq +r, where rmust satisfy 


(а) ерер b) О <р <р (с) О< уер (d 04 <р 
РЕ А ANSWERS 
1. (a) 2. (b) 3. (b) 1. (c) 5. (b) 
b. (a) 7. (c) 8. (a) 9. (b) 10. (c) 
1. (c) 12. (c) 13. (b) 14 (d) 15. (a) 
16. (d) 17. (a) 15. (b) 19. (c) 20. (a) 
21. (c) 22. (a) 23. (d) 24. (b) 25. (a) 
26. (c) 27. (d) 28. (c) 29, (b) 30. (b) 


31 (d) 32. (a) 33. (b) 94. (d) 35. (c) 


- 
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10. 


SUMMARY 


Euclid's division lemma: Given positive integers a and b there exist whole numbers q and 
r satisfying a =ba+r,0<r < b. 

Luclid's division algorithm: In order to compute the HCF of two positive integers, say a 
and b, witha > b by using Euclid's algorithm we follow the following steps: 


1 Apply Euclid's division lemma to a and band obtain whole numbers q, and r, such that 
d = bh H,O Sn h. 


en =0,b is the HCF ofaand b 

n #0, apply Euclid's division lemma to b and r, and obtain twosehole numbers 
qi and r such that b = qun +t. 

„ =0, then r isthe HCF ofaand b. 


If 2 0, then apply Euclid's division lemma to n and ry and continue the above 
J % рр 2 
process till the remainder r, is zero. The divisor at this stage i.e. n, ,, or the non- 
zero remainder at the previous stage, is the HCF of a And h. 
The Fundamental Theorem of Arithmetic: Every composite number can be expressed 


(factorised) as a product of primes, and this factorisation is unique except for the order in 
which the prime factors occur. 


Every composite number can be uniquely expressed as the product of powers of primes 
in ascending or descending order. 


Let a be a positive integer and p bea prime number such that р | , then ya. 


here are infinitely many positive primes. 


Every positive integer different from 1 can be expressed as a product of non-negative 
power of 2 and an odd number. 


A positive integer is prime, if it is not divisible by any prime less than or equal 


to Jn > 


If y is a positive prime, then Jp is an irrational number. For example, V2, V3, 
5 V , N11 ete. are irrational numbers. 


Let x be a rational number whose decimal expansion terminates. Then, x can be 


expressed in the form 5 where p and q are co- prime, and the prime factorization of д is 
í 


of the form 2" x 5", where m, n are non-negative integers. 


Let x = Р be a rational number, such that the prime factorization of q is of the form 
[i 


2" « 5" where m, n are non-negative integers. Then, x has a terminating decimal 
expansion which terminates after k places of decimals, where k is the larger of m 
and n. 


ae 
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— я т 
12. Let x = Ë be a rational number, such that the prime factorization of д is not of the for 
2" x5", where m, n are non-negative integers. Then, x has non-terminating repeating 
decimal expansion. | 
NOTE: Formative assessment also includes lab activities, projects, assignments 
work), oral and visual testing. 
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POLYNOMIALS 


2.1 INTRODUCTION 

In earlier classes, we have learnt about polynomials in one variable, their degrees, factors, 
multiples and zeros (or roots). In this chapter, we will study about the geometrical 
representation of linear and quadrat p | b ic polynomials and geometrical meaning of their 


zeros. We will also study about the relationship between the zeros and coefficients of a 


polynomial. Let us first recall some useful definitions and results which we have studied in 
class IX. 


2.2 RECAPITULATION 


POLYNOMIAL Let x bea variable, n bea positivelintegeraitd as, â}, ,...,a, be constants (real 
numbers). Then, f(x) = a,x" a, 4x" ++ Ax aj is called a polynomial in variable x. 


In the polynomial f(x) = a,x" на, тх... o ‚ “Жл uuum x and ap are 


known as the terms of the polynomial and d à, f, à, 5,..., à; and ay are their coefficients. 
For example, 
(i) р(х) = Зх – 2 isa polynomial in variable x. 


(ii) g(y) = ay? - 2y 1 4 is a polynomial in variable y. 


(ш) f(u) = 2 = зи? * 2u 4 is a polynomial in variable u. 


2 1 3 
Notegthat the expressions like 2x^ - 37x + 5, —— ——, dy – s: +4 etc. are not 


х -2x+5 
polynomials. 
DEGREE OF APOLYNOMIAL The exponent of the highest degree term in a polynomial is known 
as its degree. 
In other words, the highest power of x in a polynomial f(x) is called the degree of the 
polynomial f(x). 
For example, 


(i) f(x) =3x+ l is a polynomial of degree | in the variable х. 
JM "m 2 
(i) e(y)- 2y^ - 3 y+7 isa polynomial of degree 2 in the variable y. 
о V М 2* 
i. | i i | 
(ii) p(x) = 5? - 31? 4 x- X is a polynomial of degree 3 in the variable x. 
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(iv) q(u) = 9и? — za + ц? E is a polynomial of degree 5 in the variable u. 


CONSTANT POLYNOMIAL A polynomial of degree zero is called a constant polynomial. 


For example, f(x) = 7, ¢ (5) = -5, h(y) = 2,р(0) = 1 etcare constant polynomial. 


The constant polynomial 0 ог f(x) = 0 is called the zero polynomial. The degree of the zero 
polynomial is not defined, because 

f(x) = 0, (х) = Ox, h(x) = 0x?, p(x) = 0x?, g(x) = 0х" 
etc. are all equal to the zero polynomial. 
LINEAR POLYNOMIAL A polynomial of degree 1 is called a linear polynomial, 
For example, p(x) = 4x - 3, (у) = 3y, f(D) = ts and g(u) = Zu = i etc are all linear 
polynomials. 
Polynomials such as f(x) = 2x? + 3, g(x) = 3- x^ etcare not linear polynomials. 
More generally, any linear polynomial in variable x with real coefficients is of the form 
f(x) = ax +b, where a, bare real numbers and а # 0; 
REMARK | A linear polynomial may be a monomial or binomial. Because, linear polynomial 


: NOE А : 2... | 
f(x) = =x -> isa binomial whereas the linear polynomial g(x) = S* isa monomial. 


QUADRATIC POLYNOMIAL polynomial of degree 2 is called a quadratic polynomial. 
The name ‘quadratic’ has been derived from ’quadrate’, which means ‘square’. 


a 


ыгы 


For example, 

f(x) = 215 +3x=— 5 800 — W - 3, Щи) = 2 -u? + Зи, p(v) = B? -$v +S, 
qla) = 22 + 4@ ete, are quadratic polynomials with real coefficients. 

More generally; any quadratic polynomial in variable x with real coefficients is of the 
form f(x) s^ чарх с, where a, b, c are real numbers and a + 0. 


m 


REMÁRK 2 A quadratic polynomial may be à monomial or а binomial or a trinomial, because 


4 LAS 2 —— a ; MM 
F(x) = 2X? isa monomial, g(x) = 3x^ — 5 isa binomial and h(x) = 3x^ — 2x +5 isa trinomial. 


CUBIC POEYNOMIAL A polynomial of degree З is called a cubic polynomial. 
For example, 


9 8 : iid ; 
(i) /() = = -2x + 3* 5 isa cubic polynomial in variable x. 


(i) e(y) = 2j? + 5y – 7 isa cubic polynomial in variable y. 


= | — 
(iii) p(u) = — u? +1 is a cubic polynomial in variable и. 
The most general - of a cubic polynomial with coefficients as real numbers is 


f(x) = av? + bx + cx d, where a + 0, b, c, d are real numbers. 


BI-QUADRATIC POLYNOMIAL A fourth degree polynomial is called a biquadratic polynomial. 


„ : i 
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For example, 
; 3 3 
. 8 3 М 2 1 : 3 . 
(i) f(x) = 5 — 2x" + a = J2x + 5 is a biquadratic polynomial with real 


coefficients in variable x. 
(ii) (у) = 2y* +3 isa biquadratic polynomial in variable ГА 
(iii) (и) = Зи? — 5u? 4 2 isa biquadratic polynomial in variable и. 
The most general form of a biquadratic polynomial with real coefficients in variable q is 
f(x) = a + bx? + ex? 4 dy 4 e, where a * 0, b, c, d, e are real numbers. 
REMARK 3 Throughout this chapter, we shall be studying polynontials with real coefficients. 


VALUE OF A POLYNOMIAL If f(x) is a polynomial and & is any real number, then the real 
number obtained by replacing x by a in f(x), is called the valueof fx) = aand is denoted by 
Ка). 
The values of the quadratic polynomial f(x) = 233 -3x -2 at x - 1 and х= 2 аге 
given by 

F(t) -2x( -3x1-222-3-2- WM 


and, f(-2) = 2 (-2)2 -3x«(-2-2- (6-2 - 12 
> 1 
If f(x) = 225 13x? + 17x + 12, then its value at x "-5 
11. | ; 1` 1 13 17 
en- Ed "Ud o4 eee 


Consider the cubic polynomial fix x? — 6x? + 11x — 6. The value of this polynomial at 
х = 2 is given by 
Р) = 22да 11x 2-6 =8-24422-6=0 
Also, SAR - 6% 1? +11%1-6 =1-64+11-6 =0 
and, f@) = 3596 3? + 11x 3-6 = 27-54433-6=0 
Thus, we find thatthe values of f(x) atx 2 1,2, and 3 are each equal to zero. So, 1, 2 and 3 are 
called zeros of the cubic polynomial f(x) = x — 6x? + 11x- 6. 
Thus, we may define zeros of a polynomial as follows: 
ZERO OF A POLYNOMIAL А real number a is a zero of a polynomial f (x), if fla) = 0, 
Finding a zero of a polynomial f (x) means solving the polynomial equation f(x) = 0. 
In class IX, we have learnt how to find the zero of a linear polynomial. We have studied 


that the linear polynomial f(x) = ax + b, a * 0 has only one zero @ given by 


b Constant term 
ЕТЕ Sn eee ee. 
a Coetticient of х 


We observe that the zero of a linear polynomial is related to its coefficients. In fact, zeros 
of any polynomial are related to its coefficients. We will study this in the susequent 
sections. Let us first discuss about the graphs of polynomials of degree 1, 2 and 3. 
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2.3 GRAPHS OF POLYNOMIALS 

In algebraic or in set theoretic language the graph of a polynomial f 
set) of all points (x, y), where y = f(x). In geometrical or in graphical | i 
a polynomial f(x) is a smooth free hand curve passing through points (ху, у), 


(X5, V3), (5, Уз),..- ete, where уу, у», Ve, are the values of the polynomial f(x) at x, x5, 


(x) is the collection (or 
anguage the graph of 


ху... respectively. | 
In this section, we will learn about the construction of graphs of linear, quadratic and cubic 


polynomials. A 
In order to draw the graph of a polynomial f (x), we may follow the followingalgori thm. 


ALGORITHM 
STEP! Find the values Yy, Yz,- ef polynomial f(x) fat different points x, 


* 2 Х„,... and prepare a table that gives values of y or. f (X). for various values of x. 


X4 


y= f(x) у» = Дх) б Yn FG, Ин” fn) wes 


STEP I Plot the points (Xy, Vi), (Xo, у»), (х3, уз)... BY, Ie. on rectangular coordinate 
system. In plotting these points you may 4se different scales on the x and y-axes, 

ster Ш Draw a free hand smooth curve passing through points plotted in step II to get the 
graph of the polynomial f (x). 

23.1 GRAPH OF A LINEAR POLYNOMIAL 

Consider a linear polynomial .f(x).- ax. b, a # 0. In class IX, we have learnt that the 

graph of y=ax+b is a straight line. That is why f(x)=ax+b is called a linear 

polynomial. Since two points determine a straight line, so only two points need to be 

plotted to draw the line y ых + b. The line represented by y = ax + b crosses the x-axis 


^ [ 
at exactly one póint, namely | 50 


Fig. 2.1 
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ILLUSTRATION 1 Draw the graph of the polynomial f(x) = 2x — 5. Also, find the coordinates of 


the point where it crosses X Axis. 
SOLUTION Let y = 21 5 


The following table lists the values of y corresponding to different values of x. 


LET is 
ii 
The points A (1, — 3) and B(4, 3) are plotted on the graph paper Suitable scale. A 
line is drawn passing through these points to obtain the graph of the give polynomial. 


атту 
17 
| 


Fig. 2.2 Graph of f(x) = 21 5 
2.3.2 GRAPH OF A QUADRATIC POLYNOMIAL 


In this section, we will be interested to see what the graph of a quadratic polynomial 


ax? + by & c,a # 0 looks like. We will also learn the construction of the graph of a quadratic 
polynomial without plotting many points on the graph paper. 


ILLUSTRATION 1 Draw the graph of the polynomial F(x) = х2 — 2y - 8. 


8 

SOLUTION Let y = - 2x - 8. | 

The following table gives the values of y or f (x) for various values of x. 
зе 
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ix {[-4{-3[-2[-1] III 
l 
5), (0, - 8), (1,— 9), (2, ~ 


Let us now - the points (- 4, 16),( 3, 7), (~ 2,0), C 1, - 
(3, — 5), (4, 0), (5, 7) and (6, 16) on a graph paper and draw a 
passing through these points. The curve thus obtained represen 
polynomial f(x) = x? — 2х — 8, This is called a parabola. The lowest poin 
minimum point, is the vertex of the parabola. 

Vertical line passing through P is called the axis of the parabola. Parabola 
about the axis. So, it is also called the line of symmetry. 
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Fig.2.3 Graph of f(x) = х2 -2x-8 


Observations: From the graph of the polynomial f(x) = x? - 2x - 8, we make the following 
observations: 


(i) The coefficient of х2 in f(x) = х -2x - 8 16-1 (à positive real number) and so the 
parabola opens upwards. 
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(ii) The pol i h 2 
linear fact Рено йы др 8 = (x — 4) (x + 2) is factorizable into two distinct 
0 - ; 
(-2,0). Th n (х 4) апа (х + 2). So, the parabola cuts X-axis at two distinct points (4,0) and 
: s A e X-coordinates of these points are zeros of f(x). 
iii А Р 
bol x . en ial f(x) = x? — 2x В has two distinct zeros namely 4 and —2. So, the 
parabola cuts X-axis at (4, 0) and (2, 0). , 


єн Оп comparing the polynomial x? – 2x — 8 with ax? + bx + с, we get g= 1, b = –2 
and c = -8. The vertex of th j i | 
a шы е parabola has coordinates (1, O) i.e. (—b/2a,— D/ where 
V = р? = = 
(v) Ds 02 -4ac- 44.32 = 365 0. So, the parabola cuts X-axis inct points. 
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ILLUS с 1 
TRATION 2 Draw the graph of the quadratic polynomial f(x C - 4^ 
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Fig. 2.4 Graph of №) =3 =D» = ү? 
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Let us lista few values of y = 3- 2x — corresponding to a few values of xas follows: 
y P Б 


EE NEN 
Er НЕЕ ЕЗЕТ 


2. 

Thus, the following points lie on the graph of the polynomial y = 3-2х-х : 

(-5,- 12), (-4, - 5), (-3, 0), (-2, 3), (-1, 4), (0, 3), (1, 0), (2, —5), (3,-12) and (4, - 21). 

Let us plot these points on a graph paper and draw a smooth free hand curve passing 
through these points to obtain the graph of y = 3 – 2х - x^. The curve thus obtained 
represents a parabola, as shown in Fig. 2.4. The highest point P (-1,4), is called a maximum 
point, is the vertex of the parabola. Vertical line through P is the axis of the parabola. 
Clearly, parabola is symmetric about the axis. 
Observations: We make the following observations from the-graph of the polynomial 
f(x)e3-25-x*. 

(i) The coefficient of x? in. f(x) = 3- 2x * is-1 i.e. a negative real number and so the 


parabola opens downwards. 

(ii) The polynomial f(x) = 3-2x - х? = (1 х) (x43) is factorizable into two distinct 
linear factors (1 — x) and (x +3). So, the parabola cuts X-axis at two distinct points (1, 0) and 
(-3,0). The x-coordinates of these points are zeros of (5). 

(iii) The polynomial f(x) = 3 – 2x has two distinct roots namely - 3 and 1. So, the 
parabola y = 3 – 2x – cuts X-axis attwo distinct points. 

(iv) On comparing the polynomial 3- 2x - 3^ with ах? «bx + c, we have a = -1, 
b = -2 and c = 3. The vertex of the parabola is at the point (-1, 4) i.e. at (“,, — D/4a ), 
where D = b? — 4ас. 

(v) D = I? — Jac 94. + 12 > 16 > 0. So, the parabola cuts x -axis at two distinct points. 
ILLUSTRATIONS" 3 Draw the graph of the polynomial f(x) = х? -6х+9. 


SOUUTION aLet = f(x) or, у= x? — 6x + 9. 


The following table gives the values of y or f (x) for various values of x. 


и Jaa sjaje аре 
er eo 


Thus, the graph of y = x? — 6х ~ 9 passes through the points (- 2, 25), (- 1, 16), (0, 9), 


(1,4), (2, 1), (3, 0), (4, 1), (5, 4), (6, 9), (7, 16) and (8, 25). 
Let us plot these points on the graph and draw a free hand smooth curve passing 
through these points. We observe that the vertex of the parabola is at point P (3,0) as shown 


in Fig. 2.5. 
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— 
ш 


Fig.2.5 Graph of f(x) = х? - 6x +9 


Observations: From the graph of the 

polynomial f(x) = x? – 
following observations: / *r, we make the 
(0 THE Spefficient of xt in f(x) = 27 - 6x +9 is 1, a positive real number, and so the 


parabola opens upwards. 
(ii) ‘The polynomial f(x) = x? -6х+9 = p= 3} is factorizable into two equal factors 


each equal to (x — 3). So, the parabola y = 3^ — бх + 9 touches X- -axis at one point (3, 0). I 
other. words, у = 22 —6x+9 touches X-axis at one point (3, 0). In oth : 
у = x? — 6х + 9 cuts X-axis at coincident points. The x-coordinate of this Pai we om 

es two 


equal roots of the polynomial. 
(iii) The рупор f(x) = x? r has two equal roots each equal to 3. So, th 
е 


parabola y = x? — 6x + touches X-axis 4 O) i.e. it cuts X-axis n points. 
(iv) On comparing the polynomial Y -6x49 with ax? + bx +c, we get a=1 
1 = 
b ande = 9. The vertex of the parabola is at (3, 0) i.e., at ( -b/2a, - - D/4a), | h | 
where 


D= b? — 4ac. 
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(v) D- b? ~ дас = 36 — 36 = 0. So, the parabola touches X-axis. 
find the vertex 


ILLUSTRATION 4 Draw the graph of the polynomial f(x) = Ar + Ax - 1. Also, 
of this parabola, 


SOLUTION Let у= f(x) or, y = 4x? « 4x - 1 
The following table gives the values of y for various values of x. 
ааа а pla аа 
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Fig. 2.6 Graphof f(x) = -4x! «4x - 1 
Let us plot these points on a graph paper and draw a free hand smooth curve passing 
through these points. The shape of the curve is shown in Fig. 2.6. It is a parabola opening 
downward having its vertex at (1/2, 0). 
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Observations: From the graph of the polynomial f(x) = —4x? + 4x - 1, we make the follow- 
ing observations: 

(i) The coefficient of x? in f(x) = - 4x? + 4x -1 is - 4, a negative real number and so the 
parabola opens downwards. 

(ii) The polynomial f(x) = —4x^ + 4x — 1 = -(2x — 1)? is factorizable into two equal factors 


each equal to 2x – 1. So, the parabola cuts X-axis at two coincident points having coordinates 
(1/2, 0). 


(iii) The polynomial f(x) = —4x^ + 4x — 1 has two equal roots each equal to 1/2. So, the 
parabola touches X-axis at one point (1/2, 0) only i.e. it cuts X-axis at coincident points. 

(iv) On comparing the polynomial -4xy! +4x -1 with ах bx cp we get a = 4, 
„ -4,b = 4 and c = -1. The vertex of the parabola has the coordinates (1/2,0) i.e. 
(/ Aa, — D/4a |, where D = b? — 4ac. 

(v) d =b? - 4ас = 4 — 4 = 0. So, the parabola touches X-axis. 

ILLUSTRATION 5 Draw the graph of the polynomial, f(x) = 2x - 4+5, 


SOLUTION Let y = f(x)or, y = 2x? А05 


The following table gives the values of / for various values of x: 


= (ALE ppe 


Thus, the graph of y = A = 4x + 5 passes through the following points: 


(—3, 35), (—221), (1, 11), (0,5), (1,3), (2, 5), (3, 11), (4, 21), (5,35) etc. 
Let us plot these points on a graph paper and draw a smooth free hand curve passing 
through these points to obtain the graph of у = 2x? — 4x + 5 as shown in Fig. 2.7. 
Observations: From the graph of the polynomial f(x) = 2x? — 4x +5, we make following 
observations: 


(i) The coefficient of x? in f(x) = 2x? —4x +5 is 2 i.e. a positive real number and so the 


parabola opens upwards. 
(ii) The polynomial f(x) = 2x? — 4x +5 is not factorizable into linear factors and so the 


parabola y = 2x^ — Ах + 5 does not cross or touch X-axis. 
(iii) The polynomial f(x) = 2x? — 4x +5 does not have any real zero and so the parabola 


does not cut X-axis. 
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hg the polynomial /(x) = 2х2 -4x 45 with ax? by + с, we get 
= 5, The vertex of the parabola is at (— b/2a, - D/4a) i.e. at (1,3), where 


ILLUSTRATION в Draw the graph of the polynomial f(x) = -3x? + 2x — 1, 


SOLUTION Let у= f(x) or, y=-3x* + 2-1. 
The values of y for various values of x are listed in the following table: 


— — ◻⏑＋U-CœL! 
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Thus, the graph of y = 33? 124. 1 passes through the points: (E 4, — 57), (~ 3, – 34), 
{= 2, b 17), (= 1, xi 6), (0, zr 1), (1, "v 2), (2, um 9), (3, ~ 26), (4, — 41) etc. 


Let us plot these points on a graph paper and draw a smooth free hand curve passing 
through these points. The curve thus obtained is shown in Fig. 2.8. 
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Fig. 2.8 Graph of f(x) = —3х? +2x-1 


Observations: We make the following observations from the graph of the polynomial 


f(x) = -3x + 2x - 1: 

(i) The coefficient of x^ in f(x) = -3x? + 2x -1is-3ie.a negative real number and so the 
parabola opens downwards. 

(ii) The polynomial f(x) = -3x° + 2x – 1 is not factorizable into real factors and so the 
parabola does not cross or touch x-axis. 
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(iii) The polynomial f(x) = -3x^ + 2x — 1 does not have any real zero and the разон 
does not cross or touch x-axis, 

(iv) All values of f(x) are negative as the parabola opens downwards and remains below 
x-axis. 

(у) On comparing the polynomial f(x) = -3х2 + 2v-1 with gx dees we Be 
a =-3,b=+2 and ==. The vertex of the parabola is at (—/2а1,— An, не. t 
(1/3, - 2/3), where D = b? — 4ac. 


It follows from the above discussion on the graph of a quadratic polynomial that the graph of 


А . ? 
the quadratic polynomial ax^ + bx +c,a # 0 is a parabola which opens upwards (U) or 
downwards (^) according ава > Оога < 0. 


We also observe that there are following three possibilities: 
CASE | When polynomial ах? + bx + is factorizable into two distinct linear factors: 


H 2 . 
In this case, the graph of ах? + bx +c or the curve у = ах? + bx «c cuts x-axis at two 
distinct points A and A’. The x-coordinates of these points are the two zeros of the 


polynomial ax? + bx + с. The coordinates of the vertex of the parabola y = ах? bx c 
are ( -b/2a, - D/4a ), where D = b* — 4ac. 


y Б) 
у= пх + рх же, a 


у= ах +bx+e, 


(i) (ii) 
Fig. 2.9 
CASE Ш When polynomial ax? +bx +c is factorizable into two equal factors: 


In this case, the graph of the polynomial ах? «bx + с or the curve у= ах? +bx +e 


touches x-axis at point ( / 24, 0). The x-coordinate of this point gives two equal zeros 
of the polynomial. 


a 


1 
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N 
— 
Jt 


T 
y=ax €bx c, a»0 


y= ax + UX + c 0 


(ii) 


(i) 
Fig.2.10 Graphof y = ax? + bx c 
CASEI When the polynomial ax? + bx + c is not factorizable: 


oi. 7 2 
In this case, the graph of the polynomial ах? + bx + c or the curve I ах? + bx + с does not 
с ер 2 
cut or touch x-axis. The parabola y = ах? + bx + c opens upwards and remains completely 
above x-axis, if a > 0. The parabola opens downward and remains completely below x-axis, if 
a<0. | 


/ M +bx+c\a>0 


1 


—— 
2a 4a 


y=av +bx+c, a<0 


(ti) 


Fig. 2.11 Graph of y = ах” + bx +e 


2.3.3, GRAPH OF A CUBIC POLYNOMIAL 

In the previous section, we have seen that the graph of a quadratic polynomial is always a 
parabola either opening upwards or opening downwards. In this section, we will see that 
the graph of a cubic polynomial does not have a fixed standard shape. We have also seen 
that the graph of a quadratic polynomial may or may not cut or touch x-axis. But, in case of a 
cubic polynomial the graph will always cross x-axis at least once and at most thrice. 


ILLUSTRATION 1 Draw tlie graph of the polynomial. f(x) = «cdi 
3 45 
SOLUTION Let у= f(x)or, =x - 4% 


The values of y for various values of x are listed in the following table: 


* 


MATHEMATICS 7 
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-2:0) 
Thus, the curve у= ** Ax passes through the points (-4, 48), ( 


(-1, 3) (0, 0), (1,- 3), (2, 0), (3,15), (4, 48) etc. thcurve through 
By plotting these points оп а graph paper and drawing a free hand mein 12 
these points, we obtain the graph of the given polynomial as shown in Fig. 


e ER ШШ ШҮ 
НЕ 
КЕ ЕЕЕ ЕЕЕ ЕЕН 4 
HE T] 


— ШЕ PRESTARE Td 


E 
И А 


0 


fig. 2. 12 Graph of f(x) = у? Ax 
Observations: From the graph of the polynomial f(x) = y? _ 4 mat 
observations: m we make the following 


(i) The polynomial f(x) = x? Ax = xir = 4) = Ar- Dt 
three distinct linear factors. The curve у = f(x) also cuts sae at саа izable into 
(ii) We have, (х) = x(x - 2) (x + 2) inct ponits, 
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Therefore, 0, 2 and - 2 are three zeros of f(x). The curve y = f(x) cuts x-axis at 
three points О (0, 0), p (2, 0) and Q (- 2, 0) whose x-coordinates are the zeros of the 
polynomial f (x). 

ILLUSTRATION 2 Draw the graph of the cubic polynomial Ќа) =x? - 2x7. 
SOLUTION Let y= f(x) or, ya? io 
The following table gives values of y for various values of x: 


Е ИЕА ЕЛЕН ЕНЕР" g 

L5 [36 [-3 Jo [a] o | a 

Thus, the curve yi^. passes through the points (3 45), (9 — 16), (- 1,-3), 

(0,0), (1, — 1), (2, 0), (3,9), (4, 32) etc. By plotting these points on a ę i] iper and drawing a 
h 


hand smooth curve passin through these points the graph of the pol ial 
as shown in Fig. 2,13, PS Б e points, we o £ of the polynomia 
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Fig.2.13 Grahpof f(y) = ү? 5,2 


2.18 MATHEMATIC 


Observations: We make the following observations from the graph of the polynomial 
f(x) = х? — 252, 

(i) The polynomial f(x) = x? — 2x? = * 2) = (x = 0) (x — 0) (x — 2) is жюре 
two identical factors each equal to x and à linear factor (x - 2). The curve y = * * Cuts 
X-axis at two points. 
(ii) We have, f(x) = (x - 0) (x - 0) (x - 2) 

So, 0 and 2 are two zeros of f (x). The curve cuts x-axis at two points О (0, 0), P (2, 0) 
whose x-coordinates are the zeros of the polynomial f (x). 
ILLUSTRATION 3 Draw the graph of the polynomial f(x) = x^. 
SOLUTION Let у = f(x) or, y= x?. 
The values of y for various values of x are given in the following table; 
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Fig. 2.14 Graph of f(x) = x°. 
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Thus, the curve y = x3 passes through the points (- 4,- 64), (- 3, -27), (- 2, - 8), (-1,-1), (0, 
0), (1, 1), (2, 8), (3, 27), (4, 64) etc. 
Plotting these points on 


а graph paper and drawing a free hand curve passing through these 
points, we obtain the gr 


aph of the given polynomial as shown in Fig. 2.14. 
Observations: We make the followin 


fis. 
(i) The polynomial f(x) = х5 


y = x? cuts x-axis at three coin 


(ii) The polynomial f(x) = x? has exactly one zero equal to0. Thecurve y = x? cuts x-axis 
at the point O (0, 0) whose x-coordinate is equal to zero of the polynomial, 


From the above discussion we infer that the graph of a linear polynomial crosses 
X-axis at one point only and the 


graph of a quadratic polynomial crosses x-axis at atmost 
two points. Also, the graph of a cubic polynomial crosses Maxis at atmost three points. 
In general, graph of an nth degree polynomial crosses the x-axis at atmost n points. 


EXAMPLE 1 If each one of the following graphs is the graph of a polynomial, then identify vns 
one corresponds to a linear polynomial and which one corresponds to a quadratic polynomial: 


g observation from the graph of the polynomial 


= (x — 0) (x – 0) (x — 0) has three identical factors. The curve 
cident points i.e. at exactly one point. 


у= р(х) 


Fig. 2.15 
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SOLUTION (i) We obserye that the graph y= f(x) isa parabola opening upwards. 
Therefore, f(x) is a quadratic polynomial in Which coefficient of x* is positive. 
(ii) We find that the graph у = © (x) isa straight line. So, о (x) is a linear polynomial. 
(ii) Here, p (x) is neither linear nor quadratic. Е 
(v) Неге, q(x) is a quadratic polynomial in which coefficient of x? is negative because the 
graph is a parabola opening downwards. 


meses 
| LEVEL-2 


EXAMPLE 2 The graphs of у = ах? bx ec are given in Fig. 2.16. Identify the signs of a, b 
and c in each of the following: | 


у=ах +bx+e 


3 
Sax +br+c 


y у= ах xc 


(iii) (iv) 


y=axr + bx +e 


Fig. 2.16 
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SOLUTION (i) We observe that y = ax? + bx c represents a parabola opening down- 
wards. Therefore, a < 0, We also observe that the vertex of the parabola is in first 
quadrant, 


2 30 -b<05 эй [^4 < 0] 
a 


Parabola y = ax? + py + € cuts y-axis at Р. On y-axis, we have x = 0. Putting x = 0 in 
у = ах? bx +c, we get y c. 

So, the coordinates of P are (0, c). As P lies on the positive direction of y-axis. Therefore, 
с> 0. Hence, п < 0, b > 0 and c » 0. 

(ii) We find that у= ах? ++ с represents а parabola opening upwards. Therefore, 
а . The vertex of the parabola is in fourth quadrant. 


E 

2, 0B» - be. [a > 0] 
a 

Parabola у = ax? + by + ¢ cuts y-axis at Р and on y-axis. We have x = 0. Therefore, on 

putting x = 0 in у = ах? + х + с, We get у = c. So, the coordinates of P are (0, с). As P lies on 

OY’. Therefore, c < 0, Hence, a » 0, b « 0 and c « 0. 

(iii) Clearly, y = ax? + by +c represents a parabola opening upwards. Therefore, a > 0. The 


vertex of the parabola lies on OX. 

2520-5 -b»0- bp [^a > 0] 
The parabola у = ах? + bx « c, cuts y-axis at Р which lies on OY. Putting x = 0 in 
y u bx c; we Set у ac. So, the coordinates of P are (0, c). Clearly, P lies on OY. 
Therefore, с > 0, Hence, а > 0,5 « 0, and c > 0. 
(iv) The parabola yx? FIR +c opens downwards. Therefore, a<0. The vertex 


(—b/2a, — D/4a),of the parabola is on OX". 


= 
27 ОЧЕ o «0 [^a < 0] 
Parabola y = ax? bx +c cuts y-axis at P (0, c) which lies on OMV. Therefore, c < 0. Hence, 


а < 0, b арат < 0. 
(v) We notice that the parabola у= ах? A bre opens upwards. Therefore, а > 0. The vertex 


(—b/2a, — D/4a) of the parabola lies in the first quadrant. 
S025 <0sb<0 [a » 0] 


2a 
As P (O, c) lies on OY. Therefore, с> 0. Hence, a > , h < 0 and c > 0, 


(vi) Clearly,a «0. As (—b/2a, — D/4a) lies in the fourth quadrant. 


=p b 
—>0>—<0>b>0 - 
2a 2ü [ a « 0] 


As P (0, c) lies on OY". Therefore, c <0. Hence, a < 0,b > O and e 0. 


MATHEMATICS — x 


2.4 GEOMETRICAL MEANING OF THE ZEROS OF A POLYNOMIAL 

In the Previous section, we have seen that the graph of a linear polynomial is а straight line 
and it cuts X-axis at exactly one point. The graph of a quadratic polynomial is a parabola 
which cuts y-axis at atmost two points v лон also seen that the graph of a cubic 
polynomial cuts x-axis at atmost 3 points. in general, the graph of an nth degree polynomial 
crosses Y-axis at atmost n points. Also, x-coordinates of these points are the zeros of the 


polynomial Thus, geometrically zeros of a polynomial are the x-coordinates of the points 
where its graph crosses or touches x-axis, | 


It follows from the above discussion that an ith degree polynomial can have at most л real 
zeros. Thatis the number of real zeros of a polynomial is less than or equal to the degreeof the 
polynomial. In higher classes, we will study that the total number of zeros (real or 
imaginary) of an nth degree polynomial is exactly п. 


2.5 RELATIONSHIP BETWEEN THE ZEROS AND COEFFICIENTS OF АТРО YNOMIAL 


In class IX, we have learnt about the factorization of polynomials. In the previous section, we 


have studied thata polynomial of degree п has exactly n zeros (real orimaginary). The zeros 
of a polynomial are closely connected to its coefficients. In this section, We will find out 
relationship between the zeros and coefficients of a polynomial. 


Consider the quadratic polynomial f(x) = 6x7 - x «X: By. the method of splitting the 
middle term, we obtain 


f(x) = 6x? = x-2 = 6x" - ay ax - € 21 (3x =2)¥ 1 (3x - 2) = (3x - 2) (2x + 1) 


f(x) =0 
| 2 1 
= (Зх – 2) (2х + 1) 20 > 3x72-0 07214120 2 Pe or, Y = E 
TT 2 l 
Hence, the zeros of бх? - х=2 are а = тапар TUS 
Weobserve that | | 
Sum ois с ер = 2 1 » j ; stel M Coefficient 8 
326 6 Coefficient of x^ 


Productofits zeros 


Let usmow consider a cubic polynomial p(x) given by 


p(x) = бх? + 5x7 - 12x +4 


=> p(x) = (x + 2)(2x - 1) (3x - 2) [By using factotizatión] 
x p(x) = 0 
=> (x + 2)(2x - 1) (3x - 2) =0 
1 z 
=> r= -2, 2’ 3 


Hence, the zeros of p(x) = 6x + 5x7 - 12x + 4 are y = -2p- l and Y» - 
Also, p(x) isa cubic polynomial. 50, p(x) can have atmost three real T" 
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Now, 
Coefficient of x^ 


Coefficient of x 


Sum of the zeros = о + B +y —-24 – + = 


Sum of the products of zeros taken two at a time = af + By + ус 


I 
— 
| 
bo 
— 
* 


-2 _ Coefficient of x 
6 Coefficient of x^ 


| 2 i stant term 
Product of all zeros = apy = (-2) х ы х—=— Ж = – 1 =— — term 
2 3 3 6 Coefficient of x 


Let us now find a formal relation between zeros and coefficients of a polynomial. 


2.5.1 RELATIONSHIP BETWEEN THE ZEROS AND COEFFICIENTS OF A QUADRATIC 
POLYNOMIAL 


Let « and f) be the zeros of a quadratic polynomial f(x) = ax? + bx + c. By factor theorem 
(х= a) and (x — g) are the factors of f(x). 
f(x) = k(x ^ a)(x - B), wherekisa constant 
— ах? +bx+e=k * —~(a ) api 
=> ax? + bx +c = К-а ЫВ) x + kap 
Comparing the coefficients of Y^, x and constant terms on both sides, we get 


a=k,b = ао + P) апа c = Хор 


b [> 
— = and aß = – 
a a 
Coefficient of x Constant term 
4 Е -—— — ———-, aid, op - — — —— ——1 
Coefficient of х Coefficient of x^ 
Hence, 
| b Coefficient of x ' € Constant term 
Sum of the zeros = —— = -———— Product of the zeros = — = Е AT — 
a Coefficient of x^ à Coefficient of х 


REMARK If o and В are the zeros of a quadratic polynomial f(x). Then, the polynomial f (x) is 
given Dy 

f(x) = К [х2 —(a + В) x + epi 
| 


or, f(x) =k | Y^ (Sum of the zeros) x + Product of the ZCTOS | 


E 
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Type T ON VER — Умен BETWEEN THE ZEROS AND COEFFICIENTS 


EXAMPLE 1 Find the zeros of the quadratic polynomial х2 47x + 12, and verify the relation 


between the zeros and its coefficients. 
SOLUTION Wehave, 


f(x) =x? +7х +12= B Ar 12 = xit +4)+3(x +4) = (х + 4)(x + 3) 
The zeros of f (x) are given by f(9) =0. 
Now, — f(x) = 0 


=> x? +7x+12=0 
=> (x + 4) (x + 3)=0 


ES х+4=0 or, x4320 
= y=-4 or, х= =). 


Thus, the zeros of f(x) = x° +7x +12 are a = -4and f 


Now, 
- 7 
= = 4) + (-3) =--=- 
Sum of the zeros = a +0 = ( С) , : 7 


— 
= 


Sum of the zeros = - 


Product of the ze 


Constant term 12. 


, m me 12 
Coefficient of !* 1 


f) = (yor) - (3) 
=> fx) = br- V3) (vox + V3) 
The zeros of f(x) are givenby f(x) = 0. 
Now, = 


ER (Vor- V3)( ox V3) =0 


= vox - 3 =0 or, r- v3 =0 
a -A 

- r= MM or ms 
/ v6 


POLYNOMIALS 2.25 
25 РЕ И" "РШЕ 3 
. J2 ~ J2 
H the zeros of f(x) = 6х2 -3 І and p : 
nce, the zeros x) = 6x" Z аге: a= г =——=. 
ence | оҳ е 5 5 
Now, 
1 1 Coefficient of x _ 0_ 
5 f the zeros = ee acl eee РР d, -= = -- = 0 
um of the zeros = о + |} % ES | В | 0 ап Coefficient of х2 6 
Sum of the zeros = — 
coefficient of x^ 
Also, 
1 =] 4 Constant term -3 -1 
Product of the zeros = aß = — x — = — and, ——————_-3 = — = = 
2 2 2 Coefſicient of 6 2 


Constant term 


Product of the zeros = ——__—_— 
Coefficient of х 


EXAMPLE 3 Find the zeros of the polynomial f(u)& A +8u, and verify the relationship 


between the zeros and its coefficients. [NCERT] 
SOLUTION We have, 
f(u) = 4u? + 8u 
2 Аи) = Au (и + 2) 
The zeros of f (u) are given by f = 0. 
Now, Ки) = 0 
=> Au (и +2) = 0 
=> и = 0 or, u #2=0 
=> ин O Or, 1-2 
Hence, the zéros of f(ujare: о = 0 and p = -2 
Now, 
ор = 0 + (2) = and aß =0x-2=0 
»ffici Constant term 0) 
sos A Coefficient of d » 8 te 820 
Coefficient of u“ 4 Coefficient of и> 4 
"fficient of и ; S ; 
Sum о the zeros = — and, Product of the zeros = SR еу 
Coefficient of u” Coefficient of и” 


EXAMPLE 4 Find the zeros of the polynomial f(x) = 4 3x? + 5x - 24/3, and verify the 
relationship between the zeros and its coefficients. 
SOLUTION Ме have, 

f(x) = 443x3 + 5х – 243 
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> f(x) = 43 х2 4 8x - 3x 24/3 [Splitting the middle term] 
is F(x) = Ax (/3х + 2) - УЗ (Зх + 2) 

> f(x) = (3x + 2) (4x — 3) 

The zeros of f(x) are givenby f(x) = 0. 


Now, f(x) = 

E (3x + 2)(4x - 3) - 0 

=> Br +2=0 or, Ax - 3-0 
=> Х = -5 Or X= М 


Hence, the zeros of f(x) аге: а = "M О 
| 43 4 
Now, 
2 49 -843  $ a С) 
4 * . and, эы 
"Б А Ө agg. 


Also, 
Coefficient of * 4% М — 3 2 
E ffi i t C t t 
Hence, Sum of the roots =- = onstant term 


Coefficient " Coefficientof x? x 


EXAMPLE 5 Find the zeros о С, atic polynomial f(x) = abx? + (b? — ac) x — be, and 
verify the relationship between tis gerus aud its coefficients. 


SOLUTION Wehave, 


5 (ax + b)(bx-c)=0 
=> ax+b=0 or, bx-c=0 
=> — or, r 

a l 


b la 
Thus, the zeros of f (x) are: а = = and, [ = y 


Now, 
boc. i-i. d apa. с 


а+ре == b ab ab a 
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Also, 
Coefficient of x b^ — ac ac - b? d Constant term bc c 
=- and, ——._..,.2 wh a 
Coefficient of x? ab ab Coefficient of x ab a 
Hence, 
Coefficient of x Constant term 
Sum of the zeros and, Product of the zeros = ———~_———_, 
Coefficient of x^ Coefficient of х7 
EXAMI’! ! Find the zeros of tlie polynomial x? + is – 2, and verify the relation between the 
3 = 
coefficients and zeros of the polynomial. [NCERTEXEMPLAR] 


SOLUTION Let f(x) = x? + zx — 2. Then, 
. 1 › lus 
f(x) = – (6х + x — 12) = —(6x* + 9x - 8x - 12) 
j 6 6 
1 > 
f(x) = 6 ((6x^ + 9x) - (8x + 12)) = _ (3x (2x + 3) – 4 (333) = = (2x + 3) (3x - 4) 
3 D 


— 


The zeros of f(x) are given by f(x) = 0 


3 
Now, f(x) = 0 => © (2x +3)(3x~4) = 0 > ёх + зе 0 or, 34 О-=5 x= on 


-3 4 al чя 
Hence, a = апі В = = 00 the zeros of the given polynomial. 4 


Now, 
| 


an (A (22) 


The given polynomialis f(x) = x? + 5 23. 


Coefficient of x -1/6 -1 nsn term. Tio TO 
- Cüefficient of x = | 1 | = uu and, Coefficient of x^ ] Е 
Clearly, f 
648 Coefficient of x wedi Constant term [ 
Coefficient of x? Coefficient of x^ 


Hence, the relation between the coefficients and zeros is verified. 


Type П ON FINDING THE VALUES OF SYMMETRIC EXPRESSIONS INVOLVING ZEROS OF A 
QUADRATIC POLYNOMIAL 


EXAMPLE 7 Ifa and B are the zeros of the quadratic polynomial f(x) = xt px +q, then 


* ^ ee 1 1 
find the values of (0. a> + (0) Е t B 


SOLUTION It is given that aand [ are the zero of the polynomial f(x) = x? – рх q. 


һә 
M 
=x 


MATHEMATICS — ҳ 


1 
(i) а? + р = (а + р)? -2af = p! 2) [ла +В = рапа aß = q] 
r 1.1.9+8 p 
(ii) a 5 aB q 


Type II ON FINDING A QUADRATIC POLYNOMIAL WHEN THE SUM AND PRODUCT OF 
ITS ZEROES ARE GIVEN 


EXAMPLE § Find a quadratic polynomial each with the given numbers as the sum and prodtickof 
ils zeros respectively 
x, 1 
() от -1 INCERT] (i) N, [NCERT] (ii) 0,45 [INCERTI 


SOLUTION. We know that a quadratic polynomial when the sum and product of its zeros 
are given by 


/(х) = К * Gum of the zeros) x + Product of the zeros |- where kis a constant. 
(i) We have, Sum = 1 and, Product = ~ 1. So, required quadratic polynomial f (x) is 
given by 
1 
9 21 2-1 -1) 
f(x) | X ris 


(ii) We have, Sum = 4/2 and, Product = + - Sbrequired quadratic polynomial f (x) is 
given by 


f(x) =k | x? – 2х3 ; ) 


(iii) We have, Sum = and, Product = v5 . So, required quadratic polynomial f (x) is 
givenby 
f Ges RC? - Ox + V5) = k (x? + 5) 


EXAMP 9 Find a quadratic polynomial, the sum and product of whose zeroes are J and 


E respectively. Also, find its zeroes. INCERT EXEMPLAR] 
SOLUTION Let a, В be the zeros of required polynomial. It is given that о + В = V and 
3 
ap = -— 
В 7 


The quadratic polynomial is f(x) = х? - (a + f) x + af or, f(x) =x? =f x= А 


А 3 
Now, f(x) =< = J2x — 2 
loy? 2V2x - 3) 
2 
=> f(x) = 2 (2x? - 32x + V2x- 3) 


> f(x) = 


һә 
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= f(x) = (Ух (Ух - 3) «(42x - 3] 
=> f(x) = х - 3) Зх +1) 


The zeroes of f(x) are givenby f(x) = 0. 
Now, f(x) =0 


S|- 


zh 5 2x - 32x + 1)=0 =» 42x -3-20 or, 2x 3120 = r= or, x=- 


Hence, the zeroesof f(x) are 5 апа – 4 


EXAMPLE Hd and р are the zeros of the quadratic polynomial f Sy -2, find a 
polynomial whose zeros are 20 +1 and 2p + 1. 


SOLUTION Itis given that a and p are the zeros of the "e Capes 
xi 4b -[-1)- 1 and, 4b ——1 


ros of the required polynomial. 


Let S and P denote respectively the sum and the pro 
Then, 
=4 l. a+B=1] 


40 3 + 2 (о + В) +1 


S = (2a + 1) + (2p + 1) = Xa + B) + 
апа, Р = (2а + 1) (2р + 1) = 403 + 26+ 


=4х-2+2х1+1= - mL l + В = land af = -2] 
Hence, required polynomial g(x) is 
a(x) =k (** — Sx + P] O) — 5), where k is any non-zero constant. 


EXAMPLE 11 are the zeros of the quadratic polynomial f(x) = ax? + bx + c, then 
evalu 


(ii) 753 (iii) а? + 
d а? „ 
p? (v) p $ а 


SOLUTION It is given that а and f are the zeros of the quadratic polynomial 
f(x) = ax? + bx +. 
b C 
=—— and af = – 
acp > p p 


(i) Weknow that 
а? + В = (a + py - 208 


MATHEMATIK 
b ү с \ 
2 5 ^ 25 А 
(ii) a B a «B (nep? 2% a | 2| zi b^ —2ac 
EA ow ow oq. 


(iil) We know that о? + р? = (a + py — 3aß (а + р) 


3 
4 + В? =(=) c I... 3bc b +3abe _ 3abc - b? 


1 3 " 3abc – p? 
i le Aale be 
ij^ odes x t Men o S 
| cop (ap) | с з [Using (ii) 
j | 
by c 4 
: d = wm 9 > 
а? Bo +p? (ор зора кр) | 3 2011! a _ 3abe - pP 
MES RC MEE жашы алш: 
n 
EXAMPLE 12 If a and f are the zeros of the quadratic polynomial f(x) = ах? Y bx c, then 
evaluate: 
: | a? gi 
(0 а + Bt (ii) A P 


SOLUTION It is given that а and PB are the zeros of the quadratic polynomial 
f(x) = ax? + bx +c. 


ipa and, opt = 
a a 


(i) Wehave, 
a? + В Ma 32) 2 ap? 
= at « B* Эко +p)? - 208} - 2(ap)? 
by C З с | c1 
=> = at] 205 | nt p= tr 
?.92ac| 22 (52 2acy — 24262 
- Е 7 £) -AF — 2: Lt 


(ii) Wehave, 


„© Ж == [Using (i)] 
C 


у МІ Al S 


Type V ON FINDING AN UNKNOWN WHEN A RELATION BETWEEN ZEROS AND 
COEFFICIENTS IS GIVEN 


EXAMPLE 13. Ifaand Bare the zeros of the polynomial f(x) = 02 -5x +k such that а — В = 1, 


find the value of K. 


SOLUTION lt is given that aand f) are the zeros of the polynomial f(x) = x? – 5x + К. 
atp=-(>}=5 and, ap == =k 

Now, a-p-l [Given] 

=> (a – В)? =1 

= (a + B)! —4«В = 1 

=> 25-4k=1 > 24=4k > k=6 


Hence, the value of kis 6. 
EXAMPLE 14 Jf cand Bare the zeros of the quadratic polynomial f(x) = Кх? + Ax + 4 such that 


a? + f? = 24, find the values of k. 
SOLUTION It is given that a and f are the zeros of the quadratic polynomial 


f(x) = kx? + Ax +4 
оа + В = Ы. and, ap = а, 
k k 


We have, 


a? +p? =2 


=o (a +BY - 2ap = 24 [ a? + f? = (а + py - 2af] 
=> Е : | 2x ey 

u Kk k 

> 6 24 = 24 

к” @ 
=> l6 — 8k AK 
=, ak Rk - 2 = 0 
= эк + 3k - 2k-2=0 
= Bk (К+1)—2(К+1) = 
=> (К + 1) (3k – 2) 202 k + 1 = (0) or, 3k - 2 = 0 — к= –1 or, k= = 

; К 

Непсе, k= -lor,k = E 
EXAMPLE 15 Ifa. Bare the zeros of the polynomial f(x) = 2x? + 5x +k satisfying the relation 


» 
a^ «p + af = =, then find the value of k for this to be possible 


SOLUTION Itis given that a and p аге the zeros of the polynomial f(x) = 2x7 + 5x +k. 


5 
о +В = 7 and, aß = 2 


| 
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2.32 
We have, 
| 

a? + В? + ap = 21 
> (a? +B? + 28) — ap = 21 
= (a + B)? — ap = T 

25 k 21 5 k 
= —-= =— то +В == and, aß = = 

42 4 | ПЕР 2 2 P 2 
= * =L KE 

2 = 2 

EXAMPLE 16 Jfsum of the squares of zeros of the quadratic polynomial f(x) = x? 28x Pk is 40, find 
the value of k. | 


SOLUTION Let а, В be the zeros of the polynomial f(x) = x? = 8x m Then, 


«+В=-[=° ) валар E = x 


It is given that 
a? + p? = 40 
= (a +B)? — 2aß = 40 
> 8? — 2k = 40 [-a+B=8 and af = 
= 2k = 64-40 > 2k = 24 > Ж 12 
Type VI ON FINDING A QUADRATIC POLYNOMIAL WHEN THE SUM AND PRODUCT OF ITS 
ZEROS ARE GIVEN | 


EXAMPLE 17 [fa and p are the zeros of the quadratic polynomial f(x) = 23? ~ 5x + 7, find a 


polynomial whose zeros are2a + 3B and Зо. + 2р. 
SOLUTION Itis giventhata and p are the zeros of the quadratic polynomial f(x)=2x? —-5х+7, 


j 7 
at+p=- — = > and, ap = 2 


2 
Let S and P denote respectively the sum and product of zeros of the required polynomial. 
Then, | 
5 2 


ЧЫ + 3P) + (3a + 2P) = 5S(a +B) = 5x7 =: 


and, P = (2a + 3p) (3a + 2) = 6 (a? + ^) + 13aB = 6a? + 6p? + 12 «р + of 


e +B? +ap=6x(3) +7-7 


Hence, the required polynomial g(x) is given by 


glx) = k (x? – Sx + P) or, g(x) =k | ** 2а + a), where k is any non-zero real number. 


N 
G3 
o 
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EXAMPLE 18 If шапа Bare the zeros of the quadratic polynomial. f(x) = 3x? — 4х +1, find a 


p^ 


; [ru 
quadrati polynomial whose zeros are ri and —. 


2] 


о 


SOLUTION Itis given that a and f are the zeros of the polynomial f(x) = Зх? Ax +1. 


4} 4 
a+p=-(->]=5 and, ap => 


3 


Let Sand P denote respectively the sum and product of the zeros of the polynomial whose 
3 ? 


and p Then, 


zeros are 


üt 
(4) -a 
oo? P^ o «p^ _ (a +B) –Зар(и+р) _ 3) лыд М _ 28 
j p a ap af 1 9 
3 
and, Ре E = aß 3 
В о 3 


Hence, the required polynomial g(x) is given by 


E uw 2 28 1 
g(x) =k (x^ — Sx + P) or, g(x) =k) x – Ан + 3 ‚ where kis any non-zero real number. 


EXAMPLE 19. Find a quadratic polynomial whose zeros are reciprocals of the zeros of the 


polynomial f(x) = ax’ e bx ca = O, c 0. 


SOLUTION Let a and В be the zeros of the polynomial f(x) = ах? + bx + с. Then, 


b C 
&*---— апа «ap $- 
ü ü 
Let S and Р denote respectively the sum and product of the zeros of a polynomial whose 


1 1 
zeros аге — 4nd —. Then, 
a p 


b 
o9. JP Rad aud Padade wt 
a В a C c a p ap € c 
a a 


Hence, the required polynomial g(x) is given by 


4 5. Ш: E.: ы 
(х) =k (xv —Sx+ P)=k | y +— +- | where k is any non-zero constant. 
: й ie d 


EXERCISE 2.1 


1. Find the zeros of each of the following quadratic polynomials and verify the 


relationship between the zeros and their coefficients: 

(i) f(x) = х2 - 2х & INCERT] (ii) g(s) = 4s? - 45 +1 INCERT] 
(iii) 100 zd 15 INCERT] (у) f(x)= 6x*-3- 7x INCERTI 
(v) р(х) = х2 + 2V2x-6 (vi) g(x) -x + 10x + 743 


v 
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10. 


11. 


12. 


(vii) f(x) = х? -(V3+1)x4+/3 (viii) 9(х) = a(x? +1) - x (à +1) 


(ix) h(s) 2 25° — (1 + 2V2)s + YF [NCERT EXEMPLAR) 
(х) f(v)- v^ + 443v — 15 [NCERT EXEMPLAR) 
2,345 
(хі) p(y) =? + 52у 5 [NCERT EXEMPLAR} 
(xii) 400) = 707 – 34-7 [NCERT EXEMPLAR] 


For each of the following, find a quadratic polynomial whose sum and product 


respectively of the zeroes are as given. Also, find the zeroes of these polynomials by 
factorization. j 


(i) Eg (ii) 21 5 225 $ -3 B. 
3'3 8'16 (ii) -2/3,-9 (iv) 275. 2 
[NCERT EXEMPLAR} 
. Ifa and B are the zeros of the quadratic polynomial f(x) 4 х2 — 5x +4, find the value of 
1. + X 2ap. 
a p 
. If and В are the zeros of the quadratic polynomial ply) = 37 -7y + 1, find the value of 
1,1 
a В 
If a and f are the zeros of the quadratic polynomial f(x) = x? — x — 4, find the value of 
di * ies aß. 
В 
. If a and В are the zeros of the quadratic polynomial f(x) = x? + x — 2, find the value of 
1. 4 
a p 


If one zero of the quadratic polynomial f(x) = 4х2 - 8kx - 9 is negative of the other, 


find the value of &. 


. Ifthe sum of the zeros of the quadratic polynomial f(t) = kt? + 2t + 3k is equal to their 


product, find the value of k. 


. Ifa and f are the zeros of the quadratic polynomial р(х) = 4x? — 5x — 1, find the value of 


a p + aß?. 
If q and В are the zeros of the quadratic polynomial f(t) = 12 — 4t + 3, find the value of 


at p +a? p. 


If a and В are the zeros of the quadratic polynomial f(x) = 6x? + x — 2, find the value of 
а P 

В a 

If апа В are the zeros of the quadratic polynomial p(s) = 3s? — 65 + 4, find the valueof 


s 1 246) 500 


19. 


20. 


2.35 


VILA 

t the squared difference of the zeros of the quadratic polynomial f(x) = x^ px +45 is 
equal to 144, find the value of p. 
If «and are the zeros of the quadratic polynomial f(x) = x? - рх , prove that 

: 2 E 2 
2 NP 0 E aT 
BD a ТЕ q 
If aand В are the zeros of the quadratic polynomial f(x 
(a+ 1) (8 + 1) = 1-с. 
If u and fare the zeros of a quadratic polynomial such that о +B = 24 and a= p = 8, 
find a quadratic polynomial having a and fi as its zeros. 


)- ү? — р(х )-, show that 


‚ If a and В are the zeros of the quadratic polynomial f(x) = x? I, find a quadratic 


20 2p 
polynomial whose zeros are p and — 
А ч 2 " — 2 . . 
If a and В are the zeros of the quadratic polynomial f(x) = x^ - 3x - 2, find a uadratic 
1 1 
| l ; 1 
» / › , se ze 5 “сузек —— 
polynomial whose zeros аге 2% апа 55, q 


If q and В are the zeros of the polynomial f(x) = 3^ px + д, forma polynomial whose 


zeros are (a + В)? and (a - В). 

If a and В аге the zeros of the quadratic polynomial f(x) = х? - 2х +3, find a 
4 1 В-1 

polynomial whose roots are (i) + АВ+2 (i) .1' Dl 


. If œ and р are the zeros of the quadratic polynomial f(x) = ax” + bx +c, then evaluate: 


1-5 
(i) «-p (ii) - - : (iii) = + p 2ap 
> | 1 
(iv) a + ap“ (v) а? + pi (vi) FEE + 2845 
P: 2 / 
aS p á (e un 1 m VB [Se 
p adm + Ьар + (уш ' | p a | В. «Jj 
ANSWERS 
| —— 271 
1. (i)4,-2 () 5,5 (iti) v15,- J15 б) 23 
7 - | 
(м) -3V2,/2 (vì) . - J Ci H,! (viii) 4, 
x N І i> 5/3 à JR 45 E 2 
(ix) 27 (x) 43,- 543 (хі) s, 3 (xii) 7'3 
ч „ 8 4 | 22 1 Р г і 2 = 21 PN 5 
2. (i) f(x) = | dx 3 (i) TA) = dE S zl 


"mA d. z.9 1 ; 
(iii) f(x) = k (x? + 24/3х ~ 9) (iv) /(x)=k | K 4 TN x E |, where kisany constant 


2.36 
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27 
a S 15 3 
4. 7 — == 
4 ‘ 5 4 x 2 
7. 0 is a 29 10. 108 
" 16 
a == 12. 8 13. +18 
16. f(x) = k (x* — 24x + 128) 17. f(x) x (* + 4x44) 
$. 
18. f(x) = Б ЕТУ 19. f(x) = k {x? — 2(p? – 29) x + p2(p? - 40) 
20. (i) f(x) = k(x? — 6x +11) (ii) fe) = ka 2x42} 
b? — 4ac Nb? — Дас b 2c bc 
21. (i) EE (ii) каи» (ш) (ME (iv) F 
gj C Pme . d 2 
p (vi) 2 (vii) T (viii) b 


2.5.2 RELATIONSHIP BETWEEN ZEROS AND COEFAIGIENTS OF A CUBIC POLYNOMIAL 
Let a, В, y be the zeros of a cubic polynomial f(x) = ах? + ы? + cx +d,a # 0. Then, by factor 


theorem, 


* x= ß and x are factors of Ах). Also, f(x), being a cubic polynomial, 


cannot have more than three linear factors. 


= 
> 
=>. 


f(x) = k (x - a) (x – В) (х – а) 

ах? +? + cx + d = К(х==о)(%— В) (x - ү) 

ах? + bx? + cx « d = k(? - (a. B у) x + (aß + By + ya) x — oy] 
ax? + bx? +сх+й= lo? (а +B + y) x? +k (aß + By + ya) x — кару 


Comparing the coefficients of х, x7, x and constant terms on both sides, we get 


REMARK] 
is given by 


or, 


a-k,b£ —k (à+ B + y), c = k (aß + By + yo) and d = -k (apy) 


M d 


aiB- E, op + By + ya == and, apy - -* 


4 b Coefficient of x” 
Sun t the zeros = —— ——— — — ——; 
P a Coefficient of x 


Sum of the products of the zeros taken two at time = Ê = Coefficient of x 
a Coefficient of x? 


d Constant term 


Product of the zeros = -£ = _ 3 
a Coefficient of x 


It follows from the above discussion that a cubic polynomial having a, В and y as its zeros 


f(x) = k (x - a) (x - B) (x - y) 
f(x) = {х (а +B + у) x? + (o + By + ya) x- apy}, where k is any non-zero 
real number. 
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RK 2 If f(x)= ax? + bx? + cx? + dx +e isa polynomial of degree 4 having о, p. y and das 


КЕМА 
its zeros, then 
b Coefficient of x? 


a+BP+y+6=--=- 
a Coefficient of x" 


ай ee P gi. 5. entere 
a Coefficient of x 


с Coefficient of x? 


or, (о. + В) (у + 6) + ap + yo = — 
a Coefficient of x? 


= " of fj М fx 
aßy + afd + Вуб + ауб = E — я 
а Coefficient of x 


d Coefficient of x 
Or, a +8) + уд (о + В) = -— = – 
80 iid P) ü Coefficient of x” 
. e Constant term 
apyó = — = — ^ 
à Coefficient of x 


OR 


b Coefficient of х? 
Sum of the zeros - —— 7-4 
ü Coefficient of x 
2 


с Coefficient of x 


a Coefficient of x? 


d Coefficient of x 


Sum of the products of the Zeros taken three at a time - — i 
a Coefficient of x 


Sum of the products of the zeros taken two at atime = 


e Constant term 
à Coefficient of x 


Product of the zeros = 


ON VERIFYING THE RELATIONSHIP BETWEEN THE ZEROS AND COEFFICIENTS OF A 
POLYNOMIAL 


| Verify that 3,— land — 1 are the zeros of the cubic polynomial р (x) = 3x° —5x* -11x-3 
[NCERT] 


Tipe | 


EXAMPLI 
and then verify the relationship betivecn the zeros and its coefficients. 
SOLUTION Given polynomial is p(x) = 3x° – 5° — Их -3 

Э a 8x99 Sk eee 


FFC 


; 3 2 
1 D as 2 -få 335 11 3. 
and, Y( -3)-* 63) 5x 3. 11x “| с 7 3 3=0 


2.38 МАТНЕМА 
- 1 
So, 3,-1апа— are the zeros of polynomial p(x). 
1 
Leta = 3, p = -1 and y = – =. Then, 


atpey=3-1-1 8 ang, Coeffienors (25), 
3 Coefficient of x° 3 


шә |‹л 


Coefficient of x? 
a +B у= -————— .: i 
Coefficient of x 


В+ Br + yo = 3x(-1)+(-1)x( —+)+[-17«з =-з+1 „А 


3 
Coefficient of x LL 
and, Coefficientof x? 3 
Coefficient of x 
ap + py + ya = 


Coefficient of x? 


apy = 3x (-1) x (-5) = land, —Comstantiterm _ TE 
3 Coefficient of x? 


Е Constant term 
Coefficient of x? 


Туре П ON FINDING A CUBIC POLYNOMIAL WHEN SUM, SUM OF THE PRODUCTS OF ITS 
ZEROS TAKEN TWO AT A TIME, AND PRODUCT OF ITS ZEROS ARE GIVEN 


EXAMPLE 2 Findacubic polynomial with the sum, sum of the products of its zeros taken twoat a 
time, and product of its zeros as 2, — 7, — 14 respectively. [NCERT] 


SOLUTION If a, Band are the zeros of a cubic polynomial f(x), then 


f(x) = Кр? —(@ +В + Y) x? + (ор + By + ya) x - apyl, 
where К is any non-zero real number. 


Here, о + p*y-2,ap- py + ya = -7 and oy = -14 


apy = 


fx) =k ( * — 2x? —7x+ 14), where kis any non-zero real number. 
Type H o FINDING THE ZEROS OF A CUBIC POLYNOMIAL 
EXAMPLE з If two zeros of the polynomial f(x) = x? —4x? - 3x 12 are 4/3 апа — 3 , then find 


its third zero. [CBSE 2010] 
SOLUTION Let a=V3,B= -V3 be the given zeros and y be the third zero of f(x). Then, 
-4 ; .. Coeff. of х? | 
aspey-- (1) undi Ti 
= J3 - 43 y 24 
= y=4 


Hence, third zero is 4. 


— 
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EXAMPLE 4 Find the zeros of the polynomial f(x) = 1 — 5x? — 16x + 80, if its two zeros are 
equal in magnitude but opposite in sign. 
SOLUTION Let a, В, y be the zeros of polynomial f(x) such that a + В = 0. Then, 


Coefficient of х? 


Sum of the zero 
Coefficient of x 
s | 
=> a+p+y=-(-2 
— 0+y=5 [a + В = 0] 
5 y=5 


Constant term 


Product of the zeros = - ————— ———; 
Coefficient of x 


= apy = 

— 5 af = -80 [у = 5] 
— ap = —16 

= — =-16 [a +B = 0..B = a 
= a=+4 


CASE! When a = 4: In this case, 
а+В = 0 = 4+BP=0 > p--4 
So, the zeros аге a = 4, 3 = -4and y = 5 
САЅЕП When a = —4: In this case, 
a+p=0> -44p>0 В = 4 
So, the zeros are a = –4, f =4 апау = 5 
Hence, in either case the zeros аге 4, – 4 and 5. 
EXAMPLE 5 If the zeros of the polynomial f(x) = х? 302 +x4+1 are a — b, a, a + b, find 
[NCERT] 


aand b. 
SOLUTION lt is given that -a and a + bare the zeros of f(x). 


Coeff. of x? 


Now, Sum of the zeros = ~ 3 
Coeff. of x 


= a-b+a+a+b=- > 2322-1 
Constant term 
and, Product of zeros = Ore 
1 
=> (a- b) a(a + b) = T 
= ala? – b?) = -1 


1-b^-2-1 
p =2=>b=+v2 


у y 


MATHEMATICS 


Type ТҮ ON FINDING THE RELATIONSHIP BETWEEN THE COEFFICIENTS OF A POLYNOMIAL 
WHEN ITS ZEROS SATISFY CERTAIN RELATIONSHIP 


EXAMPLE 6 Given than the zeroes of the cubic polynomial f(x) = x? — 6x? + Зх + 10 are of the 
form a,a+b,a+ 2b for some real numbers а and b, find the values of aand bas well as tlie zeros of 
the given polynomial. [NCERT EXEMPLA R | 


SOLUTION Itis given that a, a + b, and a + 2b are zeros of f(x) = x? - 6x2 + Зх +10. 
. Coefficient of x 
Coefficient of x? 


= a+(a+b)+(a+2b =-(=*)=6 (i) 


Sum of the zeros = 


=> 3a+3b=6 > a+b=2 > b-2-a ii) 
Constant term 


and, Product of the zeros = — 
Coefficient of x? 


a(a+b)(a+2b) = 20 


— 

= a(a+b)(a+2b) =-10 (Ш) 
= ах2х (0+4 – 2а) = -10 [From (ii) b - 2-4] 
=> 2a (4 — а) = -10 

=> a(4-a)=-5 

=> 4a-a=-5 > п2 4 52 U ((- 50 (a) O => a=5,-1 


CASE! When a = 5: In this case, 
b-22-ab22-52-3 
So, the roots are a = 5,a +b 2 and a 25 25 - 68 
CASE П When a = - Iz in this case, 
hb = 2-4% = 2+1 = 3 
So, the roots are a = —-1,@4 b = –1 + 3 = 2апаа + 2b = 1+6 = 5 
Hence,either a — -band b = 3 ог, п= 5апа р = -3 
In either case, the zeros of the polynomial are 5, 2 and -1. 
ALITER It is given that the roots area, a + b, a + 2b whichare in A.P. 
Leta=a-B,a+b=a and а+ 2р = о + В. 


Now, proceed as іп Example 10 оп page 2.43. 
EXAMPLE 7 Find the condition which must be satisfied by the coefficients of the polynomial 


f(x) = х? — рх? + qx — ғ when the sum of its two zeros is zero. 
SOLUTION Let a, B and y be the zeros of the polynomial f(x) such that a + p = 0. 


н ... Coefficient of x? 
OW, Sum of the zeros = Coefficient of x? 


— 241 
а + + =- 2) 
= а+В+у= р 
- О+у=р Ip тве 
=> t=? 
Since yis a zero of the polynomial f(x). Therefore, 
f(y) =0 
=> -p +9ү-' = 0 
Py - pl 


— p - p +qgp-r=0 


— pq = r,which is the required condition. 


EXAMPLE 8 Find the condition that the zeros of the polynomial f (x)ex? - px? +qx-r may be in 


arithmetic progression. 
SOLUTION Let a- d, a and à + d bethe zeros of the polynomial f(x). Then, 
Coefficient of x? 


Sum of the zeros = – z 
Coefficient of x 
= @-йд+а+(а+а=-С” 


р 
= 3 p> п= = 


— 


Since a is a zero of the polynomial f (x). Therefore, 


f(a) = 0 


1 ^" 
а? — pa % - =0 


=> 
А * (р) E E 4 
n = pl sS — — 22 vM — 
zi F | У "(з 3 
=y p 3 ap? + 9р] - 27r = 0 
=> 2p? - 9pq + 27r = 0, which is the required condition. 


EXAMPLE 9 Find the zeros of the polynomial f(x) = x) — 5x? — 2х + 24, if it is given that the 


product of its two zeros is 12. 


SOLUTION Leta, В, y be the zeros of polynomial f(x) such that aß = 12. Then, 


a+p+r=-(-2)=5 di) 

ap PN py + ya = » =-2 „(ii) 
24 

„(ii) 


and, a= > -24 


Putting aß = 12 in ару = 24, we get 


MATHEMATICS 


12у = ~24 = y = 24 _ _» 
12 


Putting y = —2 in (i), we get 


a+B-2=5 
=> a+Bp=7 
Now, (a-py = (a +B)? - 4op 
=$ (a -p 27 -4x12 [га +B =7 and aß = 12] 
= («-py = 1 
=> а-В= +1 


Thus, we have 

«+В=7 and a-B=1 or, a+ß=7 and a-p--1 
CASE! When а + B-7anda-p-1 
Solving a. +В = 7anda – В = 1, мерес 4 and B= 3 
CASEI! When a + B = 7 and = = -1 
Solving а +B = 7and a - B =I, we get a = 3and p 4. 
Hence, the zeros of the given polynomial are 3,4 and - 2: 


EXAMPLE 10 Find the zeros of the polynomial f(x) =* 1232 + 39x — 28, if it is given that 
the zeros are in A.P. 


SOLUTION Let a — 2- d, B = а and y a+ d bathe zeros of the polynomial 
f(x) = xà – 12x? + 39x — 28. 

a+ Bry = (E) "a малер = -( - 

(a — d) + a + (a 4d) 2 12 and (a — d) a (a + d) = 28 

За = 12 and a (2 d) = 28 

а = 4 and 4(16 = d?) = 28 

a=4 and 16-4? =7 

a=4 and d? - 9 

а= and d=+3 


UU ws Jy v Jy 


CASE! When а = 4 and d = 3: In this case, 
d = a- d= 4-3 1,В = а= 4апау= 0+4=7 
CASE П When a = 4and d = —3: In this case, 
a=a-d=4+3=7,B=a=4andy=a+d=4-3=1 


Hence, in either case the zeros of the given polynomial are 1, 4 and 7. 


тү 2.43 


EXERCISE 2.2 


LEVEL-1 


Verity that the numbers given along side of the cubic polynor 
Also, verify the relationship between the zeros and coefficie 


(i) А0) = * 4 x - 5x +2; 5, 1,-2 INCERT] 


nials below are their zeros. 
nts in each case: 


+s 3 2 E 
(i) g(x) =x" AX + * 25 451,1 
>. Find a cubic polynomial with the sum, sum of the product of its zeros taken two ata time, 
and product of its zeros as 3, - 1 and —3 respectively. 


LEVEL-2 


724 


polynomial f(x) = 2x3 — 15x + 37x - 30 are in A. P. find them. 


3. If the zeros of the 
? 3px? + 3qx +r may be 


4. Find the condition that the zeros of the polynomial f(x) = 


inA.P. 


5. If the zeros of the polynomial f(x) = ax’ + 3bx^ + 3cx * d. are in A.P., prove that 


2b? — 3abc + aed = 0. 


6. If the zeros of the polynomial f(x) = 13120 rc k are in A.P., find the value 


of k. 
ANSWERS 


n3 


f(x) =k (x? - 3x? – x + 3), k is any non-zero real number. 


4. 2р? —3pq+r= 0 6. x = 28 

2.6 DIVISION ALGORITHM FOR POLYNOMIALS 

In earlier classes, we have studied division of integers. We have seen that on division of an 
integer (called dividend) by a non-zero integer (called divisor), we obtain the quotient and 
the remainder which is either zero or less than the divisor. Also, dividend, divisor, quotient 


and the remainder always satisfy the following relation. 
Dividend = Quotient x Divisor + Remainder 

This is known as Euclid's division lemma which we have studied in chapter 1. 

In earlier classes, we have studied about division of polynomials. In this section, we shall 

show that the division of polynomials also follows the similar rule which is known as the 

division algorithm for polynomials. We will also discuss problems on finding zeros of cubic 


and biquadratic polynomials when some of its zeros are given. 


Let us first refresh the method of dividing one polynomial by another polynomial through 


following illustrations. 
ILLUSTRATION 1 Divide the polynomial fo = 14 - 50 + 9x – 1 ру the polynomial 


g(x) = 2x - 1. Also, find the quotient and remainder. 


— 
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SOLUTION Using long division method, we obtain 


Clearly, quotient q(x) = 732 + х + 5 and remainder r(x) = 4 


Now, 
q(x) g(x) + r(x) = 732 + x + 5) (2x - 1) +4 
= 14x° + 2x? + 10x - 7x? ~ x -5 4 E 
= 14x? -5x?49x-1 | 
= f(x) 
i.e. f(x) = g(x) q(x) + r(x) or, Dividend £ Quotient x Divisor+ Remainder 


ILLUSTRATION 2 Divide the polynomialof(x) r + 11x? — 39x — 65 by the polynomial | 
g(x) = x? -1 + x. Also, find the quotient and remainder. | 
SOLUTION Using long division method, we obtain | 


x +х-1) 6x9 III 39x- 65 (6x45 | 


Er 46x 6х 


= — + 
5x? – 33x - 65 
5x! + 5х- 5 
- — + 

—38x – 60 


Clearly, quotient q(x) = 6x + 5 and remainder r(x) = x — 60. | 


Also, g(x) q(x) + r(x) = (x? + x – 1) (6x + 5) + (-38x - 60) 

= 6x? + 6x? – 6x + 5х2 + 5x — 5 - 38x – 60 
ie. f(x) = g(x) q(x) + r(x) = 6x? + 11x? - 39x — 65 = f(x) 
Or, Dividend = Quotient x Divisor + Remainder 


ILLUSTRATION 3 Divide the polynomial u(x) - – 4х2 +4 by the polynomial 
v(x) = Зх? + x — 1. Also, find the quotient and remainder. 


ОМА! 2.45 
SOLUTION Using long division method, we obtain 
Зх? +х-1 | 9x! + Ox? - 4х2 +0х +4 3x -x : 
9x! + Зх? = 3x? ! 
- — B 
31 404 
239p -xz'4 g 
+ + — 
-x+4 
Cleraly, quotient q(x) = 3x2 — x and remainder r(x) = —x + 4. | 
Also, 
v(x) q(x) + r(x) = (ax? +x- 1) (3x7 - х) + (-x + 4) 
= Oy! + 3x3 – 3x? - Зх? - м x ed 
ie. u(x) = v(x) qx) + r(x) = 9x! + Ox? - 4х2 + Ox + 4 Bula) | ' 
or, Dividend = Quotient x Divisor + Remainder | 


ILLUSTRATION 4 Divide the polynomialof(x)= 303* «1133 – 8222 - 12x 48 by 
3x? + 2x – 4. Also, find the quotient and remainder. 
SOLUTION Using long division method, we obtain 


10x* — 3х - 12 


3x2 +2х-4) 30x* + ddan - 82x" – 12x + 48 
30x! 4 20 9401 
— — — 
= ox? — 42x" - 12x + 48 
«у. 2 6x^ + 12x 


* + 
- 36x? - 24x + 48 
- 36x" - 24x + 48 
+ + — 
0 
Clearly; quotient q(x) = 10x? - 3x – 12 and remainder r(x) = 0. 
Also, 


gx) q(x) + r(x) = (3x2 + 2x - 4) (10х° - 3x - 12) +0 


= 30x4 — 9x? - 36x? + 20x" – 6х? – 24x - 40x? + 12x + 48 + 0 
ie. f(x) = a(x) q(x) + r(x) = 30x* + 116? - 82x* - 12x + 48 = f(x) 


or, Dividend = Quotient x Divisor + Remainder 


s, we observe that the division process is stoped when either the 


In the above illustration 
remainder is zero or its degree is less than the degree of divisor. Also, divident, divisor, 


quotient and remainder satisfy the relation 


2.46 МАТНЕМА 
Dividend = Quotient x Divisor + Remainder 
This is an algorithm similar to Euclid's division algorithm for integers and is known as the 


division algorithm for polynomials as defined below. 


DIVISION ALGORITHM If f(x) and g(x) are any two polynomials with g(x) # 0, then we can always 
find polynomials q(x) and r(x) such that 

f(x) = a(x) g(x) + r(x), where r(x) = 0 or degree r(x) < degree g(x). 
REMARK If r(x) = 0, then polynomial g(x) isa factor of polynomial fix). 


Following examples will illustrate various applications of division algorithm. 


Type I ON VERIFYING THE DIVISION ALGORITHM FOR POLYNOMIALS 
EXAMPLE 1 Divide the polynomial f(x) = 3x7 -x s By the polynomial 
g(x) = x - 1- x? and verify the division algorithm. 
SOLUTION Writing the given polynomials in standard form, we get 
f(x) = + 3x? - 3x +5 and g(x) IŒ + xed 
Using long division method, we obtain 


-Y!«x-1] X + 3x? — 38i. 5 A-2 


-+ 2 

+ — - 
2x? 2 5 
Яе 2 
= + -— 
3 


Quotient g(x) = x – 2 апа, Remainder r(x) = 3 


Now, 
Quotient x Divisor + Remainder = (x - 2) (-x7 + х - 1) + 3 
=x? + 4? — 4 2x? - 274243 
= хў + 3x? – 3x +5 = Dividend 
Hence, the division algorithm is verified. 


Type П ON FINDING THE REMAINING ZEROS OF A POLYNOMIAL WHEN SOME OF ITS ZEROS 


ARE GIVEN 
EXAMPLE 2 Find all the zeros of the polynomial f(x) = 2x* 3х5 — 3x? + ER 2, if two of its 
zerosare Y and N. [NCERT] 


SOLUTION We know that, if x = d is a zero of a polynomial, then x — а is a factor of f(x). 
Since |/2 and —/2 are zeros of f (x). Therefore, (x – J2) (x + М2) = х2 - 2 isa factor of f(9. 
Let us now divide f(x) = 2x* 31 – Зх? + 6x - 2 by g(x) = x? — 2 tofind the other zeros of 
feo. | 


* 


Nr 2.47 
Using long division method, we obtain 
^" 
x^ 
+ 
3 ? p 
-3r +x" +6x-2 | 
3 
— Зх + 6х |: 
+ = | ; 
5 
x^ -2 і 
: à 
х“ -2 : 
= à * 
0 


> ә 2 E 
Thus, Quotient = 2х7 ~ 3x + 1 and Remainder = 0. 
By division algorithm, we have 

f(x) = Quotient x Divisor + Remainder 


=> f(x) = (x? – 2) (2x? - Зх +a) + 0 
= f(x) = (x - A2) + 42) 235. - 2 - x 1) 
=> f(x) = (x — V2) W 2) 2xlx - 1) - (x - D} 
=> f(x) = (x = V2) (+ V2) (x - 0 (2x - ) 


F z m ] 
On equating factors x + V2, x + V, x-1 and 2x - 1 tozero, we get x = V. - X, I, z 


; fa 1 
Hence, the zeros of the given polynomial are — 42,1 and 2' 


EXAMPLE 3 Obtain all the zeros of the polynomial. f(x) = 3x* + бх? - 2x? – 10x - 5, if two of 


its zeros are E and — E [NCERT] 


5 5 | 
SOLUTION It is given that 6 and E are two zeros of f(x). Therefore, 


Е Е | z AM EE. 
(ES) is a factor of f(x). But, | x- S) [4$] (2 -3)- 309-9. 


t us now divide f(x) by Зх? - 5. 


Therefore, 3x^ — 5 isa factor of f(x). Le 


Using long division method, we obtain 
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àx' -5) 3x! + 6x? — 2x? 10x —5 (x7 * 2x +1 
3x! +0х? — 5x? 
= = + 
6x? +3x? — 10x — 5 
бх? + 0x? — 10x 


+ - E 
Зх? -5 
27-5 

5 * 
0 


Clearly, Quotient = x? + 2x + 1 and Remainder - 0. 
By division algorithm, we obtain 


f(x) = (x? - 5) (x? +25 +1) +0 
> f(x) = (W3x + 45) (V3x — V5) (x +1)? 
Thus, the factors of f(x) are J3x + V5, J/3x – 4/5 ,x *land x^ 1. Equating each factor to 


zero, we obtain x = 4 E -1-1. Hence, the zeros of f(x) are E, E- and — 1. 


EXAMPLE 4 I two zeros of the polynomial. f(x) = * — бх? -26x? + 138х — 35 are 2 + 43, find 
other zeros. [NCERT] 
SOLUTION It is given that 2+./3 and 2-3 are two zeros of f (x) Therefore, 


(x — (2 + 43)) and (х – (2 - Зу) are factors of f(x). 


But, (x-(243)) (x-(2-43)]» (x 2 -/3) (x -2--43) - (x -2)! (43)? =x? Ax +1, Therefore, 
х? — 4x +1 isa factor of f(x). Let us now divide f(x) by x? — 4x +1. 
Using long division method, we obtain 


x - Ax «1) x* — 6x? - 2622 138x - 35 (x7 – 2x - 35 


x? — 4x3 + x? 
— E i 
- 2x? - 27x? 4 138x 
2 4-82" — 2x 


— — + 
— 35x? + 140x – 35 
– 35x? + 140x - 35 
+ - B 


0 
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Thus, Quotient g(x) = y? — 2x – 35 and Remainder = 0. 


By division algorithm, we obtain 


Р) = (x? – Ax + 1) (x? — 2x - 35) 


Hence, other two zeros of f (x) are the zeros of the polynomial х? – 2x - 35. 


Now, 
x? — 2x 35 = д? – 7x + 5x - 35 = (x -7) (x +5) 
On equating each factor to zero, we obtain x = 7, ~ 5. 


Hence, other two zeros of f (x) are 7 and - 5. 


Type ПІ ON FINDING THE QUOTIENT AND REMAINDER USING DIVISION ALGORITHM 


EXAMPLE 5 Apply the division algorithm to find the quotient and remainder on dividing f(x) by 


g(x) as given below: 


(i) f(x) = х E «1-6, g(x) 7 x *2 
(i) f(x) = x! - 3x* + 5x - 3, g(x) = xr =2 [NCERT] 
(iii) f(x)= х? - 3x7 + 4x45, g(x) = х2+1-& [NCERT] 

[NCERT] 


(iv) f(x)= x! - 5x46, g(x) = 2- x 
SOLUTION (i) Wehave, 
f(x) = 1 x' +11х-6‹айа S = x + 2 
We find that degree f(x) = and degree g(x) = 1. Therefore, quotient q(x) is of degree 
3-1 = and the remainder r(x) is of degree zero. Let q(x) = ax? +bx +с and r(x) =k. 
By using division algorithm, we obtain 
f(x) = q(x).x g(x) ro) 
Ü,-60»11r6- (ax? + bx + c)(x+2)+k 
=> xe 6x" + Ty - 6 = ax + (2a + b) x? +(2b+c)x+2c+k 


Equating the coefficients of like powers of x on both sides, we get 
[On equating the coefficients of х?) 


=> 


1 =a 

ЗБ =Ba+b [On equating the coefficients of * 

W=2b+c [On equating the coefficients of x] 
and, 26 = дс К [On equating the constant terms] 


Solving these equations, we get 
a=1,b=-8,c= 27 and k = —60 
Quotient q(x) = ах? + bx +c = x3 = 8x + 27 and, Remainder r(x) = k = —60. 
(ii) Wehave, 
f(x) = х? - 3x? + 5x - 3and g(x) = x? = 2, 
We find that degree (f(x)) = 3 and degree (S = 2. Therefore, quotient д (x) is of degree 1 
and the remainder r (x) is of degree less than 2. Let q(x) = ax + band r(x) = cx + d. 
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Using division algorithm, we have 
F(X) = g(x) x g(x) + r(x) 


= x” — Зх? + 5x-3= (х? - 2) (ax +b) + (ev + d) 
= y, – 3x? + Sy - 3 = av? +b? + (c —2a)x—2b+d 
On equating the coefficients of various powers of x on both sides, we get 
l=a [On equating the coefficients of 
-3= h [On equating the coefficients of x7] 
5=c-2a [On equating the coefficients of x| 
—3 d [On equating the constant term: | 


Solving these equations, we get: a = 1,b = -3,c = 7 and d = -9 

Quotient q(x) = ax + b = x - 3 and Remainder r(x) 27x -9. 
(ш) Wehave, 

f(x) = х - 3x3 + Ax - 5 and g(x) =x? -х+1 
We find that degree ( f(x)) = 4 and degree (S) = 2. Therefore; quotient q(x) is of degree 
1(= 4-2) and remainder r(x) is of degree less than 2 (S degree (¢(x)). So, let 
q(x) = ax^ + рх + с and r(x) = рх +4. 
Using division algorithm, we have 

f(x) = g(x) x g(x) + r(x) 


=> x? + Ох? – 3x? + 4x45= (x? — x +1) (ax? + 08 + с) + рх +9 

= * +0x° – 3x7 TAX TS ANA (b 4a) Хь (cT a) * + (b- c4 p)x+c+q 

On equating the coefficients of various powers of x on both sides, we get 
421 [On equating the coefficients of x°] 
Б-—-а=0 [Оп equating the coefficients of x^] 
с=з иш =й [On equating the coefficients of x7] 
b-c+p=4 [On equating the coefficient of x] 

and, 82425 On equating the constant terms 

Solving these equations, we get 


amà, Б], с = 3, p - 0 and д = 8 
x Quotientg(x) = x^ + x - Запа Remainder r(x) = 8 
(iv) Wehave, 
fiy x* + 0x? «0x? - 5x +6 and g(x) = +2 
We бла that degree ( f(x) ) = 4 and degree g(x) = 2. Therefore, quotient g(x) and remainder 
r(x) are of degree 2 and less than 2 respectively. 
Let g(x) = ax? + bx +c and r(x) = px «q 
By division algorithm, we have 
f(x) = g(x) x g(x) + r(x) 
> xt + Ox? + Ox? -5x + 6 = (x? + 2) (ax? + bx +с)+рх +4 


x’ + Ox? + Ox? - 5x +6 = -ах* br + (2a - с) х? + (2b + рух + 2с +q 


2.51 


Equating the coefficients of various powers of x, we get 
[On equating the coefficients of х1] 


а= 1 
-Б = 0 [On equating the coefficients of x 
20-с =0 [On equating the coefficients of x`] 
* * p = —5 [On equating the coefficient of x] 
and, 2 ＋ = On equating the constant terms] 


Solving these equations, we get 
а = -1,b=0,c = -2,p = and = 10 


Quotient q(x) = -x7 - 2 апа Remainder r(x) = -5x + 10. 

ON CHECKING WHETHER A GIVEN POLYNOMIAL IS A FACTOR OF THE OTHER 
POLYNOMIAL BY APPLYING THE DIVISION ALGORITHM 

EXAMPLE 6 By applying division algorithm prove that the polynomial g(x) = х? +3x4+1 isa 


Type n 


factor of the polynomial f(x) = 3x7 + 5x) – 7x7 42x 4 2. 

SOLUTION We find that degree ( /(x)) -A and degree ( g(x) ) +2, Therefore, quotient q(x) 

is of degree 2 ( = 4 - 2) and the remaindersr@) is of degree 1 or less. Let 

q(x) = ах? + bx « c and r(x) = px + q. 

Using division algorithm, we have | | 
f(x) = g(x) x ф(х) + r(x) 

3x! 45 Y + 20+ 2 = (ах? +bx + eo + 3x + 1) (px + q) 


=> 
— Зуі +505 Vr + 20 +2 = ax + Ba + b) Y^ (a+ 3b + c) x? + (b + Зс + р)х+с+1 
Equating coefficients of various powers of x, we get 
а =: [On equating the coefficients of x^] 
3044 5-5 [On equating the coefficients of x°] 


[On equating the coefficients of x7] 
[On equating the coefficient of x] 
[On equating the constant terms] 


a+c+3b 27 
b+ Зс wp > 2 
and, c+qg =2 
Solving these equations, we get 
а= „b =-4,с =2,p=Oandq=0 
Quotient q(x) = 3х2 - 4x +2 and, Remainder r(x) = 0x +0 = 0 


Clearly, (ә) = 0. Hence, g(x) isa factor of f(x). 
Гуре V MISCELLANEOUS APPLICATIONS OF DIVISION ALGORITHM 


EXAMPLE 7 On dividing the polynomial f(x) = x) 3х2 + 2 by a polynomial g(x), the 
quotient q(x) and remainder r(x) where q(x) = x - 2 and r(x) = -2x + 4 respectively. Find the 
polynomial g(x). INCERT] 
SOLUTION Ву division algorithm, we obtain 

f(x) = g(x) х q(x) + r(x) 
= g(x) x q(x) = f(x) = FQ) 
(х) (x - 2) = ar +х+2-(-2х +4) 
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=> SNE Xie -3x! +3х—2 
тй, g(x) isa factor of x? — 3x? + 3x — 2 other than the factor (x—2). So, to get g(x), we divide 
x? – Зх? + 3x - 2 by (x - 2) as follows: 


х-2) j-335.3x-2 (x? 1 


ж? — 2x7 
— + 
=X? +3x-2 
– х? +2x 
— == 
х- 2 
х-2 
— + 
0 
Hence, g(x) = x =x +1. 


EXAMPLE 8 What must be subtracted from 8x* +14x3 — 2x? + 7x — 8 so that the resulting 
polynomial is exactly divisible by 4x? + 3x — 2. 
SOLUTION We know that 

Dividend = Quotient x Divisor + Remainder 
=> Dividend — Remainder = Quotient x Divisor 
Clearly, RHS of the above result is divisible by the divisor. Therefore, LHS is also divisible by 
the divisor. Thus, if we subtract remainder fromthe dividend, then it will be exactly divisible 
by the divisor. 


Let us now divide 8х + 14x? — 2x? + 7x-—8 by 4x? + 3x — 2 long division method. 


Ax? - 3x - 2) 8* «14:2 — 2х2 «7x - 8 [2x7 +2х-1 
8х%+ 6 – 
— — + 
8X + 2х2 +7х – 8 
8x? + 6x? Ax 
c - ES 
— 4x* &11x-8 
~4x°= 8x42 
+ + = 
14x - 10 


Quotient = 2x? + 2x - 1 and Remainder = 14x - 10 
Thus, if we subtract the remainder 14x ~ 10 from 8x* + 14x? - 2x? 4 7x — 8, it will be 
exactly divisible by 4x? + 3x — 2. 


EXAMPLE 9 Fena the чо HP a and b so that х“ + х? + 8x* + ax + b is divisible by x? +1. 
SOLUTION If x4 + x? + 8х2 + ах +b p "d divisible by x? + > then the remainder 
should be zero. Let us now divide x + * + 8х2 +ax+b by х?+1 by long division 


method. 


2 3 2 2 
х 41) Хх“ +x" + 8x* их + р (x +x+7 
г, 


х + * 


3 2 
x" +72x" +ax+b 


3 
N TX 


7x? +x(a-1)+b 
7x? +7 


х(а-1)+Ь-7 


Quotient = Y^ + x + 7 and, Remainder = x (a – 1) + (b — 7) 


Remainder = 0 
5 х (а= 1) + (0-7) = 0 
> х(а- 1) + (2-7) = 0x + 0 
= a-1=0 and b-7-0 [On equating the coefficients of like powers of x] 
= a=1 and b=7 


EXAMPLE 10 What must be added to f(x) = 4x7 + 2 – 2x7 + x-1 so that the resulting 
polynomial is divisible by g(x) = х? +2 3% 
SOLUTION Ву division algorithm, we have 

f(x) = g(x) x g(x) + ria) 
= f(x) ^ r(x) = g(x) x q(x) 
= f(x) + [-r(x)) = g(x) x q(x) 
Clearly, RHS is divisible by g(x). Therefore, LHS is also divisible by g(x). Thus, if we add 
-r(x) to f(x), then the resulting polynomial is divisible by g(x). Let us now find the 
remainder when f(a) is divided by g(x). Using long division method, we obtain 


x? „21 3 4x7 + 2x? 2 4 x -1 (4x° -6x + 22 


? 
Ax* + 8! – 125° 


= = + 
- 6х? + 10x +x-1 


Ex 12x? + 18x 


+ + — 
22v - 17x - 1 
22x? + 44x – 66 
Б — + 
~ 61x + 65 


2 r(x) = -61x + 65 
Hence, we should add —r(x) = 61x - 65 to f(x) so that the resulting polynomial is divisible by 


g(x). 


i 
} 


2.54 МАТНЕМ А 


EXAMPLE 11 If the polynomial f(x) = x! — 6x? + 16x7 – 25x + 10 is divided by uno ier 
polynomial x^ — 2x + k, the remainder comes out to be x + а, find k and a. INCERT] 
SOLUTION By division algorithm, we have 

Dividend = Divisor x Quotient + Remainder 
> Dividend — Remainder = Divisor x Quotient 
= (Dividend — Remainder) is always divisible by the divisor. 
It is given that f(x) = х? — 6x? + 163? — 25x + 10 when divided by x? -2x + К leaves ++, 
as remainder. Therefore, 


f(x) - (x a) = x! - бх? + 16x? - 26x + 10— a is exactly divisible by 49 2x + | 


Let us now divide x* — бх? + 16x? ~ 26x + 10— a by х? – 2х + К. Using long division 
method: 


KER + 16x? — 96x +10 =a 
x*-2 + ky? 
— + а 
= 4° + (16 – К) х2 – 26x +10-a 
A* +82 - Akx 
+ - + 
(8 - - (26 – 4k) x4105 a 
(8 – к)х? - (16 2k)x 448k — k?) 
— + - 
(210 + 2k)x + (10 - a - 8k + k?) 


* AK 


х? — Ax 4 tfc) 


For f (x) -(x ^a) = * — 6x? + 1632 6.0 — a to be exactly divisible by x? — 2x +k, 
we must have 
Remainder = 0 


(-10 + 2k)x + (10 — a — 8k He) = 0 for all x 

-10 + 2k = 0, 10> 8k +k? = 0 [On equating the coefficients of like powers of x] 
k-25,10-a— 40 25 = 0 

=> k=S5anda=-5. 


ууу 


EXAMPLE 12 If the polynomial 6x* + 8x? + 17х° + 21х +7 is divided by another polynomial 
Зх? + 4x + 1, theremainder comes out to be ax + b, find a and b. [CBSE 2009] 
SOLUTION Let us divide the polynomial f(x) = 6x! + 8x? +17x7 +21х+7 by the poly- 
nomial g(x) = 3x? + 4x + 1 to find the remainder by long division method as shown below: 


3x? + 4x +1) 6x! + 8х? + 17x? + 21x +7 (2x 45 
6x* + 8x? + 2x? 


15x? + 21x 47 
15x? + 20x + 5 


E r 
x+2 


"m 


| 


мМ 


Clearly, remainder = x + 2. It is given that the remainder is ax + b. 


av+b=x+2 = @=1,b=2.  [Oncompairingthe coefficients of like powers of x] 


PXAMPLE 13 Find kso that х? + 2х +k is a factor of дуї + x? 1402 + 5x + 6. Also, find all 
[NCERT EXEMPLAR] 


the zeroes of the two polynomials. 
is a factor of the polynomial 


SOLUTION It is given that x? «2x + К 
f(x) = 2x* + x° - 14x? + 5x + 6 when divided by x^ + 2x + К, the remainder is zero. 


Let us now divide f(x) = 2x4 + x? - 14x? + 5x + 6 by x^ + 2x + k using by long division 


method. 
x? + 2x + к) 2x! + х? -14x? + 5x +6 (zr: - 3x - 2(k + 4) 
2x! + 4x? + 2kx? 
- 3x? —2x7(k + 7) + 5x +6 
Zr - 6x? — 3kx 
+ H * 
- 2x? (k + 4) + x(5 3k) + 6 
- 2x? (k + 4) A 4) 2x (К 4) 
B E + 


x (Zk + 21) + (2k? + 8k + 6) 


Thus, Remainder = x (7k + 21) + (2k^ + 8k + 6) and Quotient = 2x3 - 3x – AK + 4). 
Remainder - 0. 

x (7k + 21) + 2 (kK? 4k 4 3) = 0 for all x. 

7k + 21 = 0 and 4 4K +3 = 0 

7 (к + 3) = 0 and (k +1) (к +3) =0 

=> k+340 ЭАК =-3 

Substituting the value of k in x? + 2x +k, we obtain: x? + 21-3 = (x + 3) (x - as the 
divisor. Clearly, its zeros are -3 and 1. Consequently, two zeros of f(x) are and 1. 


U uy 


For = – 3, weobtain 
Quotient = 2^ — 3x -2 = 2x? - Ax « x - 2 = (x - 2 + 1(x - 2) = (x = 2)(2х + 1) 


and, Divisor = x° «2x-3- v + 3x -—x-3 = х(х +3) -1(x + 3 = (x - D(x + 3) 
f(x) = (Quotient) x (Divisor) 


> f(x) = 2x* + хі -14х* + Sx + 6 = (x- 2) (2х + 1) (х -1)(х + 3) 


Hence, zeros of f(x) аге 2, - 1/2,1 and - 3. 
EXAMPLE 14 Ifthe remainder on division of x^ + 2х? + Kx + 3 by x - 3 1521, find the quotient 


and the value of k. Hence, find the zeroes of the cubic polynomial x? + 2x? + kx – 18. 
SOLUTION Let f(x) = x! + 2x7 + ky + 3. It is given that f(x) when divided by xi gives 


21 as remainder. 
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f(3) = 21 
=> 3° 2x3? + 3k 43:221 
= 274-18 4- 3k 45 = 21 
— 3k + 48 = 21 
= ЗК =-27 > k=-9 


Hence, the given polynomial is f(x) = x? + 2x* – 9x +3. 
Let us now divide f(x) by (x —3) to find the quotient. Using long division method, 


obtain x-3) х3 +252 90x43 (x? + 5x +6 


x? – 3x? 
— + 
5х2 – 9х 43 
5x? – 15x 
- 4 
6x + 3 
6x - 18 
— + 
21 


So, Quotient = х? + 5x +6 


Thus, when f(x) is divided by x - 3 the quotient and the remainder are x? + 5x + 6 and2] 
respectively. Therefore, using division algorithm, we obtain 


Ff (x) = (x? + 5x + 6) (x - 3)4 21 
= х? + 2x? – 9x + 3 – 21 = (x &2) (x +3)(х-3) 
= x? + 2x? — 9x - 18 +(x + M(x + 3) (x – 3) 
Hence, the zeros of x? + 2x7 è 9x —18 i.e. х? + 2x? + kx – 18 are 2, 3 and 3. 
EXAMPLE is For which valuesofa and b are the zeros of q(x) = x? + 2x? + a also the zeros of tlte 
polynomial р(х) 239 —x* = 4x? + Зх? + Зх +b? Which zeros of p(x) are not the zeros of q(x)? 
SOLUTION If zeros of q(x) are also the zeroes of p(x), then p(x) is divisible by q(x). In 
otherwords, when p(x) is divided by q(x), the remainder is zero. Let us now divide p(x) by 


q(x) to obtain the remainder. 


* 2x? ＋ 4 Ar + 3x2 + Зх + (х2 31 +2 


i + 2x? + ах? 


— 3x4 - 4х5 + (3-a) х2 + 3x b 
— Зх“ - бх? — Зах 


+ + — 
2* + (3-а) х? + 3х(1+а)+Ь 
2x + 4x? + 2a 


C1 - a) x? + 3x(1+a)+b-2a 
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If p(x) is divisible by q(x), then remainder must be zero. 
Now, Remainder =0 
(-1 —a) x^ +3x(1+a)+b-2a=0 forallx. 


| On equating the = 


-1-a = 0, 3 (1+ а) = O and h- 20 = 0 of like powers of x 


mo g 


=> a= -land b- 20 = 0 
= a= -land b = -2 
Substituting a = -1 in q(x) = x? + 2x? +a, we obtain q(x) = 1 4 21 1. 


Now, x? 3x +2 = (х – 1) (х - 2) 
So, zeros of x?-3x+2 are 1 and 2. We find that (1) = 1+2=5 = 2*0 and 


q(2) = 848-1 = 15 # 0. So, the zeros of the quotient x? — 3x + 2 are not the zeros of q(x). 
Hence, 1 and 2 are zeros of p(x) which are not zeros of q(x). 


EXERCISE 2.3 


Apply division algorithm to find the quotient q(x) and remainder r(x) on dividing Дх) by 
g(x) in each of the following: 
(i) F = K* 6x? +11х—-6, S = 7 x 1 
(i) f(x) = 10x* +17х* - 62x? + 30 8, Blade N «7x +1 
(ii) f(x) = 4° + 8x + 8° +7, «(= 2х x +1 
(iv) f(x) = 15x? — 20x? 137 12 $0) = 2- 2x + х7 
2. Check whether the first polynomial is a factor of the second polynomial by applying the 
division algorithm: 
(i) e(t) = P —3, fe Bie ЭР - 2° - 9-12 
(ii) g(x) = х amar А f(x) = 1 4X 24 + 3x41 
(ii) g(x) = Æ - x #3, f(x) = Er x! 443° -5x'-x-15 


3. Obtain all zeros ot the polynomial f(x) = 2v! + x° - 14x" — 19x - 6, if two of its zeros 


[NCERT] 
[NCERT] 


are -2 and àl. 
4. Obtain all zeros of f(x) = * + 13x? + 32x + 20, if one of its zeros is - 2. 


- : : ч 3 2 T с: 
Obtainall zeros of the polynomial f(x) = y! —3y' =* + 9x - 6, if two of its zeros are 


and V3. 
: . , 4 ‚ x2 97 
в. Find all zeros of the polynomial f(x) = 2x" - 2x" – 717 + 3x + 6, if its two zeros are 


"ana 75 
2 2 


' ! ЖИККЕ, 2 ; 
Find all the zeros of the polynomial x^ + х = 34x" - 4x + 120, if two of its zeros are 2 


7 
and -2. [CBSE 2008] 
К - А 1 3 ^ i m 
8. Find all zeros of the polynomial 2! «7x' - 19x - 14x + 30, if two of its zeros are 
[CBSE 2008 


J/2 and - J2. 
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9. Find all the zeros of the polynomial 2x? + x? ~ бх 3, if two of its zeros are —/3 


and y3. [CBSE 2009) 
10. Find all the zeros of the polynomial х? + 3x? — 2x — 6, if two of its zeros are —/2 and 
J5: [CBSE 2009 


11. Find all zeros of the polynomial 2x4 — 9x? 4 532 4 3x — 1, it two of its zeros are 2 + 43 
2- 
and 2 – H. | | [CBSE 2016; 


12. Уна Ниша be added to the polynomial f(x) = x* + 2х3 — 2x7 + x - 1, бо that the 
resulting polynomial is exactly divisible by x? + 2x - 3? 

13. What must be subtracted from the polynomial f(x)- х* 21 13 194+ 21 so that 
the resulting polynomial is exactly divisible by x^ — 4x + 3? 


14. Given that \/9 is a zero of the cumbic polynomial 6x? MTE 10 442, find its 


other two zeroes. [NCERT EXEMPLAR} 

15. Given that x -H isa factor of the cubic polynomial x? 375 + 13x — 34/5 find al 

the zeroes of the polynomial. [NCERT EXEMPLAR} 

— € À | m v | ANSWERS 
3. -5, 2-1 € -10,33.-2 5. 4/3, 1,2 6. 2,-1, F- 


3 
* Ns X V2, ~ v2,-5,5 9. , H. —5 10. Z, 42,-3 


1 
11. 1,-5,2+ 43,2- 43 121 2 13. 21 3 
fh HU 
. = 3 15. J, 45 42, S542 


VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 


Answer each of the following questions in onevord or one sentence or as per the exact requirement of 
the questions: | 


1. Definea polynomial with real coefficients. 
2. Define degree ofa polynomial. 
3. Write the standard form of a linear polynomial with real coefficients. 
4. Write thestandard form of a quadratic polynomial with real coefficients. 
5. Write the standard form of a cubic polynomial with real coefficients. 
6. Define value of a polynomial at a point. 
7. Define zero of a polynomial. 1 
8. Thesumand product of the zeros of a quadratic polynomial аге -— and —3 respectively. 
Whatis the quadratic polynomial. 2 
" 1 . 
9. Write the family of quadratic polynomials having a and 1 as its zeros. 
10. If the product of zeros of the quadratic polynomial f(x) = x? — 4x + К is3, find the value 
of k. 
11. If the sum of the zeros of the quadratic polynomial f(x) = kx? – 3x +5 is 1, write the 


value of k. 
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POLYNOMIALS 


12, In Fig. 2.17, the graph of a polynomial р(х) is given. Find the zeros of the 


polynomial. 


w= pix) 


Fig. 2.17 Fig. 2.18 | 


13. The graph of a polynomial y = f(x), shown in Fig. 2:18, Find the number of real zeros of 


f(x). 


14. The graph of the polynomial f(x) = ax? bx + сй as shown below (Fig. 2.19). Write the 


15. 


16. 
17. 
18. 


" ey " , 
signs of ‘a’ and b> ~ 4ac. 


li 

1 
The graph of the polynomial. f(x) = ax? + bya ( isasshown in Fig. 2 20, Write the value | | 
of b? — Аас and the number of real zeros ol АС) 


In Q. No. 14, write the sign of c. 
In Q. No. 15, write the sign of c. 
The graph of a polynomial f(x) is as shown in Fig. 2.21. Write the number of real zeros of 


f (x). 
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** 
Fig. 2.21 
I9. Wy - lisazeroof the polynomial f(x) = x? — 2х2 + 4x + М writethe value of k. 
20. State division algorithm for polynomials. 
21 Give an example of polynomials f(x), g(x), and rex) satisfying f(x) = g(x) 
q(x) + r(x), where degree r(x) =0. 
22. Write a quadratic polynomial, sum of whose zeros is 24/3 and their product is 2. 
2). lf fourth degree polynomial is divided by a quadratic polynomial, write the degree of the 
remainder. 
24. If f(x) ve x? ax eb is divisible by x? — x write the values of a and b. 
25. Па b; a and à + b are zeros of the polynomial f(x) = * 63 + 5х – 7, write the value 
ofa 
; 1; ds abd 
26. Write the coefficients of the polynomial Р(2) = 2° — *4. 
27. Write the zerosof the polynomial x? — y — 6. [CBSE 2008] 
28. If (x +a) isa factor of Ax? + 2ax + 5x + 10, find a. [CBSE 2008] 
29. Rer what value of k, — 4 is a zero of the polynomial x? — x — (2k + 2)? [CBSE 2009] 
30. If 1 is а zero of the polynomial р(х) = ax? – 3(a – 1) x — 1, then find the value of a. 
31. If e ff are the zeros of a polynomial such that a +f = —6 and aß = 4, then write the 
polynomial. [CBSE 2010] 
32. If œ, ff are the zeros of the polynomial 212 + 7у+ 5, write the value of о + pap. 
[CBSE 2010] 
33. For what value of k, is 3 a zero of the polynomial 2x7 +х+к? ICBSE 2010] 
M. For what value of k, is - За zero of the polynomial x^ « 11x 4 4? [CBSE 2010] 
35. For what value of k, is Aa zero of the polynomial 33 + 4x 4 2k? [CBSE 2010] 
36. Ifa quadratic polynomial f(x) is factorizable into linear distinct factors, then what is 
the total number of real and distinct zeros of. f(x)? 
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17. Ifa quadratic polynomial f(x) isa square of a linear polynomial, then its two zeroes are 
coincident. (True/False) 

38. If a quadratic polynomial f(x) is not factorizable into linear factors, then it has no real 
zero. (True/False) 

39. If f(x) is a polynomial such that f(a) f(b) < 0, then what is the number of zeros lying 
between a and b? 

40. If graph of quadratic polynomial ax? + bx +c cuts positive direction of y-axis, then what 
is the sign of c? 

11. Ifthe graph of quadratic polynomial ах? + bx +c cuts negative direction of y-axis, then 


what is the sign of c? 
a ANSWERS 
1 arm bx + сх d, a 0 


3. f(x) ax b, a 0 4. f(x)= ах? A bx Tc a #0 5. 


8. f(x) - К * +3 -3 |, where k is any non-zero real number, 
2 3 1 А 

9. f(x)= IE * — ri 4 where k is any non zero real number. 10. K = 3 11.3 

12. -3 and -1 13. 3 14. (a> 0, b^ = 4ac > 0 15. b^ – 4ас = 0, Two 
16. с> 0 17. c « 0 18.4 19k 2-3 
21. f(x) =x? ta 4x41, «(х) = X42, qx) S* - x43 (х) = —5 
22. f(x) = х? - x2 23. Less than or equal to! 26. a= 2,6 = 
25. 1 26. 1, 0,0, - 2,0, 4 27. 3,-2 28. 2 29. 9 30. 1 
31. рх) = х2 +6х-4 32. -1 33. -21 34. 24 35. -2 36. 2 


37. True 38. True 39. At least one 40, Positive 41. Negative 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


; TP E: у! 
1. If a, gj are the zeros of the polynomial f(x) = x? x 1, then = Б - 


(a)-1 (b) -1 (c) 0 (d) None of these 


; > 1 
2. Ifa, В are the zeros of the polynomial р(х) = A + Зх + 7, then = + B is equal to 


(d) - 


Si] Ga 


7 3 
(a) 5 6) —3 0 5 
If one zero of the polynomial f(x) = (К? +4)х? + 13x + 4k is reciprocal of the other, then 


k= 


(a) 2 (d) -1 


(b) -2 (c) 1 
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4. If the sum of the zeros of the polynomial f(x) = 23? — 3kx? + 4x — 5 is 6, then the value 
of k is е йй 
(а) 2 (b) 4 (c) -2 (d) - 

5. If a and * the zeros of the polynomial f(x) = х? + px + д, thena polynomial having 


x 
q and : is its zeros is 


i xÜegqxep (Ы) х?—рх+ q (© qx? +px+1 (d) p^ +qx+1 
6. Ifa, В аге the zeros of polynomial f(x) = х? -p(x + 1) – с, then (a + D (B += 
(a) c-1 (b) 1-с (с) с (d) 1+с 


7. If a, B are the zeros of the polynomial] f(x) = х2 -p(x + Dc such that 
(a +1)(B + 1) = 0, thenc= | 


(а) 1 (b) 0 (c) -1 (d) 2 
8. If f(x) = ах? + bx + c has no real zeros and a+ р + c < 0; then 
(a) c=0 b) c>0 (с) c«0 (d) None of these 


9. Ifthe diagram in Fig. 2.22 shows the graph of the polynomial f(x) = ах +bx+c, then 


(а) a>0,b<Oandc>0 (b a < 0;b « O ande < 0 
(с) a<0,b>Oandc>0 (d) п < 0,b > Qandc <0 


| 4, =) f(x)=ax + by +e y 


x 


ОЎ ах + br sc 


Te 


2a° 4a 


Fig, 2.22 Fig. 2.23 
10. Figure 2:23 shows the graph of the polynomial f(x) = ax? + bx + c for which 


(a) a eO ande 0 (b a<0,b<Oande>0 
(с) a<0,b<Oandc <0 (d) а> , 0andc «0 


11. If the product of zeros of the polynomial f(x) =ах? -6x? +11х—6 is 4, then a= 


3 2 E 
(a) ; Ы) -5 (© 3 (d) 73 


12. If zeros of the polynomial f(x) = х? — 3px" + qx — r arein A.P., then 
(а) 2p -pq-r()2p =pq+r ©) p? =pq-r (q) None of these 


21. 


— 
N 


2.63 


If the product of two zeros of the polynomial f(x) = 2x) + 6x7 — 4x + 9 is 3, then its 


third zero is 
9 


) 7 — 


If the polynomial f(x) = ax? + by — c is divisible by the polynomial g(x) = x^ + bx +с, 


(a) 


М | шә 


then ab = 


] ] 
(a) | (b) 7 (с) -1 (d) = 


In Q. No. 14, с = 
(a) һ (b) 2h (c) 217 (d) 20 


If one root of the polynomial f(x) = 5x? + 13x +k is reciprocal of the other, then the 


value of kis 


1 
(а) 0 (b) 5 (c) 6 (d) 6 
If d. В. are the zeros of the polynomial f(x) = gx bx? +сх +d, then 4 + - + t 
a y 
Э E -3 4 <8 
Oa ©) а € 4 7, 
If a, D. are the zeros of the polynomial f(x) = ax? + bx? + сх +d, thena? + В + y? = 
b? — ac b? – 2ac b? + 2ac I? — 2ac 
(a) — аа Wu (d) —3 
ü a b a 


— 4 — + — = 


If d. В. у are the zeros ofthe polynomial f(x) = Ў ~ pe +qx—r, then ap Ву va 


t P P * 
(а) 5 b) „ ) (d) p 
If o, B are the zeros of the polynomial f(x) = ах? + by + с, then — + p - 
а” - 
" е). Ж 12 2ac I? + 2ac 
(a) cb 5 (с) 3 (d) 2 
a C a с 


" ^d * Li 3 ^ 
If two of the zeros of the cubic polynomial ax" + bx^ + cx +d are each equal to zero, then 


the third zero is 


(а) = % < B "TE 
ü а al a 
If two zeros of x? +x? - 5x - 5 are V5 and — V5, then its third zero is 
(a) 1 (b) -1 (с) 2 (d) -2 
. The product of the zeros of х? +42 4 x-6 is 
(a) 4 (b) 4 (c) 6 (d) -6 
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What should be 
олет? 


(a) | (bj 2 


added to the polynomial x? SR 44, So that 3 is the zero of the resulting 


(c) 4 (d) 5 
What should be subtracted to the 


гету polynomial? 
(а) 30 (b) 14 


polynomial у? — 16x +30, so that Is is the zero of the 


(с) 15 (d) 16 
To A quadratic polynomial, the sum of whose zeroes is 0 and one zero is 3, is 
(A) yr 9 (b) 42,9 (c) 1243 (d) 123 
27. It two zeroes of the polynomial x? +x? - 9x -9 are3and -Z, then its third zero is 
(a) -1 (b) 1 (c) -9 (d) 9 
28. M J5 and -J5 are two zeroes of the polynomial х? 43432 = SR 15, then its third zero is 
(a) 3 (b -3 (c) 5 (d) -5 
29. If x «2 isa factor of x^ «ax « ah and a+b = 4, then 
(a) a=1,b=3 (b) a=3,b=1 (c) a=-1,b=5 (d).a=5,b=-1 
30. The polynomial which when divided by -x*+x-1 gives a quotient х—2 and 
remainder 3, is 
(а) ars (b) – за 5 
(c) -r +32 -3x45 (d) x4 r - 345 
he number of polynomials having zeroes – Xand 5 is 
(a) 1 (b) 2 (с) 3 (d) more than 3. 
12. If one of the zeroes of the quadratic polynomial (K- XZ -kx41 is - 3, then the value 
of k is А j 
4 d 2 2 
(a) 3 (b) — ў (с) 3 (d) - 3 
33. The zeroes of the quadratic polynomial x? + 99x + 127 are 
(a) both positive (b) both negative 
(c)both equal (d) one positive and one negative 
34. Ifthe ZeroeSof the quadratic polynomial х? + (a +1) x + b аге2апа - 3, then 
(а) ac -Hb = -1 (Б) a= 5,b=-1 (с) a=2,b=-6 (d) a= 0, b = -6 
35. Gwen that one of the zeroes of the cubic polynomial аҳ? + bx? Ax Ad is zero, the 
product of the other two zeroes is 
N J 
£ 2 с) 0 а) == 
(а) d (b) a ( ) ( ) a 
зь. The zeroes of the quadratic polynomial x^ + ax + a,a# 0, 
(a) cannot both be positive (b) cannot both be negative 
(с)аге always unequal (d) are always equal 
37 


21 2 ' : 
It one of the zeros of the cubic polynomial x^ + ах? + by + c is – 1, then the product of 


other two zeros is 


(a) р-а+1 (b b-a-1 (c) a -b! (d) a-b-1 


‘Ng 

58 
the 

39 

40) 
Ж 41. 
nd 

42 
ие 
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Given that two of the zeros of the cubic polynomial] ax? + bx? + cx +d are 0, the third 


zero is 


E. ву 2 2 aj a 
fa) c ae (© = (d) 77 
If one zero of the quadratic polynomial х2 + 3x + К is2, then the value of kis 
(a) 10 (b - 10 (c) 5 (d) - 5 

If the zeros of the quadratic polynomial ax? + bx + c,c + 0 are equal, then 


(a) cand a haveoppositesigns (b) cand h have opposite signs 
(c)c and a have the same sign (d) cand b have the same sign 
If one of the zeros of a quadratic polynomial of the form х? + ax b is the negative of the 
| 


other, then it 
(a) has no linear term and constant term is negative. 


(b) has no linear term and the constant term is positive. 
(c) can havea linear term but the constant term is negative. 
(d) can havea linear term but the constant term is positive. 


Which of the following is not the graph of a quadratic polynomial? 
y 


(b) 


(d) 


(c) 
Fig. 2.24 
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ANSWERS 
| (b) “ (d) і. (а) 1. (b) 5. (c) 6. (b) 7. (a) 
ч (c) о. (a) 10. (b) 11. (a) 12. (a) 13. (b) 14. (a) 
I5. (b) е. (b) 17. (c) 18. (d) 19. (b) 20. (b) 21. (c) 
22. (Б) 23. (с) 24. (b) 25. (c) 26. (a) 27. (a) 28. (b) 
29. (b) 30. (c) 31. (d) 32. (a) 33. (b) 34. (d) 35. (b) 
W. (а) 37. (a) 58. (a) 39. (b) 40. (c) 41. (a) 42. (d) 
SUMMARY 


te 


2 л 


“а 


Let x be a variable, п be a positive inte 
numbers). Then, f(x) = % K ад a 
variable x. 


Ber and 45, /,,05,..., be constants (real 


+...+MX +a) is called a polynomial in 


The exponent of the highest degree term in 


a polynomial is known as its degree. 
A polynomial of degree 0 is called a const 


ant polynomial. 


A polynomial of degree 1,2 ог 3is called a linear polynomial 


a quadratic polynomial or 
a cubic polynomial respectively. 


Following are the forms of various degree polynomials; 


Degree Name of the polynomial Form of the polynomial 
0 Constant polynomial f(x) 8, aisa constant 
| Linear polynomial f(x) = ax + р, a = 0 
2 Quadratic polynomial Hr) = ах? +bx+c,a40 
3 Cubic polynomial f(x) = ax? + bx? + cx + й,а + 0 
4 Biquadratic polynomial f(x)= ax? + b? +сх? + dx-e,az0 


It f(x) is a polynomial and d is any real number, then the real number obtained by 
replacing X by a in f(x) is knowmas the value of f(x) at x= a and is denoted by f(a). 


Areal number a isa zero of a polynomial f(x), if f(a) = 0. 
A polynomial of degree n can have at most n real zeros. 
. Geometrically the zeros of a polynomial f(x) are the x-coordinates of the points where the 


graph y= / (X) intersects x-axis. 


lt a and f are the zeros of a quadratic polynomial f(x) = ax? + bx + c, then 
b Coefficient of x — , Constant term 
wp -— uM 3 miim om 
ü Coefficient of x* a oefficient of x 
It a. B, y are the zeros of a cubic polynomial f(x) = ax? + bx? + cy + d, then 
b Coefficient of x° 
a ll ^4 Coefficient of x? 
c Coefficient of x TA d ^ Constant term 
ов N OP = —— = 
a Coefficient of x a 


Coefficient of x^ 


2.67 


ҮХОМ!А 5 
: - ; ; я 2 
9. Ifa, В, y, ò are the zeros of a biquadratic polynomial Ах) = ax! + ра? + сх +dx+e, then 


b _ _ Coefficient of x? 


a+B+y+6=--= 
a Coefficient of х“ 


c Coefficient of x? 
(a + B)(y + 6) + aB+ yo = – = 
PY dici à Coefficient of x* 
d Coefficient of x e Constant terms 
= apy = – = N 
а а — Coefficient of x 


ist two 


1x*Dy54aB(y-85)2-—- -— ———à4 
(а + В) yë + aß (y + б) Coefficient of x* ' 


10. If f(x) is a polynomial and g(x) is a non-zero polynomial, then there ex 
polynomials q(x) and r(x) such that f(x) = g(x) x q(x) + r(x), where r(x) = 0 or degree 


r(x) < degree g(x). This is known as the division algorithm. 
NOTE: Formative assessment also includes lab activities, projects, assignments (Home 


work), oral and visual testings. 


PAIR OF LINEAR 
EQUATIONS IN TWO VARIABLES 


3.1 INTRODUCTION 


In the middle school mathematics, we have learnt about linear equations in one variable and 
their applications in solving word problems. If a and b are two real numbers such that x 4 0 
and x is a variable, then as we have learnt that an equation of the form ax =b or, ax + b = is 
called a linear equation in one variable. Recall that a value of the variable which satisfies a 
given linear equation in one variable is known as its solution. 


In class IX, we have learnt about linear equations in two variables. The general form of a 
linear equation in two variables is ax + by + O or, + by - c where a, b, c are real 
numbers such that a + 0, b + 0 and x, y are variables (we often denote the condition a and b 
are not both zero by eb #0). Any pair of values of xand y which satisfies the equation 
ax by «c = 0 or ax + by = с is called its solution, For example, x -2 and y=1 isa 
solution of the equation 4x – Зу = 5. We have also learnt about the graph of a linear 
equation. The graph of a linear equation in one variable is a straight line parallel to x-axis or 
y-axis according as the equation is of the form ay = b or ax = b, where a + 0, The graphof a 
linear equation in two variables is also a straight line. The coordinates of every point on the 
line representing a linear equation determine a solution of the equation and every solution of 
linear equation is represented by a point on the line represented by it. Thus, there is one-to- 
one correspondence between the solutions of a linear equation and points lying on the 
straight line represented by it. 

[n this chapter, we shall study about systems of linear equations in two variables, solution of 
a system of linear equations in two variables and graphical and algebraic methods of 
solving a system of linear equations in two variables. In the end of the chapter, we shall be 
discüssing some applications of linear equations in two variables in solving simple 
problems from different areas. 


3.2 SIMULTANEOUS LINEAR EQUATIONS IN TWO VARIABLES 
In earlier class, we have studies about a linear equation in two variables. In this section, we 
shall introduce the notion of system of simultaneous linear equations as defined below. 
DEFINITION A pairof linear equations in 00 variables is said to form a system of simultaneous linear 
equations. 
Each of the following pairs of linear equations forms a system of two simultaneous linear 
equations in two variables: 

(i) x+2y=3 (ii) 20+ 5v 1 0 

2x-y=5 u—2v+9=0 


3.1 


3.2 


(iv) 2a+b-1=0 
a+b+5=0. 

=5 

y 

ral form of a pair of linear equations in two variables x and y is 

х + ужс =0 
апа Mx + biy +c, = 0, 
where a,b, Ci; a, b 


The gene 


2 €? are all real numbers and a? +b? + 0,25 + 5 + 0. Thisis N as 

the algebraic representation of a system of simultaneous linear equations in two variables, 

SOLUTION А pair of values of the variables x and y satisfying each one of theequations in a given 

system of two simultaneous linear equations in x and y is called a solution of the system. 

Clearly, х = 2,y = —1 is a solution of the system of simultaneous linear equations 
X¥+y=] 
2x — 3y 7. 

ILLUSTRATION 1 Show that x = 2, у = 1 is a solution of the system of simultaneous linear 

equations 
3x-2y-4 
2x 49 25, 

SOLUTION The given system of equations is | 
3x — 2y 24 wf 
2x+y=5 5 (ii 

Putting x = 2 and y = 1 in equation (i), we have 
LHS -3x2-2x1-4- RHS 

Putting x = 2 and y = lin equation (ii), we have 
LHS = 242 +1х Г=5 = RHS 

Thus, x = 2 and y = 1 satisfy both the equations of the given system. 


Hence, x 2, / l isa solution of the given system. 


cr о) Доннан EGER. of the system of simultaneous linear 


equations 
22+ 7у = 11 
х- 3у = 5 Е 
SOLUTION The given system of equations is 
ш (i) 
x-3y = 5. di 


Putting x = 2,y = 1 in equation (i), we have 


LHS -2x247x1-11 = RHS 
So, x = 2апау = 1 satisfy equation (i) 


les. 


den 


car 


20 
(ii) 


i) 
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Putting x = 2, y = 1 in equation (i), we have, 
LHS = 2х1-3х1 = -1 # RHS 
So, x = 2and y = 1 do not satisfy equation (ii) 
Hence, х = 2, y = 1 isnota solution of the given system of equations. 


ILLUSTRATION 3 Show that x = 2, у = Тапіх = 4,у = 4 are solutions of the system of 
equations 


3x – 2у = 4 
6x — 4y = 8, 
SOLUTION The given system of equations is 
Зх -2y=4 (1) 
6бх-4у=8 ve it) 


Putting x = 2and y = 1 in equation (i) and (ii) respectively, we get 

LHS = 3x2-2x1- 4 = RHS 

LHS = 6x 2—4x1=8=RHS 
So, x = 2, y is a solution of the given system of equations. 
Similarly, it can be checked that x = 4, y = 405 also a solution of the given system. 
Hence x = 2, y = land x = 4, y = 4 are solutions of the given system of equations. 
In the above discussion, we have seen that a system of linear equations will have either a 
unique solution or an infinitely many solutions or no solution. If a system of 
simultaneous linear equations has a solution (either unique or infinitely many), then the 
system is said to be consistent of other wise it is said to be an in-consistent system as 
defined below. 
CONSISTENT SYSTEM A‘ of simultaneous linear equations is said to be consistent, if it has at 
least one solution. 
IN-CONSISTENT SYSTEM. A system of simultaneous linear equations is said to be in-consistent, if i 
has no solution, 
Clearly, systems ofequations discussed in illustrations 1, 2, and 3are consistent whereas the 
systém of equations x - 2y = 1,2x — 4y = 3 is in-consistent because there is no pair of 
values of x and y which satisfies the two equations simultaneously. 


3.3 GRAPHICAL REPRESENTATION OF LINEAR EQUATIONS 


In the previous section, we have seen what a pair of linear equations in two variables look 
like algebraically? In class IX, we have learnt that the graphical (i.e. geometric) 
representation of a linear equation in two variables is a straight line such that every 
point on the line represents a solution of the equation and every solution of the equation 
is represented by a point on the line, Let us now see what a pair of linear equations in 
two variables will look like, graphically? Since a linear equation in two variables 
represents a straight line. Therefore, a pair of linear equations in two variables will be 
represented by two straight lines, both to be considered together. We know that given 
two lines in a plane, only one of the following three possibilities can happen: 
(i) The two lines intersect at one point. 


(ii) The two lines are parallel i.e. they do not intersect however far they are extended. 
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(iii) The two lines EPA TU : 
5 ) | two lines are coincident lines i.e. one line overlaps the other line. 
1us, the ; i , a x х " E 
, the graphical representation of a pair of simultaneous linear equations in two 


variables will be in one of the following forms. 
y 


y 


ayx+ by +c, 70 


41 buy ee =0 
nza uy = 
W (6,70 


ах by + cy = 0 
y y 


Fig. 3.1 (Intersecting lines) Fig. 3.2 (Parallel lines) 


Fig. 3.3 (Coincident lines) 
Let us now consider some examples on formulation, algrbraic and graphical representation 


of a painof linear equations in two variables. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE_1 Ten students of class X took part in Mathematics quiz. If the number of girls is 4 тот 
than the number of boys. Represent this situation algebraically and graphically. | 
SOLUTION Formulation: Let the number of girls be x and the number of boys be у. 


It is given that total ten students took part in the quiz. 
Number of girls + Number of boys = 10 

Le. x+y= 10 
t is also given that th 
ber of girls = Number of boys +4 


e number of girls is 4 more than the number of boys. 


Num 
i.e. xy2y*4 
x-y=4 
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Mer кер! l Thus, the algebraic representation of the given situation is 


x+y=10 0) 
— (Н) 
Graphical Representation: In order to represent the above pair of linear equations graphically, 


we will have to find two points on the line represented by each equation. That is, we will 
have to find two solutions of each equation. As we have in class IX that there are infinitely 
many solutions of each linear equation. So, we can choose any two solutions of each 
equation. We know that itis always convenient to plot points having integral coordinates on 
the graph paper in comparison to points with fractional coordinates. So, We choose 
solutions having integral values. For this, we give such an integral value to one of the 
variables that the value of the other variable is also an integer. The most convenient integer 
value is zero. So, putting у = Qin x + y = 10, we get x = 10. Similarly, by putting x = 0 in 
x+y = 10, we get / = 10. 


ШЫ ЧЕН ГҮ Pa 
8 ШЕШЕНЕ ШИНЕ ШШ 1. 
М X-axis; 1 cm = 2 Girls 


| Es 
4 у-ахз: ёт = 2 Воуѕ | | | 


Rl 


Vu 


n 
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Similarly, two solutions of equation (ii) are: 


Now, we plot the points A (10, 0), B (0, 10), P (4, 0) and О (0, -4) corresponding to these 
solutions on the graph paper and draw the lines AB and PQ representing the equations 
X + у = 10 and x - y = 4 as shown in Fig. 34. 
We observe that the two lines representing the two equations are intersecting at the 
point (7, 3). 

à ХАМР 2 The coach of a cricket team buys З bats and 6 balls for #3900. Later, he buys another 


- 


bat and 3 more balls of the same kind for & 1300. Represent this situation algebraically апа 
geometrically. [NCERT] 


SOLUTION formulation: Let the price of a bat be Ẹ x and that of a ball be & y. 
It is given that 3 bats and 6 balls are bought for € 3900. 
| 3x + бу = 3900 
It is also given that one bat and 3 balls of the same kind cost € 1300. 
x + Зу = 1300 
Alxebraic Representation: The algebraic representation of the given situation is 
3x + бу = 3900 «xij 


Хх + Зу = 1300 (ii) 


Graphical Representation: In order to obtain theequivalent graphical representation, we find 
two points on the line representing each equation. That is, we find two solutions of each 
equation. 
We have, 

3x + 6y = 3900 


When y = 0, we have 


When x = 0, we have 
0 + бу = 3900 => y = 2 L 650 


Thus, to solutions of equation (i) are: 


We have, 
x + Зу = 1300 
When у = 100, we have 
x + 300 = 1300 = х = 1000 
When x = 100, we have 
100 + Зу = 1300 => 3y = 1200 — y = 400 
Thus, two solutions of equation (ii) are: 
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x-axis: 1 ст = 7 200 
y-axis: 1 cm = 100 


mee а 
e М 
БШШШ ч T. 


UE UE 
Fass 


= 
PA 
DN 


+ 
d 3 - 


i 1 7 
if TERT pees Y! 
pean t | НІ: H 
2 * 
a+ T 
An 
h mud ES ШИШ 


? — 
ы РК 
UNLJ ESSE ШШШ ШЕН ШЕШ ШЕННЕ 


Now, we plot the points А (1300, 0) and В (0, 650) and draw the line АВ passing through 
these two points to represent equation 3x + 6y = 3900 as shown in Fig. 3.5. To represent the 
equation x + Зу = 1300, we plot the points P (1000, 100) and О (100, 400) and the line 
passing through these points is as shown in Fig. 3.5. 

We observe that the two lines representing the two equations are intersecting at the 
point A (1300, 0). 


REMARK If wedook at the graphical (geometrical) representation of the pair of linear eqi c tions in 
the above examples, we find that each pair represents intersecting lines. The pair of linear eq. tions in 


Example 2 is 
3x + 6y — 3900 = 0 
x + Зу — 1300 = 0 
or, ax+by+c, = 0 
a,x by * c; = 0 
where, a, = 3, = 6,c, = -3900, 4 = 1, b, = 3, с, = –1300 


We have, 
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ab 
M b, 
Thus, the pair of linear equations 
ax+by+e, = 0 
a,x + by + € = 0 
will represent intersecting lines, if fr * hh The converse is also true for any patr of linear 
equations. а D 
EXAMPLE 3 Romila went to a stationary stall and purchased 2 pencils and B erasers for 
\ v 9. Her friend Sonali saw the new variety of pencils and erasers with Romila, and she also 


bought 4 pencils and 6 erasers of the same kind for & 18. Represent this situation algebraically 
and graphically. [NCERT] 


SOLUTION Formulation: Let the cost of 1 pencil be€ x and that of one eraser be € y. 
It is given that Romila purchased 2 pencils and 3 erasers for € 9; 


; 2x + 3y = 9 

It is also given that Sonali purchased 4 pencils and 6 erasers for & 18. 
4x +6y = 18 

Algebraic Representation: The algebraic representation of the given situation is 
2x + 3y = 9 (i) 
4x + бу = 18 . (ii) 


Graphical Representation: In order to obtain the graphical representation of the above pair of 
linear equations, we find two points on the line representing each equation. That is, we find 
two solutions of each equation. Let us find these solutions. We will try to find solutions 
having integral values, 


We have, 
2x +3y = 9 
Putting x =—3, we get 
-643y 29.5 3y215 => y=5 
Putting x = 0, we get 
0aSy = З 
Thus, two solutions of 2x « 3y = 9 are: 


We have, 

4х + бу = 18 
Putting x = 3, we get 

12+6y = 18 = 6y=6 > y=1 
Putting x = ~ 6, we get 

-24+6y = 18 => 6y-42 y -7 
Thus, two solutions of 4x + бу = 18 аге 
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ne 


— 
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Fig. 3.6 
Now, we plot the points A (3,5) and B (0,3) and draw the line passing through these points 


to obtain the graph of the line 2x + Зу = 9. Points P (3, 1) and Q( —6, 7) are plotted on the 
graph paper and . them to obtain the graph of the line 4x + 6y = 18. We find that both 
* á e. 


the lines AB and PQ coir 


REMARK Graphical representation of the pair of linear equations in the above example provides us 
coincident lines. Let its write tlie above pair of linear equations as 


a,x * by +c, =0 
dx +b,y+c, = 0 
where a, = 2, bi = 3, ci = 9,4; = 4, h = 6,0 = -18 
We observe that 
CEE utu 
а b c 2 
Thus, the pair of linear equations 
* bye = 0 
a,x by +c, = 0 
will represent coincident lines, if 
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Pia A 2 

My b, C3 
The converse is also true for any pair of linear equations. 
EXAMPLE 4 The path ofa train A is given by the equation x + 2y – 4 = O and the path of another 
train B is given by the equation 2x + 4y - 12 = 0. Represent this situation graphically. 


[NCERT] 

SOLUTION The paths of two trains are given by the following pair of linear equations. 
х+2у-4 = 0 220 
2 4/1220 b, . (ii) 


* vines to represent the above pair of linear equations graphically, we need two points 
on the lne representing each equation. That is, we find two solutions of each equation as 
given below: of each e 


We have, 


— 
Na 
N 


i} 
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id 
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Putting y = 0, we get 
х+0-4=0 > х = 4 

Putting x = 0, we get 
0+2y-4=0 > у= 2 


E рее — ² r ⅛Ü,ꝙr,— ee llc 
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Thus, two solutions of equation x + 2y — 4 = 0 are: 
2x+4y-12=0 

Putting x = 0, we get 
0+4y-12=0 > y=3 

Putting y = 0, we get 
2x+012=0 > х=6 


Thus, two solutions of equation 2x + 4y – 12 = 0 are: 


We have, 


у 


Now, we plot the points A (4, 0) апа В (0, 2) and draw а line passing through these two 
points to get the graph of the line represented by the equations (i). 


We also plot the points P (0, 3) and Q (6, 0) and draw a line passing through these two 
points to get the graph of the line represented by the equation (ii). 


We observe that the lines are parallel and they do not intersect any where. 


REMARK The graphical representation of thé above pair of linear equations provides us a pair of 
parallel lines. 


Let us write the рат of linear equations. 


х+2у-4 = 0 
2х + 4у - 12 = 0 
as ах + by + с, = 0 


(5X * by + С жа) 
where a, = J, b = 2,c; = 94,a; = 2, b, = 4andc; = -12. 
We have, 


ay 2 b, 4 2 2 -12 3 
а, by С РА 
1 b, Co 


Thus, the pair of linear equations 
ax+byt+e, = 0 
ах + by + c, = 0 
will represent parallel lines, if 
A . LE 
a b с) 
The converse is also true for any pair of linear equations. 
It follows from the above examples that the pair of linear equations 


ax + byte, = 0 
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ax +b,y +c, =0 


will represent: 


(i) 


(ii) 


a 
(iii) parallel lines, if = = 


N 


Ie 


D pi 


yA 


4. 
intersecting lines, if * Б 


a 
coincident lines, if n. = 
2 


= — : н — — - EXERCISE 3.1 
E Y 9 


. Akhila went to a fair in her village. She wanted to enjoy rides on the Giant Wheel and 


play Hoopla (a game in which you throw a rig on the items keptin the stall, and if the 
ring covers any object completely you get it). The number of times she played Hoopla is 
half the number of rides she had on the Giant Wheel. Each ridecosts 3, and a game of 
Hoopla costs € 4. If she spent & in the fair, represent this situation algebraically and 
graphically. [NCERT] 


. Aftab tells his daughter, “Seven years ago, I was seven times as old as you were then. 


Also, three years from now, I shall be three times as old as you will be." Is not this 
interesting? Represent this situation algebraically and graphically. [NCERT] 


. The path ofa train A is given by the equation 3x 4.4y — 12 = Q and the path of another 


train B is given by the equation 6x + 8y — 48 = 0. Represent this situation graphically. 


. Gloria is walking along the path joining (- 2, 3) and (2, - 2), while Suresh is walking 


along the path joining (0, 5) and (4, 0). Represent this situation graphically. 


a b C 
On comparing the ratios , x and X, and without drawing them, find out whether 


2 2 
the lines representing the following pairs of linear equations intersect at a point, are 
parallel or coincide: 
(i) 5x-4y+8=0 (ii) 9x +3y+12=0 (iii) 6x -3y -10- 0 
7x 4 679 =0 18x + 6у + 24 = 0 2x-y+9=0 


. Given the linear equation 2x + 3y 8 = 0, write another linear equation in two 


variablessuch that the geometrical representation of the pair so formed is: 
(i) intersecting lines (ii) parallel lines (iii) coincident lines. 


. The cost of 2kg of apples and 1 kg of grapes on a day was found to be & 160. After a 


month, the cost of 4kg of apples and 2kg of grapes is € 300, Represent the situation 


algebraically and geometrically. [NCERT] 
—— -~ ~~~ ANSWERS 
. x-2y=0 2. x-7y * 4220 
3x + 4y = 20 x-3y-6-0 


(i) Intersectinglines (ii) Coincident lines (iii) Parallel lines 
(i) x+2y-4=0 (ii) 4x*6y-12-0 (ій) 4х+6у-16-0 
2x + y = 160, 4x + 2y = 300. 


OE єп — 
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3.4 GRAPHICAL METHOD OF SOLVING SIMULTANEOUS LINEAR EQUATIONS 
In this section, we shall use the knowledge of construction of graphs of linear equations in 
solving systems of simultaneous linear equations in two variables. We have learnt that the 
coordinates of every point on the line representing a linear equation in two variables 
determine a solution of the equation and every solution of the equation is represented by a 
oint on the line. Thus, if there isa system of simultaneous linear equations in two variables 
such that the lines representing the equations intersect at a point Nu, p). Clearly, point P 
lies on both the lines, so its coordinates will satisfy both the equations in the system. Thus, 
x = а, y = В is the solution of the given system of equations. If the lines represented by the 
two equations are coincident, then they have infinitely many common points. Therefore, 
every point on the line provides a solution of the given system of equations and henceit has 
infinitely many solutions. If the lines represented by the two equations are parallel, then they 
do not have a common point and so the system has no solution i.e. it isin«consistent. 
The procedure of solving a system of simultaneous linear equations in two variables by 
drawing their graphs is known as the graphical method. 
We may use the following algorithm to solve a system of simultaneous linear equations in 
two variables by graphical method: 


ALGORITHM 
STEPI Obtain the given system of simultaneous linear equations in x and y. 
Let the system of simultaneous linear equations be 
ах + у = су E 
ах + byy = с, (ii) 
STEP 11 Draw the graphs of the equations (i) and (ii) in step I. 
Let the lines |, and l, represent tſie graphs of (i) and (ii) respectively. 
STEP IN If the lines |, and |, intersect at a point and (а, В) are the coordinates of this point, then 
the given system has d unique solution given by x = а, y = p. Otherwise go to step IV. 
STEP IV If the lines 1, and ls arecoincident, then the system is consistent and has infinitely many 
solutions. In this case, every solution of one of the equations is a solution of the system. 
Otherwise go step V. 
ЅТЕРУ Ifthe lines 1, and l, are parallel, then the given system of equations is in-consistent i.e. it 
has no solution. 


Following examples illustrate the above algorithm. 


EXAMPLE 1 Solve graphically the system of equations: 
x+y=3 
Зх -2y = 4 

SOLUTION Graph of the equation x + y = 3: 
X*y-232y-23-x 


When x = 1, wehave 
y=3-1=2 


= 


ЄХ, 
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When x = 2, wehave 
у=3-2 - 1 
Thus, we have the following table: 


Plotting the points A(1, 2) and B, 1) and drawing a line joining them, we get the graph 
of the equation x + у = 3 as shown in Fig. 3.8. 


И: Hue 
; EN z nef 
ih E 1 га 


Graph of the equation 3 — 2y - 
We have) 
31 2 =4 мире 
When x = 0/ we have 
_3x0-4 
— Ж 


When x = 4, we have 
_3х4—4_ 
кш 


=-2 


Thus, we have the following table: 


Plotting the point C (0, – 2) and D (4, 4) on the same graph paper and d 
them, we obtain the graph of the equation 3y — 2y = 4, rawing a line j joinin 
8 
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Clearly, the two lines intersect at point P(2, 1). 

Hence, x = 2, y = 1 is the solution of the given system. 

EXAMPLE 2 Show graphically that the system of equations 
2x + 4y = 10 
3x + бу = 12 

has no solution. 

SOLUTION Graph of 2x + 4y = 10: 

We have, 

-X 


2x+ 4y = 102 4у 2 10-2x у= 2 


When x = 1, we have 
у = ol = 2 
When x = 3, we have 


E 


у 1 


Thus, we have the following table: 


ДД 
/ MV] 
[Ae 
ГАГА Е 
EA 
НЕ 


Graph of Зх + 6y = 12: 


We have, 3х + бу = 12 = бу =12-3х = у= 2-Х 
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When x = 2, wehave 


4-2 
рс. | 
y 2 
When x = 0, we have 
ju BES Wg 


Thus, we have the following table: 


Plot the points C(2, 1) and D (0, 2) on the same graph paper. Join Cand D and extend it on 
both sides to obtain the graph of 3x + 6y = 12 asshown in Fig. 3.9. | 
We find the lines represented by equations 2x + 4y = 10 and 3x + бу = 12 are parallel. So, 
the two lines have no common point. Hence, the given system of equations has no solution. 
EXAMPLE 3 Show graphically that the system of equations 

3х-у= 2 

9x -3y 6 
has infinitely many solutions. 
SOLUTION Graph of 3x - y = 2: 
We have, Зх - у = 2 => y=3x-2 
When x = 2, we have 


y=3x2-2=4 
When x = 1, wehave 
y=3x1-2=1 


Thus, we have the following table: 


Plotting the points A(2,4) and B(1,1) on EH 
the graph paper and drawing a line 
passing through A and B, we obtain the ; 
graph of 3x >y =2 as shown in Fig. 3.10. КЫШ 


Graph of 9x -3y = 6: En 
zu 
HE 


We have, 9x Зу = 6 


= y =9x-6 

_ 94-6 Ва 
- 83 ШШ 
When x = 0, we have 

9x0-6 
pair, dn PME 
у= 

When x = -1, we have 

n 9x-1-6 — 
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Thus, we have the following table: 


Lx [ шиш 
Plotting the points C(0,—2) and D(-1, — 5) on the graph paper and drawing a line passing 
through these two points on the same graph paper we obtain the graph of 9x - 3y = 6. We 
find the C and D both lie on the graphy of 3x — y = 2. Thus, the graphs of the two equations 
are coincident. Consequently, every solution of one equation is a solution of the other. 
Hence, the system of equations has infinitely many solutions. 
EXAMPLE 4 Usea single graph paper and draw the graph of the following equations: 

2 Xx = 8; 5y-x-14, y - 2x = 1. 
Obtain the vertices of the triangle so obtained. 
SOLUTION Graph of 2y -x = 8: 
We have, 2 X 8 X 2/8 
When y = 2, we have 

x-2x2-8-2-4 
When y = 3, we have 

X22x3-8--2 
Thus, we have the following table: 


3.18 


Graph of 5у- х = 14: 

es S xam s. 5y - 14 

Sion У = $e Wehaye $863 1424 

4 = У = 4, we have х =5х4-14=6 
us, We have the following table: 


Plot the points A i | e 

»(1, 3) and B. (6, 4) ona graph paper. Join A, and В, and extend it on both 
sides to obtain the graph of 5y — x = 14 asshownin Fig. 3.11. 

Graph of y — 2x = 1: 

We have, y-2y 1 y-2x41 

When x = -1, we have y 22x 4141241 
When x = 0, we have у= 2х0+1=1 

Thus, we have the following table: 

Plot the points A, (-1— 1) and В, (0,1) on reg perd Ауана В. and еа 
iton both sides to obtain the graph of y – 2x =1 asshown in Fig. 3.11. 


From the graph of the three equations, we find that the three lines taken in pairs intersect 


each other at points A, (—4, 2), А, (1, 3) and A,(2, 5). 
Hence, the vertices of the required triangle are (—4, 2), (1, 3) and (2, 5). 
EXAMPLE 5 Solve the following system of equations graphically 
x+3y 6 
2х — 3y = 12 
and hence find the value fa, if 4x + Зу = a. 
SOLUTION Graph of the equation x + 3y = 6: 
We have, x +3y = 6 => x = 6 – 3y 
When /I, we have x = 6 – 3 = 3 
When у = 2, we have х= 6-6 = 0 


Thus we have the following table: 
ETENEE 
іа [1[@] 
Plotting the points A (3, 1) and BO, 2) and drawing a line 
of the equation x + 3y = 6 as shownin Fig. 3.12. 


Graph of the equation 2x – 3y = 12: 
2x —-12 


We have, 2x – 3y = 12 У = —5 


243-12. 5 
When х = 3, we have у = 3 = 


Y 


[CBSE 2008] 


joining them, we get the graph 


Oth 
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Tope 


=24 


Fig. 3.12 


When x = 0, we have y = — 


Thus, we have the following table: 


— Та 
FANEN 
Plotting. the points C(3,-2) and D(0, — — 4) on the same graph paper and drawing a | 
joining them, we obtain the graph of the equation 2x — — Зу = 12 as shown in Fig. 3.12. 
Clearly, two lines intersect at P(6, 0). 
Hence, x = 6, у = is the solution of the given system of equations. 
Putting x = 6, y-0ina- “i we get 
a = (4х 6) + (3х 0) = 
EXAMPLE 6 Solve the following system of linear equations graphically: 
2x-y-4=0 
x+y+1=0 


Find the points where the lines meet y-axis, CBSE 
SOLUTION We have, l 


2х-у-4=0 

х+у+1=0 
Graph of the equation 2x — y-4=0: 
We have, 

2x-y-4=0 
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= y=2x-4 

When x = 0, we have y=-4 

When x = 2, we have y=0 

Thus, we have the following table giving points on the line 2x - у = 4 = 0. 


Lee га] 
у | -4 7 0 
Plotting the points A(0,— ~4) and B(2,0) on the graph paper on a suitable scale and 
drawing a line passing through these two points we obtain the graph of the line given by 
the equation 2x — y — 4 = 0 as shown in Fig. 3.13. 
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Graph of the equation x + y +1 = 0: 
We have, 
key +1=0 = y=-x-landx=-y-1. 
When x = 0, we have y = -1 
When x = -1, we have y = 0 
Thus we have the following table giving points on the line x + y+1=0 


Plotting the points C(0, - 1) and D(-1, 0) on the same Braph paper and draw; 
passing through them, we obtain the graph of the line represented by: the dd аш 
х + у+1 as shown in Fig. 3.13. q on 


PAIR OF LINEAR EQUATIONS IN TWO VARIABLES 3.21 


Clearly, the two lines intersect at P(1,—2). Hence, x = 1, у = —2 is the solution of the given 
system of equations. | 


From Fig. 3.13, we observe that the lines represented by the equations 2x — y — 4 = 0 and 
x+y+1=0 meet y-axis at A(0,—4) and C (0, ]) respectively. 


EXAMPLE 7 Draw the graphs of 2x+y=6 and 2x — y + 2 = 0. Shade the region bounded by 


these lines and x-axis. Find the area of the shaded region. [CBSE 2002] 
SOLUTION We have, 
2x+y=6 i) 
2x-y+2=0 (ii) 
Graph of the equation 2 + y = 6: 
We have, 


2x+y=6 => y=6-2x 
When x = 0, we have y =6 
When x = 2, we have y = 2 
Thus, we have the following table giving two points on the line represented by the 
equation 2x + у = 6 


Plotting the points A(0,6) and B(3,0) on the graph paper on a suitable scale and drawing a 
line joining them, we obtain the graph of the line represented by the equation 2x + y = 6 as 
shown in Fig. 3.14. 


Graph of the equation 2x — y + 2 = 0: 
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We have, 

2х-у+2=0 > y=2x+2 
When x = 0, we have y = 2 
When x = -1, we have y = 0 


Thus, we have the following table giving two points on the line representing the given 
equation 


Plotting the points C(0, 2) and D(-1, 0) on the same graph paper and joining them, we 
obtain the graph of the line represented by the equation 2x – y + 2— as shown in 
Fig. 3.14. 


Itis evident from the graph that the two lines intersect at point P(1,4), The area enclosed the 
lines and x-axis is shown in Fig. 3.14. 


Thus, x = 1, y = 4 is the solution of the given system of equations. Draw PM perpendicular 
from P on x-axis 


Clearly, we have 


PM = y-coordinate of point P(1, 4) 


* РМ = 4 
апа, DB =4 
Area of the shaded region = Area of APBD 
=> Area of the shaded region = 5 (Base x Height) 
=> Area of the shaded region = 5005 x PM) 
7 1 . 
=> Area of the shaded region = | "ds 4x J Sq. units = 8 sq. units 
EXAMPLE 8 Solve Hie following system of linear equations graphically: 
x-y-1 
2x € y = 8. 
Shade the area bounded by these two lines and y-axis.Also, determine this area. 
[CBSE 2001] 
SOLUTION Ме have, 
x-y=1 
2v+y=8 


Graph of the equation x — y = 1: 
We have, 

x-y=1 > y=x-landxy=y+1 
Putting x = 0, we get y = -1 


Putting y = 0, we get x = 1 


2 
| 


| 
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Thus, we have the following table for the points on the line — y = 1: 


„ 


n Plotting points A(0, — 1), B(1,0) on the graph paper and drawing a line passing through 
them, we obtain the graph of the line represented by the equation x — y = 1 as shown in 
Fig. 3.15. 
We 
in 
“te 
r f 
› 
^. Fig. 3.1 5 x * 
Graph of the equation 2x + у = 8: =y 
| We have, 
E us 
2х+у=8 => y=8-2x and x= = 


Putting x = 0, we get y = 8 
Putting y = 0, we get x = 4 
Thus, we have the following table giving two points on the line represented by the equation 


2x + y=8. 
EXENENG 
Ly | € [8 | 
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Plotting points C(0, 8) and D(4,0) on the same graph paper and drawing RUNE P р | 
through them, we obtain the graph of the line represented by the equation 2x + y = 8 as 
shown in Fig. 3.15. | 
Clearly, the two lines intersect at P (3, 2). The area enclosed by the lines represented by the 
given equations and the y-axis is shaded in Fig. 3.15. 


Now, Required area = Area of the shaded region 

> Required area = Area of A PAC | 
> Required area = 5 (Base x Height) 

= Required area = 50 x PM) | 
Required area = 209 х 3) sq. units [^ PM = x«oordinate of P = 3] 


= 13.5 sq. units. 


EXAMPLE 9 Draw the graphs of the following equations: 


2х-у-2=0 
4x +3у – 24 = 0 
у+4 = 0. 


Obtain the vertices of the triangle so obtained; Also; determine its area. 

SOLUTION Graph of the equation 2x < y— 2 = 0: | 

Үе һауе, 2х-у-2=0 

When y = 0, we have х = 1. 

When x = 0, we have V = -2. 

Thus, we obtain the following table giving coordinates of two poitns on the line represented 
by the equation 2x — y 2 = 0, 


Plotting points A (1, and В(0, — 2) on the graph paper on a suitable scale and drawing a 
line passing through them, we obtain the graph of the line represented by the equation 
2x у - 2 #0 as shown in Fig. 3.16. 
Graph of the equation 4x + 3y – 24 = 0: 

24 — 4x 24 - 3 
Wehave, 4х + Зу – 24 = 0 = y= 3 — 
When y = 0, we have x = 6. 
When x = 0, we have y = 8. 
Thus, we obtain the following table giving coordinates of two points on the line repre 
by the equation 4x + Зу - 24 = 0. 


and x 


sented 


Plotting points С(6, 0) and D(0, 8) Plotting points C(6,0) and D(0, 8 
paper and drawing a line passing through them, we obtain the 
by the equation 4x + 3y — 24 = 0 as shown in Fig. 3.16. 


) on the same graph 
graph of the line represented | 


Graph of the equation y + 4 = . 
Clearly, y = —4 for every value of x. So, let E (2, -4) and F(0, —4) be two points on the line 
represented by y + 4 = 0. Plotting these points on the same graph and drawing а line 
passing through them, we obtain the graph of the line represented by the equation y + 4 = 0 
as shown in Fig. 3.16. j 
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From the graph of the lines represented by the given equati 

t г s ]uations, we observe i 
taken in pairs intersect each other at points P(3, 4), Q(-1, - 4) and R (9 óc 8 m dpa 
Fig. 3.16. , as shown in 
From Fig. 3.16, we have 


PM = 8 and ОК = 10. 


1 
Area of АРОК = z e x Height) 


— Пл ER S 
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1 " 
= Areaof APQR = „Oe PM) = 2&8) sq. units 
mi Area of APQR = 40 sq. units. 


those sides are: 
EXAMPLE 10 Determine graphically the vertices of a trapezium, the equations of whose 
* = 0,4 =0,y = 4 and 2x + у = 6 Also, determine ils area. | 
SOLUTION Clearly, x = 0 represents y-axis and y = 0 represents x-axis. 
Graph of the equation y = 4: ES ч | 
Clearly, y = 4 for every value of x. So, let A (3, 4) and B (0, 4) be two points рп WE ; чанд 
represented by у = 4. Plotting these points on the same graph paper an аре ар 
Passing through them, we obtain the graph of the line represented by the equat on y = 
as shown in Fig. 3.17. It is a line parallel to x-axis at a distance of 4 units from it. 


FEB a ИН НЕНИ ШШ 
ТЕЧ 
TEHER 


1} 


— i 
| 1 

FE Е 
ETE um 
ЕЕН mane 

EL UNS 


ш 
_ 
Bi 
Е 
E 
- 
BE 
az 
ШЕ 
ELIT 
ia ЕЧ 
EFT 
| 1 
ЕЕЕ 


Ouse 


ч 


PAIR OF LINEAR EQUATIONS IN TWO VARIABLES 3.2 


Graph of the equation 2x + y = 6: 

We have 2x + y = 6 

When y = 0, we get x = Запах = 0 gives y = 6. 

Thus, we obtain the following table giving coordinates of two points on the line represented 
by the equation 2y + y= б. 


Plotting point C G, 0) and D (0, 6) on the same graph paper and drawing a line passing 
through them, we obtain the graph of the line represented by the equation 2x + y 2.6 as 
shown in Fig. 3.17. 

We find that the lines represented by the given equations form the-trapezium OCEB as 
shown in Fig. 3.17. The coordinates of its vertices are О (0, 0), C (3,0), E (1, 4) and B (0, 4). 


l (OC + BE) x OB = : 


— 


Area of trapezium OCEB = (3 + 1) x 4 =8 sq. units 


кә! 


EXAMPLE 11 Draw the graphs of the following equations on the вате graph paper 
2x+y=2; 2v+y=6 
Find the coordinates of the vertices of the trapezium formed by these lines. Also, find the area of 
the trapezium so formed. 
SOLUTION Graph of the equation 2x + y : 
We have, 2x + y = 2 
When y = 0, we have x= 1 
When x = 0, we have y = 2 
Thus, we obtain the following table giving coordinates of two points on the line 
represented by the equatión 2x * y = 2. 


Plotting points A (T, O) and B (0, 2) on the graph paper on a suitable scale and drawing a 
line passing through them, we obtain the graph of the line represented by the equation 


2x + y = Xas shown in Fig. 3.18. 

Graph of the equation 2x + y = 6: 

We have, 2x + y = 6 

When y = 0, we get x -3 

When x = 0, we get y= 6 

Thus, we obtain the following table giving coordinates of two points on the line 
represented by the equation 2x + y = 6. 
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Plotting point C (3, 0) and D (0, 6) on the same graph paper and drawin 
mr Nen obtain the graph of the line represented by the equati 
shown in Fig. 3.18. 

Clearly, lines AB and CD form trapezium ABCD. 
Also, 


Area of trapezium ACDB = Area of AOCD - Area of AOAB 


Ба line passing 
оп 2X ＋ = 6 as 


1 
= 3 (OC x OD) - 7 (OA x OB) 


26 e 


2 
= 8sq. units 


«-———————————— ee 
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— = EXERCISE 3.2 


Solve the following systems of equations graphically: 


1. х+у= 3 2. х-2у = 5 
2х + Sy = 12 2x + Зу = 10 
3. 3x+y+1=0 4. 2х+у-3 = 0 
2x 3у+8 = 0 2x -3y -7 = 0 
5. x+y=6 6. x-2y -6 
x-y=2 3x — 6y = 0 
7. x+y=4 8. 2x+3y=4 
2x – Зу = 3 х-у+3 = 0 
9. 2x 3у +13 = 0 10. 2х+3у+5 = 0 
Зх – 2у +12 = 0 [CBSE 2001C] 3x-2y-12-0 [CBSE 2001C] 
Show graphically that each one of the following systems of equations has infinitely many solutions: 
11. 2x+3y = 6 [CBSE 2010] 12. x-2y-5 
4x + 6y = 12 3x— 6y — 15 
13. 3x+y=8 14. х=27+ 11 = 0 
бх + 2y = 16 3x =6у+ 33 = 0 


Show graphically that each one of the following systems of equations is in-consistent (i.e. has 


no solution): 


15. Зх – 5y = 20 16. x-2y = 6 
6x — 10y = —40 3x-6y = 0 

17. 2у-х= 9 18. Зх – 4у-1= 0 
6y – Зх = 21 2x - Sy +5=0 


B 


19. Determine graphically the vertices of the triangle, the equations of whose sides are given 
below: 
(1) 2y-x-8,5y-x-14andy-2x = 1 
(ii) = х,у = Оапа 3x + Зу = 10 
20. Determine, graphically whether the system of equations х – 2у = 2, 4x – 2у = 5 is 
consistent or in-consistent. 
21. Determine, by drawing graphs, whether the following system of linear equations has a 
unique solution or not: 
(i) 2x-3y=6,x+y=1 (ii) 2y Ax - 6, 2 = y+3 
22. Solve graphically each of the following systems of linear equations. Also find the 
coordinates of the points where the lines meet axis of y. 


(i) 2x-5y+4=0, (ii) 3x+2y = 12 
2x+y-8=0 [CBSE 2005] 5х-2у=4 [CBSE 2006С] 
(iii) 2x+y-11=0, (iv) х+2у-7=0, 
х-у-1=0 [CBSE 2000С] 2х-у-4=0 [CBSE 2000С] 


JV 


3.30 


25. 


27. 


31. 


+, 
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0 3x+y-5=0, (vi) 2x-y-5- 0, 
2x -y- 5-0 [CBSE 2002C] x-y-3-0 [CBSE 2002C] 


Solve the following system of linear equations graphically and shade the region 


between the two lines and x-axis: 
(i) 2x + 3y = 12, [CBSE 2001] (ii) 3x+2y-4=0, 
x-y=1 2x -3y -7 = 0 [CBSE 2006C] 
(iii) 3x *2u-11 - 0 
2x - 3y +10 - 0 (CBRE SoSC] 


Draw the graphs of the following equations on the same graph paper: 


2x + 3y = 12 

x-y=1. 
Find the coordinates of the vertices of the triangle formed by the two straight lines 
and the y-axis. [CBSE 2001] 


Draw the graphs of x — y + 1 = and Зх + 2y – 12 = 0. Determine the coordinates of the 
vertices of the triangle formed by these lines and x- axis and shade the triangular area. 


Calculate the area bounded by these lines and x-axis: [CBSE 2002] 
Solve graphically the system of linear equations: 
4x -3y 44-0 
4x + Зу - 20 = 0 
Find the area bounded by these lines апфд-ахіѕ. [CBSE 2002] 


Solve the following system of linear equations graphically: 

Зх+у-11= 0, х-у-1 = 0. 

Shade the region bounded by these lines апа y -ахіѕ. Also, find the area of the region 
bounded by the these lines and y-axis. [CBSE 2002C] 
Solve graphically each of the following systems of linear equations. Also, find the 
coordinates of the points where the lines meet the axis of x in each system: 


(i) 2х+у=6 (ii) 2x-y=2 

x-2y=2 4x-y=8 
(iii) x+2ye5 (iv) 2х + Зу = 8 
2x “Sy = =4 [CBSE 2005] x-2y=-3 [CBSE 2005] 
Draw the graphs of the following equations: 

2x -3y +6 = 0 
2x Зу - 18 = 0 
= 2 = 0 


Find the vertices of the triangle so obtained. Also, find the area of the triangle. 


Solve the following system of equations graphically: 


2x -3y € 6 = 0 

2х + Зу - 18 = 0 
Also, find the area of the region bounded by these two lines and y-axis. 
Solve the following system of linear equations graphically; 

4х – 5у 20 = 0 

3x + 5у – 15 = 0 
Determine the vertices of the triangle formed by the lines re 


: Presenting the above 
equation and the y-axis. 


[CBSE 2004] 
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32. 


33. 


34. Solve the following system of equations graphically: 
Shade the region between the lines and the y-axis 
(i) 3x-4y -7 (ii) 4n-y=4 
5х + 2y =3 [CBSE 2006C] Зх + 2y = 14 [CBSE 2006C] 
35. Represent the following pair of equations graphically and write the coordinates of 
points where the lines intersects y-axis 
x+3y = 6 
2х – Зу = 12 [CBSE 2008] 
36. Given the linear equation 2x + 3y 8 = 0, write another linear equation in two 
variables such that the geometrical representation of the pair so formed is 
(i) intersecting lines (ii) Parallel lines (iii) coincident lines INCERT] 
37. Determine graphically the coordinates of the vertices of a triangle, the equations of 
whose sides are: 
(i) / = x, / 2x and y+x=6 [CBSE 2000] 
(ii) y 2X, 3y-x,xX*y-8 [CBSE 2000] 
38. Gráphically, solve the following pair of equations: 
2X y —6 
2x =y+2=0 
Find the ratio of the areas of the two triangles formed by the lines representing these 
equations with the x-axis and the lines with the y-axis. INCERT EXEMPLAR] 
39. Determine, graphically, the vertices of the triangle formed by the lines 
у= х,Зу = х,х+у = 8. [МСЕКТ EXEMPLAR] 
40. Draw the graph of the equations x = 3,x = Sand 2x - y — 4 = 0. Also, find the area of 
the quadrilateral formed by the lines and the x-axis. [NCERT EXEMPLAR] 
41. Draw the graphs of the lines x = -2, and у = 3. Write the vertices of the figure formed by 
these lines, the x-axis and the y-axis. Also, find the area of the figure. 
[NCERT EXEMPLAR] 
. ˙ ee == а ee 


Draw the graphs of the equations 5х -у = 5 and Зх - у = 3. Determine the 
co-ordinates of the vertices of the triangle formed by these lines and y-axis. Calculate the 
area of the triangle so formed. [NCERT] 
Form the pair of linear equations in the following problems, and find their solution 
graphically: 
(i) 10 students of class X took part in Mathematics quiz. If the number of girls is 4 more 
than the number of boys, find the number of boys and girls who took part in the 


quiz. [NCERT] 
(ii) 5 pencil and 7 pens together cost 50, whereas 7 pencils and 5 pens together cost 
46. Find the cost of one pencil and a pen. INCERT] 


(iii) Champa wentto a 'sale' to purchase some pants and skirts. When her friends asked 
her how many of each she had bought, she answered, "The number of skirts is two 
less than twice the number of pants purchased. Also, the number of skirts is four 
less than four times the number of pants purchased." Help her friends to find how 
many pants and skirts Champa bought. [NCERT] 


— 111 K лс e, 
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42. Draw the graphs of the pair of linear equations x y + 2 = 0 and 4x - y - 4-0. 
Calculate the area of the triangle formed by the lines so drawn and the x-axis. 


[NCERT EXEMPLAR} 

_ = = ANSWERS 

1. х=1,у=2 2. x-5y-0 3. х= -1,у= 2 

4. х= 2, y--1 5. x= 4, y =2 6. No solution 

7. х=3,у=1 8. x=-1,y=2 9. x=-2,y=3 
10. x=2,y=-3 19. () (, 2) (1, 3), (2, 5) (ii) (0, 0) (10/3, 0), (5/3, 5/3) 
20. Consistent 
21. (i) Unique solution (ii) Infinitely many solutions. 
22. (i) x =3,y = 2; (0,4/5), (0, 8) (i) x = 2, y = 3; (0, 6) and (0, 2) 

(iii) x = 4, y 3500, 11) and (0,-1) (у) x = 3, y = 2, (0, 3.5), (0, - 4) 
(v) х= 2,у = -4,(0,5)(0,—5) (vi) х= 2,у = –1, (075), (0%3) 

B. (i) x=3,y=2 (ii) x=2,y= (üi) х=1,у= 4 

24. x =3,y = 2, А (0, 4), B (O, – 1), C (3, 2) 

25. 7.5 sq. units 26. х = 2, y= 4, 12 sq. units 

27. x 2 3,у = 2,18 54. units 

28. (i) х=2,у= 2,(3,0)(-2,0) (i) & 3, 24,0, 0), 2, 0) 

(iti) x = 1, v = 2, (5, 0), (-2, 0) (v) x=1, y= 2, (4, 0), (-3, 0) 

29. (3, 4), (0, 2), (6, 2), Area = 6 sq. units. 

30. х= 3, y = 4, Area = 6 sq. units 

31. x -5,y = 0; (5, 0) (0, 3) (0, — 4). 


32. (1,0), (0, —3), (0, 5), and bsq. unit. 

33. (i) Girls 27, Boys =3 (ii) Pencil: & 3, Pen: & 5 (iii) Pant = 1, Skirt = 0. 
34. () x 2 Ly--1. (ii) r=2y=4 35. (0, 2), (0,-4) 

36. () 3x +2у— 6 = 0 (li). 4x + бу = 15 (iii) 4x + 6y = 16 

37. (i) A (0,0), B(2, 4, C (3, 3) (ü) A (0,0), B(4,4) C(6, 2) 

38. 4:1 39. (0,0), (4,4), (6, 2) 40. 8 sq. units 

41. (0,0, A (0,3), B (-2, 3), C (- 2, 0); 6 sq. units 42. 6sq. units 


3.5 ALGEBRAIC METHODS OF SOLVING SIMULTANEOUS LINEAR E 
IN TWO VARIABLES QUATIONS 


In the previous sections, we have discussed graphical method of solving two simultaneous 

linear equations in two variables. Most of the times the graphical method is not convenient 

particularly when the point of intersection of the lines represented by two given e aliens 
has coordinates as rational numbers. In such situations, graphical method does — ive an 
accurate answer. For example, if the solution to a system of two linear e cate ns is 
x = -11/3, y = 5/7, then by the graphical method, the point of невест would be 
(11/13, 5/7). This point is so close to (H., 0.7) that on the graph Paper itis not convenient 
to distinguish these two points and while reading the coordinates of the point of inte — 

we are likely to make an error. We may read x = —0.8, у = 07 as the solution of the gi — 
system of equations whereas the correct solution is x = -11/3, у = 5/7 He TENT 
necessary to use some precise method to obtain an accurate answer. The al eb E 85 
described below determine the accurate answer. n 
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The most commonly used algebraic methods of solving simultaneous linear equations in 
two variables are: 
(i) Method of elimination by substitution. 
(ii) Method of elimination by equating the coefficients. 
(iii) Method of cross-multiplication. 


3.5.1 METHOD OF ELIMINATION BY SUBSTITUTION 


In this method, we express one of the variables in terms of the other variable from either of the 
two equations and then this expression is put in the other equation to obtain an equation in 
one variable as explained in the following algorithm. 


ALGORITHM 
STEP! Obtain the two equations. Let the equations be 
ax+by+c, = 0 d 
and, a,x + һу * c; = 0 (ii) 


STEP I Choose either of the two equations, say (i), and find the value of one variable, say y, in terms 
of the other, i.e. x. 

STEPI! Substitute the value of y, obtained іп step II, in the other equation i.e. (ii) to get an equation 
in x. 

STEPIV Solve the equation obtained in step III to get the value of X. 

STEPV Substitute the value of x obtained in step IV Tn the expression for y in terms of x obtained in 
step II to get the value of y. 

STEP VI The values of x and y obtained in steps IV and V respectively constitute the solution of the 
given system of two linear equations. 

Following solved examples will illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Solve thefollowing systems of equations by using the method of substitution: 


(i) 3х-5у=-1 (ii) x +2y = -1 
x -1 2x -3y = 12 
SOLUTION (i) The given system of equations is 
3x —5y = -1 . (i) 
х4 = –1 (ii) 


From (ii), we get 
y=x+1 


Substituting y = x + 1 in (i), we get 


Зх —5(x+1)=-1 
> -2x -5=-1 
> 2x =4> x= -2 


Putting x =-2 in =* we get y= —1. 
Hence, the solution of the given system of equations 15 x = -2, y = -1. 


Wi 


by 2 
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(ii) The given system of equations is 


x*2y = ~] 
2х – Зу = 12 
From equation (i), we get 
x=-1-2y 
Substituting x = —1— 2y in equation (ii) we get 
=> 2(-1- 2y) - 3y =12 
=> -2-4y – 3y = 12 
=» -7y = 14 
=> y=-2 


Putting y = -2 in x =-1- 2y, we get 
х= -1-2х A) = 3 
Hence, the solution of the given system of equations is x = 3, y . 


EXAMPLE 2 Solve the following systems of equations * using the method of substitution: 


y 


(i) 2x 43y = 9 (ii) Жүн) 


3x+4y=5 


SOLUTION (i) The given system of equations is 
2x + 3y = 9 
3x+4y = 5 

From equation (i), we get 


зу = 9- 2x >y- 


9 – 2х | 
Substituting v = 3 : in equation (ii), we get 


* 4 as 
3 
9x + 36 – 8x 
=> - =5 
3 
=> x + 36 = 15 
=> x= 21 
, 9—2x 
Putting x = -2] in у= 3 ' we get 
_ 2+ 42 _ 
3 


Hence, the solution of the given system of equations is y = ~21, y =17 
(ii) The given system of equation is 
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From equation (i), we get 
| 2x ; 
222-5 > у=[2-®) 
b a А 


р a 
А 2x 
ET S $a m 
a a 
3x 
S AM x6 
a 
=? 3x = 6a 
=> x = 2а 
Putting x = 2a in equation (i), we get 
y 1 
4+—=2 = L 22 


b b 
Hence, the solution of the given system of equations is x = 2a, y = —2b. 


3.5.2 METHOD OF ELIMINATION BY EQUATING THE COEFFICIENTS 

In this method, we eliminate one of the two variables to obtain an equation in one variable 
which can easily be solved. Putting the value of this variable in any one of the given 
equations, the value of the other variable can be obtained. 


Following algorithm explains the procedure. 


ALGORITHM 

Obtain the two equations, 

STEP п Multiply the equationsso as to make the coefficients of the variable to be eliminated equal. 

Add or subtractthe equations obtained in step П according as the terms having the same 
coefficients areof opposite or of the same sign. 

STEP IV Solve equation in one variable obtained in step II. 

STEPV Substifnte the value found in step IV in any one of the given equations and find the value of 


the other variable. 
Thealuesof the variables in steps IV and V constitute the solution of the given system of 


equations. 
Following examples will illustrate the above algorithm. 


Type I SOLVING SIMULTANEOUS LINEAR EQUATION IN TWO VARIABLES 

EXAMPLE 1 Solve the following systems of linear equations by using the method of elimination by 

equating the coefficients: 
(i) Зх+2у = 11 


21 + 3у = 4 


(ii) 8x 45y = 9 


3x +2y=4 


136 MATHEMATICS ~ X 


SOLUTION (i) The given systems of equations is (i) 
Зх + 2y = 11 и 
2х +3y=4 | | sant 

Let us eliminate y from the given equations. The coefficients of у in the given equations are 2 


and 3 respectively. The l.c.m. of 2and 3 is 6. So, we make the coefficients of y equal to 6 in the 
two equations. 


Multiplying (i) by 3 and (ii) by 2, we get = 
9х + бу = 33 -+ (iil) 
4х + бу = 8 (iv) 
Subtracting (iv) from (iii), we get 
ox = 25 = x= 5 
Substituting y = 5 equation in (i), we get 
15+2у=11 > 2y=-4>y=-2 
Hence, the solution of the given system of equations is x = 5, y 5-2 
(ii) The given system of equation is 
8x + 5у = 9 0) 
3x + 2у = 4 (ii) 
Let us eliminate x from the given equations. The coefficients of x in the given equations are 8 
and 3 respectively. The lc. m. of 8 and 3 is 24. So, we make both the coefficients equal to 24. 
Multiplying both sides of equation (i) by 3 and equation (ii) by 8, we get 
24x + 15у = 27 
24 + 16y = 32 
Subtracting (iv) from (iii), we get 
-у = -5 ә у = 5 


Putting y = 5 in (i), we get 


8х + 25 = 9 = 8Х 165 x = — 
Hence, the solution of the given system of equations is y = -2,y=5. 
EXAMPLE 2 Solve the following system of equations by using the method of elimination by 
equating the coefficients: 3 


This system of equations can be re-written as 
x + 2y = 140 " 
3x + 4y = 360 


: ; ; " (ii) 
Let us eliminate y from the equations (i) and (ii). The coefficients of y in the gi ; 

1 à ! е 
are 2 and 4 respectively. The l.c.m. of 2 and 4 is 4. Sen equations 


ee 
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Multiplying (i) by 2, we get 

2x + 4y = 280 

3x + 4y = 360 
Subtracting (iv) from (iii), we get 

-x = —80 > x = 80 
Putting x = 80 in equation (i), we get 

80 + 2y = 140 = 2y = 60 > у = 30 
Hence, the solution of the given system of equations is x = 80, y = 30. 
Type П SOLVING A SYSTEM OF EQUATIONS WHICH IS REDUCIBLE TO A SYSTEM OF 

SIMULTANEOUS LINEAR EQUATIONS 
EXAMPLE 3 Solve the following system of equations: 
1 


REal E Xx * O, / #0. 
х 20 


SOLUTION Taking 1 wand = v, the given equations become 
Х у 


E v--l- 2 2 
2 
and, 1 =8 = 2и+0 = 16 
Let us eliminate и from equations (i) and (ii). Multiplying equation (i) by 2, we get 
2и — 4v = -4 
2u * v = 16 


Subtracting (iv) from (iii), we get 
-5v = -20 =v =4 

Putting р = 4 in equation (i), we get 
u-82-2u-6 


Hence, Wo еу 1.5 
и 6 о 4 

So, the solution of the given system of equation is x = —, у = i 
EXAMPLE 4 Solve: = + 2 = 1 

х Зу 6 

3 2 

—L—— 

х gy 


and hence find ‘a’ for which y = ax — 4. 


SOLUTION Taking E = uand = = v. The given system of equations become 


4 1 
2¹ 2 = 
* 6 


60 . C, 


"Yo ——Á——— 
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zal, 
=> 12и + 40 = 1 (ii 
and, Зи + 20 0 
Multiplying equation (ii) by 2 and subtracting from equation (i), we get 
6u-1-2u- 1 
6 
Putting и = | їп (i), we get 
2 1 
+4v=1l>v0=-— 
+ 
1 1 
Непсе, кш = бап yero eod 
i 
So, the solution of the given system of equations is x = 6, y = —4 
Putting x = 6, „Ain у =ax—4, we get 
-4=6a-4>4a=0 
EXAMPLE 5 Solve: 4x + © = 15 
¥ 
6x — Lm 14 
y 
and hence find 'p' if y = px -2 
SOLUTION Тһе given system of equation is 
4x + . 15 Ы 
у oe - (i) 
6x- S. 14 - 
y (ii 
Multiplying equation (i) by 4 and equation (ii) by 3, we get 
16x 2 60 
y (iii) 
18x = 24 = 42 
у . (iv 


Adding (iv) and (iii), we get 
34x = 102 > x = 3 
Putting x = 3 in equation (i), we get 


124 2215 y=2 
y 


Hence, the solution of the given system of equations is * 3,7 2 
Putting x = 3,y = 2 in y = px - 2, we get 
2=3р-2 = р = 4/3 


Pe a — À — — — 
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PLE 6 ёре M MEME NEM 
EXAM ' 2(2x+3y) 7(3х-2у) 2 
А "We ЖИРЕ" 
2x+3y 3x - 27 
where 2x + Зу. + 0 and Зх – 2y = 0. 


1 
2r 3% = uand zd =v. Then, the given system of equations 


SOLUTION Let 


becomes 
1 12 1 
Lu - = — > 7и + 240 = 7 E C 
2 7 2 (i) 
and, 7и+ 40 = 2 ^i 


| Subtracting equation (ii) from equation (i), we get 


1 

200 =5 > v=— 

pini" 

; 1. ^ 
Putting v — 1." equation (i), we get 


704627 Su ee 
7 


Now, А тен 1 = 1 2 (iii) 
7. Эх+ду 7 
а, 4 2% ЗЫ 20 4 iv) 
Multiplying equation (iii) by 2 and equation (iv) by 3, we get 
4x + бу = 14 (v) 
9x — бу = 12 (vi) 


Adding equations (v) and (vi), we get 
13x = 26>x=2 
Putting x = 2 in equation (v), we get 
8+6y=14>y=1 
Hence, x = 2, y l is the solution of the given system of equations. 


2 
EXAMPLE 7 Solve: 
x+y x-y 
| 
15 " — 10, 
x+y x-y 
| where x+y = Oandx-y * 0. 
SOLUTION Let TT = uand TE = о. Then, the given system of equations becomes 
би – 20 = -1 (i) 
15и + 70 10 . (ii) 


p— ———— ee 
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Multiplying equation (i) by 3, this system of equations becomes 2 
15и — 6v = -3 e 
15и + 70 = 10 ш 

Subtracting equation (iv) from equation (iii), we get 
-13v = -13 5 v = 1 

Putting v = 1 in equation (i), we get 


S uidit 
5 
Now, isl єз 1 зуб Av) 
5 x+y 5 
and, 1 zjwegegud (vi) 
x-y 


Adding equations (vi) and (v), we get 2x26 x =3. 
Putting x = 3 in equation (v), we get y = 2. 
Hence, х = 3, y = 2 is the solution of the given system of equations. 


Type ПІ ON SOLVING SIMULTANEOUS LINEAR EQUATIONS IN TWO VARIABLES 
EXAMPLE 8 Solve the following system of equations: 


8e — Зи = Suv 
бо — 5и = -2uv 
SOLUTION Clearly the given equations are not linear in the variables и and v but can be 
reduced into linear equations by the an appropriate substitution. 
If we put u = 0 ineither of the two equations, we get » = 0. 
Thus, и = 0, v = 0 formone solution of the given system of equations. 
To find the other solutions, we assume that u = 0, о = 0. 
Since и * 0), о # 0. Therefore, Мо = 0. 
On dividing each of the given equations by ио, we get 
8 3 


"E d 0 

6 

S (ii) 
Taking tar- x ane 2 y, the above equations become 

и Ü 

eye .. (iii) 

ums didis (iv) 
Multiplying equation (i) by 3 and equation (ii) by 4, we get 

24x - 9y = 15 NT 

24x - 20y = -$ M 
Subtracting equation (vi) from equation (v), we get 

23 
11у = 23 = y = — 


11 


Ee — 
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23 
Putting У = FF in equation (iii), we get 


| 69 69 124 31 
8x = = 5 > 8x = — = — = — 
11 x H * dx 11 * 2 
Now TU ETE шша = 
”^ © $93 ww 9 я 
а c 23 = 1 = 23 z5 0) = 11 
шт SNC. u p 
Hence, the given system of equations has two solutions given by 
22 11 
i) к= 0, = 0 ii =—,v=— 
ө) 2 


EXAMPLE 9 Solve: 3(2u + v) = 7uv 
3(u + 3v) = 11uv 
SOLUTION Clearly, the given equations are not linear equations in thevariables u and v but 
can be reduced to linear equations by an appropriate substitution. 
If we put и = 0 ineither of the two equations, we get о = 0. 
So, и = 0, v = 0 forma solution of the given system of equations. 
To find the other solutions, we assume that и # 0, v + 0. 


Now, и #0,ю + 0 = ио #0. 

On dividing each one of the given equations by ию, we get 
6 3 
— + — = . 
о и 00 
3 9 
—+—=11 5 
о и (ii) 


Taking Н =x and — = y, the above equations become 


3x + 6у =7 (ili) 

9х + 3y = 11 (iv) 
Multiplying equation (iv) by 2, the above system of equations becomes 

3x4 67 =7 v) 

18x + 6y = 22 vi) 


Substracting equation (vi) from equation (v), we get 
-15x = -15> x=1 
Putting x = 1 in equation (iii), we get 


4 2 

3+6y =7 = — = — 

+ бу = у се. 

Now, ista etare 
u 

d "UTE. 

ы Fo se а 2 


Hence, the given system of equations has two solutions given by 
(i) «u=0,v=0 (ii) и= 1,0 = 3/2 


— T uTr ñ 
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Type IV EQUATIONS OF THE FORM ax + by = с AND bx + ay = d WHERE a * b 
Tosolvethe above type of equations, following algorithm may be used. 
ALGORITHM 
STEPI Obtain the two equations, 

Let the equation be ax + by = c and bx + ay = d 
SIEP |} Adding and subtracting the two equations, we obtain 


ct d : 
d = К —— „ (i) 
(а b) + (а + by ced xy Без 
с- d si 
меа aD alee yu 5 (ii) 


STEP Ш Add and subtract equations (i) and (ii) to get the values of x and y. 
EXAMPLE 10 Solve: 217x + 131y = 913 


| 131x + 217y = 827 
| SOLUTION We have, 


217x + 131у = 913 s) 
131x + 217y = 827 | (ii) 
Adding equations (i) and (ii), we get 
348x + 348у = 1740 > x+y - 5 . . (iii) 
Subtracting equation (ii) from equation (i), we get 
| 86x — 86у = 86 > x- y =1 i . (iv) 
Adding equation (iii) and (iv), we get 
2х=6 = х = 3 
^, Putting x = in equation (iii), we get y = 2. 
Hence, x = 3and у = 2 is the solution of the given system of equations. 
(| EXAMPLE 11 Solve: 37x + ly = 70 


41x+37y = 86 

SOLUTION We have, 

37x 41у = 70 ...(i) 

dlr +37y = 86 (ii) 
Adding equation (i) and (ii), we get 

78x + 78y = 156 => x+y = 2 Gü) 
Subtracting equation (i) from equation (ii), we get 

4x-4y=16 >x-y=4 NT 


Adding equation (iii) and (iv), we get 
2X 262 х = 3 
Putting x = 3 in equation (iii), we get y = —1. 


Hence, x = запа y = -1 is the solution of the given system of equations, 
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Type IV EQUATIONS OF THE FORM 

ax+by+c, =d 

A,X + boy +c, = й, 

ах se ШАП + C3 = d, 
To solve the above type of equations, following algorithm may be used. 
ALGORITHM 


STEP] Lake any one of the three equations. 
srEP П Obtain the value of one of the variable, say z from it. 


3.43 


STEP HI Substitute the value of z obtained in Step II in the remaining two equations to obtain two 


linear equations in x, y. 
ЅТЕР IV Solve the equations in x, y obtained in Step III by elimination method. 
5ТЕРУ Substitute the values of x, y obtained in Step IV and step II to get the value of z. 
Following examples illustrate the above procedure. 


EXAMPLE 12 Solve: 2х – у = 4 


у-2= 6 
х -2 = 10 
SOLUTION Ме have, 
2x-y -4 
y-z-6 
x-z=10 


From equation (iii), we get z = x — 10 
Substituting the value of z in equation (ii), we get 
y-(x-10)-6 
=> -x+y = —4 
Adding equations (i) апа (iv), we get 
x=0 
Putting x = 0 equation in (i) and (iii) we get 
y = -4andz = -10 
Hence, x = 0,4 = —4,z = -10 is the solution of the given system of equations. 


EXAMPEE 13 Solve: х + 2y+z=7 


x+3z=11 
2x -3y = 1 
SOLUTION We have, 
x*2y4z-7 
x+3z=11 
2x -3y = 1 
From equation (i), we get 
z=7-x-2y 


Substituting z = 7 — x - 2y in equation (ii), we get 
х+3(7 -х- 20у) = 11 


...(i) 
(ii) 
... (iii) 


(iv) 


0) 
. (ii) 
... (iii) 


— ._ 
:MATICS ~ X 
са МАТНЕМ / 
=> x*21-3x-6y = 11 „ (iv) 
=> -2x - 6y = -10 
Adding equations (iii) and (iv), we get 


-9y = -9 > у= 1 
Putting у = 1 in equation (iii), we get x = 2. 
Putting x = 2, у = in equation (i), we get 


27272272223 
Hence, х= 2,у 1, 2 3 


EXERCISE 3.3 
Solve the following systems of equations: 
1. 1х+15у+23=0 2, 3х-7у+10=@ 
7х-2у-20=0 у-2х-3=0 
x 
3. 0.4х + 0.3у = 17 4. PM a | 
0.7x - 0.2y = 0.8 = - 10 
PT 
x M 
5. 7(y *3-2(x «2) 2 14 6.9 *575 
4(y — 2) + 3(x-3)=2 шу, 
2 9 
x y + 
т +2 = 11 == = 
* 3 ы & „ «8 
5x y 6 
— 2 2 27 — — = — 
6 3 p me [CBSE 2010] 
йл», х+2 -3 
9. * 27» 10. у= 5 
M 3 
2 
+7 
n. N - 3y =0 12, 3x - #— +2=10 
- Зу = 0 [NCERT] 2y4 2*1 10 
3 | 
13. шй: аш 14. 05х+07у = 074 
; 0.3x + 0.5y = 0.5 
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E x 


„ a i 


l 


21. —+3y=14 


+ 
Ш 
m 
Q3 


SI lw 
I 
ә 


ніч RIN xio xls 


27. 


2(-y)^ 3(x-y) 


22 15 
* =5 
29. x+y x 


55 45 
+ 


* X= 
3 2 
31. хуу 


[NCERT] 


[INCERT] 


16. 


18. 


30. 


32. 


* k e |= g|- 18 w 
+ B ' + 

[М сл 

<= = Ml oN T 
I T S &|- 

л N 


— fjv 
+ 

= 

I 

N 


1 5 


2(x+2y) 3Qx-2y) ^ 


5 3 


4(x*2y) 5(3x-2y)- 


3.45 


[CBSE 2003] 


[NCERT] 
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MCN M" 
33. x41 y-1 2 34. х+у = у 
Зх + 2y = 13ху, 
X — маена Таму y 
x+1 y-1 2 
35. x «y = 2xy 36. 2(3u - v) = Suv 
xX-y 6 2 (u + Зо) = Suv 
xy 
30 
* 3х+2у 3x-2y 5 -ARY х-у 
5 — 95 * 40 =13 
3x+2y 3x-2y X X- [CBSE 2002C] 
: ui 2 10 А 24 4 
* l ў-2 INCERT, CSE 09] 40. Y TN 
6 3 1 2222 E 
x-1 y-2 x+y xey [NCERT] 
1 1 3 7x@ 2y - 
41. Зх+у 3x-y 4 42. xy Е 
. S 8х+7у 15 
2(3x+y) 2(3x-y) 8 /INCERTI ху [NCERT] 
43. 152x - 378y = -74 44. 99x +101у = 499 
-378x + 152y = —604 [NCERT] 101x + 99у = 501 
45. 23x - 29у = 98 
29x ~ 23у = 110 
46. V : —4 47. X-y 124 
x-2y222.- 9 X+ytz= 
2х + у+3@= 1 2x+y-3z=0 
48. 21x + 47y = 110 
47x + 21у = 162 [INCERT EXEMPLAR] 
; T 3 2 ; ' 
49, р \ _ is a factor of 2x" + ax” + 2bx + 1, then find the values of a and b given that 
0—00 + [NCERT EXEMPLAR] 
М à; X y 
50. Find the solution of the pair of equations — + = – 1 = 0 m ЖН 
10 5 end sit 6 15. Hence, find 
A, if y = Ах + 5. 


INCERT EXEMPLAR] 
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[INCERT EXEMPLAR] 


D—_ ——— > x + 3j a— С 


| 


Зх cy 7 


| | 


— — 2 — B 
Fig. 3.19 
52. Write an equation of a line passing through the point representing solution of the pair of 


51. Find the values of x and y in the following rectangle. 


linear equations x + y = 2 and 2x - y = 1. How many such lines can we find?. 
[NCERT EXEMPLAR] 
53. Write a pair of linear equations which has the unique solution x = -1,y = 3. How 


many such pairs can you write? [NCERT EXEMPLAR] 

| a ANSWERS 
1. Cx =2,y=-3 2. x=-Ly=1 x=2,y=3 
4, x=0.4,y = 0.6 5. x=5,y=1 x=14,y = 9 
7. X 6, = 36 8. x22,y-2 x=3,y=2 

1 1 
0. . „* 11. X 5 0, ЖЕ 0 12. x=3,y=4 

1 1 
13. x23,y --1 14. = 05, у = 07 15; е7 
16. ТЕЕ Y 1 5, 5 18. х= 3.13 
89 89 1 

19. х= 4,у = 10 20. х= 4980'" ^ 1512 й. 1 3-9 =-2 

1 1 1 
22. * = ж 3 24. x=4,y=9 

1 1 5 1 
25. & 291 26. X 1, / = 3 „ t 
28. х= 2,у 3 29. x- $y - 3 30. ¥=3,y=2 
31 "-Ly-. 32. rdi 33. x=4,y=5 

1 1 -1 1 
M, = з тет 36. и = 2,0 = 1 
37. x=1,y=1 38. K 8, % = 3 39. х= 4,у = 5 
40. r=5 y= 41. x=Ly=1 42. Х=1,у=1 
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43. x=2,y=1 44. x=3,y=2 45. х= 3,у = –1 
46. х= 3,у = 2,2 = –] 47. X22, = 1,2 = 1 48. х= 3,у = 1 
1 
49. a=5,b=2 50, * 340, = -165, =—— 51, х=1,у=4 


52. 3x + 2у = 5, Infinitelymany 53, 12x + 5y = 3, Infinitely many 


3.5.3 METHOD OF CROSS-MULTIPLICATION 
THEOREM Let ax + by +c, = 
ax + boy +c, = 0 


a 


171 Ь, 
һе a system of simultaneous linear equations in two variables x and y such that P е b. 


i.e. ab, - a,b, + O. Then the system hasa unique solution given by 


— (bc – b.c) (iz - Сд) 
(ab, — azb) (a,b, — ab) 


PROOF The given system of equations is 
ax+by+c, = 0 
a,x + boy +c, = 0 

Multiplying equation (i) by b,, (ii) by b, and subtracting, we get 
by(ax + biy + су) – b (ax + by + су) = 0 

em x(a,b — ab) = (b,c, — boc) 

те (b,c, – bo) 

(a,b, — ab) 

Multiplying equation (i) by аз, (ii) by ay, and subtracting, we get 

а(аух + by + cy) ala by + c) = 0 


=ә 


=> ylab, — aby) (ca, = сау) = 0 
=> ylab, — 0) = (сүа, — сй) 
= ~ (с1а; – суй) 


(ebe — ab) 


Hence = Vica 56) nd y= (с\а› — c20) 


(ab, aj) — ^ (mb, — ab) 
REMARK 1 The above solution is generally written as 
x Е у X 1 


b, by, 645-6985 — ab, — gh, 


* y _ 1 
ог, =r . . ß 
b, — by, 45-6480 mb, – ab 


STEP] Obtain the two equations. 


* (i) 
(ii) 


[.` (a,b, — a5b,) = 0] 


[ (a,b, — cabi) = 0] 


REMARK 2 The following procedure is very helpful in determining the solution without 
remembering the above formula: 
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step П Shift all terms on LHS in the two equations to introduce zeros on RHS i.e., write the two 
equations in the following form: 


ax+by+c, = 0 
a,x + boy +c, = 0 


STEPI In the above system of equations there are three columns viz. column containing x i.e. | x |! 


b C 
25 ; 1 2 ; 1 
column containing y i.e. | b, and column containing constant terms i.e. c |" 


To obtain the solution, write x, —y and 1 separated by equality signs as shown below: 
x =y 1 


brc C Aa M x 

bf “о ay €» а, 2 

In the denominator of x leave column containing x and write remaining two columns 
in the same order, in the denominator of — y leave column containing y and write the 
remaining two columns. Similarly, in the denominator of one write columns 
containing x and y. Mark crossed-arrows pointing downward from top to bottom 
and pointing upward from bottom to top as shown above, 


The arrows between two numbers indicate that thenumbers are to be multiplied. 


STEP IV To obtain the denominators of x, — y and 1, multiply the numbers with downward arrow 
and from their product subtract the product of the numbers with upward arrow. Applying 
this, we get 

x " -у _ 1 
bica —Ь›с| с; —а›су<1Ву— Mbi 

srEPV Obtain the value of x by equating first and third expression in step IV. The value of y is 

obtained by equating second and third expressions in step IV. 


Following examples illustrate the above procedure 


EXAMPLE 1 Solve theeach of the following systems of equations by using the method of cross- 
multiplication: 


(i) x+y =7 (ii) 2х+3у = 17 
5x + 12y=7 3x 2у 6 
(iii) 22-023 = 0 (iv) 2x+y-35=0 
4х+у-3 = 0 Зх + 4y – 65 = 0 
SOLUTION (i) The given system of equations is 
х+у-7 = 0 
5х + 12у -7 = 0 
Ву cross-multiplication, we get 


-у 1 


— 
— — 


* — — 
1 11 1 
137 5. 9 12<_7 57 2 


3.50 
x Р =y — TER 
n: 1x-7—-12x-7 1x-7-5x-7 1x12-5x1 
x X I 
= -7484 -7+3 12-5 
2 Tk 
= 77 28 7 
=> v= Zand y =-3 = x= Handy =- 


Hence, the solution of the given system of equations is x = 11, y = —4. 
(ii) The given system of equations is 
2x + 3у – 17 = 0 
3x —-2y-6=0 
By cross-multiplication, we have 
НЕА ИРЕ. a M 
PO DP DG 


5 H -y Ы 1 
* 3x-6-(-2)x-17 2х = 2x-2-3x3 
* “iy 1 
= = —— == — 
-18-34 -12453 UM 
Ж. — 
B -52 39 -13 
_ 52. bo g 
=> х = т 5 х е 4andy=3 


Hence, x = 4, = Bis the solution of the given System of equations. 
(iii) The given system of equations is 


fe Fe 3 =0 
4x4 y-3=0 

By cross-multiplication, we have 
" — — — 51... 
“lL 2-3 257-3 2 -1 
12<-3 yo 3 47& 1 

"  u— 2 (5 1 
-1х-3-1х-3 2x-3-4x-3 2x1- 4x1 
x -=y 1 

= = = 
373 -6+12 2+4 

„ tec 
6 -6 6 
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6 6 
x — — 2 1 d = — — Im 
=> 6 land Е 1 


Hence, the solution of the given system of equations is x = 1, y = -1 
(iv) The given system of equations is 


2Y4y -35-0 
Зх + 4у – 65 = 0 
x =y 1 
| 
| ls 2-30 9—35 9 1 
| S65 sa7& 6s 32< 4 
x » = — ON 
s 1x-65-4x-35 2x-65-3x-35 2x4-3x1 
X S =y z— u 
= ~65+140 -1304105 8-3 
| — 5 5 id 2 us 


W .Э5 5 5 
Hence, the solution of the given system of equations is x = 15, y = 5. 


EXAMPLE 2 Solve: + = ea 
a 


B T =2 
SOLUTION The givensystem of equations may be written as 
1 1 ч 
cup 5 /- (о Ае 
EN 
a 
By cross-multiplication, we have 


| Ре. *. TEL. 8 

lar) Wa ~ (a+b) Va l/b 

| Vp at Varo _9 уа? 2< үз 

xX -V = 1 
x dep 
a 


x 


Lo: a 1 X 
Fre ао аа сы с. 


Hence, x =a’, y = b° is the solution of the given system of equations. 


[NCERT, CBSE 2000, 


EXAMPLE 3 Solve: ax + by = а – № 
bx -ay=a+b 
SOLUTION The given system of equations may be written as 
ax + by - (a - b) = 0 
bx ~ ay - (а+ b) = 0 
By cross-multiplication, we get 
x у 1 


— — — 


b -(a-b) a - (2-5). 4 b 
a m turi b PC Й b 2А 


bx -(a + b) - (-a) x -(a — В) ax-(a*b)-bx-(a-b) -@ — 57 

o -— —— CA EA L 
= -b(a*b)-a(a-b)  -a(a tb) - b(a — b) (a +b?) 
=> 52-1 2 ( +b?) 
=> ~(a* & b^) a +b? (а? +b?) 

( 2) (a? + b*) 
rE eet "adm T aix 

7 (4 +b’) d (а? +b?) ^ 


Hence, the solution of the given system of equations is x = 1 y--1 


EXAMPEE 4. Solve: x «y - ab 
ax - / = h 
SOLUTION The given system of equations may be written as 
х+у- (а+ Б) = 0 
ax – by - (а? -b*)=0 
By cross-multiplication, we get 
—— — € =y 
* = 1 на 2 1 


——à6P ee mal 
-a° «b -ab-b - +B ag 4 ab dias 
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x "T A 
* -а(а+Ь) b(a+b) -(a+b) 
M „е GNE 

= -а(а+ 6) -b(a+b) -(а+Ь) 

_ ~a(a+b) — Sp = -b(a +b) _ 
=e -(a + b) y= -(a + b) 
Hence, the solution of the given system of equations is x = a, y = b 


A ¥ 
EXAMPLE 5 Solve: ка + . 
ax — by =a? -b [CBSE 2005] 
SOLUTION The given system of equations may be writen as 
bx + ay — 2ab = 0 
ax - by - (a? - b?) =0 
By cross-multiplication, we have 


= = ÅD X IP NEM 
-а(а? —b)-(-b)(-2ab) (а? - b?) – a(-2ab) bx-b-axa 
-а(а? – b) 2ab? -b(a – 2). 2b Jb? a2 
= „ — oo 3 = 
-a (а? -b + 252) (a e 7942) a +b) 
= —— A ӘР 8 ИБ 
(а? -b) -beg Y (a? + 02) 
ala: +P Y -=b (а? + 0?) 
a and y = — r = 
i (a + БА) ey (а? +b?) 


Hence, the solution of the given system of equations is x = a, y = b. 


EXAMPLE 6 Solve the following system of equations in x and y 
(а b) x + (a + b) y = а? - 2b be 
(a + b) (x + у) =а? +b? [NCERT] 
SOLUTION The given system of equations may be written as 
(a — b) x + (a + b) y — (a° – 2ab - b°) = 0 


(a + b)x + (a + b)y - (a? +b?) =0 
By cross-multiplication, we have 
x -y 


—————————9- 7777... om 
(a b)x - (a3 b?) - (a b) x -(aà^- 2ab - b?) (a—b)x—(a°+b*)—(a+b)x— Zb 55) 


1 
ee а 
(a-b) (a * b)— (a +b)? 
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x — — — 
"a -(a b) (a? +b?) + (a+b) (а2 -2ab-b^) (a-b) (a? +b?) +(a +b) - 2 — b^) 
1 
T (ab) (a+b) —(a+ by 
= sl 
= (a+b)\ -( +Ь?)+(а? -2ab-b?)} — (ab) (a® -2ab—b?)—(a—b) (а? +0?) 
Е 1 
(ab) (a b—a—b) 
x E -y 2*9 
= (а+Ь)(—2аЬ—2Ь?) 4 -a?b-3al? -b? -aè -ab «aba p? =(a+b) 2b 
— „НИНЕ ЖИБЕ 
= -2b(a +b)?  -4ab!  -2b(a«b) 
RI LL ME h 
ы 2 () d -2b (a + b 
Hence, the solution of the given system of equations is X =a + b, y = — I5 . 


EXAMPLE 7 Solve the following system of equations in x and y: 


P Ts 
X y 
ab? 420 


— +— = а? , wherexpy = 0. 
ху 


1 ^ 1 
SOLUTION Taking pe and * v, the above system of equations becomes 
au -be +0 = 0 
ab^ + abo ( + ) = 0 
By cross-multiplication, we have 
и -р 


-b (a? +Ь?у-а?Ьх0 ax - (a° -b^)- ab? x0 аара. 


и x -0 1 
= b(a? b^) -a (a +b?) аЗ + ab? 
и Е v д 1 
= Ь(а? +?) а(а? +02) ab (a +b?) 
2 gd 2.i 
> ve LR ANNE 
ab(a^ +b“) a ab(a^ +?) b 
1 1 1 1 J 
Now, =- > —=- > х=й and v=-35 21.1 
ow и = pe : nd v har p? у=} 


Hence, the solution of the given system of equation is y = q, у=} 
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EXAMPLE 8 Solve the following system of equations in x and y 
ax + by = 1 


by 2ab 
bx + ay = lind! a or, bx + ay = 
54-9 өт PP 
SOLUTION The given system of equations may be written as 
ax *by -1-20 
2ab 
bx + пу — =0 
ig m 
By cross-multiplication, we have 
x E ЫЛ » 1 
2ab z 2ab Z AN * a- b 
bx- -ах-1 qax- -bx-1 : 
а? + 0? E К а? +b? á 
- „ә a 
Aab? 232 ЕЁ а? — p? 
а? +b? а? + 02 
EM „ 
e Aab a abe? -20b Cab +0 а? Р? 
а? +b? а? + Б? 
x =y 1 
= a? — ab? ab+b> а? P 
а? +b? а? +b" 
x E -=y “А Т 
с a (a° - b^) b (a? = %) a> b ; 
eap а? +b 
ETC 2 62 
a(a^ — b^) (a^ — b^) 1 
~ and | 5 
- a^ gah МӘ á 2007 ap 
i b 
=> X =s 3 and 3 
a+b 
Hence, the solution of the given system of equations is x = 5=——, y = =——> 
a+b a^ + be 


EXAMPLE 9 (Solve: a(x + у) + р(х = у) = a ab + 6? 
a(x+y)-b(x-y)= а? +ab +b? 


SOLUTION Taking x+y = uand x - y = v the given system of equations becomes 
au + bu —(a? — ab + 02) =0 
au — bo (de + ab +b?) = 0 
By cross-multiplication, we have 
и ~v 


1 


— —u— ——— 


ax—-b-axb 


— ~~ 
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356 
1 
| -b (а? +ab+b?)—b (a? -ab«b?) Calas +ab+b")+a(a?—ab+b") а 
z 1 
5 =," 
=? -b (a? +ab +b? +a? -ab+b°) -a (ae +ab+b? -a? +ab—b*) -2ab 
Hu — NM 
- -2b (a° +b?)  -a(2ab) -2ab 
| u= 220642 +100) „ дар a e — 
- ИШЕ  ' 2b B 
2.5 $ 9 : 
Now, ins rs — “ +b . (i) 
and, v=-a > Х-у= a «as (iE) 
Adding equations (i) and (ii), we get 
2,142 V 3 2 2 
24 = ui. 1 => fg a га => E a 
a a 2a 
Subtracting equation (ii) from equation (i), we get 
а? + 02 a? +b? ъй? Эд? +1? 
2y = +a => 2у=————— 2 = —_——_ 
2a 
2 2 2 
Hence, the solution of the given system of equations is x = - y= = d = - 
a a 
EXAMPLE 10. Solve: ax + by = c 
bx + ay © 1c [NCERT] 


SOLUTION The given system of equations may be written as 
ax*by-c20 
bx + ay —(14 c) 20 
By cross-multiplication, we have 
X = =y 2 1 
bx (lch -a c ax-(1*c)-bx-c " axa—-bxb 
* -y 1 


N -М1+с)+ас -a(l+c)+be 757 

x S y "D 
= ac-be-b ac-bc«a 27 52 

x Е у _ 1 
* c(a-b)-b c(a-b)*a (a—b)(a+b) 

c(a-b)-b _ c(a-b)«a 
= "= е-е У uen 

Я с TN. a 

=> +o ah Guha a+b ават 
Hence, the solution of the given system of equations is 


C b с а 


5, У = Yt > 
a+b a b a+b а? -b 
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EXAMPLE 11 Solve the following system of equations: 
x+y=a-b 
ax - by = à? +b? 
SOLUTION The givensystem of equations may be written as 
x+y-(a—b)=0 
ax = by —(a? + b?) =0 
By cross-multiplication, we have 
Ў 


| — 
(а? -b)-b(a-b) -a(a—b)+(a2 +b?) -b-a 
EE NENNEN — 

= Da ab ab«b -b-a 
— — — 

= -a(a-b) b(a+b) (a+b) 

-a (a+b) b(a+b) 
S à eel a oy 


Hence, x = a, y = —Ь is the solution of the given system of equations. 


EXERCISE 3.4 


Solve each of the following systems of equations by the method of cross-multiplication: 


1. х+2у+1= 0 


2x -3y – 12 = 0 
3. 2х+у = 35 
3x + 4y = 65 


ху 

7. x tay - b 
ax — by = 

о ger ^ _ 
X+y Gry 
"Ы + 7 = 10 
X*y—*-y 

11. E 6 =5 
x+y x-y 
38 21 -9 
x+y x-y 
X 5 

12. —4—- 
a b 2 
ax = by = а? - i 


2 Зх + 2y + 25 = 0 


2х+у+10 = 0 
4. 2x-y=6 
х-у= 2 


6. ax «by -a-b 


bx -ay=a+b 
8. ax+by=a 


bx + ay = b? 


2. 3 
—+—=13 
10. x y 
5, „5 
x y 
[CBSE 2002C] 


[NCERT EXEMPLAR] 


. ͤ eS 


16. 


18. 


1. 


4. 


13. 


16. 


. (a - b) x + (a + b) y = 2a? – 2p? 


ax + by = а? +b? 


Sax + бру = 28 
Зах + 4by = 18 


% b e ЕС 
a-b ~ 


{ 
х+у=2@° 


2 


(a + b) (x + y) = Aab 


15. 


17. 
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2ax + 3by =a + 2b 
Зах + 2ру = 2a + b 


(a+ 2b)x +(2a—b)y = 2 
(a —2b)x+(2a+b)y = З 


(bx cya 
| 1 1 
BEY mM 


a-b a+b 


b 


In (с) 
xd b-a b+a a+b 


21. jx «py = с? 


bx + а?у = d 


b 
ax + by = 5 23. 2(ax —by)+a+4b =0 
Зх + 5y = 4 2(bx+ay)+b-4da=0 [CBSE 2004] 
- 6(ax + by) = За + 25 25. See. 
^ 2 
2 2 
b - 
6 (bx — ay) = 3b - 2a Ей а ань xy 20 
[CBSE 2004] [CBSE 2006C] 
. mx = ny = т + п? 27. аар 
а 
x+y=2m [CBSE 2006C] ax — by = 2ab [CBSE 2009] 
b а 2.. 53 
rr b 
r a^ 
х + у = 2ab [CBSE 2010] 
ANSWERS 
¥= 3, 0.232 2 х= 5,у = 20 3. х= 15,у = 5 
| -1 1 
х 24,22 5 T 6. x=Ly=-} 
"E ac + p? _ ab — c & a? +ab +p «nb 
i s)» a+b ies a+b 7 9 * 3, 7 = 2 
1 1 
Sil. г 11. х= 1,y = 8 12. * . qup 
r=a,y=b° 14. Y-ay-b 15 y= Aa-b ja etab 
- э " Bb 
2 3 = a + 10b 3: 13 
= — = — x= " = — — * 
С Да 17. * Ib og 18 „„ Sti? 
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1 b =o gt 2 — 55 (2 +b? 
Е y= T. 17 — 20. x= 20b—a +o +b NUES Ms Hu +2) (a ) 
в e b i b(a +b) 
arc? -bd ad? = pc | 1 
1. eS mp ши ай 292: X o z-—— y == 
ale a! -p d др" Р ЫЫ 2. 
B. 1 1 
‚ AX m = 7 24. X ——,U--—. 25. x= 2 - $2 
23 5 у 2 у 3 x = 
26. x т+п,у MM 27. х=ф,у = -a 28. х= = ab 


3.6 CONDITIONS FOR SOLVABILITY (OR CONSISTENCY) 
Uptill now we have been discussing various methods of solving a system of simultaneous 
linear equations in two variables with the assumption that the system has a unique solution. 
In this section, we shall be discussing the conditions for solvability of a system of 
simultaneous linear equations in two variables. 
Consider the following three systems of simultaneous linear equations: 

(i) 2x+y=5 (ii) 3x+4y = 2 (iii) 2x-3y = 5 

3x-2y = 4 бх + 8у = 4 4х - 6у = 9 

Clearly, х = 2, y = 1 satisfies the first system of equations. So, itis a solution of this system. 
Also, no other set of values of x and y satisfy this system of equations. So, we say that the 
system is consistent (solvable) with a unique Solution. Graphically, it is due to the reason 
that the lines represented by the two equations intersect at only one point. 
Now, consider the second system of equations, [t can easily be checked that x = 2, y = –1 is 
a solution of this system of equations. So, we say that the system is consistent i.e. it possesses 
a solution. Also, x = 1, y = -4j* 2, — 2; x - 6, y = — etc. are solutions of this 
system. If follows from this that the second system of equations is consistent with infinitely 
many solutions. Graphically, it is due to the reason that the lines represented by the two 


equations are coincident. 

For the third system of equations there is no set of values of x and y which satisfy the two 
equations simultaneously. This is because the lines represented by the two equations are 
parallel. So, we say that the system is inconsistent or not solvable. 

It follows from the above discussion that a given system of equations is either inconsistent 
does not have a solution) or it is consistent with infinitely many solutions or it is consistent 
with a unique solution. 

In the following discussion, we shall find the conditions for consistency of a system of 
simultaneous linear equations. 


Consider the system of equations 


N + һу +су = 0 „ 

a,x + „у +c = 0 (ii) 
Multiplying equation (i) by be, equation (ii) by b, and subtracting, we get 

x (аЬ, - azb) = (byez – b261) (iii) 


Multiplying equation (ii) by а, equation (i) by a, and subtracting, we get 


y (a,b, - ab) = (сау — C3) (iv) 


TEMATICS - X 
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Now, the following cases arise: 
| nz а b 
CASEI When a,b, — a,b, + 0, ie. = + 
a 


If ayb, — a,b, * 0, then from equations (iii) and (iv), we have 
е (bicz – Бс) 4 (суй — Суйу) 
(a,b, = ab) (a,b, = ab) 
It follows from this that the system of equations aux by +c = бапа, a,x + Буу + c3 = 0 is 
consistent with unique solution, if 
a b 
— € — 
a b, 
REMARK! HHN ci =0 
dx + b +c, =0 
is a system of simultaneous linear equations with a,b, — a,b, * 0, then the lines represented 
by the equations a,x + be = and ах + by +c, = 0 intersect at exactly one point 
bc = bc, Cil ed C5( | 4 - В 
ab, — a5b, mb, а, as shown in Fig. 3.20. Hence, the given system 
of equations has unique solution. 


having coordinates ( 


SEM WE а ы 
EREN AEU hab caca 
b, ab,- ab, 


CASEN Wien Ab, — abi = Oie., "2 b 
& b 
ELI 


Let L 7 К. Then, a, = ka, and b, = kb, 


a 
Putting à, = ka, and b, = kb, in equation (i), we get 
К (a,x + by) +c, =0 
From equation (1i), we have 
a,x + by = — 
Putting a,x + Бу = —c, in equation (v), we get 


(v) 
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-kca ci =0 = ck, 
Thus, we have 
a, = km, b, = kb, and c, = kc, 
Substituting the values of un, b,, c, in equation (i), we obtain 
К (a,x + by +>) = 0 
Thus, the system of equations reduces to 
k (ax  byy + с) = 0 
ах + by +c, = 0 
Clearly, every solution of first of these two equations is a solution of the other and vice-persa; 
Thus, in this case, the system has infintely many solutions. 


It follows from this that the system of equations a,x + by +c, = and, A,X by * c, = 0 is 
consistent with infinitely many solutions, if 

а b c 

a b, с, 


REMARK2 If ax r i e = 0 
a,x by +c, = 0 
is а system of simultaneous linear equations with аў, Ф a,b, = 0 and ас -ac = 0 


. „ . then the lines represented by the equations a,x + һу + су =0 and a + b, 


42 2 € 
у + су = 0 are coincident i.e. the Коо equations represent the same line. Consequently, every point on 


the line determines a solution of the system. Hence, the system of equations has infinitely many 


solutions. 

EFE sd GFR E EE 
Б | E EE I d. 
mW gui. 
—— — 


CASE Ш wien A 5L 


a b с, 
In this case, it is clear that the given system of equations is inconsistent i.e. it has no solution. 


REMARK3 If a,x + by +c, = 0 


ах + by + c; = 0 
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. e A ^ a b C 2 эс эс? * 

is a system of simultaneous linear equations with — = = A then the lines represented by the 
| | а bz € -- 

equations ax * yy & c, = 0 and asx + by +c, = 0 are parallel and non-coincident. Conse- 


quently, the system has no solution or it is inconsistent. 


p" 34 jos" 
* 


а|х + bur с p 


Fig. 3.22 
SUMMARY Te above results can be summarised as under: 
The system of equations 
ax+by+c 20 i) 
dX +b,y +e, =0 (ii) 
b, 
by 


Le., lines represented by equations (i) and (ii) are not parallel 


a 
(i) is consistent with unique solution, if "A d 


Ва + ^ * 9 — 4 . . a b а 
(ii) is consistent with infinitely many solutions, if — = —1 = N. 
a b с, 
ie., line represented by equation (i) and (ii) are coincident. 
а by 6 
(iii) is fmiconsistent , if tx Ж G 


геу lines represented by equations (1) and (ii) are parallel and non-coincident. 


EXAMPLE 1 In each of the following systems of equations determine whether the system hasa unique 
solution, no solution or infinitely many solutions. In case there isa unique solution, find it 


(i) 2v+3y=7 (ii) 6x+5y=11 (iii) -3x+4y=5 
- 2 8 9 
бх+ Sy = 11 nid. E. dnd 2 6 Lg 
SOLUTION (i) The given system of equations may be written as 
2x + 3y -7 = 0 


6x + 5у- 11 = 0 


ee es 
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The given system of equations is of the form 
axt+by+c, = 0 
a,x by € c, = 0 


where, д = 2, % = 3, с = 7 and a, = 6, b, = 5,05 = -11 
q 2 1 b 3 
We have, x = Е ES and b, 5 
Clearl LETT. 
» 12 b, 


| So, the given system of equations has unique solution. 


| To find the solution, we use the cross-multiplication method. 
By cross-multiplication, we have 


| „ Lee ME 
3x-11-5x-7 2х-11-6х-7 2x5-6x3 
x =y 1 
=> = 
-33435 -22+42 10-18 
x 23 
Е 2 -20 -8 
i NEN and ya RE T 
ik |. 4$ * .8 3 
1 5 
Hence, the given system of equations has unique solution given by х= т = 25 


(ii) The given system of equations may be written as 
EX TS 112 0 
15 
9x + —у – 21 = 8 
2 у 
The given system of équations is of the form a,x + by +e, = 0 
5X * boy +; C> = 0 


where, @ = Gab, = 5,с = -11, a = 9, b, = 2 2 2 
E..., 9 2% = UH 
We have, 449 3'b 152 3 c -21 21 


t 
Clearly, „ d m 


So, the given system of equations has no solution i.e. it is in-consistent. 
(iii) The given system of equations may be written as 


-3v44y- 5 = 0 
9 15 
=х-6у + = = 0 
25-6) 


The given system of equations is of the form 
ax + ужс =0 
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ах + by c, = 0 
9 
where, di = 3, h = 4,c, = -5 and a, = jh =-6,C = 


А. mA С ИС. aui du cou 


We have, A Wk S'& ^X 5 "1m 3 


Clearly, L e 
ly b, 02 
So, the given system of equations has infinitely many solutions. 


EXAMPLE 2 For cach of the following systems of equations determine the value of k for whieh the 
given system of equations has a unique solution: 


(i) x-ky 22 (ii) 2x-3y 21 
Зх + 2y = -5 kx + 5у = 7 
(iii) 2x+3y-5=0 (iv) 2x+ky=1 
kx —-6y ~8 =0 ox -7y=5 
SOLUTION (i) The given system of equations is 
х-ку-2 = 0 


3x + 2у+5 = 0 
This system of equation is of the form 

ax+by+e,=0 

dX + bhay +c, = 0 
where, a, = 1,b, = -k,c, = -2 and a, = bz 2,c, =5 
For a unique solution, we must-have 


4 1 i. e., 1 RA аге 
п b з X 3 
2n пе given system of equations will have unique solution for all real values of k other 
an -2/3. 
(ii) The given system of equations is 
2x -By - Га 
kx #5y 95 = 0 


lt is of the form ax + усу = 0 
a,x + у +c, = 0 


where, a, = 2, b, = -3,c, = Тапа а, =k, bz =5,¢, 2-7 
For a unique solution, we must have 


A uda NS DE 
a b, dud ы Б 3 


So, the given system of equations is consistent with unique soluti 
4 / ution f 
other than -10/3. or all v 


(iii) The given system of equations is 
2x *3y-5 = 0 
kx -6y- 8-0 


alues of k 


a — = 
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t is of the form a,x+by+c, =0 

and, ax + by +c, = 0 

where, й = 2, b, = 3, ci = –5 and a, =k, b, = -6 and с, =-8 
For a unique solution, we must have 


44 1 i. e., 243 => ks-4 
a, b k -6 
So, the given system of equations will have unique solution for all real values of k other 
than -A. 
(iv) The given system of equations is 
2x+ky-1=0 
5x -7y - 5-0 k 


It is of the form a,x +by+c, = 0 
a,x + Ьу +c, =0 | 
where, а, = 2,b, = K, ci = -1 and a, =5,b, = -7 and c =—5 
For a unique solution, we must have 
4 i. e., Tje ta 
a, b, 5 -7 5 
So, the given system of equations will have unique solution for all real values of k other 


than a р 
5 


EXAMPLE 3 For each of the following systems of equations determine the value of k for which the 
given system of equations has infinitelymany solutions. ) 
(i) 5x+2y=k (ii) (kK-3)x+3y=k 
10x + 4у = 3 kx + Ку = 12 
(ш) kx + Зу = k 3 
12x + Ку =k [NCERT] 
SOLUTION (i) The given system of equations is 
5x +2y -k = 0 
10x +4y —3 =0 Е 
This system of equation is of the form 
ax+bhy+c,=0 
ах + by +c, = 0 
where, a, = 5,b, = 2,с = -k and a, =10,b, = 4 and c, = -3 
For infinitely many solutions, we must have 
mb l le, 5.2.26 
a, b, о 1 
Hence, the given system of equations will have infinitely many solutions, if k = а 
(ii) The given system of equations is 2 
(К – 3) х + 3у- к =0 
kx + Ку – 12 = 0 


dts 


— — 
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For infinitely many solutions, we must have 


k-3 3 -k 

Ж k B 

k-3 3 3 K 
* Е p сен 
* К? - 3k = 3k апак? = 36 


k? — 6k = and К? = 36 
(k — 0 or, k =6) and (К = +6) 
=> К=6 
Hence, the given system has infinitely many solutions, if k= 6. 
(iii) The given system of equations is 
kx + 3y - (Kk 3) = 0 
12x + ky -k = 0 
For infinitely many solutions, we must have 


U y 


12 k * 
k 3 3 k-3 
=> a „ 
> k? = 36 апа к – 3k = 3k 
+ k? = 36 апа к? - 6k = 0 
— (К = +6) апа (K = 0 or, k 26) 
= k=6 


Hence, the given system of equations has infinitely many solutions, if k = 6. 
EXAMPLE 4 For each ofthe following system of equations determine the values of k for which the 
given system has no solution: 


(i) 3x-4y+7=0 (ü) 2x-ky+3=0 


kx+3y -5 = 0 3x +2y-1=0 
SOLUTION (i). The given system of equations is 
3x-4y +7 = 0 
kx + 3у- 5 = 0 


This is of the form a,x + by + = 0 
a,x + Ьу * €; = 0, 


where, t 3, = —4, 0 =7 and Ay = k, ba = 3, ea = —5 


For no solution, we must have 


* S 
fly b, C2 
-4 & 7 
= — па — = a 
We have, 5 2 5 


кл: 
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4 2 4 
Clearly, b, c 
So, the given system will have no solution. 
ee h => 3 4 — -9 
ү a b k 3 
m b c 
Clearly, for this value of k, we have 2, = by # 4 


i : ~9 
Hence, the given system of equations has no solution, when k = ry 


(ii) The given system of equations is 
2x -ky+3=0 
3x 42y -120 
This is of the form a,x + by +c, = 0 
ax + уу +e, = 0 


where, a, = 2, bj A, ci = 3 and а, - 3, b, -248 1 
For no solution, we must have 


a b C 
K. „ 
fly b, C5 
a 2 C1 3 
— —-— and — = — 
Wehave, a2 3 e =] 
11 а СІ 
Clearly, бе Ты 


So, the given system of equations will have no solution, if 
m bi NK 4 


е, —=— => 
a by 9 "2 3 


Hence, the given system of equations will have no solution, if k = 
EXAMPLE 5. Find the value(s) of k for which the system of equations 
kx-y=2 
6x-2y 23 


has (i) a unique solution (ii) no solution. 
15 there a value of k for which the s ystem has infinitely many solutions? 


SOLUTION The given system of equations is 
kx-y-2-0 
6x-2y-3-0 
tis of the form ax+by+c, = 0 
ax by +c, = 0, 
Where йү =, b, = –1, €, = -2 and а, = 6, b, *, ez 


ojh 
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(i) The given system will have a unique solution, if 
* 1 i. e., if fa ie, К #3. 
fly b, 6 -2 
: ; ion, i 3. 
So, the given of equations system will have a unique solution, if k * 
(ii) The given system will have no solution, if 


42 b с, 

We have, ee Se and 6.2 2 
b, -2 [ -3 3 
b, C 


- »" — Ф ран NN 
Clearly, b, 


So, the system of equations will have no solution, if 
A b - 
. >k=3 
na b, 6 -2 
Hence, the given system will have no solution, if k «3. 
For the given system to have infinite number of solutions; we must have 


41 b К: 
m b c 
a kb -1 1 c 1 2 2 
We have, i "6h 2 2 and al ONG 
n... 6 
Clearly, b, су 
So, whatever be the value of , we cannot have 
m b c 
a by су 
се fen e is no value ofk, for which the given system of equations has infinitely many 


EXAMPLE 6 For what value of k will the eq 
coincident lines? 
SOLUTION „Ае given equations are of the form 
aX by +c, =0 and ax + byy + с =, 
where I, bj = 2,0 27 and a, = 2, b, = К,с = 14 
The given equations will represent coincident lines if th 
e 8 
solutions. The condition for which is y have Infinitely many 
4 A = 14 NA => k=4 
(l5 b, C5 2 k 14 
Hence, the given system of equations will represent coinci 


EXAMPLE 7 For what value of К, will the following system o : 
! $ equa 8 
solutions? f eq tions have infinite 


2v+3y=4 У many 
x + 3y = 4 
(К + 2)x+6y = 3k +2 


D x ә — j 
uations x + 2y +7 = 0, 2x + ky +14 = 0 represent 


— 
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SOLUTION We know that the system of equations 
ax + by = c, 
AX + by = c; 
has infinitely many solutions, if 
а b c 
m bh с; 
Therefore, the given system of equations will have infinitely many solutions, if 


2 9. 4 
k+2 6 3k+2 
2 3 3 4 
=> =— and —- 
k+2 6 6 3k+2 
` - at me Lm 4 
= К+2 2 2 ЗЁ+2 
=> k+2=4 and 3k+2=8 | 
=> k=2 and k=2 
=> k 2 2 


Hence, the given system of equations will have infinitely many solutions, if k = 2. 
EXAMPLE 8 Determine the values of a and b for which the following system of linear equations has 
infinite solutions: 
2x —(a-—4)y =2b+1 
4х - (a- ) / =5b-1 
SOLUTION We know that the system of equations | 
ax + у = с, 
а5х + by = с, 
has infinite number of solutions, if 


а, bz с, 


2 2 2 21 5-1 
а 122-5. 12 
2 a-l 2 5-1 
> a—-1-22a-8and5b-1- 4b + 2 
> a=7andb=3 
Hence, the given system of equations will have infinitely many solutions, if a = 7 
and p = з, 


— | 


$ 
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А ions has no solution? 
EXAMPLE 9 Forwhat value of k will the following system of linear equations has 


3x+y=1 
| , CBSE 2000 
(2k —1)x + (К - )y = 2k «1 [INCERT ] 
SOLUTION We know that the system of equations 
ax by = c, 


5X + by = сэ 
has no solution, if 
a b c 
42142. 1 
а by c 
So, the given system of equations will have no solution, if 


E NX Е 1 
2k-1 k-1 2k41 
EN T and - * - 
2k-1 k-1 k-1' 2k41 
Now, 
3 1 
TI k-1 ^ 3k-3=2k-1 > кй 
1 1 
Clearly, for k = 2we have 7 wai 


Hence, the given system of equations will have no solution, if k = 2. 


EXAMPLE 10 Find the value of k for which the following system of linear equations has infinite 
solutions: 


х+(К+1)у=5 


(k+1)x+9y =8k-1 [CBSE 2002C] 
SOLUTION The given system of equations will have infinite solutions, if 
1 k«1 _ = 
I Ck 
L И ӘК 5 
* k+1g X o9 8k-1 
= (к + 1)2 = 9 and (k + 1) (8k – 1) = 45 
Now, (> =9 
ES kK+¥E+t3 > k=2,-4 
bi "rin that & = 2 satisfies the equation (К+ 1)(8k – 1) = 45 Pütz k = A does not 
satisfy it. 


Hence, the given system of equations will have infinitel 


EXAMPLE Find the values of p and q for which the 
number of solutions: 


У many solutions, if К = 2. 
following system of equations has і nfinite 


2x+3y=7 
(p+ q) x +(2p—q)y = 21 
SOLUTION The given system of equations will have infinite Number of Е... - 2001] 
2 3 7 dia 


p+q 2p-q . 


ee E 
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2 3 1 

= +9 р-а З 
2 3 1 

= ae Be iene | 

= p+q=6and2p-q=9 

ВР (р +9) + (2р 9) = 6+9 [On adding] 

=> Зр = 15 

=> p=15 


Putting p = 5in p +q = бог, 2p -q = 9, we get q = 1. 
Hence, the given system of equations will have infinitely many solutions, if p= 5 and 4 = 1. 
EXAMPLE 12 For what value of k, will the system of equations 
x+2y=5 
Зх + Ку - 15 = 0. 
has (i) a unique solution? (ii) no solution? 
SOLUTION The given system of equations can be written as 


[CBSE 2001] 


x+2y=5 
Зх + ky = 15 
(i) The above system of equations will have a unique solution, if 


[ 2 "WT 
5 * kw 
(ii) The above system of equations will have no solution, if 
1 2.9 a b ci 
2 + — sing: — = 
3 D n 15 | 5 15 b. с» 
1 2 2 | 1 ) 
= — = — апа | > 
3 k k 3 
=5 k = байа k = 6, which is not possible. 


Hence, there is no value of k for which the given system of equations has no solution. 
EXAMPLE 13. Find the values of o and. В for which the following system of linear equations has 
infinite number of solutions: 

2x Зу = 7 

2ax + (a + В) у = 28 


has (i) a unique solution? (ii) по solution? 
SOLUTION The givensystem of equations will have infinite number of solutions, if 


[CBSE 2001] 


2 3 ^ 
2a a4 28 
ee 
= a ath 4 
1 l 
— ЖЕ ci 1 жь o 
— A ane «p 1 


MATHEMATICS- x 
3.72 

= 4 — 4 and à « [ = 12 

= a=4 and } = 8 


— i if 6 = 4 and 
Hence, the given system of equations will have infinitely many solutions, if о = 4 
[| = 8. 


— nei ations lave 
EXAMPLE 12 Determine the values of m and n so that the following system of linear equ 
infinite number of solutions: 


(2m -1) x x 3y- 5-0 
3x +(n-l)y-2=0 p 
SOLUTION The given system of equations will have infinite number of solutions; if 


2n-1 3  -5 
з  Jd-i 2 

24-1 3 5 
= S ma? 

2m-1 5 3 5 
ш 3 ex 81 2 
=> 4m—2=15 and 6 = 5и – 5 
=> 4m = 17 and 5n = 11 
EN т= 2 апа 1 2 

| | 17 
Hence, the given system of equations will have infinite number of solutions, if m = Ж апа 
122 
5 


EXAMPLE 15 Determine the value 
(3k + 1) x + 3y -2 20 
(K? +1) x+ (К My 25 =0 

SOLUTION The given system of equations will have no solution, if 
krieg NA 
2 + Ф к 975 


of kso that the following linear equations have no solution: 


[CBSE 2001C] 


LS” € 3 ва 3 22 
bo КК TO k-2 k-2 5 
* 3 
Now, 1 E-3 
- (3k + 1) (k -2) = 3(k? +1) 
=> 3k? -5k-2-23k^43 
=> -5k-223 
= 5k = 5 
5 К=-1 
Clearly, — #2 for k = -1. 
-2 5 


Hence, the given system of equations will have no solution for k = —] 
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In each of the following systems of equations determine whether the system has a unique solution, no 
solution or ininitely many solutions. In case there is а unique solution, find 
it: (1-4) 


1. x-3y=3 2. 2x+y=5 
3x – 9у = 2 4x + 2y = 10 
3. 3x - 5у = 20 4. x-2y=8 
6x — 10у = 40 5x - 10у = 10 
Find the value of k for which the following system of equations has a unique solution: (5-8) 
5. kx+2y=5 6. 4x+ky+8=0 
3x+y=1 21 + 2y+2=0 [NCERT] 
7. 4х – 5у = К 8. х+2у = З 
2х -3y = 12 5x + Ку +7 =0 


Find the value of К for which each of the following systems of equations have infinitely many 
solution: (9-19) 


9. 2x 33y - 5-0 10. 4x + Sy = 3 
бх + Ку – 15 = 0 ** ＋ 15у = 9 
11. k-2y +6 = 0 12, 8x + 50 = 9 
4x -3y 49-0 kx + 10y = 18 
13. 2x -3y =7 


(k + 2)x —(2k + 1)у = 3(2k - 1) 
14. 2x+3y = 2 


(k + 2) x + (2k + 1) з= 2(k =) [CBSE 2000, 2003] 
15. х+(к+1)у «4 

(k+1)x+99y 25k + 2 [CBSE 2000C] 
16. kx3y = 2k +1 

2(К+1)х+9у=7К +1 [CBSE 2000C] 
17. Әх + (К – 2) у = К 

6x #(2k – 1) у = 2k + 5 [CBSE 2000C] 
18. 2x 4 3y = 7 

(k+1)x+(2k-1)y=4k+1 [CBSE 2001] 
19. 2x+3y=k 

(k —1)x + (k +2)y = ЗК [CBSE 2001] 
Find the value of k for which the following system of equations has no solution: (20-25): 
20. kx 5у = 2 21. x x2y = 0 

бх + 2y 7 2x + Ку = 5 


3.74 


22. 


31. 


. Determine the values of à and b so th 
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3x-4y «7 -0 23. 2x K 3 = 0 
kx + 3у-5 = 0 3х +2у-1= 0 
. ax + Ку = 11 25. kx + 3y - k - 3 
5x ~ 7v E 12x+ky=6 [NCERT EXEMPLAR] 
. For what value of k the following system of equations will be inconsistent? 
Ax + бу = 11 
2x+ky =7 


For what value of о, the system of equations 


ax+3y=a-—3 


12x +ay =a [CBSE 2003, 2009] 
will have no solution? 


. Find the value of k for which the system 


kx +2y=5 
3x+y=1 


has (i) a unique solution, and (ii) no solution. 


. Prove that there is a value of c (= 0) for which the system 


6x+3y=c-3 
12x + cy = с 


has infinitely many solutions, Find this value. 


. Find the values of k for which the system 


2х + Ку = 1 

3x—Sy=7% 
will have (i) a unique solution, and (ii) no solution. Is there a value of k for which the 
system has infinitely many solutions? 
For what value of k, the following system of equations will represent the coincident 
lines? 

17127 = 0 

2 140 
Obtain the condition for the followin 
Solution 

ax + by =c 

Ix+my=n 


5 system of linear equations to have a unique 


at the following system of linear equations have 
infinitely many solutions: 


(2a-1)x+3y-5=0 


3x «(b-1)y-2-0 [CBSE 2001C] 


— wa ч UT 
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34. 


35. 


37. 


SD 9n 


Find the values of a and b for which the following system of linear equations has infinite 
number of solutions: 


2x -3y = 7 
(a+b)x—(a+b—3)y=4a+b [CBSE 2002] 


Find the values of p and q for which the following system of linear equations has infinite 
number of solutions: 


2x + Зу = 9 
(р +4) х + (2р –- фу = 3(р +4 +1) [CBSE 2002] 


. Find the values of a and b for which the following system of equations has infinitely 


many solutions: 


(i) (2a-1)x-3y=5 (ii) 2x – (20+ 5) у = 5 
3x+(b-2)y = 3 (2b +1) х - 9y = 15 
[CBSE 2002C] [CBSE 2002C] 
(iii) (@-1)x+3y=2 (iv) 3х + 4y = 12 
6x (1 2р) у = 6 (ab) x -2(a- b) y = 5а – 1 
[CBSE 2002C] [CBSE 2002C] 
(v) 2x43y-27 (vi) 2x *3y -7- 0 
(a—b)x+(a+b)y =3a+b-2 (a—1)x +(a+1) y =(3a-1) 
[NCERT] [CBSE 2010] 
(vii) 2x+3y=7 (vii) x *2y 71 
(a — 1)x ^ (a - 2)y = За (a—b)x+(a+b)y=a+b-2 
[CBSE 2010] [NCERT EXEMPLAR] Ж 
(іх) 2х+3у = 7 
2ax + ay = 28 — by [NCERT EXEMPLAR] 


For which value(s) of à, do the pair of linear equations Ax + y = A? and x+Ay=1 
have 


(i) по solution? (ii) infinitely many solutions? 
(iii) aunique solution? [NCERT EXEMPLAR] 
ANSWERS 
No solution 2. Infinitely many solutions 
Infinitely many solutions 4. Nosolution 5. K * 6 
4 2 4 7. kis any real number 8. k * 10 
k=9 10. k=12 11. К = 8/3 
к= 16 13. к= 4 14. k=4 
К = 2 16. к= 2 17. = 5 
к= 5 19. к= 7 20. К = 15 
9 4 
88: ba == 
к= 4 s * 23. 3 
TN 25. k=-6 26. k=3 
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27. а= -6 28. (i) k +6 (ii) k-6 29. с= 6 | 

30. (i) К» 2 (ii) к = =, No 31. k=4 32. am # bl 

38. = TU 34. a=-5,b=-1 35. p = 5/3, = 1/3 
ja-3b-l (шу 4 , 5 S (it iv) a=5,b=1 

36. (i) GA tel =e 2 a=-l, 2 (ili) a 3, —4 (iv) а = 5, 


(v) a-5,b-1(vi)a-5 (vii a=7 (vii) a=3,b=1 (іх) a= 48 8 
37. (i) X» -1 (i) * =! (iii) All real values of 2 except +1. 


3.7 APPLICATIONS TO WORD PROBLEMS 


In this section, we shall learn about some applications of simultaneous linear equations in 
solving problems related to our day-to-day life. There is a wide variety of such problems 
which are generally called ‘word problems’. In solving such problems, we may use the 
following algorithm. 

ALGORITHM 


STEPI Read the problem carefully and ident ify theainknowi quantities. Give these 
variable name like x, M, uU, V, oh etc. 


SIEPI Identify the variables to be determined: 


SIEPIU Read the problem carefully and formulate the equations in terms of the variables to be 
determined. 


quantities a 


STEP ІҮ Solve the equations obtained in step Ill using any one of the methods learnt earlier. 


371 APPLICATIONS TO PROBLEMS BASED ON ARTICLES AND THEIR COSTS 
Following examples willillustrate the a 
problems based on articles and their costs. 


OUO NC) eee eee 
|LEVELA 


EXAMPLE 1 <4 chairs und 3 tables cost 2100 and 5 chairs and 2 tables cost #1750. Find the cost 
of a chair and a table separately. 


SOLUTION» Let the cost of a chair be € x and that of a table be 3 y. Then, 
4х + Зу = 2100 
апа, 5x + 2y = 1750 


pplications of linear equations in solving word 


This system of equations can be written as 
4х`+ 3y - 2100 = 0 
5x + 2y – 1750 = 0 

By using cross-multiplication, we have 


х » -y = 1 
3х 1750-2 х -2100 4х -1750- 5 2100 4 23 5 


a 
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x n -Vy 1 
ка -5250 + 4200 -7000 + 10500 8—15 
ә me 1 
= -1050 -3500 -7 
-1050 -3 
— x= — = 150 and y= 3500 = 500. 


EXAMPLE 2 37 pensand 53 pencils together cost #320, while 53 pens and 37 pencils together cost 
7400. Find the cost of a pen and that of a pencil. 
SOLUTION Let the cost of a pen be & x and that of a pencil be & y. Then, 


37x + 53у = 320 Ub 
and, 53x + 37y = 400 (ii) 
Adding equations (i) and (ii), we get 

90x + 90y = 720 > х+у = 8 „ (iii) 
Subtracting equation (i) and (ii), we get 

16х -16y = 80 > x-y=5 „ (iv) 


Adding equations (iii) and (iv), we get 
2x 2132 x=65 
Substituting x = 6.5 in equation (iii), we get 
у = (8 – 6.5) = 1.5 
Hence, cost of one pen = & 6.50 and cost of one pencil = 3 1.50. 
EXAMPLE з 2 tables and З chairs together cost #2000 whereas З tables and 2 chairs together cost 
#2500. Find the total cost of 1 table and 5 chairs 
SOLUTION Let the cost of a table be x and that of a chair be y. Then, 
2x + 3y = 2000 
and, Зх + 2y = 2500 
This system of equations may be written as 
2x + 3y — 2000 = 0 
3x4 2y = 2500 = 0 
By using cross-multiplication, we get 


X — Б 1 
3 2500 2 х 2000 2х -2500-3x-2000 2х2-3х3 
x Е = _ 1 
= 7500 4000 5000 +6000 4-9 
x "UE £3 b 
-3500  -1000  -5 
= —1000 

> x= E en 700 and y = а= 200 


— 


Cost of a table = € 700 and, cost of a chair = X 200 
Hence, cost of one table and 5 chairs = € (x + 5y) = X 1700. 
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EXAMPLE 4 Лала Beach have certain number of oranges. A says to B, “if you give me 10 0f your 
oranges, I will have twice the number of oranges left with you." B replies, “if you give me 10 of your 
oranges, Twill have the same number of oranges as left with you.” Find the number of oranges with A 
and B separately. 


SOLUTION Suppose A has x oranges and B has y oranges. 
According to the given conditions, we have 

* 0 20% 10) > x-2y «30-0 mo 
and, y*102x-10 > x-y-20=0 . Эф) 
Subtracting equation (ii) from equation (i), we get 

-у+50=0 = y=50 
Putting y = 50 in equation (i), we get x = 70 
Hence, A has 70 oranges and B has 50 oranges. 


EXAMPLE 5 A man has only 20 paisa coins and 25 paisa coins in his purseedf he has 50 coins in all 
totalling €11.25, how many coins of each kind does he have? 
SOLUTION Let the number of 20 paisa coins be x and that of 25 paisa coins be y. Then, 

x+y = 50 .. (i) 
Total value of 20 paisa coins = 20 x paisa 
Total value of 25 paisa coins = 25 y paisa 

20x + 25y = 1125 


> Ax + 5y = 225 (ii) 
Thus, we get the following system of linear equations 
x+y-50=0 
4х + 5y - 225 = 0 
Ву using cross-multiplication, we have 
* 2 29 EM 
-225 +250 -225+200 5-4 
t y X 
— = = —— x= 25 d = 25 
= RS Sie: 
Hence, therearei25 coins of each kind. 
— EXERCISE 3.6 


1. Spens and 6 pencils together cost 9 and 3 pens and 2 pencils cost € 5. Find the cost of 
1 pen and 1 pencil. 

2. 7 audio cassettes and 3 video cassettes cost Y 1110, while 5 audio cassettes and 4 video 
cassettes cost Y 1350. Find the cost of an audio cassette and a video cassette. 

3. Reena has pens and pencils which together are 40 in number. If she h 
and 5 less pens, then nuimber of pencils would become 4 times the n 
the original number of pens and pencils. 


A tables and 3 chairs, together, cost & 2,250 and 3 tables and 4 chairs cost X 1950. Find the 
cost of 2 chairs and 1 table. 


as 5 more pencils 
umber of pens. Find 


РА! 


10. 


12. 


12. 


13. 


14. 


15. 


‚ 3 bags and 4 pens together cost € 257 whereas 4 bags and 3 pens tog: 
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ther cost € 324. 


Find the total cost of 1 bag and 10 pens. 


5 books and 7 pens together cost € 79 whereas 7 books and 5 pens together cost & 77. Find 


the total cost of 1 book and 2 pens. 


Jamila sold a table and a chair for & 1050, thereby making a profit of 10% on a table and 
25% on the chair. If she had taken a profit of 25% on the table and 10% on the chair she 
would have got € 1065. Find the cost price of each. [NCERT EXEMPLAR] 


Susan invested certain amount of money in two schemes A and B, which offer interest at 
the rate of 8% per annum and 9% per annum, respectively. She received 
$ 1860 as annual interest. However, had she interchanged the amount of investment in 
the two schemes, she would have received & 20 more as annual interest. How much 
money did she invest in each scheme? INCERT EXEMPLAR] 


The coach of a cricket team buys 7 bats and 6 balls for & 3800. Later, he buys 
3 bats and 5 balls for € 1750. Find the cost of each bat and each ball. [NCERT] 


A lending library has a fixed charge for the first three daysand an additional charge for 
each day thereafter. Saritha paid & 27 for a book kept for seven days, while Susy 
paid # 21 for the book she kept for five days. Find the fixed charge and the charge for 
each extra day. INCERT] 
The cost of 4 pens and 4 pencil boxes is & 100. Three times the cost of a pen is & 15 more 
than the cost of a pencil box. Form the pair of linear equations for the above situation. 
Find the cost of a pen and a pencil box. [NCERT EXEMPLAR] 


One says, “Give me a hundred, friend! I shall then become twice as rich as you." The 
other replies, “If you give me ten, I shall be six times as rich as you.” Tell me whatis the 
amount of their respective capital? [NCERT] 
A and B each have a certain number of mangoes. A says to B, “if you give 30 of your 
mangoes, I will have twice as many as left with you.” B replies, “if you give me 10, I will 
have thrice as many as left with you.” How many mangoes does each have? 

Vijay had some bananas, and he divided them into two lots A and B. He sold first lot at 
the rate of 2 for3 bananas and the second lotat the rate of & 1 per banana and gota total 
of 400. If he had sold the first lot at the rate of 1 per banana and the second lot at the 
rate of & 4 per five bananas, his total collection would have been € 460. Find the total 
number of bananas he had. [NCERT EXEMPLAR] 


On selling a Т.У. at 5% gain and a fridge at 10% gain, a shopkeeper gains & 2000. But if 
he sells the T.V. at 10% gain and the fridge at 5% loss. He gains X 1500 on the transaction. 
Find the actual prices of T.V. and fridge. 


s —- — — ANSWERS 


Cost of one реп = & 3/2, Cost of one репси = 1/4 2. € 30, F 300 

. No. of pens = 13, No. of pencils = 27 4. € 750 

г € 155 6. € 20 7. Table € 500, chair € 400 
. € 10000 in scheme A, € 12000 in scheme B 9. Bat € 500, ball € 50 


380 


10. 


13. 


E. 11. 110, € 15 12. € 40, 8 170 
15. € 20,000, € 10,000 


A:34, B: 62 14. 500 
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|. Let the cost of each pen be x and that of each pencil be € y. Then, we have 5x + 6y = 9 


and 3x + 2y = 5, 


7x + Зу = 110 and 5x + 4y = 1350. 


10 110 
CASE T S.P. ofa table Ei э 9 re 


25 125 
S.P. ofa chair = « ET y)= 


N = 
100 100° 


L0, , 125, _ 1050 <> 110х + 125y = 105000 
100^ 1000 


125 . 
100". 


CASE И S.P. ofa table =: 100) = — 


100 


А 100" 110 
P. ~ | — Тм, 
S.P. of a chair y+ 1007 1007 


Im 1005 = 1065 125x + 110y = 106500 
Adding (i) and (ii), we obtain 
235(x ty) = 211500 = x + y = 900 
Subtracting (i) from (ii), we obtain 
IS = 91500 = x- y = 100 
Solving these two equations, we get 
* 500, y = 400 


‚ Suppose she invested & x in Scheme A and € y in Scheme B. Then, 


Sx 9y 8y 


. Let the cost of an audio cassette be € x and that of a video cassette be € y. Then we have 


et the cost price of a table and that of a chair be x and y respectively. Then, 


(i) 


(ii) 


(iii) 


„(iv) 


= m 60 and У +07. = 1880 > 8x 9y = 186000 and 9x + 8y 188000 


Adding and subtracting these two equations, we obtain 
17 (x + y) = 374000 and - x + y = 2000 

=> x+y = 22000 and - x + y = 2000 

=> x = 10000, y = 12000 


— —  — 


e 


— 
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10. Let the fixed charge be of хапа the extra charge for each day be € y. Then, 
* 4y = 27 and x + 2y = 21 


14. Let there be x bananas in lot A and y bananas in lot B. Then, 
2 4 
* +y = 400 and x + к^ 460 => 2х + Зу - 1200 = 0 and 5x + 4y = 2300 


Solving these two equations, we get х = 300 апа y = 200 


15. Let the price of a T. V. be & x and that of a fridge be y. Then, we have 


Sr 10у 10x 5y 
E EIU = BDO г . 
100 100 and, 100 100 


3.7.2 APPLICATIONS TO PROBLEMS BASED ON NUMBERS 


Following examples, will illustrate the applications of linear equations in solving word 
problems based on numbers. Recall that the two digit number having @and b as units and 
ten's digits respectively is equal to 10b + a and the number obtained by reversing the order of 


digits is 10 a + b. 


ILLUSTRATIVE EXAMPLES 


LEVEL 
EXAMPLE 1. Sum of two numbers is 35 and their difference is 13. Find the numbers. 
SOLUTION Let the two numbers be x and y. Then, 

х+у = 35 s) 
and, x-y=13 (ii) 
Adding equations (i) and (ii), we get 

2x = 48 — х «24 
Subtracting equation (ii) from equation (i), we get 

2y = 22 zy = Ш 
Hence, the two numbers are 24 and 11. 
EXAMPLE 2 Im a H digit number, the unit's digit is twice the tens digit. If 27 is added to the 
number, the digits interchange their places. Find the number 
SOLUTION (i), Let the digit in the unit's place be x and digit in the tens place be y. Then, 

x =2y [Given] ...(i) 
and, Number = 10y + x 
Number obained by reversing the digits = 10x + y 
It is given that the digits interchange their places if 27 is added to the number. 


ie., Number + 27 = Number obtained by interchanging the digits 
10y + x +27 = 10x «y 
> 9x — 9y = 27 
=> x-y=3 (ii) 


Putting x = 2y in equation (ii), we get 


2y-y 232 у= 3 


—— EE | 
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Putting y = 3in equation (ii), we get 
Хх =6 
Hence, the number is 10y + x = 10 х3 +6 = 36 
EXAMPLE з Ina two digit number, the ten's digit is three times the unit's digit. When the number is 
decreased by 54, the digits are reversed. Find the number. 
SOLUTION Let the digit in the unit's place be x and the digit in the ten's place be y. Then, | 
Number = 10у + x 
According to the given condition, we have 
y -3x A 
Number obtained by reversing the digits = 10x + y 
If the number is decreased by 54, the digits are reversed. 
Number -54 = Number obtained by reversing the digits 
5 10у+х—54=10х+у 
=> 9x -9y = -54 > x-y=-6 (ii) 
Putting y = Зх in equation (ii), we get 
& IX A= 
Putting x =3 in y = Зх, we get y=9 
Hence, number = 1l0y+x=10x94+3=93 
EXAMPLE 4 The sum of the digits of a two digit number is 8 and the difference between the number 
and that formed by reversing the digits is 18. Find ie number 
SOLUTION Let the digit at unit's place be x and the digit at ten’s place be y. Then, 
Number – 10у +x 
Number formed by reversing the digits = 10y + x 
According to the given conditions, we have 


Ayre NT 
and, (10у + x) - (10x y) 18 

ES 9(y - х) #18 

=> y-x@2 ы 


On solving equations (1) and (ii), we get x = 3, y = 5 
Hence; number = 10у + x = 10x 5 +3 = 53 

EXAMPLE 5 The sum ofa two digit number and the num 
digits iS W21, and the two digits differ by 3. Find the number. 


SOLUTION Let the digit in the unit's pl 
Number = 10y + x 


ber obtained by reversi ng the order of its 
ace be x and the digit at the ten’s place be y. Then, 
The number obtained by reversing the order of the digitsis 10x + у. 


According to the given conditions, we have 
(10y + x) + (10x + y) = 121 


= 11(х + y) = 121 
= х+у=11 
апа, х-у=+3 


[^ Difference of digits is 3] 
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Thus, we have the following sets of simultaneous equations 
x+y=11 di) | Јх+у = 11 „ (iii) 

and, x-y=3 ...(ii) | e» |x-y=-3 „(iv) 
On solving equation (i) and (ii), we get y = 7, у = 
On solving equations (iii) and (iv), we get x = 4, y = 7 
When x = 7, y = 4, we have 

Number = 10y + x = 10x 447 = 47 
When x = 4, у = 7 ,we have 

Number = 10у + x = 10x7+4=74 
Hence, the required number is either 47 or, 74. 
EXAMPLE 6 The sum ofa two digit number and the number formed by interchanging its digits ts 
110. If 10 is subtracted from the first number, the new number is 4 more than 5 times the sum of the 
digits in the first number, Find the first number. [CBSE 2002С] 
SOLUTION Met the digits at units and tens place in the given numberbe x and y respectively. 
Then, 

Number = 10y + x (i) 
Number formed by interchanging the digits = 10x + y 
According to the given conditions, we have 

(10y + x) + (10x + y) = 110 


and, (10y+x)-10=5(x+y)+4 


= 11x + 11y = 110 
and, 4x – 5у + 14 = 0 Z 
=> x+y-10=0 
and, 4х – 5у + 14 = 0 
By using cross-multiplication, we have 

= nee. 

14450. -40-14 -5-4 

x y 1 
E 236 54 -9 
- -5 

= x2 end y 277 
> x=4 and у = 6. 


Putting the values of x and y in equation (i), we get 

Number = 10 x 6 + 4 = 64 
EXAMPLE 7. The sum ofa two digit number and the number formed by interchanging the digit ts 
132. If 12 is added to the number, the new number becomes 5 times the sum of the digits. Find the 
number. [CBSE 2002C] 
SOLUTION et the digits at units and tens place in the given number be x and y respectively. 
Then, 

Number = 10y + X . (i) 


. A nnr lun err A ——_ 


"PZ 


3.84 


MATHEMATICS - x 


Number formed by interchanging the digits = 10x + y 
According to the given conditions, we have 
(10y + x) + (10x + y) = 132 


and, (10y + x) + 12 = 5(x + y) 
=> Ix Пу = 132 

and, 4x – 5y = 12 

us x+y-12=0 


and, 4x -5y -12- 0 
Solving these two equations by cross-multiplication, we have 


* 2 y "A 
-12-60 -48+12 -5-4 
E X 1] 
= ud ar 
2 -36 
= peg Ме gs 
=> х=8 and y=4 


Substituting the values of x and y in equation (i), we have 

Number = 10 x 4 + 8 = 48. 
EXAMPLE з The sum ofa two-digit number and the number obtained by reversing the order of its 
digits is 165. If the digits differ by 3, find the number: [CBSE 2002] 


SOLUTION Let the digits at units and tens place of the given number be x and y respectively. 
Then, 


Number = 10y + x 


(i) 
Number obtained by reversing the order of the digits 


=10x+y 

According to the given conditions, we have 

(10y + x) + (10.4 y) = 165 
and, x-y=3 or y-x-3 
= 11х + 11y 165 
and, * ye 3 отау x = 3 
=> x+y=15 
and, x 3B or, y-x=3 
Thus, we obtain the following systems of linear equations, 
(i) mpy = 15 

х-у = 3 
(ii) x+y=15 

y-Xxs3 
Solving first system of equations, we get 

x=9,y=6 
Solving second system of equations, we get 

x=6,y=9 


Substituting the values of x and y in equation (i), we have 
Number = 69 or, 96. 


. 
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LEVEL-2 

EXAMPLE 9. A two digit number is obtained by either multiplying sum of the digits by 8 and 
adding 1 or by multiplying the difference of the digits by 13 and adding 2. Find the number. 
SOLUTION Vet the digit at units place be x and the digit at tens place be y. Then, 

Number = 10y + x 
According to the given conditions, we have 

10у+х=8(х+у)+1 > 7x 27 1230 
and, 10% +x =13(y—x)+2 => 14x - 3y - 2=0 
By using cross-multiplication, we have 

x = 1 
72х-2-(-3)х1 7x-2-Mx1 7х-3-14х-2 


E уй _ 14 
= 4+3 -14-14 -21428 
x » 1 
^ 7 28 7 
E ATTI 
7 3 7 


Hence, the number = 10y + x = 10x 4+1 = 41]. 

REMARK In the above example, if we take the difference of the digits as x — y, then we get fractional 
values of xand y which are not admissible. 

EXAMPLE 10 If three times the larger of the two mumbers is divided by the smaller one, we get 4 as 
quotient and 3 as the remainder. Also, if seven Limes the smaller number is divided by the larger one, 
we get 5 as quotient and 1 as remainder. Find the numbers. 

SOLUTION Let the larger number be хапа smaller one be y. We know that 


Dividend = (Divisor x Quotient) + Remainder . (i) 
When Зх is divided by у, We get 4 as quotient and 3 as remainder. Therefore, by using (i), we 


get 
Зх 4y+3 Б 3x-4y -3-0 (ii) 


WhenZy is divided by х, we get 5 as quotient and 1 as remainder. Therefore, by using (i), we 
gel 


7UB- 5x +1 => Sx-7y+1=0 (iii) 
Solving equations (ii) and (iii), by cross-multiplication, we get 

= . За. x25 dd y = 18 
-4-21 3715 -21+20 


Hence, the required n umbers are 25 and 18. 


1 EXERCISE 3.7 


1. The sum of two numbers is 8. If their sum is four times their difference, find the numbers. 


2. The sum of digits of a two digit number is 13. If the number is subtracted from the one 
obtained by interchanging the digits, the result is 45. What is the number? 


1 3 
180 MATHEMATICS. x 
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3. A number consists of two digits whose sum is five. When the digits are reversed, the 
number becomes greater by nine. Find the number. | 
4. The sum of digits of a two digit number is 15. The number obtained by reversing the 
order of digits of the given number exceeds the given number by 9. Find the given | 
number. [CBSE 2004] 
‚ Thesumofa two-digit number and the number formed by reversing the order of digits is 66. 
If the two digits differ by 2, find the number. How many such numbers are there? 


л 


[NCERT] | 

6. The sum of two numbers is 1000 and the difference between their squares is 256000. 
Find the numbers. 

7. The sum of a two digit number and the number obtained by reversing the order of its | 
digits is 99. If the digits differ by 3, find the number. (CBSE 2002] 
8. A two-digit number is 4 times the sum of its digits. If 18 is added to the number, the digits 
are reversed. Find the number. [CBSE 2001C] 
- A two-digit number is 3 more than 4 times the sum of its digits. If 18 is added to the 
number, the digits are reversed. Find the number. [CBSE 2001C] 
10. A two-digit number is 4 more than 6 times the sum of its digits. If18is subtracted from 
the number, the digits are reversed. Find the number. [CBSE 2001C] 
11. A two-digit number is 4 times the sum of its digits and twice the product of the digits. 
Find the number. [CBSE 2005] 
12. A two-digit number is such that the product of its digits 15 20. If9 is added to the number, 
the digits interchange their places. Find the number. [CBSE 2005] 


13. The difference between two numbers is 26 and one number is three times the other. Find 
them. 


= 


The sum of the digits of a to- digit number is 9. Also, nine times this number is twice the 
number obtained by reversing the order of the digits. Find the number. [NCERT] 


15. Seven times a two· digit number is equal to four times the number obtained by reversing 
the digits. If the difference between the digits is 3. Find the number. 

16. Two numbers are in the ratio 5 : 6. If 8 is subtracted from ea 
becomes 4 : 5; Find the numbers. 


"TEZJA 


ch of the numbers, the ratio 
[NCERT EXEMPLAR] 

17. A two digit number is obtained by either multiplying the sum of the digits by 8 and then 
subtracting 5 or by multiplying the difference of the digits by 16 and then adding 3. Find 


the number. INCERT EXEMPLAR] 

— — ANSWERS 
1 53 2. 49 3. 23 4. 78 5. 42 or, 24 6. 628, 372 
7. 630r,36 8. 24 9. 35 10. 64 11. 36 12. 45 


13. 39,13 14. 18 15. 36 16. 40, 48 17. 83 


- HINTS TO SELECTED PROBLEMS 
1. Let the numbers be x and y. Then, we have 


X*y 28 and x «y = 4(x - y). 


кк 
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6. Let, the large number be x, and, the smaller number be y. Then, 

x+y = 1000 and x^ — y^ = 256000. 

Now, x? — y^ = 256000 

00 
256000 | _ — 256000 256. 
x+y j 1000 

37.3 APPLICATION TO PROBLEMS BASED ON FRACTIONS 
Folloging examples will illustrate applications of simultaneous linear equations in solving 
word problems on fractions. 


EXAMPLE 1 A fraction becomes 4/5, if 1 is added to both numerator and denominator. If, however, 
5 is subtracted from both numerator and denominator, the fraction becomes 1/2. What is the fraction? 


=> (x+y)(x-y) = 256000 > x-y= 


SOLUTION Leet the fraction be &. 
y 
Then, according to the given conditions, we have 


x*1 4 a 228 1 


-— an 
y*1 5 y-5 2 


=> 5х+5 = 4у +4 апа 2x-10=y-5 
= 5х-4у+1=0 and 2х-у=5=0 
By using cross-multiplication, we have 
CM EMEN EL. RP EE ЕЕЕ 
-4 x -5- (-1)x 1 Ҹ5 5 2 х1 5x-1-2x-4 
x LX 2 y Wa 
2041 2572 578 
x uf 3 
— — = — x1 = — = 7 а = — = 9 
ә 2n4À 3) 5 —— 3 


Hence, the given fraction is 7 /9. 


EXAMPLE 2 A fraction is such that if the numerator is multiplied by 3 and the denominator is 
reduced by 3, we get 18/11, but if the numerator is increased by 8 and the denominator is doubled, we 
get 2/5. Find the fraction. 
x 

SOLUTION Let the fraction be v 
Then, according to the given conditions, we have 

3x 18 x48 2 

= — and —— = = 

y-3 11 2y 5 
11х = 6y – 18 and 5x + 40 = 4y 
11x - бу +18 = 0 and 5x -4y + 40-0 


Ü 


0 
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By cross-multiplication, we have 


x -y — — 
(-6)x40-(-4)x18 11x40-5x18  11x(-4)-5 x(-6) | 

х , 1 | 

= -240+72 440-90 44:30 
* FE" 1 

т -168 350 14 
— x= 168 and y = 2250 

-14 T =i 
=> X = 12 and y = 25 


А 12 
Hence, the fraction is 25 
EXAMPLE з The denominator of a fraction is 4 more than twice the numerator. Wien both the 


numerator and denominator are decreased by 6, then the denominator becomes 12 times the 


numerator. Determine the fraction. [CBSE 2001C] 
SOLUTION Let the numerator and denominator of the fraction be x and y respectively. 
en, 
; 4 
Fraction = — 
y 


It is given that 
Denominator = 2 (Numerator) +4 


ds y -2x «4 
5 2x-y+4=0 
According to the given condition, we have 
y —6 = 12(x - 6) 
=> у-6=12х-72 
=> 12x -y - 66 - 0 
Thus, we have the following System of equations 
Эх y +4 = 0 ...(i) 
a = V — 66 = 0 (ii) 
Subtracting equation (i) from equation (ii), we get 
10855*70-0 > x=7 
Putting x = 7 in equation (i), we get 
14-у+4=0 > y=18 
Hence, required fraction = Z, 
— W Шы —ͤ—ͤ EXERCISE 3.8 


1. The numerator of a fraction is 4 less than the d enominator. If the 
by 2 and denominator is increased by 1, then the de 
numerator. Find the fraction, 


numerator is decreased 
nominator is eight times the 
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2. A fraction becomes 9/11 if 2 is added to both numerator and the denominator. If 3 is 
added to both the numerator and the denominator it becomes 5/6. Find the fraction. 
[NCERT] 
3. A fraction becomes 1/3 if 1 is subtracted from both its numerator and denominator. If 1 is 
added to both the numerator and denominator, it becomes 1/2. Find the fraction. 
4. It we add 1 to the numerator and subtract 1 from the denominator, a fraction becomes 1. 
It also becomes 1/2 if we only add 1 to the denominator. What is the fraction? 


[INCERT] 
5. The sum of the numerator and denominator of a fraction is 12. If the denominator is 
increased by 3, the fraction becomes 1/2. Find the fraction. (CBSE 2006C] 


6. When 3is added to the denominator and 2 is subtracted from the numerator a fraction 
becomes 1/4. And, when 6 is added to numerator and the denominator is multiplied by 
3, it becomes 2/3. Find the fraction. 

7. The sum of a numerator and denominator of a fraction is 18. If the denominator is 
increased by 2, the fraction reduces to 1/3. Find the fraction: 

8. If a is added to the numerator of a fraction, it reduces to 1/2 and if 1 is subtracted from the 
denominator, it reduces to 1/3. Find the fraction. 


9. The sum of the numerator and denominator of 4 fraction is 4 more than twice the 
numerator. If the numerator and denominator are increased by 3, they are in the 
ratio 2: 3. Determine the fraction. [CBSE 2001C, 2010] 

10. If the numerator of a fraction is multiplied by 2 and the denominator is reduced by 5 the 
fraction becomes 6/5. And, if the denominator is doubled and the numerator is 
increased by 8, the fraction becomes 2/5. Find the fraction. 

11. The sum of the numerator/and denominator of a fraction is 3 less than twice the 
denominator. If the numerator and denominator are decreased by 1, the numerator 


becomes half the denominator. Determine the fraction. [CBSE 2001C, 2010] 
ЕЕ CA ча — ͤä— — —— ANSWERS 
E mE „2 эз үз 
> 9 “7 5 d d 
5 3 5 12 4 
7. 13 8 10 9. 9 10. 25 11. > 


3.7.4 APPLICATIONS TO PROBLEMS ON AGES 
Following examples will illustrate the use of solutions of simultaneous linear equations in 


solving word problems on ages. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1. [f vice the son's age in years is added to the father Sage, the sum is 70. But if twice the 
father's age is added to the son's age, Hie sum is 95. Find the ages of father and son. 
SOLUTION Suppose father's age (in years) be x and that of son's be y. Then, 

x +2y = 70 


and, 2x + у = 95 


— aE 
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This system of equations may be written as 
x*2y -70-0 


2x 4 y -95 = Q 
By cross-multiplication, we get 
M E -y = — — | 
2x-95-(-70 1x-95-2x-70 1x1-2x2 
| 
* = Ы 
2 -190470 98 140 -3 
x y 1 -120 -45 
— = — — x = — = 40 and y — = 15 
E 12-6 -S3 "^". 3 a 


Hence, father’s age is 40 years and the son's age is 15 years. 


EXAMPLE 2 Гат three times as old as my son. Five years later, I shall Бей and a din timesas old 
as my son. How old am Land how old is my son? 


SOLUTION Suppose my age is x years and my son's age is y years. Then; 
x = 3y 10 


Five years later, my age will be (x + 5) years and my sons age will be (y + 5) years. 


x+5= 50 +5) [Given] 


=> 2x -5y -15 « 0 (ii) 
Putting y = 3y in equation (ii), we get 
6/-5y-15-02 у = {5 
Putting y = 15 in equation (i), we get 
* = 45 
Hence, my present age is 45 years and my son's present age is 15 years. 


EXAMPLE з Ten years ago. father was twelve times as old as his son and ten years hence, he will be 
twice as old as his son will be. Find their present ages. 


SOLUTION Vet the present ages of father and son be x years and y years respectively. 
Ten years ago, Father's age = (x — 10) years 
Son's age = (y — 10) years 

х-1@=12(у-10) > x-12y + 110 =0 (i 

len years later, Father's age = (x 10) years. 
Son's age = (y + 10) 

{ х+10=2(у+10) > x-2y-10=0 
Subtracting (ii) from (i), we get 

-10y + 120 = 0 = 10у = 120 > у = 12 
Putting y = 12 in (i), we get 

х- 144+ 110= 0 > х= 34 
Thus, present age of father is 34 years апа the present age 


. (ii) 


of son is 12 years. 
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EXAMPLE 4 Five years hence, father's age will be three times the age of his son. Five years ago, 
father was seven times as old as his son. Find their present ages. [NCERT] 


SOLUTION Let the present age of father be x years and the present age of son be y years. 


Five years hence, Father's age = (x + 5) years 
Son'sage = (y + 5) years 
Using the given information, we have 
x+5=3(y+5) = x-3y-10=0 ...(i) 


Five years ago, Father's age = (x 5) years 
Son's age = (y — 5) years 

Using the given information, we get 

(x-5)27(y-5) => х – 7у + 30 = 0 „ (ii) 
Subtracting equation (ii) from equation (i), we get 

4y-40=0 => y=10 
Putting y = 10 in equation (i), we get 

x-30-10=0 => x=40 
Hence, present age of father is 40 years and present age of son is 10 years. 


EXAMPLE Ss Aand B are friends and their ages differ by Qyears. A's father D is twice as old as A 
and В is twice as old as his sister C. The age of D and С differ by 40 years. Find the ages of A 
and B. 

SOLUTION Let the ages of A and Bbe x and y years respectively. Then, 


х-у = +2 [Given] 
D's age = 2x years. and, C's age = / years. 
Clearly, D is older than C 

у 

2x ——7 = 40 ә 4x —y = 80 
Thus, we have the following two systems of linear equations 

x-y=2 (i) 
and, 4х = 80 . (ii) 

y-]7-— . (iii) 
and, 4x =В0 (ім) 


Subtracting equation (i) from equation (ii), we get 
Aude 78 = x = 26 
Putting x = 26 in equation (i), we get y = 24 
Subtracting equation (iv) from equation (iii), we get 
82 271 


-3x 2-82 > xX- 2 
3 3 


Я 82 
Putting х = z in equation (iii), we get 


mn A s % 
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Hence, A's age = 26 years and B's age = 24 years 
or, 


1 
A'sage = 27- years and B’sage = 291 years. 


"€ А А EXERCISE 3.9 


‚ Afather is three times as old as his son. After twelve years, his age will be twiceas that 
of his son then. Find their present ages. 


2. Ten years later, A will be twice as old as B and five years ago, A was three times as old as 
B. What are the present ages of A and B? 


— 


Five years ago, Nuri was thrice as old as Sonu. Ten years later, Nuri will be twice as old 
as Sonu. How old are Nuri and Sonu? [NCERT] 


. Six years hence a man's age will be three times the age of his son and three years ago he 
Was nine times as old as his son. Find their present ages. 


. Ten years ago, a father was twelve times as old as his son and ten years hence, he will be 
twice as old as his son will be then. Find their present ages. 


6. The presentage of a f. 


ather is three years more than three times the age of the son. Three 
years hence father's age will be 10 years more than twice the age of the son. Determine 
their present ages. 


. A fatheris three times as old as his son. In 12 years time, he will be twice as old as his son. 
Find the present ages of father and the son. 


8. Father's age is three times the sum of ages of his two children. After 5 years his age will 
be twice the sum of ages of two children. Find the age of father. [CBSE 2003] 


9. Two years ago, a father was five times as old as his son. Two years later, his age will be 
8 more than three times the age of the son. Find the present ages of father and son. 


[CBSE 2004] 
10. Aiselder to B by2 years, A's father F is twice as old as A and B istwice as old as his sister 


S. If the ages of the father and sister differ by 40 years, find the age of A. 


11. Theages of two friends Ani and Biju differ by 3 years. Ani's father 
old as Ani and Biju as twice as old as his sister Cathy. Thea 
differ by 30 years. Find the ages of Aniand Biju. 


Dharam is twice as 
ges of Cathy and Dharam 


[NCERT] 

12. Two yearsago, Salim was thrice as old as his daughter and six years later, he will be four 
years older than twice her age. How old are they now? [NCERT EXEMPLAR] 

13. The age of the father is twice the sum of the ages of his two children. After 20 years, his 

age will be equal to the sum of the ages of his children. Find the age of the father. 
INCERT EXEMPLAR] 
А талый ~ ANSWERS 
1. Father's age = 36 years, Son’s age = 12 years 


2. A's present age = 50 years, B's present age = 20 years. 
3. Nuri's age = 50 years, Sonu's age = 20 years 
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4. Man’s age = 30 years, Son’s age = 6 years 

5. Father's age = 34 years, Son's age = 12 years 

6. Father's age = 33 years, Son's age = 10 years 

7. Father's age = 36 years, Son's age = 12 years 

8. 45 years 

9, Father's age = 42 years, Son's age = 10 years 

10. 26 years 

11. Ani's age = 19 years, Biju's age = 16 years 

12. Salim's age = 38 years, Daughter's age = 14 years 
13. 40 years 


3.7.5 APPLICATION TO PROBLEMS BASED ON TIME DISTANCE AND SPEED 
In solving problems based on time, distance and speed, we use the following formulae: s 


Distance = Speed x Time; Time = Distance and, Speed = — шл 
Speed Time 
Also, if 
" Speed ofa boat in still water = «km/hr and, Speed ofthe current = 2 km/hr 
then, 
Speed upstream = (u— v) km/hr 
Speed downstream =(u+v)km/hr 


Following examples will illustrate the use of these formulae. 


[tEvEL-1] / 


EXAMPLE 1 Points A and B are90 km apart from each other on a highway. A car starts from А and 
another from B at the same time. If they go in the same direction they meet in 9 hoursand if they go in 
opposite directions they meet in 9/7 hours. Find their speeds. 

SOLUTION Let X and Y betwo cars starting from points A and B respectively. Let the speed 
of car X be x km / hr and that of car Y be y km/hr. 

CASE! When twocars mode in the same directions: 

Suppose two cars meet at point О. Then, 


Distance travelled by car X = AQ, 
Distance travelled by car Y = BQ. 


Itis given that two cars meet in9 hours. 
: Distance travelled by car X in 9 hours = 9x km. 


=> AQ = 9x 


Distance travelled by car y in 9 hours = 9y km. 
= ВО = 9y 
90 кт 
э ———+— 
a 
A P B Q 
Fig. 3.23 


Clearly, AQ ~ ВО = AB 
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2 9x — 9y = 90 . АВ = 90 "ul 
" x-y-10 zea) 
en two cars move in opposite directions: 

Suppose two cars meet at point P. Then, 

Distance travelled by car X = AP, 

Distance travelled by car y = pp. 
In this case, two cars meet in 9/7 hours. 


9 9 
Distance travelled by car X in 7 hours = 7* km 


9 
BP = = 
=> 7" 
Clearly, AP + ВР = AB 
9 9 
=x+—=y = 90 
» 7** 9 
9 
=> 7 (x+y) = 90 
=> x+y=70 9) 


Solving equations (i) and (ii), we get 
x = 40 and у = 30. 
Hence, speed of car X is 40 km/hr and speed of car Y is 30 km/hr. 


EXAMPLE 2 Ved travels 600 km to his home partly by train and partly by сат. He takes 8 hours ifhe 


travels 120 km by train and the rest by car. He takes 20 minutes longer if he travels 200 km by train 


and the rest by car. Find the speed of the train and the car. [NCERT] 
SOLUTION Let thespeed of the train be x km/hr and the speed of the car be y km/hr. 
CASEI When he travels 120 km by trainand the rest by car. 

If Ved travels 120 km by train, then 

Distance cóvered by car is (600 — 120) km = 480 km. 


; ist 
Now, Time taken to cover 120 km by train = 120 hrs E Time = tu 
x Speed 
480 
Time taken to cover 480 km by car = ү hrs 
t is given that the total time of the journey is 8 hours. 
120 , 480 _ 
x y 
> 8 | = + £) =8 
x y 
15 60 
=> —+—=] 
х Y 
=> 19 + 50 -1= 0 " 
X y oe (i) 


-(i) 


жет 
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CASES! When he travels 200 km by train and the rest by car 


If Ved 


travels 200 km by train, then 


3.95 


Distance travelled by car is (600 — 200) km = 400 km 


Now, Time taken to cover 200 km by train = — hrs 
x 


Time taken to cover 400 km by train = 300 hrs 
Vy 


In this case the total time of journey is 8 hour 20 minutes 


* = 8 hrs 20 minutes 
: y 
= 200 400 4,1 k 8 hrs 20 minutes. 20415 = 84 hrs | 
X y 3 60 3 
200 400 25 
xis — OF РР а 
x y 3 
=> 2508 + 16) = 29 
x y 3 
8 16 1 
=> —+—=— 
б Y 8 
24 48 
=> — + — =] 
т y 
- 24 |38 120 ...(ii) 
х y 


Putting 2 = и and x = 0 in equations (i) and (ii), we get 
x | 


y 25 
15и + 600 —1=0 (ili) 


24и + 480 – = 0 „ (iv) 
By using cross- multiplication, we have 
u " -v _ 1 
60xz1-48x-1 15x-1-24x-1 15х48—24х60 
u _ —v = 1 
E 260 +48 -15+24 720-1440 
К. “п... e те 
T -12 -9 -720 
=% l s ы nd TE I 
-720 60 -720 80 
1 3 
Now, ec оү 60 
апа, Sab в Be oe у= 
y 80 у х 


Непсе, speed of train = 60 km /hr and speed of car = 80 km/hr. 
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by train 


A takes 
i rest by car, he 
t by car, it takes him 4 hours. But, ifhe travels 130 km by train and the iCBSE J 


s longer. Find the speed of the train and that of the car. 


hr. Weh 
SOLUTION Let the speed of the train be x km/hr and that of the car be y km / 
following cases: 


< 250 km 
EXAMPLE з A man travels 370 km partly by train and partly by car. If he cover 
and the res 


18 minute ave 


CASE! When he travels 250 km by train and the rest by car: 
In this case, we have 


— 
Time taken by the man to travel 250 km by train = rs hrs 


120 hr 
Time taken by the man to travel (370-250) = 120 km by car = Ф ` 


250 120 
Total time taken by the man to cover 370 km = = "m 
It is given that the total time taken is 4 hours 
250 120 
— — 
* у 
=» 125 x 60 =? er (i) 
X y 
CASEN When he travels 130 km by train and the rest by car; 
In this case, we have 


Time taken by the man to travel 130 km by train = 120 hrs 
x 


Time taken by the man to travel (370 - 130) = 240 km by car = 240 hrs. 


y 
In this case, total time of the journey is 4 hrs 18 minutes. 
1% + 23 4 hrs 18 minutes 
х y 
130. 240 18 
=> — x —— = 4— 
+ у 60 
130 240 43 | 
1 Лу y 10 (ii) 
Thus, we obtain the following system of equations: 
125 60 
— + — = 
х y 
130 , 240 _ 43 
x y 10 
Putting is u and l. v, the above system reduces to 
x y 
125u + 60v = 2 
(iii 
130и + 240v = 10 ) 


ау) 


eS U 


X 
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А 
X Multiplying equation (iii) by 4 the above system of equations becomes 
1] 500и + 2400 = 8 ev) 
43 
e mE ^ 
130u + 240v = 10 (vi) 
Subtracting equation (vi) from equation (v), we get 
4 
370u 8 23 = 370и = 27 => 1 
10 10 100 
1 i 
Putting “ = = in equation (у), we get 
100 
1 
5+240v=8 > 2400=3 > = 80 
1 1 i 
= — and 0 = — \ 
Now, и 100 and v 80 
. | 
> x 100 y 80 | 
=> x = 100 and y = 80. 


Hence, Speed of the train = 100 km/hr 
Speed of the car = 80 km/hr. | 
EXAMPLE A A boat covers 32 km upstream and 36 km downstream in 7 hours. Also, it covers 40 km 


upstream and 48 km downstream in 9 hours. Find the speed of the boat in still water and that of the | 4 
stream. 
SOLUTION Let the speed of the boat in still water be x km/hr and the speed of the stream be | j 
km / hr. Then, * 


Speed upstream = (х= у) km/hr 
Speed downstream = (x + y) km /hr 


Now, Time taken to cover 32 km upstream = M. hrs 


x-y 
Time taken to cover 36 km downstream = rey hrs 
But, total time of journey is 7 hours. ` 7 
32. 9536 .7 0) 
x - x+y 1 4 


j 40 
Time taken to cover 40 km upstream = i-y 
48 
Time taken to cover 48 km downstream = "UT 
In this case, total time of journey is given to be 9 hours. 
й D =9 .. (di) 
| = у х + у 


Putting 


= и and = р inequations (i) and (ii), we get 


^ 


x-y x+y { 
32и + Збо = 7 > 32и + 360-7 = 0 08) | 
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. (iv) 
40и + 480 = 9 = 40и + 480-9 = 0 


Solving these equations by cross-multiplication, we get 


a 1 
и 0 
36x-9—48x-7 32 40 7 32х 48 40 х 36 
и Е * 1 
E 324 + 336 —288+280 1536 1440 
. 
* 12 8 96 
b 9. 
= 96 96 
1 1 
= — а 2 — 
=> u gu 12 
Now, Ва oe . . (у) 
8 x-y 8 
and, "TR „„ ... (vi) 
12 x+y 12 


Solving equations (v) and (vi), we get x = 10 and у-= 2. 
Hence, Speed of the boat in still water = 10 km/hr 
Speed of the stream = 2 km/hr. 


EXAMPLE 5 X takes 3 hours more than Y to walk 30 km. But, 
by 5 hours. Find their speed of walking. 
SOLUTION Let the speed of X and Y bexkm/hr and y km/hr respectively, Then, 


if X doubles his pace, he is ahead of Y 


Time taken by X to cover 30km = 22 hrs, 
x 


and, Time taken by Y to cover 30 km = E hrs 
By the given conditions, we have 


A ч. => i0 10 1 
x у x y 


If X doubles his pace, then speed of X is 2x km/hr 
Times taken by X to cover 30 km = I hrs. 


Times taken by Y to cover 30 km = = hrs 


According to the given conditions, we have 


ЖИЕ 
i 2 2 
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3) 3 3 
m ) 2x 2 
10. 5 1 
=> F 
у x 2 
10 20 s 
2 pum] (ii) 
х y 


eee | 1 А Т 
Putting r: = напа y = v, in equations (i) and (ii) we get 


10и – 100 = 1 > 10u -10v -1 = 0 (Ш) 
~10u + 200 = 1 > -10u + 200 – 1 = 0 div) 
Adding equations (iii) and (iv), we get 


— sommes 
2 


Putting о = E in equation (iii), we get 


— бен ин 


10 
Моуу, — Оаа 2р5 
10 х 10 3 a wy 5 
Hence, X's speed = 25 km/hr and, Y's speed = 5 km/hr. 


3 

EXAMPLE After covering a distance of 30 km with a uniform speed there is some defect ina train 
engine and therefore, its speed is reduced to 4/5 of its original speed. Consequently, the train reaches 
its destination late by 45 minutes. Had tthappened after covering 18 kilometres more, the train would 
have reached 9 minutes earlier. Find tlie speed of the train and the distance of journey. 
SOLUTION Let theoriginal speed of the train be x km /hr and the length of the journey be y 
km. Then, 

Time taken - (y/x) hrs. 
CASEI When defect in the engine occurs after covering a distance of 30 km. 
Wehave, 

Speed for first 30 km =x km/hr 

4 


and, Speed for the remaining (y = 30) km = = x km/hrs 


30 
Time taken to cover 30 km = = hrs 


Ti k 30) km —, 
i 5 mig к 
me taken to cover (у (4x/5) 


hrs. = > (у — 30) hrs. 


According to the given condition, we have, 


3.100 MATHEMATICS~-xX 


120 + 5y – 150 4y 3x 
= ———— == 


4х 4x 
= 5y ~ 30 = 4y+3x | 
= 3x- y «30-0 00 


CASE TI. When defect in the engine occurs after covering a distance of 48 km. 
Speed for first 48 km = x km/hr. 


Speed for the remaining (y — 48) km = » km/hr 


Time taken to cover 48 km = a5 hrs. 
X 


y – 48 5 (y — 48) 
Time taken to cover (y — 48) km — (4-8) hr = 120-48 hr 
(y ) 4x/5. 45 | 
According to the given condition, the train now reaches 9 minutes earlier ies 36 minutes 
later. 


48 5(v-48) wy 36 


x 4х х 60 
48 5y-240 у 3 
= — 4—— == + — 
x 4x x § 
T 192 + 5y- 240  5y « 3x 
4x 5x 
34-48  5y 3x 
= — = 
+ 5 
=> 25у — 240 = 20у + 12x 
= 12x — 5y + 240 = 0 (ii) 
Thus, we have the following system of simultaneous equations: 
3х-у+30 = 0 
12x - 5y + 240 =0 
By using cross-multiplication, we have 
x ё m M 1 
-240 150. 720-360 -15+12 
Е e Л. 
90 360 —3 
- -360 
— r йш ише Mex 
Hence, the original speed of the train is 30 km/hr and the length of the journey is 
120 km. 


EXAMPLE 7 A train covered a certain distance at a uniform speed. If the 
faster, it would have taken 4 hours less than the scheduled time. And, if the 
would have taken 6 hours more than the scheduled time, Find the le 


train would have been 6 km/h 
train were slower by 6 km/h, it 
пе of the journey. 


D 
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SOLUTION Let the actual speed of the train be x km /hr and the actual time taken be y hours. 


Then, 
Distance covered = (xy) km . (i) [s Distance = Speed x Time] 


If the speed is increased by 6 km/hr, then time of journey is reduced by 4 hours i.e., when 
speed is (x + 6) km/hr, time of journey is (y—4) hours. 


Distance covered = (x + 6) (y — 4) 


= xy = (x + 6)(y — 4) [Using (i)] 
=> -4x + 6y – 24 = 0 
=> -2x + 3y – 12 = 0 2 КЕД 


When the speed is reduced by 6 km/hr, then the time of journey is increased by 6 hours i.e., 
when speed is (x —6) km/hr, time of journey is (/ hours. 


Distance covered = (x — 6) (y + 6) 


=> xy = (x = 6)(y + 6) [Using (i)] 
=> 6x — 6y — 36 = 0 
==“ х-у-6 = 0 ... (ill) 


Thus, we obtain the following system of equations: 
– 2х + Зу – 12 = 0 
x-y-6-0 
By using cross-multiplication, we have, 
x ку 1 f 


3x-6-—(C-1)x 120 бох 68 1х-12 -2x-1-1x3 


Y „ 1 
— — =: — — 

30 24 4А] 
=> x = 30nd y = 24. 


Putting the values of x and y in equation (i), we obtain 
Distance = (30 x 24) km = 720 km. 


Hence, thelength of the journey is 720 km. 


— = EXERCISE 3.10 


1. Points A and B are 70 km. a parton a highway. A car starts from A and another car starts 
from B simulataneously. If they travel in the same direction, they meet in 7 hours, but if 
they travel towards each other, they meet in one hour. Find the speed of the two cars. 

[CBSE 2002] 

2. A sailor goes 8 km downstream in 40 minutes and returns in 1 hour. Determine the 
speed of the sailor in still water and the speed of the current. 

3. The boat goes 30 km upstream and 44 km downstream in 10 hours. In 13 hours, it can go 
40 km upstream and 55 km downstream. Determine the speed of stream and that of the 


boat in still water. 


3.102 


4. 


10. 


11. 


16. 


. Places A and B are 80 km 


A motor boat can travel 30 km upstream 


Abdul travelled 300 km by train and 200 km by taxi, it took him 


MATHEMATICS 


A boat goes 24 km upstream and 28 km downstream in 6 hrs. It goes 30 km upstream 


and 21 km downstream in 65 hrs. Find the speed of the boat in still water and also 
speed of the stream. 


. A man walks a certain distance with certain speed. If he walks 1/2 km an hour faster, he 


takes 1 hour less. But, if he walks 1 kman hour slower, he takes 3 more hours. Find the 
distance covered by the man and his original rate of walking. 


. A person rowing at the rate of 5 km /h in still water, takes thrice as much time in going 40 


km upstream as in going 40 km downstream. Find the speed of the stream. 


INCERT EXEMPLAR] 


. Ramesh travels 760 km to his home partly by train and partly by car. He takes 8 hours if 


he travels 160 km. by train 


and the rest by car. He takes 12 minutes more if the travels 240 
km by train 


and the rest by car. Find the speed of the train and car respectively. 


. Aman travels 600 km partly by train and partly by car. If he covers 400 km by train and 


the rest by car, it takes him 6 hours and 30 minutes. But, ifhe travels 200 km by train and 
the rest by car, he takes half an hour longer. Find the speed of the train and that of the car. 


[CBSE 2001] 


apart from each other on a highway. A car starts from A and 
other from B at the same time. If they move in the same direction, they meet in 8 hours and 
if they move in opposite directions, they meet in 1 hour and 20 minutes. Find the speeds 


of the cars. [CBSE 2002] 


Itcan go 16 km upstream 
espeed of theboat in still water and the 


A boat goes 12 km upstream and 40 km downstream in 8 hours. 
and 32 km downstream in the same time. Find th 
speed of the stream. 


Roohi travels 300 km to her home partly by train and p 
she travels 60 km by train and the remaining by bus. | 


the remaining by bus, she takes 10 minutes 
bus separately. 


artly by bus. She takes 4 hours if 
f she travels 100 km by train and 
onger. Find the speed of the train and the 


Ritu can row downstream 20 km in 2 hours, and upstream 4 km in 2 hours. Find her 
speed of rowing in still water and the speed of the current. [NCERT] 


and 28 km downstream in 7 hours. It can travel 
Find the speed of the boat in still water and the 
[NCERT EXEMPLAR] 
5 hours 30 minutes. But 
takes 6 minutes longer. Find the speed 
[CBSE 2006C] 


21 hm upstream and return in 5 hours. 
speed of thestream. 


if he travels 260 km by train and 240 km by taxi he 
of the train and that of the taxi. 


A train covered a certain distance at a uniform speed. If the train could have been 


10 km/hr. faster, it would have taken 2 hours less than the s 
train were slower by 10 km/hr; it would have take 
time. Find the distance covered by the train. 


cheduled time. And, if the 
n3 hours more than the scheduled 
[NCERT] 
Places A and B are 100 km aparton a highway. One car starts from A and another from 
B at the same time. If the cars travel in the same direction at different speeds, they meet in 


5 hours. If they travel towards each other, they meet in 1 hour. What are the speeds of two 
cars? 


INCERT, CBSE 2009] 
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LEVEL2 
17. While covering a distance of 30 km. Ajeet takes 2 hours more than Amit. If Ajeet doubles 


his speed, he would take 1 hour less than Amit. Find their speeds of walking. 
alk a distance of 30 km. But, if A doubles his pace 


18. A takes 3 hours mare than B to w 
(speed) he is ahead of B by x hours. Find the speeds of A and B. 


ANSWERS 


‚ Speed of car starting from point A = 40 km/hr. 
Speed of car starting from point B = 30 km/hr. 


— 


2. Speed of sailor = 10 km/hr, speed of current =2 km/hr. 
3. Speed of stream = 3 km/hr, Speed of boat =8 km/hr. 
4. Speed of stream = 4 km/hr, Speed of boat = 10 km/hr. 
5. Distance = 36 km, Original speed = 4 km/hr. 
6. 2.5 km/hr 7. Train; 80 km/hr, car: 100 km/hr. 
8. 100 km/hr, 80 km/hr. 9. 35km/hr, 25 km/hr. 
10. 6 km/hr, 2 km/hr. Ы 60 km /hr, 80 km/hr. 
12. 6km/hr, 4 km/hr. 13.10 km/hr, 4 km/hr. 
14. 100 km/hr, 80 km/hr. 15, 600 km. 


16. 60 km/hr, 40 km/hr 
17. Ajit's speed = 5 km/hr, Amit's speed =7.5km/hr. 
10 
18. 3 km/hr,5 km/hr. 
= - HINT TO SELECTED PROBLEM 
Let the original speed be y km /hr and total time ta ken be x hrs. Then, 
Distance = (xy) km. 
Since distance covered in each case is same. 


л 


[ys 1 Jie) = xy and, (y - 1) (x + 3) = xy 


x 
— E Т = vand-x+3y-3=0. 
2- 2 ` 


3.7.6 APPLICATIONS TO MISCELLANEOUS PROBLEMS 
Following examples will illustrate the applications. 


LLUSTRATIVE EXAMPLES 


EXAMPLE 1 The taxi charges in a city comprise ofa fixed charge together with the charge for the 

distance covered. For a journey of 10 km the charge paid is #75 and for a journey of 15 km the charge 

paid is #110, What will a person have to pay for travelling a distance of 25 km? | 
INCERT, CBSE 2000| 


“NAY S-X 
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SOLUTION Let the fixed charges of taxi be x and the running charges be & y km/hr. 
According to the given condition, we have " 
X + 10y = 75 aes 


X +15у = 110 Ан) 
Subtracting equation (ii) from equation (i), we get 
-5y = -35 => y=7 
Putting y=7in equation (i), we get x = 5. 
Total charges from travelling a distance of 25 km = x + 25у 
=%(5+25 х7) =% 180, 


EXAMPLE 2 The total expenditure per month of a household consists of a fixed rent of the house and 
mess charges depending upon the number of people sharing the house. The total той, y expenditure 
is ©3900 for 2 people and #7500 for 5 people. Find the rent of the house and the mess charges per 


head per month. 
SOLUTION Let the monthly rent of the house be X x and the mess charges per head per 
month Бе € y. 
According to the given conditions, we have, 
x + 2y = 3900 ses R3) 
x + 5y = 7500 „=. 


Subtracting equation (ii) from equation (i), we get 
-3y = -3600 > y = 1200 
Putting y = 1200 in equation (i), we get x = 1500 
Hence, monthly rent = € 1500 and mess charges per head per month - € 1200. 
E3 The area ofa rectangle gets reduced by 9 square units ifits length is reduced by 5 units 
and the breadth is increased by 3 units. If we increase the length by 3 units and breadth by 2 units, the 
area is increased by 67 square units: Find the length and breadth of the rectangle. [NCERT] 


SOLUTION Let the length and breadth of the rectangle be x and y units respectively. Then, 
Area = xy sq. units. 


If length is reduced by 5 units and the breadth is increased by 3 units, then area is reduced by 
9 square units. 
Ў xy 9 = (x - 5) (y +3) 
=> Xy -9 = xy + 3x – 5y – 15 
> 3x By 6 = 0 9 Gi) 
When length is increased by 3 units and breadth by 2 units, the area is increased by 67 sq. 
units. 

Xy + 67 = (x + 3) (y + 2) 
=> ху + 67 = xy + 2x + 3y +6 
> 2x + 3y- 61 = 0 (i) 
Thus, we get the following system of linear equations: 

3x-5y-6-0 

2x + 3y -61 = 0 


DEEST ——— 
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By using cross-multiplication, we have 


x = = B ] 
305418 -183+12 9710 
323 
> х= = 17 andy = 21-9 


Hence, the length and breadth of the rectangle are 17 units and 9 units respectively. 
EXAMPLE 4 A man starts his job with a certain monthly salary and earns a fixed increment every 
year. If his salary was #1500 after 4 year of service and #1800 after 10 years of service, what was his 
starting salary and what is the annual increment? 

SOLUTION Let the starting salary of the man be X x and the fixed annual increment be 
3 y. Then, 

Salary after 4 years of service = X (x + 4y) 


Salary after 10 years of service = € (x + 10y) 
x 4y = 1500 ait) 
x + 10у = 1800 s Li) 
Subtracting equation (i) from equation (ii), we get 
6y = 300 => y = 50 
Putting y = 50 in equation (i), we get x= 1300. 
Hence the starting salary was € 1300 and annualincrementis & 50. 


EXAMPLE 5 A person invested some amount at the rate of 12% simple interest and some other 
amount at the rate of 10% simple interest He received. yearly interest of 130. But, if he had 
interchanged the amounts invested, he would hace recefoed #4 more as interest, How much amount 
did he invest at different rates? 


SOLUTION Suppose the person invested € x at the rate of 12% simple interest and & yat the j 
rate of 10% simple interest. Then, 50 
э 
Yearly interest — 123 + 19у 
І 100 . 100 
100 100 
= 12x + 10% = 13000 
= бх + Sy = 6500 * (i) 
If the invested amounts are interchanged, then yearly interest increases by 3 4. 
100 100 
= 10x + 12y = 13400 
= 5х + бу = 6700 ... (ii) 


Subtracting equation (ii) from equation (i), we get 

x-y--200 (iii) 
Adding equation (ii) and (i), we gel 

lin + 11у = 13200 
=> x+y = 1200 (iv) 


.  ——————nnnÓ€— чт 
W e eee . 


[ 


MATHEMATICS- X 
e 3.106 


Adding equations (iii) and (iv), we get 
2x = 1000 = x = 500 


Putting x = 500 in equation (iii), we get y = 700 


ate of 10% per 
Thus, the person invested 3 500 at the rate of 12% per year and & 700 at the rate c Р 
уеаг. 


EXAMPLE 6 The ratio of incomes of two persons is9 : 7 and the ratio of their expen 2 7 cum 
If each of them saves #200 per month, find their monthly incomes. | A men Не 
SOLUTION Let the income of first person be € qx and the income of secon l 1 ‚фа 
7x. Further, let the expenditures of firstand second person be 4y and 3y respectively. z 
Saving of first person = 9% — 4y 

Saving of second person = 7y — 3y 


9x ~ 4y = 200 => 9x -4y 200 = 0 ++ (i) 
and, 7x — Зу = 200 2 7x — Зу — 200 = 0 vic CIR) 
Solving equation (i) and (ii) by cross-multiplication, we have 

x zx 1 

800 600 1800 + 1400 ^ 27.38 

=> х = 200 and y = 400. 


Thus, monthly income of first person =%9x = $98 200) = 1800 
and, monthly income of second person = 17x - t (7 x 200) = % 1400 


EXAMPLE 7 Ina A ABC, ZC =3 ZB=2(2A 4+ 2B). Find the three angles. 


[NCERT] 
SOLUTION Let ZA = x^, ZB = у. Then, 

ZC = 3ZB2 ZC = Зу 

ЗАВ = 2(ZA + ZB) 
> — =2(x+yW>y Mx әх усо 00 
Since ZA, ZBand ZC are angles of a triangle. 

ZA + ZB « ZC =180° 
> Хх + у + 3y = 180 => x + 4y = 180 .. (ii) 


Putting y = 2x in equation (ii), we get 

х + 8x.— 180 — 9x = 180 — x = 20° 
Putting the value of xin equation (i), we get y = 40° 
Hence, 44 = 20°ZB = 40° and ZC = 3y° = (3 x 40°) = 120? 
EXAMPLE 8 Find the four angles of a cyclic quadrilateral AB 
В = (у + 5) ис = (2y + 15)° and ZD = (4x — N. 
SOLUTION We know that the sum of the opposite angles of 


In the cyclic quadrilateral ABCD, angles A and C and and 
Opposite angles. 


ZA + ZC = 180° and ZB + ZD = 180° 
=> 2x-1«2y +15 = 180and y+ 5+ 4x -7 = 180 
> 2x + 2y = 166 and 4x + y = 182 


CD in which ZA = (2x — i? 
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=> x+y = 83 nl id 
and, 4x + y = 182 ... (ii) 
Subtracting equation (i) from equation (ii), we get 

3x = 99 => х = 33 
Substituting x = 33 in equation (i), we get y = 50 
Hence, ZA = (2x33 - 1p = 65°, ZB = (y + 5? = (50 + Б” = 55° 

ZC = (2y + 15) = (2 х 50 + 15)° = 115° апа ZD = (4 x 33 - 7p = 125° 


EXAMPLE 9 A man sold a chair and a table together for & 1520 thereby making a profit of 25% on 
the chair and 10% on table. By selling them together for 21535 he would have made a profit of 10% 
on the chair and 25% on the table. Find the cost price of each. 

SOLUTION Let the cost price of one chair be x and that of one table be € y. Profit on a chair 


= 25%. 
A x 


Selling price of one chair = x + — x j 
100 100 


Profit on a table = 10% 
— . —- 
ing price of one table = Y 100 100 


According to the given condition, we have 


n + HM. = 1520 => 125x + 110y = 152000 => 25х+ 22y = 30400 „ (i) 
100 100° s 


If profit on a chair is 10% and ona table is 25%, then total selling price is X 1535. 


(a) (ue) 
100 n 


110. 125 


> — x + y= 1535 

100 100 
=> 110x + 125y = 153500 
= 22х +25у = 30700 . (ü) 
Subtracting equation (ii) from equation (i), we get 

3x — Зу = -300 = x- y = -100 . (iii) 
Adding equation (ii) and (i), we get 

47x + 47у = 61100 > X + у= 1300 ... (iv) 


Solving equations (iii) and (iv), we get 
x = 600 and y = 700 
Hence, the cost price of a chair is 7 600 and that of a table is X 700. 
EXAMPLE 10 Students of à class are made to stand in rows. If one student is extra in a row, there 
would be 2 rows less. If one student is less in а row there would be 3 rows more. Find the number of 


students in the class. 
SOLUTION Let the number of students be x and the number of rows be y. Then, 


Number of students in each row = x/y 


2 


ES Be ә “ык 
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When one student is extra in each row, there are 2 rows less i.e., when each row has 


x 
f Students, the number of rows is (y — 2). 
Total number of students = No. of rows x No. of students in each row 
Y 
us Y 7 5 0%%% 2 
y. 
2x , 
=> a ье SE „н «es (1) 
у MC 
If one stud 


x 
m ! [8-0 
ent is less in each row, then there are 3 rows more i.e., when each row has | „ ) 


students, the number of rows is + 3) 


Total number of students = No. of rows x No. of students in each row 


* . : - 
=> (-) 2325431, . фо (ii) 
Vy y LI V LI 


I 8 үн " 
Putting = = u in (i) and (ii), we get 
V 


= -2и+у-2 = 0 ... (iii) 
= 3u-y-3=0 ... (iv) 
Adding (iii) and (iv), we get 

=> u-5-20-25u-5 


Putting u = 5 in (iii), we get y = 12 


X 
Now, “= 5 => 
у 12 
Hence, the number of students in the class is 60.7 
EXAMPLE 11 S тетт 12 boys can finish a piece of work in 10 days while 6 men and 8 boys can 
finish itin 14 daus. Find the time taken by one man alone and that by one boy alone to finish the work. 


SOLUTION Suppose that one man alone can finish the work in x days and one boy alone 
can finish it in v days. Then, 


One man's one day's work = 


One boy's one day's work = 


, 8 
Eight men's one day's work = < 
k 12 
12 boy's one day's work = = 
Since 8 men and 12 boys can finish the work in 10 days 


8 ? 3 
w 8, 12 2] > 2. 120 1 00 
X p й 


у 
Again, 6 men апа 8 boys can finish the work іл 14 days. 
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í 84 112 si 
u[ 247 je: => — S) 


OW 1 ; ; ; T 
Putting — = u and — = v in equations (i) and (ii), we get 
* | : 


80и +120v-1=0 
84u + 1120-1 = 0 
Ву using cross-multiplication, we һауе 
и -U 1 
_120+112 -80484 80x112- 120x 84 


Em. 
= ~—§i -4. 1190 
-8 . —4 1 

= and 2 = —— = — 

~ 1120 ~ 140 -1120 280 
Now, w= d. — 1 = o => y= 140 

140 x 140 
and, Wei eb ws yom, 

280 у 280 


Thus, one man alone can finish the work in 140 days and one boy alone can finish the work 
in 280 days. 

EXAMPLE 12 On selling a tea-set at 5% loss and alemon-set at 15% gain, a crockery seller gains Ғ 
7. If he sells the tea-set at 5% gain and thelemon-set at 10% gain, he gains 713. Find the actual price 
of the tea-set and the lemon-set. 

SOLUTION Let the cost price of the tea-set and the lemon-set be & x and X y respectively. 


CASE! When tea set is sold at 5% loss and lemon-set at 15% gain. 


Loss on tea-set = € Эх: ~~ 


100 20 


d E x =7 => 3у – х = 140 > х – Зу + 140 = 0 UN 
20 20 


CASE rt. When tea-set is sold at 5% gain and the lemon-set at 10% gain. 


Gain on tea-set = € ЭХ „ c=. 
100 20 


Gain on lemon-set = € шу "22 
100 10 


y 


X 
Total gai = * — + 2— 
Otal gain 20 10 


r 0 MY] И an 


3.110 MATHEMATICS- X 


= 50 10 Bo х+2у = 260 => x + 2y - 260 = 0 ә. (ii) 
Subtracting equation (ii) from equation (i), we get 

-5y + 400 = 0 > у = 80 
Putting y = 80 in equation (i), we get 

x — 240 + 140 = 0 > x = 100 
Hence, cost prices of tea-set and lemon-set are & 100 and X 80 respectively. 
EXAMPLE 13 If can take 12 hours to fill a swimming pool using two pipes. If the pipe of larger 
diameter is used for four hours and the pipe of smaller diameter for 9 hours, only half of the pool can 
be filled. How long would it take for each pipe to fill the pool separately? |NCERT EXEMPLAR] 
SOLUTION Let thetime taken by the pipes of larger and smaller diameters alone to fill the 
pool be x hours and y hours respectively. Let the total volume of the pool be V cubic units. 


Thepipe of larger diameter fills the pool in x hours. This means that in x hours the volume of 
water that comes out of the pipe of larger diameter is V cubic units. 
In 1 hour volume of the water that comes out of the pipe of larger diameter is 


V 
pu cubic units. 


So, in four hours, the volume of the water that comes out of the pipe of larger diameter is T 

cubic units. | 

Similarly, the volume of the water that comes out of the pipe of smaller diameter in 
9V 

9 hours is у: 


It is given that if the pipe of larger diameter is used for 4 hours and that of smaller diameter 
for 9 hours, only half of the pool can be filled. 


x v Ф2 x y 2 
If boththe pipes are used for 12 hours, they completely fill the tank. 
| 12 12 | 
12V + 12V = V > — + — = 1 (ii) 
* y х Уу 


1 
Putting 2 = u and " = v in (i) and (ii), we obtain 
x 1 


1 
+ 9v = — RT 
и + 90 5 (iii) 
12и + 120 = 1 (iv) 
Multiplying (iii) by 3 and subtracting from (iv), we get 
150=-1 pve aisd сэ у=20 
11 3 ys 
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: Ea oz 
Substituting v = 38 in (iii), we get 


` 


C 
Anh m anc xe die. ЖЭ $ lal. lac ee 


= => — 
30 2 2 30 5 20 x 20 


Thus, the pipes of larger and smaller diameters fill the swimming pool alone in 20 hours and 
30 hours respectively. 


- — EXERCISE 3.11 


1. Ifina rectangle, the length is increased and breadth reduced each by 2 units, the area is 
reduced by 28 square units. If, however the length is reduced by 1 unit and the breadth 
increased by 2 units, thearea increases by 33 square units. Find the area of the rectangle. 

2. The area of a rectangle remains the same if the length is increased by 7 metres and the 
breadth is decreased by 3 metres. The area remains unaffected if the length is decreased 
by 7 metres and breadth is increased by 5 metres. Find the dimensions of the rectangle. 

3. Ina rectangle, if the length is increased by 3 metres and breadth is decreased by 4 metres, 
the area of the rectangle is reduced by 67 square metres. If length is reduced by 1 metre 
and breadth is increased by 4 metres, the area is increased by 89 sq. metres. Find the 
dimensions of the rectangle. 

4, The incomes of X and Y are in the ratio of 8: Hand their expenditures are in the ratio 
19 : 16. If each saves X 1250, find their incomes. 

5. A and B each has some money Af A gives 30 to B, then B will have twice the money left 
with A. But, if B gives 10 to A, then A will have thrice as much as is left with B. How 
much money does each have? 

6. ABCD is a cyclic quadrilateral such that ZA = (4y + 20% ZB = (3y - 5, ZC = (4х)? 
and ZD = (7x + 5)°. Find the four angles. [NCERT] 

7. 2men and 7 boys can do a piece of work in 4 days. The same work is done in3 days by 
4 men and 4 boys. How long would it take one man and one boy to do it? mE 


8. Ina AABC, LA =, ZB-(3x - 2}, =. Also, ZC - ZB=9°. Find the three angles. 


9. In a cyclic quadrilateral ABCD, ZA = (2x + 4), ZB = (у + 3)°, ZC = (2y + 10)°, 
ZD = (4х — 5y. Find the four angles. 

10. Yash scored 40 marks ina test, getting 3 marks for each right answer and losing 1 mark 
for each wrong answer. Had 4 marks been awanded for each correct answer and 2 marks 
been deducted for each incorrect answer, then Yash would have scored 50 marks. How 
many questions were there in the test? [NCERT] 

II. Ina А АВС, ZA = x°, ZB = 33^ and ZC = y°. If Зу — 5x = 30, prove that the triangle is 
right angled. 

12. The car hire charges ina city comprise of a fixed charges together with the charge for the 
distance covered. For a journey of 12 km, the charge paid is & 89 and fora journey of 20 
km, the charge paid is & 145. What will a person have to pay for travelling a distance of 
ш [CBSE 2000 
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13. 


14. 


15. 


19. 


21. 


A part of monthly hostel charges in a college are fixed and the remaining depend on 
the number of days one has taken food in the mess. When a student A takes food for 
20 days, he has to pay € 1000 as hostel charges whereas a student B, who takes food for 
26 days, pays X 1180 as hostel charges. Find the fixed charge and the cost of food 
per day. [NCERT, CBSE 2000] 
Half the perimeter of a garden, whose length is 4 more than its width is 36 m. Find the 
dimensions of the garden. 

The larger of two supplementary angles exceeds the smaller by 18 degrees. Find them. 


INCERT] 


. 2 Women and 5 men can together finish a piece of embroidery in 4 days, while 3 women 


and 6 men can finish it in 3 days. Find the time taken by 1 woman alone to finish the 
embroidery, and that taken by 1 man alone. [NCERT] 


. Meena went to a bank to withdraw € 2000. She asked the cashier to give her 


< 50 and < 100 notes only. Meena got 25 notes in all. Find how many notes € 50 and & 100 
she received. [NCERT] 


There are two examination rooms A and B. If 10 candidates.are sent from A to B, the 
number of students in each room is same. If 20 candidates are sent from B to A, the 
number of students in A is double the numbér of students in B. Find the number of 
students in each room. [NCERT EXEMPLAR] 
A railway half ticket costs half the full fare and the reservation charge is the same on half 
ticket as on full ticket. One reserved first class ticket from Mumbai to Ahmedabad costs 
+ 216 and one full and one half reserved first class tickets cost & 327. What is the basic 
first class full fare and what is the reservation charge? [NCERT EXEMPLAR] 


. A wizard having powers of mystic in candations and magical medicines seeing a cock, 


fight going on, spoke privately to both the owners of cocks. To one he said; if your bird 
wins, than you give me your stake-money, but if you do not win, I shall give you two 
third of that'. Going to theother, he promised in the same way to give three fourths. From 


both of them his gain would be only 12 gold coins. Find the stake of money each of the 
cock-owners have. 


The students of a class are made to stand in rows. If 3 students are extra in a row, there 
would be 1 row less. If 3 students are less in a row there would be 2 rows more. Find the 
number of students in the class. 


One says, “give me hundred, friend! I shall then become twice as rich as you" The other 


replies, “Tf you give me ten, I shall be six times as rich as you“. Tell me what is the 
amount of their respective capital? [NCERT] 


A shopkeeper sells a saree at 8% profit and a sweater at 10% discount, thereby getting а 
sum of 1008. If she had sold the saree at 10% profit and the sweater at 8% disciount, she 
would have got & 1028. Find the cost price of the saree and the list price (price before 
discount) of the sweater. INCERT EXEMPLAR] 
In a competitive examination, one mark is awarded for each correct answer while 1/2 
mark is deducted for every wrong answer. Jayanti answered 120 questions and got 90 
marks. How many questions did she answer correctly. [NCERT EXEMPLAR] 


„ 
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35. Ashopkeeper gives books on rent for reading. She takes a fixed charge for the first two 
days, and an additional charge for each day thereafter. Latika paid & 22 for a book kept 
for 6 days, while Anand paid € 16 for the book kept for four days. Find the fixed charges 
and charge for each extraday. [NCERT EXEMPLAR] 


— ANSWERS 
1. 253 sq. units 2. Length = 28 m, Breadth = 15 т 
3. Length = 28 m, Breadth = 19 m 4, X's income = € 6000, Y's income = Y 5250 
5. A: & 62, B: & 34 6. ZA = 120°, ZB = 70°, ZC = 60° 4D = 110° 
7. Man: 15 days Boy : 60 days 8. A=25°; B=73°; С = 82° 
9 A=70°, B=53°,C=110°;D=127" 10. 20 12. * 215 
13. Fixed charge = & 400; Cost of food per day = X 30 
14. Length = 20 m, Width = 16m 15. 99°, 81° 
16. 36 days, 18 days 17. 10; 15 
18. 100, 80 19. Fare - € 210, Reservation charge = X 6 
20. 42, 40 Gold Coins. 21. 36 22. < 40, & 170 
23, F 600, 400 24. 100 25. 710,73 


— HINTS TO SELECTED PROBLEMS 


10. Let x and y denote the number of right and wrong answers respectively, then 
3x-y = 40, 2x-y = 25 
19. Suppose basic first class full fareis€ x and reservation charge is € y per ticket. Then, x T 
*y-216and x + y + (x/2) + y= 327. 
20. Let the stake money of first and second cock-owners be & x and € y respectively. Then, 
we have 


3 2 
| * — 47 = I2and'u х = 12 > 4x-3y = 48 апа — 2х + Зу = 36 


| 22. Let the money with the first person be & x and the money with the second person be 
x y. Then; 
^ x-«100- 2 (у 100) and y + 10 = 6 (x – 10). 


— 4A VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 
Answer each of the following questions either in one word or one sentence or as per requirement of the 
questions: | 


1. Write the value of k for which the system of equations x + y - 4 = and 2x + ky - 3-0 
has no solution. 
2. Write the value of k for which the system of equations 
2x-y=5 
6x + ky = 15 
has infinitely many solutions. 
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. Write the value of k for which the system of equations Зх — 2y = 0 and kx + 5y = 0 has 


infinitely many solutions. 


Write the values of k for which the system of equations x + ky = 0, 2x – y = has 


unique solution. 


Write the set of values of a and b for which the following system of equations has 


infinitely many solutions. 
2x +3у = 7 
2ax + (a + b) y = 28 


. For what value of k, the following pair of linear equations has infinitely many solutions? 


10x + 5у - (K-5)- 0 
20x + 10y K = 0 


. Write the number of solutions of the following pair of linear equations: 


x*2y-8-0 
2x * 4y — 16 [CBSE 2009] 


. Write the number of solutions of the following pair of linear equations: 


x+3y-4=0 
2x + 6y =7 


= Ш а . — ANSWERS 


1. kz2 2. k=-3 


3 5. a=4,b=8 
6. k=10 7. Infinite 8, 


* 


vam \ ____ MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


The value of k for which the system of equations 
kx — y = 2and, 6x = 2y = 3 has a unique solution, is 
(a) 23 (b) + 3 (с) 2 0 (d) 20 


. The value of k for which the system of equations 2x + 3y = 5and, 4x + ky = 10 has 


infinite number of solutions, is 
(a) 1 (5) 3 (c) 6 (d) 0 


Ihe value of for which the system of equations x + 2y – 3 = and 5x + ky +7 = 0 has 


no solution, is 
(a) 10 (b) 6 (c) 3 (d) 1 


he value of k for which the system of equations 3y + 5y = 0 and kx + 10у = 0 hasa 


non-zero solution, is 
(a) 0 (b) 2 (c) 6 (d) 8 


‚ If the system of equations 2x + 3y = 7 and, (а + b) x + (2a — b) у = 21 has infinitely 


many solutions, then 
(a) a=1,b=5 (б) a=5,b=1 (c) a=-1Lb=5 (d) a = 5,b 1 


lt the system of equations 3x + y = l and, (2k - 1) x + (k — 1) у = 2k + 1 is inconsistent, 


then k = 
(a) 1 (b) 0 (c) -1 (d) 2 


wv 


— 


ee a c ые 
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14, 


15. 


16. 


1% 


13. 
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If am + bl, then the system of equations ax + by = c and, lx + my =n 


(a) has a unique solution (b) has no solution 
(c) has infinitely many solutions (d) may or may not have a solution. 


If the system of equations 


2x 137 = 7 
2ax + (a+b) = 28 
has infinitely many solutions, then 
(а) a = 2b (b) b = 2a (c) a+ 2b = 0 (d) 2a + b +0 


. The value of k for which the system of equations 


x+2y=5 
Зх +ky+15=0 


has no solution is 
(a) 6 (b) -6 (c) 3/2 (d) none of these 


If 2x - 3y =7 and (a + b) x - (a = 3) y = 4a + 0 represent coincident lines, then à 
and b satisfy the equation 

(a) a+5b=0 (b) 5a+b=0 (cha 5b = 0 (d) 5a- b = 0 

If a pair of linear equations in two variables is consistent, then the lines represented by 
two equations are 


(a) intersecting (b) parallel 
(c) always coincident (d) intersecting or coincident 


{ Eo o à; А à 
. Thearea ofthe triangle formed by theline "wr dm 1 with the coordinate axes is 


1 1 
(a) ab (b) Фар (c) 5 (d) 19 
The area of the triangle formed by the lines у= x, x = 6 and y = 0 15 
(a) 36 sq. units (b) 18 sq. units (c) 9 sq. units (d) 72 sq. units 
If the system of equations 2x + 3y = 5, 4x + ky — 10 has infinitely many solutions, then 
k= 

1 

(a) 1 b) 5 (c) 3 (d) 6 
If the system of equations kx - 5y = 2,6x + 2y = 7 has no solution, then k= 
(a) -10 (b) -5 (c) -6 (d) -15 


The area of the triangle formed by the lines x = 3, y = 4and x = y is 
(a) 1/2 sq. unit (b) 1 sq. unit (c) 2 sq. unit (d) None of these 


The area of the triangle formed by the lines 2x + 3y = 12, x- y -1- 0 and x = 0 


(as shown in Fig. 3.24), is 
(a) 759. units (b) 7.5 sq. units (c) 6.5 sq. units (d) 6 sq. units 
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Fig. 3.24 


18. The sum of the digits ofa two digit number is 9. If 27 is added to it, 
number get reversed, The number is 
(a) 25 (572. (c) 63 (d) 36 


19. If x = a, у = b is the solution of the systems of equations x — y = 2 and x + y — 4, then the 
values of a and bare, respectively 


the digits of the 


(a)-3and 1 (b) 3and 5 (c) 5 and 3 (d) - 1 and - 3 
20. For what value , do the equations 3x— y +8 O and 6x — ky + 16-0 represent coincident 
lines? 
1 1 
(а) у b) 75 (c) 2 (d) - 2 


21. Aruna has only & 1 and X 2coins with her. If the total number 


of coins that i 
and the amount of money with her is & 75, then the numbe at she has is 50 


r of & I and & 2 coins are, 


respectively 
(a) 35 and 15 (b) 35 and 20 (c) 15 and 35 (d) 25 and 25 
ANSWERS 
1. (b) 2. (c) 3. (a) 4. (c) 5. (b) 6. (d) 7. (a) 


8. (b) 9. (a) 10. (c) 11. (d) 12. (c) 13. (b) 14. (d) 
15. (d) 16. (a) 17. (b) 18. (d) 19. (a) 20. (c) 21. (b) 
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SUMMARY 
1. A pair of linear equations in two variables x and y can be represented algebraically as 


follows: 
axt+bhy+e, = 0 
Ax + by * c, = 0, 
where а, az, b, ba, €}, are real numbers such that 42 +b? 40, а? +b,” #0. 
2. Graphically or geometrically a pair of linear equations 
ax+by+e, = 0 
a,x = by +c, = 0 


in two variables represents а pair of straight lines which are 


"E " m b 
(i) intersecting, if TL * 
Als b, 


l 
(ii) parallel, if = = a + С 


- — „ M D c 
(iii) coincident, if 21 = = 1 
w b G 


3. A pair of linear equations in two variables can be solved by the: 
(i) Graphical method (ii) Algebraic method. 
4. To solve a pair of linear equations in two variables by Graphical method, we first draw 
the lines represented by them. 
(i) If the pair of lines intersect ata point, then we say that the pair is consistent and 
the coordinates of the point provide us the unique solution. 
(ii) If the pair of lines are parallel, then the pair has no solution and is called 
inconsistent pair of equations. 

(iii) If the pair of lines are coincident, then it has infinitely many solutions — each point 
on the line being of solution. In this case, we say that the pair of linear 
equations is consistent with infinitely many solutions. 

5. To solve a pair of linear equations in two variables algebraically, we have following 
methods: 
(i) Substitution method. (ii) Elimination method. 


(iii) Cross-multiplication method. 
6. If ax+by+c, = 0 
a,x + by * c; = 0 


is a pair of linear equations in two variables x and y such that 


a b 
‘ 1 І " . ; : . 
wt. 2, ^ linear equations is consis i ; r 

(i) E e then the pair of linear eq asistent with a unique solution. 
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6% 44, 
& b^ "i then the pair of linear equations is inconsistent. 


wn wl 
Hu) -4—6 | е 
(iii) % b c! then the pair of linear equations is consistent with infinitely таг} 
solutions. 


QUADRATIC EQUATIONS 


4.1 INTRODUCTION 

In chapter 2, we have learnt about polynomials and their zeros. We have also learnt about 
graphical representation of linear, quadratic and cubic polynomials. When a polynomial 
f(x) is equated to zero, we getan equation which is known as a polynomial equation. If f(x) is 
a linear polynomial, then f (x) = 0 is called a linear equation. For example, 3x - 2 = 0, 


4t + Ta 0 etc. are linear equations. In earlier classes, we have learnt about the method of 
solving a linear equation. If f (x) is a quadratic polynomial i.e., f(x) = ax? +bx+c,a#0. 
Then, f(x) = 0 i.e., ах? + bx * c = 0, а * O is called à quadratic equation. Such equations 
arise in many real life situations. In this chapter, we will learn about quadratic equations 
and various ways of finding their zeros or roots. In the end of the chapter, we will also 
discuss some applications of quadratic equations in daily life situations. 


4.2 QUADRATIC EQUATION 

QUADRATIC EQUATION If р(х) is a quadratic polynomial, then р(х) = O is called a quadratic 
equation. 

The general form of a quadratic equation is ах? + bx + c = 0, where a, b, ce R and a # 0. 
ROOTS OF A QUADRATIC EQUATION Let p(x) = 0 be a quadratic equation, then the zeros of the 
polynomial p(x) are called the roots of the equation p(x) — 0. 

Thus, x = а is a roots of p(x) = 0 if and only if p(a) = 0. 

As we have seen in section 2.2 that a quadratic polynomial may or may not have real zeros. 
In casea quadratic polynomial has real zeros, it can have at most two zeros. It follows from 
this that a quadratic equation can have at most two real roots. 

Finding the roots ofa quadratic equation is known as solving the quadratic equation. 

Various concepts discussed so far are illustrated by the following examples. 


Type ] ON DETERMINING WHETHER A GIVEW EQUATION IS QUADRATIC OR NOT 


EXAMPLE 1 Which of the following are quadratic equations? 
(i) x -6x «4-0 (i) 2x? -7x =0 


(ii) x43 242 (iv) Pie ug 


x * 
(у) x? «24x -3 = 0 (vi) 3x? -4x 1 2 2x? - 2x +4 


4.1 


4.2 


SOLUTION (i) Let p(x) = y? 
Clearly, 


-6x44 


P(x) = x* -6r+4 isa quadratic polynomial. Therefore, x^ – 6x + 4 = 0) js a 
quadratic equation. 


(ii) Clearly, 2,2 
equation, 
(ш) We have, 


-7x is a quadratic polynomial. So, the given equation is а quadratic 


3 2 
1 = „3 r3 oy 
X " X 
Clearly, х? — x? — 3, beinga polynomial of degree 3, is not a quadratic polynomial, So, the 
given equation is not a quadratic equation. 


(iv) We have, 


? 3 2 
17 4132 => д х -3-0 


22 > 1 2277120 
X Ф 


Clearly, xt — 2x? +1 is not a quadratic polynomial. So, the given equation is not a quadratic 
equation. 


(v) Clearly, х? + 2/x — 3 is nota quadratic polynomial because it contains a term involving 
x ^, where 12 is not an integer. So, the given equation is not a quadratic equation. 
(vi) We have, 

3 -4х+2=2х%°-2х+4 zm 92x45 - 0 


Clearly, x^ -2x - 2 is a quadratic polynomial, So, the given equation is a quadratic 
equation. 


Type II ON DETERMINING WHETHER THE GIVEN VALUES ARE SOLUTIONS OF THE GIVEN 
EQUATION OR NOT 


EXAMPLE 2 In each of thefollowing determine whether the given values are solution of the given 
equation or not: 


(i) 3x7 -2x-1 207x.-1 (ii) 6x? -x-220,x =-1/2,x = 2/3 
(iii) x? -x+1L=0,x = Вх =-1 (iv) x - 4 0, x H. х= 242 
SOLUTION (i) Substituting x = on the LHS of the given equation, we get 

ИНЅ 23 x 17 -2x1-1-0- RHS 
So, x = 1 is a solution of the given equation. 


(ii) Substituting x = -5 in the LHS of the given equation, we get 


ose (3) азон 
So, Y = , is a solution of the given equation. 
For x = =, we have 
uis = 6x(2) -2-2=0= ius 
— I 


M с з m m i: 
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2. А 
So, ¥ = 3 is also a solution of the given equation. 


(iii) Substituting x = 1 on the LHS of the given equation, we get 


LHS = 17 -1+1=1+#RHS 
So, x = 1 is not a solution of the given equation. 
Similarly, x = —1 is not a solution of the given equation. 


(iv) Substituting x = /2 on the LHS of the given equation, we get 
LHS = (V2)? + V2 х J2-4=2+2-4=0=RHS 

So, x = is solution of the given equation. 

Substituting х = -2/2 onthe LHS of the given equation, we get = 
LHS = (-2V2)? + V2 х (22/2) - 4 =8- 4-4 = 0 = RHS | 

So, x = 2 is also a solution of the given equation. 

Type HI ON DETERMINING AN UNKNOWN INVOLVED IN A QUADRATIC-EQUATION WHEN ITS 

ROOT(S) IS (ARE) GIVEN 
EXAMPLE з Ineachof the following, determine the value of k for which the given value isa solution 
of the equation: 
(i) kê +2x-3=0,x=2 (ii) з 2kr -3 = 0, 2-7 


(iii) x? +2ax-—k=0,x = -а 
SOLUTION (i) Since x = 2 isa root ofthe given equation. Therefore, it satisfies the equation 


2 


іе. K 2) +2x2-3=0 <> 48+ 4-3 = 0 K -1/4 


(ii) Since х = —1/2 isa root of the given equation. So, it satisfies the equation 
2 
ie. ) (ез0 ак а афо 
2 2 4 B 


(iii) Since x = isa root of the equation x^ + 2ax – К = 0 
* + ахла =0 => К = -а? Б: 
EXAMPLE 4 — If'one root of the quadratic equation 2x? + kx — 6 = 015 2, find the value of k. Also, 
find the other root. [CBSE 2002] 
SOLUTION Since x = 2 isa root of the equation 2x + kx – 6 = 0. 
2 22 42k-6=0 > 8+2k-6=0 = 2k+2=0 K = 
Putting k = —1 in the equation 2Y! + kx - 6 = 0, we get 
2x? -x-6=0 
2x? - Ax + 3x - 6 = 0 
2x(x -2) + 3(x - 2) = 0 
(x — 2) (2х + 3) = 0 
x-2=0,2x+3=0 > x=2,x =-3/2 


Hence, the other root is —3/2. 


Uus 
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EXAMPLE 5 


If x = Zand x = 3 are roots of the equation Зх? — 2kx + 2m = 0, find the value ор 
and m. 


SOLUTION lt is given that x = 2and x = 3 are roots of the equation 33^ – 2kx + 2m = 0. 
3х2? -2k x2«2m - 0 and 3x3? -2kx 34 2m - 0 

5 12 — 4k + 2m = 0 and 27 - 6k + 2m = 0 

=> 12 = 4k - 2m and 27 = 6k - 2m 


EE f 15 
Solving these two equations, we get k = > and m = 9 


— EXERCISE 4.1 
|. Which of the following are quadratic equations? 
(i) x7 «6x-4-0 (ii) (3.7 — 2x + =0 
5 2 
(iii) 334.1 „5 (v) x I ne 
** * 
(0) 2 - 3x «9-0 (vi) x° -2x-4x-5-0 
(vii) 33? 5x 19 3? -7x 43 (iii) T1 
x 
"ma, ail 
(ix) 32 3x 2 0 (x) „ =3 +4 


(хі) (2x + 1) (3x + 2) = 6(x.- I) (x - 2) (xii) x+ : -x',xe0 


(xiii) 16x? — 3 = (2x4 5) (Sa 3) (xiv) (x 2) =x? -4 
(xv) x(x + 1) «8 = (x #2) (x - 2) 


2. Ineach of the following, determine whether the given values are solutions of the given 


equation or not: 
fi) x- 38-2 -O T -2, x - 1 (ii) x! «x«120,x = ,x 21 
(ii) 9 33x «6 = 0, x = 4/3, х =-2/3 (iv) rian, мер € =з 
X 6 


(у) 2:32-x49237«4x43,1-22,x23 (vi) x2 J£2x-4- G, -J2, x = -2V2 


(уй) axe - 3abx + 2b? = 0, x = a/b, x = bja 


3. Ineach of the following, find the value of k for which the given value is a solution of the 


given equation: 
(i) 7x7 +kv-3=0, x= 2/3 (ii) x? — x(a+b)+k=0,x=a 
(iti) kx? + J2x-4=0,x = V2 (iv) х'+3ах+К=0,х=-а 


E- C ²˙¹.wꝛ ⅛ »—- ˙ mR ·:. — ³ůͤ 
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© Determine, if 3 is a root of the equation given below: 


Vx? -4х +3 + Vx? -9 = Jax? - Mx + 16 
|LEVEL-2 
5. If x = 2/3 and x = -3 are the roots of the equation пх? + 7x +b = 0, find the values of a 

and b. [CBSE 2016] 


— — - ANSWERS 
1. (i), (ii), (vii), (viii), (ix), (xiii), (xiv) 
2. (i) x= 2 isa solution but x = -1 is nota solution 

(ii) х= Oand х = are not solutions 


(iii) X = УЗ isa solution but x = —2V3 is not a solution 
5 4 
(iv) х = 6 and x = 3 are not solutions. 


(у) x =2 and x = 3 are solutions 
(vi) x i is a solution but х = 2 is not a solution 


T b. r a... à 
(vii) x = is a solution but x = b is not a solution 
a 


3. (i) 1— (ii) k=ab (iii) k=1 (iv) x 242 

4. x=3 is nota root of the given equation 5. a=3,b=-6 | 
4.3 FORMULATION OF QUADRATIC-EQUATIONS | 
Quadratic equations arise in several situations in the world around us and in different fields of L 


mathematics. Following examples will illustrate the formulation of quadratic equations. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 The product of two consecutive positive integers is 240. Formulate the quadratic 


equation whose roots are these integers. 
SOLUTION” Let two consecutive positive integers be x and x + 1. Then, their product is * 


x (x +1). 
Itis given that the product is 240. 
x(x41)2240 => х? + х – 240 = 0 
This is the required quadratic equation. 
EXAMPLE 2. Thearea ofa rectangular plot is 528 m?. The length of the plot (in metres) is one more 
than twice its breadth. Formulate the quadratic equation to determine the length and breadth of the 
plot. [NCÉR 
SOLUTION Let the breadth of the plot be x metres. 
It is given that the length of the plot is one more than twice its breadth. 
Ф Length = (2x + 1) metres 
Now, Area of the plot = 528 m? 
> Length x Breadth = 528 m? 
ad (2х +1) хх = 528 => 22° + х – 528 = 0 


This is the required quadratic equation. 


a —À "D - _ 
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| EXAMPLE 3 A two digit number is such that the product of the digits is 12. When 36 is added to thy 
number the digits interchange their places. Formulate the quadratic equation whose root(s) js (are) 

digit(s) of the number. 

SOLUTION Let the ten’s digit of the number be x. 

It is given that the product of digits is 12, 


| | 
Unit's digit = z 


Number = 10x 4 12 
" 


I If 36 is added to the number the digits interchange their places. 
| 
| 2 
11 10x 12,36 10 2 
| x x 
| | => 10x E. 36 1 , 
| x y 
* 
> 9x? – 108 + 36x = 0 
z$ * 44x-19 =0 [Dividing throughout by 9] 


Hence, required quadratic equation is x^ + 4x - 12 = 0, 
EXAMPLE 4 Rohan’s mother is 26 years older than him. The product of their ages 3 years from now 
will be 360. Formulate the quadratic equation to find their ages. [NCERT] 
SOLUTION Let Rohan’s present age be X years. Then, his mother's age is (x + 26) years. 
Rohan's age after 3 years = (x +3) years 
After3 years the age of Rohan's mother = (x + 26 + 3) years = (x +29) years. 
It is given that after 3 years from now; the product of Rohan's and his mother's ages will be 
360 years. 

(x + 3) (x + 29) 360 “=> x? «32x - 273 =0 


This is the required equation. 


EXAMPLE. 5 A train travels a distance of 480 km ata uniform speed. If the speed had been 8 km/hr 
less, then it would have taken 3 hours more to cover the same distance. Formulate the quadratic 


equation intermsof the speed of the train. [NCERT] 
SOLUTION Let the speed of the train be x km / hr. Then, 
480 
| Time taken to travel a distance of 480 km = 251 hr 
| | Also, | 
| 480 


Time taken by the train to travel a distance of 480 km with the speed (x-8) km/hr = 


hr 
8 


Й itisgiventhatifthespeed had been b km/hr less, then the train would have taken 3 hours 
14 more to cover the same distance 


EE 
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480 480 _, 

= 3-8 X4 —— 

480 (x х + 8) 

— Аа PERI 
= x (x-8) 

480 x 8 

— 
- x (x – 8) 
— | 3x (x — 8) = 480 х 8 ' 
=> x(x -8)=160x8 => x? — 8x — 1280 = 0, whichis the required equation. 
EXAMPLE 6 Sum of the areas of two squares is 468 m?. If the difference of their perimeters is 24 m, 
formulate the quadratic equation to find the sides of the two squares. 
SOLUTION Let the length of each side of a square be x metres. Then, its perimeter rs, 
is 4x. 
It is given that the difference of the perimeters of two squares is 24m. 

Perimeter of second square = 24 + 4x metres 
=> Length of each side of second square = oe Hee metres = (6 + x) metres 
It is given that the sum of the areas of two squares is 468 m?. 

x? +(6 + х)? = 468 
= x? + (36 + 12x + х?) = 468 
=> 2x? + 12x - 432 = 0 
Ed x? + 6x - 216 = 0 4 

й 


This is the required equation. 
3 
EXAMPLE 7 Two water taps together can fill a tank in 94 hours. The larger takes 10 hours less 


than the smaller опе to fill tlie tank separately. F ormulate the quadratic equation to find the time in 
[CBSE 2016] 


which each tap can separately fill the tank. 
SOLUTION Suppose the smaller tap fills the tank in x hours. Then, the larger tap will fill the 


tank in (x —10) hours. 
Since the smaller tap takes x hours to fill the tank. ; 


Portion of the tank filled by the smaller tank in one hour = ~ 


Portion of the tank filled by the smaller tap in 5 hours i. e., in = hours 


Similarly, we have, 
75 
Portion of the tank filled by the larger tap in 8 hours — (2 " 1 ) 
8 x-10 


It is given that the two taps fill the tank in g hours. 


48 


y 


—" 


—J 


= 


= 


This is the required quadratic equation. 


— 
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1. 
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4.4 


In earlier class, we have learnt how to factorize quadratic and other 
section, we will apply the method of factorization to solve simplequa 


he product of two consecutive positive inte 


- John and ſivanti together have 45 marbles. Both of them lost 5 marbles each 


A cottage industry produces a certain number of toys in 


· The height of a right triangle is 7 cm less than its base. 


· An express train takes 1 hour less 


MATHEM 

75 75 

8x B(x- 10) 
b. 1 m 
х x-10 75 
х-10+х 8 
x(x-10) 75 
2x-10 8 
x -10x 75 


(2x - 10) x75 = 8 (x? — 10x) 


150x – 750 = 8х2 -80x => gy? _ Box +750 =0 => 4х2 — 115*3375 0 


=——<¢ EXERCISE 4.2 


gers is 306, Form the quadratic equation to 
find the integers, if x denotes the smaller integer, [NCERT] 


, and the 
quadratic equation to 
ad x marbles. 


product of the number of marbles they now have is 128. Form the 
find how many marbles they had to start with, if John h 


a day. The cost of production of 
each toy (in rupees) was found to be 55 minus the number of articles produced in a day. 


On à particular day, the total cost of production was € 750. If x denotes the number 
of toys produced that day, form the quadratic equation fo find x. [NCERT] 


If the hypotenuse is 13 cm, form 


the quadratic equation to find the base of the triangle. [NCERT] 


than a passenger train to travel 132 km between 
Mysore and Bangalore, If the average speed of the express train is 11 km/hr more than 


that of the passenger train, form the quadratic equation to find the average speed of 
express train. 


A train travels 360 km ata uniform speed. If the speed had been 5 km /hr more, it would 


have taken 1 hour less for the same journey. Form the quadratic equation to find the 


Speed of the train. 

— = —— — ANSWERS 
х2 +x-306=0 2 х? -45x+324=0 3. х? -55x +750 = 0 
x? -7x-60=0 5. х? +11х-1452=0 6. х? + 5x 1800 = 0 


SOLUTION OF A QUADRATIC EQUATION BY FACTORIZATION METHOD 


simple polynomials. In this 
dratic equations. 


Let the quadratic equation be ax? + bx « c = 0,a = 0. 


NU e ] 
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Let the quadratic polynomial ax* + bx + c be expressible as the product of two linear 
factors, say (px + q) and (rx + s), where p, q, r, s are real numbers such that p * 0 and r +0. 
Then, 


ах? +bx+c=0 


53 (px+q)(rx+s)=0 
> px+q=00r,rx+s=0 
Solving these linear equations, we get the possible roots of the given quadratic equation as 
p 5 
х=-—апах=-- 


q r 
Following examples will illustrate the above procedure for solving quadratic equations. 


ата 


EXAMPLE 1 Solve the following quadratic equations by factorization: 
(i) х2 + 6х+5 = 0 (i) 8x?-22x-21-0 (iii) 93? 320 
SOLUTION (1) We have, 


х? +6х+5 = 0 


> х2 +5х+х+5 = 0 
=> x(x + 5)+(x+5)=0 
=> (х + 5)(х + 1) = 0 => х+ 5 = Oer, х ++ 0 > x = Sor, x = -1 


Thus, x 2 -5 and х = ] аге two roots of the equation x!46x45-20 
(ii) We have, 
8x? – 22х21 = 0 


= 8x? - 28x + 6x -21 20 
> Ax (2x - 7) + 3(2x - 7) = 0 
J 
=> (2х — 7) (4х +3) = 0 = 2x-7200r4x4320 => 10 4 


Thus, x = Zand x= = аге two roots of the equation 8x? — 22x -21- 0 


(iii) We have, 


9x? -3x -2-0 
= 9x? -6x 4 3x -2- 0 
> Зх (Зх – 2) + (3x - 2) = 0 
> (3x — 2)(3x +1) = 
2 1 
= 3x -2=Oor,3x+1=0 > x-zornx--- 
3 3 
Thus, x = J and x= - are two roots of the equation 93? — 3x – 2 = 0 


4.10 MATHEMATIK 
EXAMPLE Solve the following quadratic equations by factorization method: 
fi) x? -9=0 (ii) x? -8x +16 =0 
SOLUTION (1) Wehave, 
xy! -9-0 
= (x – 3)(х + 3) =0 
=> x-3=0or,x+3=0 > X=3orx=-3 xX 13 
Thus, x = 3 and x = —3 are roots of the given equation. 
(ii) We have, 
x? -8x«416-0 > (x-4 =0 > x=4,x=4 
Thus, both the roots of the given equation are equal and are equal to 4. 
EXAMPLE 3 Solve the following quadratic equations by factorization method: 
; * х+1 34 3 S X939 1-x 17 
MET, gp HR Onl or S 
ä "m 
(iii) я eis [CBSE 2013] 
SOLUTION (1) Wehave, 
x +. X 
+ = — 
х+1 x 15 
х? +(х+ 1)? 34 
= —— 
x(x + 1) 15 
R 
S Y +x + 2х +1 _ 34 
xb ex 15 
= 34x? + 34x = 15x? + 15x? + 30x +15 
> 4x? + 4-15 =0 
= 4х2 + 10x - 6x15 =0 
=» 2x(2x + 5) - 32x + 5) = 0 
EN (2x =3)(2¥+5)=0 > 2x-3=0or,2r+5=0 > 20 x= -5, 


(ii) We have, 
1713 1-х 17 


x-2 x 4 
x (x — 2) 4 
5 x? +3x-(x-2-x°+2x)_17 
x* =2x 4 
2042 17 
x!-2x 4 
> 8x? + 8 = 17x? – 34x 


QUADRATIC EQUATIONS -— 
=> 9х2 — 34x - 8 = 0 
=> 9x? - 36x + 2x - 8 = 0 
> 9x (x — 4) + 2(x- 4) =0 
=> (Xx 4)(9х + 2) =0 => x-4=00r,9x+2=0 > 40 5 
(iii) We have, 
1 2 6 
+ == 
x-2 x-1 x 


T (х-1)+2(х-2) 6 
(x - 2)(x - 1) x 


3x-5 6 
=> 5 = — 
1 – 3х+2 Xx 
=> 3i? – 5x = бх? - 18x +12 
>» 3x? 13x 71122 0 
=> 3x? -9x – 4х + 12 = 0 
=> 3x (x 3) - 4(х - 3) = 0 
4 
=> (x-3)3x-4)20 > х-3 = Оог, & 4 30 > tasmie = 


EXAMPLE 4 Solve the following quadratic equations by factorization method: 


(i) s. 3- m 88 x * O, = [CBSE 2006C, 2014] 
2x+3 2 f 
1 Зх 49 -3 
gx + 3, — [CBSE 2016] 


2x 
(i) 73 Z 3 (x-3M2x M) S 2 


SOLUTION (i) We have, 


4 y. A 
x 2x 4 3 
4-3x _ 5 

x 2x 4 3 be 


12 — 4- 6x^ = 5х 
6x? + 6x -12- 0 
х2 1X 220 

x? +2х-х-2 = 0 


x (x + 2) – (х+ 2) = 0 
(х + 2)(х- 1) = 0 — х+2= Оо, х-1= 0 > х= -20г, x = 1 


ууу цур 4 y 


(ii) Clearly, the given equation is valid if x -3 + 0 and 2x + 3 O i.e. when x 28 


2x Lh s 3x 49 Е 
Now 73 Ni * (х 30 T + 3) 


4.12 MATHEMATIC « 
=> 2х (2x + 3) +(x -3) «3x 49 = 0 [Multiplying throughout by (x ~ 3) (2x + 3)] 
E Ax! +6х+х-3+3х+9=0 
= 4 + 10x «6-0 
=> 2x? + 5x 4. 3-0 | Multiplying through J 
= 2x? «2x 43x 43-2 0 
=> 2x(x + 1) + 3x +1) =0 
=> (2x + 3(x +1) =0 
=> x+1=0 [2x « 8 = 0] 
> x = ~] 
Hence, х = - 1 is the only solution of the given equation. 

А 1 2 1 
МАША 1-3 шыл ы ЫЙ 

2(х +1) 

d x-3 e 
=> x+1=0>x=-1 


EXAMPLE 5 Solve the following quadratic equations by factorization method: 


(i) x7 +2/2x-6=0 (ü) x' £10x «74/3 =0 
SOLUTION (i) We have, 


х? +2/2х-6=0 
> ** + 32x - /2x-6=0 
5 x (x + 342) - V2 (x + 342) =0 


= (x + 3¥2)(x - h= 0. x-X2-00rx-42-0 => x=-3)2 of, x = /2 
Thus, x = 3 and x= are two roots of the given equation. 


(ii) x' «10x 743 = 0 

> Bre 7x + 7V3 = 0 

= x (x 43) +7 (x + 43) = 0 

= (x J3)(V3x+7)=0 > x+V3=0or J3x+7=0 
E x=- Зог, x = -7/V3 


Thus, x = —J3 and, x = are two roots of the given equation. 
REMARK In order to solve the quadratic equations in the following examples we may use the 
following algorithm: 


ALGORITHM 
^- 4d — Factorize the constant term of the given quadratic equation. 


. ec rre — U ee p  — ——— een 


E 


О! ADRATIC EQUATIONS 


STEP П 


STEP III 
STEP IV 


() r 


(iii) 4x? — 4ах + (a° - b?) =0 


4.13 


Express the coefficient of middle term as the sum or difference of the factors obtained in ste 
1. Clearly, the product of these two factors will be equal to the product of the coefficient of x 


and constant term. 
Split the middle term in two parts obtained in step II. 


Factorize the quadratic equation obtained in step Ш by grouping method. 


EXAMPLE 6 Solve the following quadratic equations by factorization method: 


2ax + a h =0 (i) x? Aax + 4a’ - b^ = 0 


[CBSE 2012] 


SOLUTION (i) Wehave, 


Uuuuuuy y 


x? —2ax +a? -b = 0 

Factors of constant term (a? - b?) are (a — b) and (a +b). 
Coefficient of the middle term = -2a = -|(a — b) + (a + b)] 
х? - 2ах 4d -b =0 

x? - ((a — b) + (a+b) x + (a — b) (a + b) = 0] 

x? - (a — b) x — (a + b) (a- b)(a + Б) 2-0 

(x? — (a — b) x] - (a + b) x - (a - b) (a € b)) = 0 

x [x - (a — b)) - (a + b) x - (a - b] =0 

[x — (a – b)} {x - (a + b)} = 0 


x- (a-) = бог,х-(а+Ь)= 0 > x=a-bor,x=a+b 


(ii) We have, 


x? - 4ах + (4 – ys 0 


(iv) 4x? — 4a? x + (а* — b)-0 


[CBSE 2004, 2015] 


Here, Constant term = (4a? — b^) = (2a – b) (2a + b) 
and, Coefficient of middle term = —4a 
Also, Coefficient of middle term = Б) + (2a + b)] 
х? — 4ax+ (да? - 2) = 0 
x x? — (Qa — b) + (2a + b)) x + Qa - b) Qa + b) = 0 
> * (2a - b) x - (2a + b) x + Qa - b) 2a + b) = 0 
> (x? — (2a — b) x} — (2a + b) x - Qa - b) (2a + b)} = 0 
5 x Ix — Qa — b)} - Qa + b) Ix - Qa - В) = 0 
> (x — Qa — b)} [x - Qa + b)} = 0 
E x - (2а - b) = O or, x - Qa + b) = 0 => x=2a-bor,x=2a+b 
(iii) We have, 
Ax? – 4ах + (a? b) = 0 
Here, Constant term = (a? - b?) = (a - b) (a + b) 


4.14 MATHEMATIC: 
and, Coefficient of middle term = -4q 
Also, Coefficient of the middle term -4a = -(2 (a + b) + 2 (a – b)J 
4x? — day + (à -b)=0 
= 4x? - (a +b) + 2(a—b)} x + (a+b)(a—b) - 0 
=> 4x? - 2 (a + b)x - Xa — b) x + (a + b) (a-b) = 0 
=> (4x? — 2(a + b) х] - (2 (a - b)x - (a + b) (a - b) - 0 
=” 2х|2х ~ (а + b)} - (a - b) (2x — (a + b =0 
=> 2x - (a + Б) {2x — (a -b)-0 
29 I2x - (а + b)] = 0 or, (2х - (a - b) - 0 
=> 2x=a+bor,2x=a-b => 13 a 
(iv) Wehave, à 
4х? - Ac! v + (a* — 4) 2 0 
Here, Constant term = a4 — p! = (a — b) (a? +b?) 
and, Coefficient of middle term Aa 
Also, Coefficient of the middle term — 442 = ( + Ped (д2 - py 
4x? — 4a? x + (a — b*) =0 
= 4x? - (2(a* + №) + 26a? – 2) x (а> =) (а> +2) = 0 
= 4x? - 2(a? +b) x -2(a — BYR (a b?) (a? +b?) = 0 
ES [A - 2 (a? +b) x} - (2 (2 b?) X- ) 4 Ь?)| =0 
= 2x (2x - (à + b) ёа? db?) [2x - (a? + By) = 0 
= [2x - (à? +°) [2x - (a? – 12) = 0 
m 2x - (à fb?) = 0or2x-(à -H) O > x= i A or, x = 2 
N Solve the following quadratic equations by factorization method: 
(i) Ax? – 24€ БЗ) х + ab? = 0 [CBSE 2004] 


(ii) 93? ~9(a4b) x + (24? Sab + 2$) = 0 
SOLUTION (i) We have, 


4x? 2 +b?) х + ah? =0 


2 5 45 
Here, Constant term = à b? = а? x b 


[CBSE 2004, 2009, 2016] 


and, Coefficient of middle term = -2 (a? + b?) 
4x? - 2 (a? +b?) х + ab? =0 

= 4x? - 2д?х X + à)? = 0 

> (Ax? - 242х)- (2?х - ар?) = 0 


"ШШ... 1 TT 


gP 
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=> 


=> 


= 


2x (2x - a”) - (2x - а?) = 0 


(2x – a*) (2x -h) =0 


2 2 
(2x — a?) = 0 or, (2x ab =Q 5 rz Ton x= а 


(ii) We have, 


9х2 — 9 (a +b) x + ＋ 5ab + 2b*) = 0 | 


Here, Constant term = 24? + бар + 20? 
= 2a? + Aab + ab + 2b* 
= 2a (a + 2b) + b (a + 2b) = (2a + b) (а + 2b) Р 
апа, Coefficient of middle term = -9 (а + b) = -3 {(2a + b) + (а + 2b) | 
9x? —9(a+b)x+ (2a? + Sab + 2b*) = 0 
= 9x? - 3 [(2a + b) + (a + 2b)} x + (2a + b) (a + 2b) = 0 
= 9x? - 3(2a + b) x — 3 (а + 2b) x + Qa + b) (at 2b) = 0 
=> Зх [3x — (2a + b)} - (a + 2b) (3x - Qa + b)p= 0 
=> [3x - (2a + b)} {3x —(a + 2b)} = 0 
=> {3x - (2a + b)} = 0 or, (3x - (a = 2b) 0 => x= = d ad x= а+ 2% 
EXAMPLE з Solve the following quadratic equations by factorization method: . 


(i) * = +222) ужо 
a 
(iii) x? + 3x ( 4a —2)=0 


SOLUTION 


4 


(i) x? +x-(a4+1)(a+2)=0 


+b a 


(iv) PPX + b?x -a*x-1=0 
[CBSE 2005] 
(i) We have, 


# af а ttt) sero 
a+b а 


^ ax a+b a a+b 
2 4 x x =0 
a+b a a+b a 
a a+b a 42 0 
xix * X - 
a+b a a+b 
a a+b 
x+ х+— |= 0 
a+b a 
Р a+b UR a ү a+b 
" = (ог, х + =@ =>, х == Or, х = — 
X 0 , at b a 


a+b 


4.16 


(1) We have, 


v 


— 


* 4s (а+ 9420 


y. 


* Xn 2) - (a4 DI (а + 1)(a«2)- 0 


x 2)}-x(a4 1)~(a+1)(a+ 2) =0 


Vix + ( 


1х + (a + 2) Ex - (a 1-0 


X * (a 2) - Oor, x -(@+1)=0 2 х= 


(iii) We have, 


х? 4 3x — (a7 a— 2)-0 


* 3x - (a4 2)(a—1)=0 


à + 2 – (a4 I) {x+(a+2)} =0 


-(a + 2) or, x = (a + 1) 


v *((a*2)- (a-1) x-(a42)(a- 1)- 0 


р 


[x 


Xx [x 4 (a 4 2)] ~(a~1){x+(a+2)}=0 


Ix *(a*2][(x-(a-1] =0 


(iv) We have, 


EXAMPLE 


ab? x? + by — а?х —1 = 0 
(a*b* x? + bx) - (a*x +1)=0 
(aꝛx + 1) х — (a*x + 1 = 0 
(а2х + 1) (x – 1) = 0 

ах +1 = 0, T 180 


X + (a + 2) =Qor,x-(a-1)=0 = х = X032) 


+ (a+ 2) x} - (a- 1)x -(a442)(a-1)- 0 


Oornx--a-1] 


» Solvethe following quadratic equations by factorization method: 


> > 1 
ee 

a” 
у VE. „укыр 
a+hex a b x 


SOLUTION We have, 


1 п 1 
= ————— + — 
üa-b«x x a b 


r-(acb*x) a+b 
x(a+b+x) ab 


arb) | a+b 


-ab (a + b) = (a +b) x (a +b + x) 


[CBSE 2005] 


jt 


C 


Ууу 


{ 


£4 014 Y 


Гм 


QUADRATIC EQUATIONS 


Uu уо у UY у 


(a+b){x(a+b+x)+ab} =0 
x(a+b+x)+ab=0 


х2 ax bx + ab = 0 


x(x +a)+b(x+a)=0 


4.17 


[г a+b 0] 


(x +a)(x+b)=0 > x+a=Oor,x+b=0 => x= gor, x b 


EXAMPLE 10 Solve: 


jii. Kx qug ze xt5e2x2140 79 (x-1?20 K* 1,1 


uar" 4 ; x32 
— T 
2-х 
SOLUTION Wehave, 
1 
x= 
— 
"TN 
2-x 
AM — — 
= pe 
G-3-1 
2-x 
v 1 
=> 2 aoe 
4-2х-1 
=> * 2 1 
| EU ы. 
— 2x 
=> Ah. ЧИ ы. o 
2(3> 2x) - (2 - х) 
= Ww e 
4 – Зх 
= x (4 - Зх) = (3 - 2x) 
=> Ax —3x? =3-2x 
=> 
EXAMPLE 11 Solve: 
; 1 1 
(i) x + — = 25— 
x 25 


нны 
— v "I 


(i) (x-3)(x-4) = 


_34_ 
(33) 


4.18 


SOLUTION (i) We have, 


> 
— 
' — 
J 
N 
N 
^ D 


144 25.1 
\ 25 
| 
Х +— = 254 Y 
25 
— ER 
X W 
ГА 
х *12[254 — [5 
25 J 
1 \ 
х? 25 + —|х+1=0 
25 
2 | 1 
x =| 254 — ¥+25x—=9 
25 
2 в! ?) 1 
U-2X-—x425x— =9 
2 25 
27 \ 
(x^ - 25x) - — LA -0 
‚ 25 25 
А 1 
* (х — 25) – —(x-25)- 0 
25 
(x-25) x-—]|=0 
\ B 
ng 1 1 
х-2=0ог,х-—=@ ns Sor, x 
2 25 
We have, 
1 
“ы ЖЫ 
\ 25 
" 1 
reer . 
t 25 25 


(п) Wehave, 


7_ 3(x-4) = 
(x )(x 3 


[By comparing two sides] 


N 


N 


QUADRATIC EQUATIONS 


i E 5 98 133 
=> x T RK ——х— =) 
33 33 33 233 
„ 98 133 98 133 
=> х = x - — x +— x — = 0 
33 33 33 33 
=> (-) -( 5) 0 
33 3^ 33 33) 
=” 33) 33V 33 
| 28) ( 133) 9 х= Жорка 
м TM 34 - °°" "8 


m [LEvEL-] 


Solve the following quadratic equations by factorization: 


1-6 - e+ 2)= 0 

2; (2x + 3)(3x - 7) = 0 

3. Зх? 14x15 0 

4. 9х2 -3x-2-0 

^5 = } aD anb 
x-1 x45 7 

6. 6х2 + 11x +3 = 0 

7. Sr -3x-2=0 

8. 48x? -13x-1=0 

9. Зх? =-11х-10 

10. 25x(x+1)=-4 

lh 16x – — = 27 

12 Es 3,x*0,2 

t x ИЕ) " 4 

13 „^^... х0 

x 

14. - nd } a. x * 4,7 
xe 4 7 30 
1 2 


+ 
15. 5-3 x-2 


16, a?x? – 3abx + 2b? = 0 

17. 9x? - 6b? x - (а* - b*) = 0 

18. 4x? + 4px - (a? b) = 0 

19. ax? + (4a? — 3b) x - 12ab = 0 


20. 2x/«ax- a? - 0 


4.19 


— EXERCISE 4.3 


[CBSE 2010] 


[CBSE 2014] 


[NCERT, CBSE 2010] 
[NCERT, CBSE 2010] 
[NCERT] 


[CBSE 2013] 


[CBSE 2015] 


. [CBSE 2014] 
(CBSE 2014) 


4.20 


C 
MA TI 
Y 3 x 7 1 7 е á 
52 = | S у “| 
— x5 2 QuT' а 2 Е 201 
2x 2x~5 2 4 
3 ' х2 3,4 
P * 4 Y 3 ^? * 
¥+3 1 X 17 0.2 BRE S 4 
Ё ‚х 0,2 2017 
24 12 : " | 
\ } Y 3 48 4 
25 : 5. X 3, x 3 [CBSE 2015 
c+ 3 \ 1 7 
| 2 0 б 
> ' Q^ C 2013] 
1 (OBSE 201 
Xx 4] r=] 5 1 
27 r 
Y-] ¥+1 6 
х—] 2х+1 5 1 N 
28, қ "m TeX — 1 
2x+1 x-1 2 2 i 
: 3 : 0 3 
^ e wea ОЗ (CBSE 2013] 
X=4 .x-6 10 
1 — + L5— iX $*957 20141 
"© <5 у-ў 3 [CBSE 20141 
t-2 x-4 10 3 8 
— +#+—— = — ` * 3, 5 : п | 
wd 7 1 7 з (CBSE 2014] 
5 1x 5-yx 3 
32 —— 5 ' ?0141 
Ж Bes Fh» 4 [CBSE 2014 
3 1 2 | 1 
i —-—=- Xx * 1, 201: 
33 Y 2 3x-] 3 [CBSE 2014] 
3 4 29 T». 1 
M. ral TI 437455 [C 2015] 
ESSI $0 deed n [CBSE 201 
^ 3 23 А | и 
\ — - = — X WD, z n 
- 5. 141 2(x- 2) 5x [CBSE 2015] 
6 r (43 Dy /3 =0 
V. 345x! «25x - 10 5 – 0 ICBSE 2015 
з. V3 = 2/2x.- 248 = 0 [CBSE 2014] 
% x' „ 5x - 243 =0 ICBSE 2006C. 201 з 2016 
10. V2r%— 39-245 =0 | 
n. x? (2 +1)х км2 = 0 
1 r 2/6; «2-0 INCERT, CBSE 2010, 2012 
52 77 85 
13 42^ 7x 454220 ICBSE 20171 
m > n 
4 — =] -2r 
44. 1 


46 


ADR ATIC EQUA ION: 
1 i 1 ; 1 4 
DGN - (-2G-3 (х-3)(х-4) 6 
a + E с =2,x# а,Ь 
x-b х-й 
111 x-2 21 +3 
RAS Sem * #1,-2, 
* x-1 x*2 1-2 2 
a b 2c 
* - 
x-a x- b xc 


61. 


л 


. x? + 2ab = (2а + b) x 


(a + by x? – Aabx - (a — by -0 
a(x? +1) - x(a? +1) 20 


х2 -x-a(a-1)-0 
SEE re: = () 
а 


арх? + (p — ac) x - bc = 0 


ax + рх —a*x-1=0 
х-1 Х-3 1 


+^2——=3—,х 2,4 
x-2 x-4 3 
1 1 1 1 
——— = — oe — 
Qa+b+2x 2a b 2x 
(221-2 (22)-5 5 
2x43 3x-1 2m 2 
(2223) Af) 45,9 
5x-3, 7x+1 5 g 
LEVEL-3 
(x-5)(x-6)- — 62. 7х * 3 = 353 
(24) x 5 
4,22 o 8 — 
= E ag 3. 5,—— 
Z 3 3 
$: =3 -2 
2,-6 ->,— 7 03 
di 1 5 Р 
5 4 1 
a] E Ж 2,-— 
3 10. 5' А 11 16 
37 V3 12 
2 14. 1,2 15 4, 5 
a+b? b-a? a-b a+b 3b 4a 
, r UR 19 " 
3 3 2 2 a 
40 
+4 22. -1,5 23 6,13 


[CBSE 


[CBSE 


[CBSE 


[CBSE 


|CBSE 


[CBSE 


[CBSE 


[CBSE 


[CBSE 


4.21 


2016] 


2016] 


2016] 


2005] 
2005] 


2005] 


2013] 


2014] 


2014] 


ANSWERS 


jy’ 


9 4 
25. -4, 26. 3, 27. 52! 28. –1 
4 3 2. 09) 28. 
5 
11 7 25 
29. 2,1 E 2 3.— = 
30 > 31. 6, > 32, 2, 3 
23 
39: 3,1 M. 4,-7 35. 4,- T 36. . | 
2 5 2 ? 
37. -245,— 38. v6, \5 39 УЗ -2 40. - E 242 
3 3 A ТАЛЕ (owe 
: А, 4 y3 hi. = 
: I: «J^ 5 -n + nn 
Vi V2 5 — 
41. 42,1 42. , 43. . V2 = 
3 8 ' 2 * m 
- led 6 
45. 0,а+Ь 46. -2,7 47. ES rs 48. -5,— 
2ab — bc - fa- 
494. п; SLL 6 50. 2a,b 51. L-| е9 | 52. а, 
а+Ь— 2с a+b a 
" Я | -b 
53 ü, (0 4] 54. -0,-— 55. —, x 56. — | 
a a b a b? 
AS -b 
97: 0 2 58. 4, 59. 0,-7 60. 0, 1 
23 3 
61. 6—,4— 62. 5,— 
24 24 35 


4.5 SOLUTION OF A QUADR 
In the previous section, we le 
quadratic equation. In this section, we shall learn about the 


We may use the following algorithm to obtain the roots of 
method of completing squares. 


ATIC EQUATION BY COMPLETIN 


G THE SQUARE 
arnt about the factorizatión me 


thod to obtain the roots of a 
method of completing squares. 
à quadratic equation by using the 


ALGORITHM 
STEP | Obtain the quadratic equation. Let the quadratic equation he ах? + bx + с = 0, а +0. 
STEP IL Make the coefficient of y? unity by dividing throughout by it, if it is not unity. i.e., obtain 
> b ; 
х ++ = 
a a 
: C я 3 b C 
SIEP 11 Shift the constant term т on RHS toget x? + = х = С, 
t a a 


5 


x Io M о AEn ! А 
SERIY Add square of half of the coefficient of x i.e. | 5.) on both sides to obtain 
Р | $ 1 


af 
le lel ey A 
х 2|—j|x+|—] =|=] -5 
\ 2a / \ 2a / \ 2a a 
Write LHS as the perfect square of a binomial expression and simplify RHS to get 
| b \? 5 Jac 
Y - 5 
\ 2a/ 4a“ 
; b pou I? - 4ac 
STEP V1 Take square root of both sides to gel X + 2a = і Va 


b 
STEP vit Obtain the values of x by shifting the constant term — on RHS. 
Following examples will illustrate the above algorithm 


> 


ll 


QU ADRATIC EQUA TIONS - 


[Level 


EXAMPLE 1. Solve the quadratic equation 93? — 15x + 6 = O by the method of completing the 


square. INCERT] Р 
SOLUTION We have, 9x? –15х+6 = 0 : 
2 15. 6 
> * 7 [Dividing throughout by 9] 
AME: | 
2 
** X = 
Е 3 3 
287 2 
> a tw [Shifting the constant term on RHS] 
2 | 3 | EJ 5 2 Adding square of half of - 
=> x 2) =|| => -(2) — — Pu à Ў C 4; 
6 6 6 3 coefficient of x on both sides е 
(е2) „28.2 
= t 6 36 3 
я CEA 
^ 5, 36 
(2-3) а | 
Ы 6 36 
5 1 
=> Em t 6 [Taking square root of both sides] j 
=> х = 2 x 1 
6 6 
5 1 a] a> 6 j 
> aa ti. СШ ш = x=1 or, x = 2/3 64 


@ : 
Hence, the roots of the equation аге hand 2/3. 
EXAMPLE 2 Solve the equation 2x* 25x +3 = 0 bythe method of completing square. [NCERT] 
SOLUTION We have, 23?— 5x + 3-0 


3 5. 25 — 
= ered 2 =0 [Dividing throughout by 2] 
5 3 
=> x N = [Shifting the constant term оп RHS] 
2 2 2 
? 3 EAS (2) Š 4 = i [2 ) l 
= * 204 х+| 4 ic х Adding ; coeff. of x | on both sides 
— (x-2) = 25_3 4 
4 16 2 
2 
- (3-4 
4 16 3 4 
5 1 5 
— — = — = 4 == 
= * 4 + 1 — JA 4 d 
=> "NOUS TT и Б Бу. => х= с or, x=1 
4 4 4 4 4 4 


3 
Hence, the roots of the equation 2x^ – 5x +3 = are 2 and 1. 


NAMILI Find the roots of the equation 5x? 6x 2 = 0 by the method of completing th, 
ий NC I RT 
SOLUTION We have Sx* -6x 22 0 


6 ? 
\ Y Ü ividine throne E 
с 8 [Dividing throughout by 5] 
6 2 
X — X 
› 5 
3 3 2. [3 
1 > Y 4 n | | 
5 / \ 80 с 5 
1 19 
\ —ç— 
Ў; 25 
\ 419 
\ 
5 5 
1 419 34 Ji 
\ " 
5 5 5 
34 X 19 3 N19 
X Or, x = ——— 
5 5 
3 + J19 314 Лб 
Hence, the roots of the given equation аге — "NT and E v 
5 5 


PNAMPLE 4 By using the method of com} 


equation 
I +3х+5=0 has no real roots INCERT 
SOLUTION We have, 


leting the square, show that the 


41° 131 2520 


Y fa 5 
j \ 8 j ig 4 
39° 71 
Y 4 = —— 
8 64 
| 30 ; 
Clearly, RHS is negative. But, | X3 cannot be negative for any real value of x. 


Hence, the given equation has no real roots, 


owing equation 4x^ + 4by — ( 


EXAMPLE 5 I ind the roots of the foll (a? — p = 0 by the method of 


completing the square 
SOLUTION We have, 


4х2 Abr 


> 


Y^ + bx 


ee EE 


OL ADRATIC EQUATIONS = 


Hence, the roots аге (5 5 2 ind | 2 К) 


xaMPLE 6 Find the roots of the equation a^x^ — 3abx + 2b? = 0 by the method of completing 


the square. 
SOLUTION We have, 


a^x? Zabx + 2b? = 0 


2 
х A 3 
2 3b 2p? 
2 X es dH rn 
a a 
2 2 2 
> 2 -2(3 (27 - Am. Ne | 
2a 2a a 2 


ERR. 


2 2 


Hence, the roots are = and e, 
QXAMPLE 7 Solve the equation х2 - (43 + 1)х+ J3 = Oby the method of completing the square. 
LUTION We have, 
x? - (/3 +1)x+ v3 =0 
> x? (4/3 +1) х = 
2 


\ 


- MATHEMA A 


_ 620 (8-1) 


— 


2 
341 - = 
=> (391, 8 El: => х = 3,1 
Hence, the roots are V3 and 1. 
" EXERCISE 4.4 
Find the roots of the follow ing quadratic equations (if they exist) by the method of completing 
the square. 


l. x! -4A x «6-20 
3. 3x7 «11x «10-0 


2. 233 73 458 0 


4. 2x3! +х-4-0 
5. 2x! £x 44-0 


|LEVEL-2 


b. 4x! + 43x 4320 7. Vr. - 3x - 242 0 
8. J3x? «10x 4743 - 0 9. L -tD 05-0 


10. x? — 4ах + 4a? - b? = () 


= — — — ANSWERS 
1 5 433-1 -433-1 
3. — .-. — 
1. 42,342 2 3,5 > 4, coe 
3 Jf 1 7 
—— -—, 22 248. 
5. Noreal roots 6. 276b 7 2 8. 3 
9, 42,1 10. 2a — b,2a + Б 


4.6 SOLUTION OF A QUADRATIC EQUATION BY USING THE QUADRATIC FOR 
FORMULA (SHREEDHARACHARYA'S RULE) 
In the previous section, we have learnt about facto 
equations, In some cases, it is not convenient to solve quadratic equations by factorization 
method. For example, consider the equation x? + 4x 4 2 = 0. In order to solve this equation 
by factorization method we will have to split the coefficient of the middle term 4 into two 
integers whose sum is 4 and product is 2. Clearly, this not Possible in integers. Therefore, this 
equation cannot be solved by using factorization method. In this section, we shall 
discuss a method to solve such quadratic equations. The method Which we will discuss 
below is popularly known as Shreedharacharya's formula as it was first given by an 
ancient Indian mathematician Shreedharacharya around 1025 A.D. 
Consider the quadratic equation 


rization method of solving quadratic 


ах? «bx «c2 0,а +0 


= х? + LN + g =0 [Dividing throught out bya] EE (i) 
a ü 


TO . иие 


QUADRATIC EQUATIONS 4» 
= х? Xx = Az 
a 
p бш е РЕ Kadin EAE ots 
=> а --£4(>] Bl on) 2 СЄ 
4 2a a 2a on both sides 
2 2 
=> 2 xe 15, m 
2a 2a а 4а? 
(+2) _ (b? – аас 
= 2a 4a? 
d fe ane Taking square root of both sides 
= gd mde and assuming b^ — 4ac > 0 r 
2a 2a | 
-b - 4ac 
=> x= —- ES ——— 
2a 2a 
-b + Nb? — 4ac 
=> х=-——— 
2a 
= —b + Vb? — 4ac - b - Jb? — 4ас 
x = ————— — or, x = — ll 
2a 2a 
=> 2 ere p Las 
2a 2a 


Thus, if D = b? — 4ac > 0, then the quadratic equation ax? + bx + c = 0 has real roots a and be 


p given by 


-b + VD >b- JD 

зы ЫА gd апа В > ——— 
2a 2a 

DISCRIMINANT If ax? + bx +e = 0,a + 0 is a quadratic equation, then the expression b^ — 4ac is 

known as its discriminant and is generally denoted by D. 


r ype I ON DETERMINING THE DISCRIMINANT OF A QUADRATIC EQUATION 
EXAMPLE 1 Write the discriminant of the following quadratic equations: 


(ii) 3x? + 2х 10 
(iv) J3x? – 24/2х - 243 = 0 
(vi) x? + px + 20 = 0 


(i) 32-4x 42-0 
(ii) x? 4х+а= 0 
(v) х2 +х+1=0 
SOLUTION (i) The given equation is x? - 4+2=0 
Неге, а= 1,6 = – апа, с = 2 

D = b - 4ac = (4) - 4х1х2 = 16-8 = 8 


E SL. З 


es MATHEMATICS 


(ii) The given equation is 3x2 + 2x-1=0 
Here, а= 3,b = 2and,¢ = -1 
Dab -4x N 4314712216 
(iii) The given equation is x? ~ 4x +a =0 
Here, a=],b = -4and,c =a. 
D = b* - дас = (-4P 414 16 — 40 
(iv) The given equation is УЗх? -242x - 2/3 =0 
Here, a= . b = 242 and, с = 25 
D = 0 -Ac- (NN — 4х3 x-2/3 =8 424 32 
(v) The given equation is x? + х+1=0 
Неге, a@=1,b=1land,c = 1, 
О=1?%-4ас=12-4х1х1=-3 
(vi) The given equation is х2 + px +29 = 0 
Here, a=1,b=pand,c= 29 
D = b - дас = p! -Ax1x 29 = p? - 8g 
Type II | ON SOLVING A QUADRATIC EQUA 


TION HAVING REAL ROOTS BY USING QUADRATIC 
FORMULA 
EXAMPLE 2 In the following, determine whether the given quadratic equations have real roots and 
if so, find the roots 


(i) 9x? +7x-2=0 
(iii) 3x? +2/5x-5-0 
(у) 6х2 +x-2=0 


(i) 2x? + 53x46 =0 
liv) х?+5х+5=0 
(vi) 25x? 201 47 0 
SOLUTION (i) The given equation is 9x? «7x -2- 0 

Here, a=9,b=7andc=-2 


D =b dae 722 4x9x-2 = 49472-1215 0 
So, the given equation has real roots, given by 


“b+ VD -7+J121 Len & 2 
VN Е. l8 18 9 
#- р _ -7-\121 "s „ 
кы Es t R4 18 


(ii) The given equation is 2x? + 5/3x +6 = 0 
Here, a = 2,b = 5/3 апас = 6 


D = b! - dac = 75-4 2x6=27>0 
So, the given equation has real roots given by 


Q 


al 


(à 


K Oe OS s dn — 


at ADRATIC EQUATIONS 4.29 
_=b+ VD 58.4 _ 543 +353 _ -2V3 __УЗ 
2a 2x2 4 1 2 
-b-4D _ -5V3-V27 -543-343 
and, в= 20У = ee eus 
2a 2.2 4 
(iii) The given equation is зу? + 25x -5=0 
Here, a = 3,b = 24/5 and, с = -5 
5, D = b? — 4ac = (2V5)? – 4 x 3x -5 = 20 + 60 = 80 > 0 
So, the given equation has real roots, given by 
_-b+VD _ -2V5 + 480 2 +445 2% _ V5 
2a 2x3 6 6 8 г 
-p-JD 24/5 – 480  -2N5 – 4У5 
“=й b e „5-0 _-Ъ5-ЫВ „Б 
2a 2x3 6 
(iv) The given equation is х? +5х+5=0 
Here, a=1,b=5and,c=5 
D = b? – 4ac = 25-4x1x5=5>0 
So, the given equation has real roots, given by 
-b+ JD _ -5+5 -b- NES 25 - J5 
Q-——— = and В = ——— 
2a UE 2 
(v) The given equation is бх? +x-2=0 l, 


Here, a = 6,b =1and,c = -2 


D = b? – 4ас = 1 - 46x —2 = 49 > 0 
So, the given equation has real roots, given by 


е D m) 17.6.1 

EX o» 2х6 12 12 2 

PD 1-49 -1-7 -8.-2 

and, В = Se eS — 
2a 2x6 12 1 3 


(vi) The given equation is 25x? + 20x +7 = 0 
Here, a = 25,b = 20and,c =7 

D = b? – 4ас = (207 - 4х 25х7 = 400 — 700 = -300 < 0 
So, the given equation has no real roots. 


EXA Sol x-t Ксы. 1 * 2,4 
AMPLE з Solve for x: —_> “a 4 - , 


SOLUTION Ме һауе, 


11 x-3 10 
4 ——— — 
x42 x-4 3 


4.30 MATHENEA Ties 
ы G At 10 

. ro 

(x + 2) (x — 4) 3 

= S ERR, dp 

X -2x-8 3 
E бх? -18x-6 = 10x? ~ 20x 80 
ES 4x? -2y -724 0 
25 2x? -x-32. 0 
E x 2 — san ЭЙТ 


1 2 4 
EXAMPLE 4 Solve for x: —— + =——,x # 1,-2,-4 
Х+1 х+2 144 
SOLUTION We have, 


1 2 4 
+ = 
vtl x+2 174 
- 1 7 2 1 » 3 
Х+1 x42 x44 +4 
1 1 3 2 
= — = E 
tl x44 x44 x42 
XY*4-x-1 23r:46-2x-8 
— „1179-4-50 
= (x + 1) (x + 4) (x + 4) (x + 2) 
3 " x-2 
— — — — 
(x * I) (x + 4) (x + 4) (x + 2) 
3 x-2 gus : 
= Multipl x44 
- 111 x42 [Mu plying both sides by (х + )] 
=5 3x+6=x7-y~? 
2 y Ж 
> Y'-4x-8-0 > l 2 PEN. 


EXAMPLE 5 Using quadratic formula solve the following quadratic equations: 
% р? + (p? -щ?ух ye =0,p 20 
(ii) 9x2 — 9 (a db) x 242 + Sab + 2b?) = 0 
SOLUTION (i) Wehave, px? + (p? - q)x -¢ =0 
Comparing this equation with ax? + bx + c = 0, we have 
a=p",b =p? -g ande =g? 
Di- F- -F (р ру ар =(p? 442)? uo 
So, the given equation has real roots given by 
. (0-93) +(0 +) g 


[CBSE 2004] 
[CBSE 2004, 2009] 


Ше 


—— ' 


QUADRATIC EQUATIONS E 


badd р ру 
2а 2р? Ta 
\LITER We have, 


and, p- 


px? * (р? -4?)х- д> = () 


— px? px-q'x-q*-0 
- (px? + р?х) E (q^x UM 47) = 0 
px (x +1)— q(x +1)=0 
> (x + 1)(p?x -) =0 
2 
2 2 q Сы 
5 x+1=0or,p’x-q° =0 > x--lonx--7 6 
p 


(ii) We have, 
9x? — 9 (a +b) x + (242 + Sab + 20?) = 0 


Comparing this equation with Ax? + Bx + С = 0, we have 
А = 9, В = -9 (a+ b)andC = 2a? + Sab + 20° 


D = B? - 4AC 
=> D = 81(a+b)* — 36 (2a° + Sab + 20) 
— D = 9а? + 9b? – 18ab | 
=> D=9(a-by 20 
So, the roots of the given equation are real and are given by bat 
_-B+ VD _ 9(a+b)+3(a=b) 12a+6b 2a b 
— 9À — 18 18 3 
sud, в. B- yp = 36-5, rr UP ae 
2A 18 18 3 


ALITER See Ex 7 (i) on page 4.14. 
EXAMPLE 6 Using quadratic formula, solve the following equation for x: 


арх? + (b? -ac)x-bc=0 [CBSE 2005] 
SOLUTION Wehave, 


abx? + E - ac) x - bc =0 


2ab 
„ p LITE 
2ab 


2ab 


232 MATHEMATIC 
= y = ZO - 0c) 9 
Ег A = alae ne AR 
2ab 
> к= 200 -ac)t (b? 4 ac) 
A> — — 
2 ab 
~(h? — 2 a ae: 
=> - Ae ea) (b = ac) - (bè + ac) 
2ab 2ab 
2ac —2Ь? c -$ 
Xx = —, EE eee — = 
= ab Фар 5 
Е Я EXERCISE 4.5 


1. Write the discriminant of the followin 


(i) 2х2 55.3.0 
(iii) (x — 1)(2x - 1-20 


(v) Зх? 2240. — 243 - 0 


2. [n the following, determine whether 


50, find the roots: 
(i) 16x* = 24x +1 
(i) Br 10x 8/3 =0 
(v) 2x7 -2J6x «3-9 
(vii) 3x7 + 245x 5 0 
(ix) 23545/3x «6-0 
(xi) 2:2 - 2/2x +1 = 0 INCERTI 


8 quadratic equations: 
(i) x^42x 44 2 0 
(0) х? – 2х K, кер 
(vi) 3-x41-0 
the given quadratic equations have real roots and if 
(i) x + х +29980 
(iv) 3х2 -2x42- 9 
(vi) 3455 . Sab 4b = 0, a + 0 
(viii) x7 -2xy 31 20 
0 42: 7x 45/2 - 9 ICBSE 2013, NCERT] 


(di) 37 50.2. 0 [NCERT] 
3. Solve for x: 
(i) Il 273.41 Амы! [CBSE 2005] 
x-2 x-4 3 
1 2 
. 0, , 2 CBSE 2016 
) ==” d. — l 
(iii) & Li . x *0 [INCERTI 
X 
(iv) 16 -l= 15 „Xx €0,-1 [CBSE 2014] 
r 45 
1 1 1 
= ==, x#3,-5 CBSE 2016] 
9 | 
А — — : - ANSWERS 
. (i) 1 (ii) - 12 (üi) 1 (iv) 4-4k 
(v) 32 (vi) -3 А 
1 3+ V10 (ii) Not real (iii) . (iv) Not real 
li) 4 3 


Qu’ 


й ' — ů— 


QUADRATIC EQUATIONS 4.33 


-2b -2 
(v) Real and equal, 5 . (vii) XS в (viii) 1 


3a 
—/3 5 1 1 2 
iy. -243, —— „У. A ie iR * 12 
(ix) 243 2 (x) V2 F (xi) PER (xii) 1,5 
3. (i) 5,5 (ii) 1,3 (ш) — (iv) +4 (v) -9,7 


47 NATURE OF ROOTS 
Let ax? + bx + c = 0,a O be a quadratic equation. In the previous section, we have seen 
that the roots of this equation are given by 
-b+ VD dim 
a _ b+ vD ag = END аша that D = b? – 4ac > 0. 
2a 2a 
If D = b? — 4ac > 0, then a and р are real. 


, 


2a 2a 2a 2a 
2» а-В+0 A* p 
Thus, if D — b? — 4ac » 0 i.e. the discriminant of the equation is positive, then the equation 
has real and distinct roots а and p given by 
-b + JD -b - Ур 
a = ———— and p = ———— 
2a 2a 


«a (2238) (22:8). tO 8 BBL 


If D = b? — 4ac = 0, then aand Pare real. 


b 
Also, Фат В [Putting D = 0 in the expression for а and 3] 
э 
Thus, if D = b? — 4ас = 0 і.е. the diseriminant of the equation is zero, then the equation has 
b 
real and equal roots both equal to ^ 34 


Now, a natural question arises: what is the nature of the roots of the equation 
ах? + bx +c = 0 whenits discriminant D is negative? To answer this question, let us go back 


tothe equation 


ax? e bx + = 0 
> EMF ДА [Dividing Throughout by a] 
a a 
= Eus чайы 
а а 
2 2 
b 
=> 2 b (2) --£+(2) 
x ez) 20 a 2 
b ET с b? 
=> 2 — — = =- — 
* (ez oer 
py b? — 4ас 
=> Z| a i 
(7 22 (i) 


м 


If D = p? - Aac < 0, then 4 " fac <0 
4a* 


Therefore, LHS of e 
Is negative. So, ther 
the given quadratic 
Thus, if О = b 


{uation (i) is positive (being perfect square of a real numbe 


eis noreal valueof x satisfying equation (i). Hence, there is 
equation in this case, 


r) and its R} 15 
по real root of 
4ас < 0, Le, 


the discriminant of the quadratic equation is negative, then the 


equation has not real roots. 


Let us now discuss problems on dete 


rmining the nature of the roots of quadratic equations, 


ILLUSTRATIVE EXAMPLES | ў 3 


Typel ON DETERMINING THE NATURE OF ROOTS OF QUADRATIC EQUATION 


EXAMPLE | Determine the nature of the roots of the юзин, ециййїой<: 
(i) 2ү? Lief wif (i) x*-4x 4420 (ui) x? + Xo] =) 

(v) 4x? -4x 41-0 () 2x7 +5x4+5=0 

SOLUTION 


(i) The given quadratic equation is 217 + x -1- 0. Негеш 2, h = 1 and 
C ==], 
D = b -4ac = 12 -4x2x-1-9 
tind that D » 0. So, roots of the given equation are real and distinct. 
(ii) The givenequationis x^ - 4x «4 - 9. Here, à =l, b - - 4ànd, c - 4. 
D = b! -4ac = (A7 - 4x1x4- 0 
We find that D =0. Therefore, 


We 


roots of the given equation are real and equal. 

(un The given equation is x^ + x +1 = Here, 1, b 
D =b – 4ас = 1 - 4x11 - 3 

We find that D « 0. Therefore, rootsof the given equation are not real. 

(iv) The given equation is 4x? — 4x «1 = 0. Here, а = 4,b = -Aand,c- ] 
D = b? — 4ac = (ay 34; 41-0 

We tind that D = 0. Therefore, roots of the given equation are real and equal. 

(v) The given equationis 2x7 + 5x +5 = 0. Here, a = 2,b = 5 and, c= 5 


D Aa 4ac 29! -4x2x5-2 25-40 = -15 
We find that D <0. Therefore, roots of the given equation are not real. 


= land,c=1 


Гире It ON DETERMINING THE VALUES OF AN UNKNOWN INVOLVED IN THE QUADRATIC 
EQUATION WHEN THE NATURE OF ITS ROOTS IS GIVEN 


Results to Remember: А 
(i) ax-b>O=>x „Les dmr кав 
a a 


ö 
(ii) x? -@ > 0 = х < -аог,х>а (ш) x^ -a 20 9 XS gor, x 2 4 
(iv) 32-2240 > -a<x<a (у) (x -h - b) , < b > x<aorx>b 


(vi) (х-а)(х-һ)<0,а<Ь = A Y 


(1 


c EE А 


JA МОКА ПС | OLAH 4.35 
EXAMPLE 2 Find the values of k for which the given equation has real and equal roots: 
(i) 2х2 - 10x +k =0 (i) 9х2 + 3kx « 4 = 0 
(ш) 12x? + 4kx +3 = 0 (v) 233 „ r ek = 0 
(у) 28 - kx «1-0 (vi) kx? - 5x «k = 0 
(vii) x? £k(Ax-k-1)42-0 (viii) x? - 2x (1 + 3k) +7 (3 + 2k) =0 > 
[CBSE 2002 С] te 


(ix) (k +1) х2 —2(k-1)x+1=0 [CBSI 2015] 


SOLUTION (i) The given equation is 2%? — 10x +k = 0. Here,@ = 2,b = -10andc = k 


| D = b! – 4ac = (10)? - 4х2х К = 100 - 8k 
The given equation will have real and equal roots, if 
100 25 


D2gz100-8kse0-2ke——-— " 
8 2 i 


(ii) The given equation is 9x? + 3kx + 4 = 0. Here, a = 9, = 3k and e 4, 


D b _ дас = (3k)? - Ax 9 4 144 


The given equation will have real and equal roots, if 


D = 0 => 9k? – 144 = 0 = К -Z >k aC? 
(iii) The given equation is 12x? + 4kx +3 = 0. Hefe, a =42, b = 4k and, с = 3 

D = b? - 4ас = (A) – 4 x 12x 3 -Afh 184 
The given equation will have real and equal roots, if 

р = 0 => 1602 – 144 = 0 2 ffoi Ў k = 9 k-£3 d 


(iv) The given equation is 2x^ + 324+ = 0. Here, a = 2,b = Запа, с = К 


D = b? - 4ас = 9- 2% = 9 - 8k 
The given equation will have real and equal roots, if 


D-0-9 8k = k= = 


(v) The given equation is 2x? - kx +1 = 0. Here, a = 2, b--kand,c-1 
D Ч = Co! -4x2x1- 0 -8 

The given equation will have real and equal roots, if 
DA > 2-8-0 К =8 2 К =+ 242 


(vi) The given equation is kx? — 5x +k = 0. Here, а = k, b = I and, c = k 


D = b? - 4ac = ( — 4x k x (k) = 25 - 40 
The given equation will have real and equal roots, if 


p 2025-48 0 8 4 E 24 


(vii) The given equation is x? K (Ax K-) 2-0 or, x? + 4kx + К(К- 1) + 2 = 0. 
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Here, a=1,b = 4k,c=k(k-1)42=0 

D = 4 - 4x1 {k(k-1) 42} 
=> D = 16k* — 4k (k -1)-8 
E D = 16k? – 4k? + 4k -8 
=> D = 12k? +4k-8 
=> D = 4(3k* +k – 2) 
T 


D = 4 (3k? + 3k -2k — 2) = 4[3k (k +1) -2(k + 1)] = 4 (3k - 2) (k + 1) 
The given equation will have equal roots, if 


DSO 4 (3k-2)(k+1)=0 => 3k-2=00r,k+1=0 =- 
(viii) The givene 


quation is х2 — 2x (1 + 3k) + 7(3 + 2k) = 0. Here, a =1,b 2 (1 + 3k) and 


с = 7(3 + 2k). 
D = 4(1+ 3k)? - 4 x [7 (3 + 2k) 
> D - A(3k +1) -4x1x7(3+2k)=4(9k? +6k+1-21-14k)=4(9k? - gk 20 
The given equation will have equal roots, if 
D=0 
= 4 (92 - 8k -20) = 0 
> 9k? - 8k -20 = 0 
= 9k? – 18k + 10k - 20 =0 
= 


10 
(k 2) (9k +10) 20 => k-2=0o0r9k+10=0 > * =2or,k = -— 


(ix) The given equation is (k+1) x7 =2 (k—1) x+1=0. Here, 
Let D be the discriminant of the given equation. Then, 
D = b? - 4ac =A (Ka - 4 (k +1) = 4(K? – 3k) 
The given equation will havereal and equal roots, if 
D-0z254(K W = 0 = E -3k-0-k(k-3 2054-03 
EXAMPLES Find the values of k for which the following equation has equal roots: 


(k 12) x? +2(k -12)x+2=0 [CBSE 2013, 2017] 
SOLUTION The | quadratic” equation is (k = 12) x? + 2(k-12)x+2=0. 


@=k+1,b=-2(k-1),c=1. 


Here, 
а -k-12;b—2(k – 12) andc- 2. 
D = № — 4ас = 4(k - 12? - 4(k -12)x 2 
= D = 4(k - 12) |(k - 12) - 2) = 4(k — 12)(k — 14) 
The given equation will have equal roots, if 
D = 0 => 4(k – 12)(К – 14) =0 > k-12=0or,k-14=0 => k= ork 14 


UXAMPLE Asa root of the quadratic equation x? + py — 4 = 9 an 


d the quadratic equation 
Ya px +k = 0 has equal roots, find the value of k 


I^ с m 


I^ 


b —— — — . 
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SOLUTION lt is given that -A isa root of the equation x? +рх- 4 = 0. 


(-4y + px (4) -4 = 0 [-: А root always satisfies the equation] 


=% 16-4р-4=0 = 4p=12>p=3 
The equation x? + px +k = 0 hasequal roots. Therefore, its discriminant is zero. 
[:: a=1,b=pandc=k] 


i.e. p —4k = 0 
=> 9—4k - 0 1 р= 3] 
=> К = 9/4 


EXAMPLE 5 Show that the equation x? + ax — 4 = 0 has real and distinct roots for all real values 


of a. 
SOLUTION The given equation is x? + ax — 4 = 0. Let D beits discriminant, Then, ie 


D=a* 4 A = а? +16 
Clearly, D = а? «16 > 0 for all a € R. 
Hence, the given equation has real and distinct roots. 
EXAMPLE 6 Find the value of k for which the given equation has equal roots. Also, 
(i) 9x? -24x +k =0 (ii) .2kx^— 40x + 25 = 0 


SOLUTION (i) The given equation is 9x? — 24x + k = 0. Here, a 2 9, b= -24 апас = К. 


find the roots. 


D = b? — 4ас = (-24)* - 4х 9x K = 576 - 36k 

The given equation will have real and equal roots, if j 
D = 0 = 576 – 36k = 0 => К = 16 

Putting К = 16 in the given equation, we get 
9x? — 24x + 16% 0 = (8x - 4? =0 = 3x-4=0> x = 4/3. 

Hence, both the roots of the given equation are equal to 4/3. 

(ii) The given equation is A – 40x + 25 = 0. Here, a =2k, b= 
D =b? > дас = (40)? – 4 x 2k x 25 = 1600 – 200k 


-40 and c - 25 


The equation will have equa! roots, if 
D=0 = 1600-200k = 0 => К = 8 
Substituting К = 8 in the given equation, we get 


16x? — 40x + 25 = 0 > (4x - 5? =0 = T 


Hence, the roots of the given equation are each equal to 5/4. 
Find the value of k for which the quadratic equation (k + 4) х? +(k+1)x+1=0 
[CBSE 2000 C, 2013] 


land = 1. Let D be the discriminatn of this equation. 


EXAMPLE 7 
has equal roots. 

SOLUTION Here, a=k+4,b=k 
Then, 
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D = b* ~ дас = (k +1} -4 (k +4) = k? -2k -15 = (k - 5) (k + 3) 
If the roots of the given equation are equal, then 
DSO (k-5)(k+3)=0=k=5,-3. 
PG 8 If-Sisa root of the quadratic equation 2x? + px — 15 = 0 and the quadratic equation 
P(x" + х) + К = 0 has equal roots, find the value of k. [CBSE 2002, 2009) 


SOLUTION | It is given — is a root of the equation 2x? + py — 15 = 0, Therefore, x 
satisfies it. 


=-5 


i.e. 2(-5y -5p-15=0 = 50-5р-15=0 => 5p=35 > p=7 


Putting p =7 in po +х)+к = 0, we get 7х2 + 72x x k 0. 
This equation will have equal roots, if its disriminantis zero. 


іе. 49-4x7xk=0 э k- 2.54.7 
28 4 


EXAMPLE 9 Find the values of k for which the equation x? A 4h = 0 has distinct real roots. 
SOLUTION The given equation is х? - Ax + К =0, Here; 4 1,b=-4andc =k. 
D = (-4f -4x1xk - 16 - 4k 
The given equation will have real and distinctroots, if 
D>0= 16-4k>0= 16» А@& 4 16 к< 16. 4 
Hence, the given equation will have distinet roots, if k « 4. 


EXAMPLE 10 Determine the positive values of K for which the equation x? + ky + 64 = Q and 


r gx TK 0 will both have real roots. [CBSE 2016) 
SOLUTION Given equations are 

х? +Кх+64=0 „ (4) 
and, х? -8x+k=0 N (ü) 


Let D, and D, be the discriminants of equations (i) and (ii) respectively. Then, 
Dy = k? 4x 64 = К? — 256 and, D, = (-8) - 4k = 64 — 4k 

Both the equations will have real roots, if 
D, > дапа D, > 0 
k? — 256 2 0 and 64 – 4k > 0 


> 
= k? > 256 and 64 > 4k 
= kz16(- К> 0) and к< 16 
-— k= 16 
Hence, both the equations will have real roots, when k = 16. 
EXAMPLE 11 Find the values of К for which the given equation has real roots: 
(i) k?-6x-2-0 (ii) 922 «3kx «4 - 0 — (iii) 5x? 44129 
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SOLUTION (i) We have, kx? - 6x - 2 = 0. Here, a = К, = -6 апіс = -2 
j D = 12 -4ac = ( - 4« kx -2 = 364 8k 
The given equation will have real roots, if 
D> 0 => 36 + 8k 2 0 => 8k 2 3 1 == 
8 2 
(ii) The given equation is 9x? +3&х +4 = 0, Here,a=9, b= 3kande=4 
D =b? — 4ас = 9? — 4x 9x4 = 9k - 144 
The given equation will have real roots, if 
D20 
= 9* — 144 > 0 
5 962 - 16) > 0 
> k? -16 20 [ab > 0 >0>b>0] 


? 


> k<-4ork24 x € or, x 2 a] 


[у= 
(iii) The given equation is 5x° — x +1 = 0. Here, a = sange = 1. 
5 е 


The given equation will have real roots, if 


D>0 
= k? — 2020 
=> k< or, k > J20 p^ v-g$;20-2»xs-aor, x] i" 


EXAMPLE 12 If p, q, r are ree q, then show that the roots of the equation 


(p — q) xe5(p«q)x-2t(p are real and unequal. 
(p -q # + 5(p+q)x —2(p-q) = 0. 


q)and c = -2(p - q 
e given equation. Then, 


le = 4 


5 = 5(p+qy * B(p qy »0 
Hence, roots of the given equation are real and unequal. 


EXAMPLE 13 Find the values of k for which the equation x^ + Sky + 16 = 0 has no real roots. 


SOLUTION The given equation is x^ 4 5kx + 16 = 0. Here,a=1,b=5kand c= 16. 
The discriminant D of this equation is given by 
р = b? — дас = (5k)? - 4x 1x 16 = 25k" – 16 
ation will have no real roots, it 
2 < 0 


=> 25k — 64 « Ü 


The given equ 
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"a. di 

=> 25|. — == 
| 5) <0 

2 k? -2 0 [7 ab < Oanda > 055 < о] 
8 8 — ] 

=> 5 5 [vx -a SA lle ag 


Type IH ON DETERMINING OR PROVING THE NATURE OF THE ROOTS 


EXAMPLE 14 Јур, д, rand sare real numbers such that pr = 2 ( 1+ 5), then show that at least one of 
the equations x? + py + q O and x^ + rx « s = Q has real roots. 
SOLUTION We have, 

x. px+q=0 51) 
and, * rs 0 (ii) 
Let D, and D, be the discriminants of equations (i) and (ii) respectively. Then, 

D, = р? – 4% and D, =r? – 4s 
= Dy + Dy = p ~ 49 + 1? — 45 = (p! + 2у— да+) 
= Di +D, =p +r -af E) Е BF 20+) 2.945 = R] 
5 D, + Dy = р? +r- 2pr = (p- ry 249 é (p - r}? > 0 for all real pr] 
=> At least one of D, and D, is greater than or equal to zero 
= At least one of the two equations has real roots. 
EXAMPLE 15. If the roots of the equa х? Восх + ab = 0 are real unequal, prove that the 
equation x? Aa + b) x «à? Y + 2g? = 0 has no real roots. [CBSE 2016] 
SOLUTION The two equations are 

х? + 2сх + аж 0 
and, х? – 2 (a b) x tabe b) + 202 = 0 (ii) 


Let D, and O be the discriminants of equations (i) and (ii) respectively. Then, 
D, S Qc) 4% 1x ab = 42 — 4ab = 4 (cè — ab) 
and, D, = 122 (a + b) -4x1x (a? + b? + 2с?) 


= D, = 4(a +b)? 4% +b? + 2c?) 
= D, = 4 [a° +b? + 2а4Ь- а? - b? - 27] 
e D, = 4 (2ab - 2с?) = -8(c? - ab) 


It is given that the roots of equation (i) are real and unequal. Therefore, 
D, »0 


e E Ол — — 


QUADRATIC FOL ATIONS 


у у y 


=> 


4.41 


4(c? - ab) > 0 


ce -ab»0 
-8 (c — ab) <0 
D, «0 


Roots of equations (ii) are not real. 


EXAMPLE 16 Prove that the equation era + 1?) + 2x (ac + bd) +(c? Ф й?) = Q has no real root, 


if ad + bc. 
SOLUTION Let D be the discriminant of the equation (aha) х2+ 2x (ac bd) (ъа?) =0. 


Then, 
D = 4(ас + bd)? – Аа? + 02)? + d^) 
> D = 4[(ac + Бау: - (а? + р2) (с? 4 d] 
im: D = 4[а?с” + bed? + Зас bd – HC - d – pc – В?) 
E D = 4[2ас bd – a^ d? —b?c?] = - 41020? + bc ad bc] = —4 (ad - be)? 


It is given that ad = bc. 


ad - be +0 => (ad — bc)? > 0 => -4(а — bc «0 — D <0 


Hence, the given equation has no real roots, 


1. 


B] 
— 


— — — — — —— EXERCISE 4.6 
LEVEL-1 
Determine the nature of the róots of the following quadratic equations: 
(i) 2x? -3x + 5 = 0 INGERT] (ii) 2x7 -6x+3=0 [NCERT] 
(iii) 242 — =x 1120 (iv) Зх? - AJ3x 44-0 [NCERT] 


— 


(v) ax? -2/6¥+ 2 W 


Find the values of & for which the roots are real and equal in each of the following 
equations: 
(i) kx 4x +1 = 0 (ii) kx? —2V5x+4=0 
(ii) 33? Sy + 2k = 0 (iv) 42 +kv+9=0 
(v) 2kx* - 40x + 25 = 0 (vi) 9х2 -24x +k =0 


(vii) 4x? -3kv «1 - 0 (viii) x! —2(5 + 2k) x + 3(7 + 10k) = 0 
(ix) (3k + Dx? +2(К+1)х+К=0 (x) ke kx 12 4х2 x 
(xi) (K T D +2(k+3)x+(k+8)=0 (бї) x? -2kx + 7k - 12 =0 


(k + 1) х2 —2(3k + 1) х + 8k+1=0 (xiv) 5х2 — 4x +24+k(4x* -2x-1) = 0 


(xiii) 
(v) (4- k)? + (06 + 4) xt BEAD =O (xvi) (2+1) х7 203) x +(К+5)=0 
(xvii) 4a? —2(k + Dx + (k +4) -0 (xviii) 4x°—2(k + 0) + (+1) =0 


[CBSE 2017] 


4.42 MATHEM ATICS 4 


3. In the following, dete 


rmine the set of valuesof k for which the given quadratic equation 
has real roots: 


O 27-3 k-0 dh 22 4 bo (Ш) 23m p. 0 
liv) k «6x 41-0 б) 3х?+2х+К =0 
4. Find the values of k for which the following equations have real and equal roots: 
® * 2 rape 0 ICBSE 2001 C, 2013 
( Kr 20 40 CSE 2001 с 
(Ш) & D 220x419 [CBSE 2002 C 
liv) x + (Ох +1) 2-0 ICBSE 2001 


щл 


Find the values ofk for Which the following equations have real roots 
(0 202 +kr+3=0 INCERT] (ii) kx(v-2)+6=0 INCERT, 2013] 
(iii) x? - 4x Ko [CBSE 2012] (iv) (х - 2/5) 10 - Q ICBSI 2013 
(v) kx(x -3)«9- 0 [CBSE 2014] (vi) gy? 4 ky 4 3-0 [CBSE 2014] 
Find the values of k for which the given quadratic equation has real and distinct roots: 
(i) bk? 2X1 0 (i) k +6x+1=0 
For what value of K, (4 - К) x? + (2k +4) x + (8k 4 1) = 0, is a perfect square, 
8. Find the least positive value of k for which the equation x^ Jy. 4 = 0 hasreal roots. 
9. Find the values of k for which the quadratic equati 
equal roots. Also, find the roots. 


© 


ч 


оп GH 2(k +1)x4+1=0 has 


[CBSE 2014] 

10. Find the values of р for which the equadratic equation (2р +1) х2-(7р+2) x+ (7p-3)-0 
has equal roots. Also, find these roots. [CBSE 2014] 

11. If -5isa root of the quadratic equation 23? + px = 15 = 0 and the quadratic equation 
p G7» x) +k = 0 has equal roots, find the value of k. [CBSE 2014 

12. If 2 is a root of the quadratic equation 33^ + px - 8 =0 and the quadratic equation 
4v? - 2px +k = 0 has equal roots, find the value of k. [CBSE 2014] 


Dr If 1 is а root of the quadratic equation 3x? + ay — 2=0 and the 
a (X^ + 6x) – b = 0 has equal roots, find the value of b. 


14 Find the value of рог which the quadratic equation (p +1)x°-6(p +1)x+3(p+q)=0, p*-1 


quadratic equation 


has equal roots; Hence, find the roots of the equation. [CBSE 2015] 
15. Determine the nature of the roots of the following quadratic equations: 
() (x — 2а) (x 2b) = Aab (ii) 927 b^? -24sbedy r 16024, - 0, 0, 20 


(ai 2(T + BF) х2 +2(a+b)x4+1=0 O (co^ -(а+Ь+сух+а=0 


16. Determine the set of values of k for which the following quadratic equations have real 
roots: 


(i) 3-920 (ii) * «kx 4220 
(iii) 4x? - 3x 41 - O % 2.44.9 


It the roots of the equation (b — c) x? + (с — a) X + (a - b) = are equal, then prove that 
2b- a «c. ICBSE 2002 C] 


12 


— 
4,43 
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5 E T [CBSE 2017] 
10 lt the roots of the equations ax? + 2bx + c = 0 and bx? —2Vacx +b = 0 are simulta- 

neously real, then prove that b^ = ac. ; 
20. If p, q are real and p * q, thenshow that the roots of the equation » 


(p - 4) x? +5 (р+ д) - 20р - д) = are real and unequal. 
21, Ifthe roots of the equation (с? — ар) ge 2(а? —be)x + I? — ас = 0 are equal, prove that 
either a=Oor à? + b? + с^ = 3abe. 
22, Show that the equation 2 (a° + b^) х? +2(a+b)x+1=0 has no real roots/when a + b. 
23,_Prove that both the roots of the equation (х — a)(x – b) + (x —b)(x - c) +(х—©)(х – ay=0 


are real but they are equal only when a = b = с. Se. 
If a, b, care real numbers such that ac * 0, then show that at least one of the equations | 
ax? + bx + c = O and — ax? + bx + c = 0 has real roots. 
25. If the equation (1 + т?) х? + 2тсх (c - a?)=0 has equal roots, prove that 
с? = а?(1 + nm). [CBSE 2017] 
re — — ANSWERS 
1. (i) Notreal (ii) Real and distinct (iii) Not real 
(iv) Real and equal (v) Real and equal Py 
? yà 5 TT 25 F 
2. (i) k=4 i) k= = (iii) k = = { 
| (i) к=+ La 
(iv) k =+12 (v) k=8 (vi) k = 16 
i 4 B 1 ; -1 А 
vi) k =+— К = 2, k=—,1 T 
(vii) = (viii) 2 E (ix) 2 b; 
@ K —3 () к= (xii) K = 4,3 
(xii) K = 0, 3 (xiv) k=-2,1 (ху) k= 0,3 
(xvi) k= EE а. (xvii) К=-3,-7 (xviii) k=-1,3 
I 9 á 1 i V1 
3. (i) ks (ii) * 8 i) k» 2 (iv) X «9 
Y -l " 1 om І 
4. (1) — (ii) к» (iii) К=0,3 (iv) К=2 
5. (i) k=+2V6 (ii) k=6 (ii) k = 0,4 
(iv) k=2 (v) k=4 (vi) к=+ 44/3 
6. (i) k<1 (ü) k«9 7. k=0,3 8. k=4 
1 4 8 
9, Каза) S 10. р=4,-—;х=—,7 Ti. k= - 
0,1; х=-1, 7 ! - 3 1. k=2 12.1 13.-9 
M. p=3;x=3 15. (i) Real and distinct (ii) Real and equal 
(iii) Not real (iv) Real and unequal 


; » m 4 4 
16. () к<-богк>6 (ii) ks-4onk24 (i) k 5 -S or, K A 3 üiy ke 


HINTS TO SELECTED PROBLEMS 
V. DSO = (c- ay - A(b - c)((a-b) - 0 


> + 4b? — 2gc – gab + Дас – Abc = 0 => (c* a - 2by -0-2»c*a-2b = 0 


МИК Clearly, x = 1 satisfies the given equation. Since it has equal roots. So, both roots 


are 
equal to 1. 


Product of the roots = ] => — =Il>a-b=b-cs M = g e 
— 0 


' Let Dj and D, be the discriminants of the two equations, Then, 
D, > Qand D, >b? = 4b? - 4ac >0 and 4ac - 4? »0— p? > ac and ac > h be ac. 


21. We have, D = 4a (a? +b? +c? — Заро). For the roots to be equal, we must have 


D=0> 40(а +h «c Зарс) - 0 => a = Oor, а? + 4 cube 


he given equation is 3x? — 2x (a * b +c) + (ab + рса ca) = 0. Let Dbe its discriminant. 
Then, 
D = 4(a +b νẽ&ᷓ be + ca) 
> JDrz-4[(a«b«cy - 3 (ab + bc + ca)] 
=> D=4[a+b? + ab be — ca] 
=> D=2[207 + W + 2¢2 за 2025 2ca] 2 [(a - b)? + (b — c A = а)? 
Clearly D > 0, If D =0, then, 
(a -H +(Ь- c +(c- a)? O Te b 0,b-c =0,c-a=0. 


48 SOLUTIONS OF PROBLEMS INVOLVING QUADRATIC EQUATIONS 

In this section, we will discuss some simple problems on practical applications of quadratic 
equation. In this type of problems we first formulate a quadratic equation whose solution is a 
solution of the given problem. Sometimes it may happen that, out of the roots of the quadratic 
equation only one has a meaning for the problem. Any root of the quadratic equation, which does 
not satisfy, thécondition of the problem will be rejected. 


In orderto solvethis type of problems, we may use the following algorithm. 


ALGORITHM 

SIENI Translate the word problem into symbolic language and formulate the quadratic equation. 
"HE Salve the quadratic equation formed in Step I. 

SUL UL Translate the solution into verbal language and reject the solution which does not havea 


meaning for the problem. 
481 APPLICATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS ON NUMBERS 


In this section, we will discuss problems on numbers. Following examples will illustrate 
the same. 


„с S "UI 
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ILLUSTRATIVE EXA 


Í _EVEL-1 


EXAMPLE 1. The sum of the squares of tivo consecutive natural numbers is 313. Find the numbers. / 
SOLUTION Let two consecutive natural numbers be x and x + 1. Then, 1 
cu 


\MPLES 


x? (x + 1) = 313 [Given] 


2x? 2x 41 313 

2х? + 2х - 312 = 0 

х? + х – 156 = 0 

х? + 13х – 12х - 156 = 0 жы 
x(x + 13) — 12K + 13) = 0 (o4 
(х + 13)(x - 12) = 0 

v413-200rx-1220 > x-120rx--13 


Since x, being a natural number, cannot be negative. Therefore, x — 12. 
Hence, the two consecutive natural numbers are 12 and 13. 


ууруу ууу 


p^ зц = ig . 3 " 
EXAMPLE 2 The sum of two numbers is 15. If the sum of their reeiprocals is 10 find the numbers. 
|CBSE 2000, 2005] 


SOLUTION Let the required numbers be wand 15 - x. Then, 


1 1 3 
— + а=» 
X 19-9 1 j 
= 15—x+x к 3 bat 
x (15 — x) 10 
15 3 
> = — 
x(15- x) A0 
> 150 = Зх (15 - x) 
=> 150 DA5x Ax? 
= x^ 15x &50 = 0 
=> x2 — 10x - 5x + 50 0 
=” х (24710) – 5(x = 10) = 0 
> (x —10)(x - 5) = 0 


=> x¥-10=0or,x-5=0 = x=100r,x=5 
Hence, the two numbers are 10 and 5. | 
EXAMPLE з Thesum оға number and its reciprocal is 2 —. Find the number. 


SOLUTION Let the required number be x. Then, 


` 


y+ i =2 ЕЯ 
x 30 

х2+1 61 

=> = — 
x 30 


1 46 
М) M) 61a 
М) 61) M) () 
Xn M1 ^X 0 () 
6x (5x — 6) (5x 6) = 0 
KER (5) б) () 
" = 5 b 
бд y Oor, 5x 6 () > X or, Y = 
6 2 
Hence the required number is 5 бог, 6/5 
EXAMPLE 4 Divide l6 into two parts such that twice the square of the 
ї 
of the smaller part by 164 
SOLUTION 


Let the larger part be x. Then, the smaller part = 16 ~ ҳ 
By hy pothesis, 


we have 


24 (16 — х)? + 164 
2Y* - (16- xy = 164 = 0 
1 32x - 420 = 0 


(v + 42(x-10) – 0 


Hence, the required parts аге 10 and 6 


EXAMPLI The sum of the squares of two positi 
number is 18 times tl 


“1 | 


"tegers is 208. | 

te smaller number find the numbers 

HON Let the smaller number be х Then, 
square of larger number = 18 4 

\lso Square of the smaller number = 32 


It is given that the sum of the square of the integers is 208 


^ + 18ү = 208 
t I8x - 2080 
\ 26х => 208 =0 


(1.3.26) (t — 8)=0 = | 8, x = -26 


But the numbers are positive Therefore, x=8 


Square of the larger number = 18y = 18+ 8 = 144 


Larger number /144 = 12 


) 2 | 
Hence, the numbers are 8 and 12 


EXAMPLE 6 | he difference of the squares of tivo numbers is 45. 
4 limes the larger 


VHC UT NE 


SOLUTION Let the larger number be x. Then 


nunibe 


Determine the numbers 


Square of the smaller number = 41 
Also, 


Square of the larger number = х: 


larger part exceeds the 


The square 


= - 42 is not possible | 


f the square of the larger 


of the smaller number is 


"gare 


"————— TN 


QUADRATIC EQUATIONS 4.47 
[tis given that the difference of the squares of the numbers is 45. 
x^ Ax = 45 
z x? -4x - 45 = 0 
=> x? —9x + 5х – 45 = 0 á 
=> x(x -—9)+5(x- 9) = 0 : 
=>" (x 9) (х+ 5) = 0 | 
=> x-9-00rz4550 > x=9,-5 
CASE I When x = 9: In this case, we have 
Square of the smaller number = 4x = 36 
* Smaller number = + 6. 
Thus, the numbers are 9, 6 or 9, – 6 | 
cast ll Whenx=-5: In this case, we have lar 
Square of the smaller number = 4х = – 20. But, square of à number is always 


positive. Therefore, x = 5 is not possible. 
Hence, the numbers are 9, 6 or 9, – 6. 
EXAMPLE 7 A Roo digit number is such that the product of its digits is 18. When 63 is subtracted 
from the number, the digits interchange their places. Find the number. 
J 


18 
SOLUTION Let the tens digit be x. Then, the units digits — J [CBSE 2006C] 


Number = 10x + 18 i 
P * 
18 
and, Number obtained by interchanging the digits = 10 x at x 
> T j 
(ur-) (зо 54-68 bat 
x x 
> 101 +20 - 180 _ NNR 
x x 
> 9x – 162 -63=0 
2 
> 9x? — 63x - 162 = 0 
> xx Ws = 0 
> (х-9)(х+2)=0 = x =9or,x =-2 


"s 92. 


But, a digit can never be negative. So, X = 9. Hence, the required number = 10 x 9 + 


EXAMPLE s A two digit number is such that the product of the digits is 14. When 45 is added to the 


number, then the digits are reversed. Find the number. 
14 


SOLUTION Let the tens digit be x. Then, units digit - 


14 
Number = 10x + = 


: l T 1 
апа, Number formed by reversing the digits = 10 x = +X 


7 oe 


е | 
10. 15 10 ! X ( ven] 
\ \ 
14 ү 
10% 4 45 . 140 t 
1 Y 
1 2¢ 
Ул а 5 = () 
\ 
EA 154 126 0 
\ 5x-14=0 
y A 140 
(х+7)(х-2)=0 25 X=-7orx=2 > :=:2 
14 5 
Hence, the required number = 10 > 2+ ~ = 27. 
FXAMPLI Find two consecutive odd positive integers, sum of whose squares is 290. 
INCERTQCBSE 2014 
SOLUTION  Letx bean odd positive inte 


ger. Then, an odd positive inte 
VIS X * 2. [tis given that 


х 4 (x42) = 290 
2Y^ + 4v + 4 = 290 
2х? + 4x – 286 = 0 
х? + 2х - M3 - 0 
х? + 13x -11х-143 =0 
х (+ 13)—11(x+13)=0 

> (x + 13)(x-11)=0 

> v-1120 

* 

Hence, required integers аге 11 and 13. 


LEVEL 
If the sum of first n even natural numbers is 
We have, 
27496282 


EXAMPLE 10 
SOLUTION 


to n terms = 420 
= —[2 «2+ (п = 1) x 2] = 420 
n(2+ m= 1) = 420 
n(m+ 1) = 420 
= п? «n-420-0 
n^ + 21n - 20n - 420 = 0 
n(n + 21) - 20(n + 21) =0 
+ 21) (п – 20) = 0 
> п = 20,-21 = 


п = 20 [nis 


[x20 ; 


420, find the value of n. 


ger just greater than 


.х+13 + 0] 


а natural number ~, n > 0] 


It 
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XAMPLE 11 The denominator ofa fraction is one more than twice the numerator. If the sum of the 


е ; "c 
fraction and its reciprocal is 221 find the fraction. [CBSE 2016] 
SOLUTION Let the numerator of the fraction be x. Then, 
Denominator = 2x + 1 [Given] 
. X ; 
Fraction = =, = Reciprocal of the facio = 27 
It is given that the sum of the fraction and its reciprocal is 277 
x 2x +1 16 
+ = 2— 
2x+1 x 21 
х2 + (2x + 1)? 58 
= — — 
x (2x + 1) 21 
5х2 +4x+1 58 
=> — шор 
2x? +x 21 
E 21 (5x? + 4x + 1) = 582 + х) 
= 1053? + 84x + 21 = 11647 + 58x 
E 11x? - 26x - 21 = 0 
=> 11x? – 33х+7х- 21 = 0 
> 11x (x —3)+7(x-3)=0 
> (11x + 7)(x - 3) = 0 
Z 
=> х= 3,= п = *@ 3 v x is a natural number ~. х > 0] 
Hence, fraction = ee 3 
2 
EXAMPLE 12 A two-digit number is four times the sum and three times the product of its digits. 
Find the number, [CBSE 2016] 


SOLUTION™ Let the digits at tens and units place of the number be x and y respectively. Then, 


J Number= 10x + у 
It is given that 
Number = 4 x Sum of the digits. Also, Number = 3 x Product of digits 


= 10x + y = 4 (x + y) and 10x + y = 3xy 

=> 6x – 3y = 0 and 10x + y = 3xy 

= y = 2x and 10x + y = 3xy 

> 10x + 2x = Зх x 2x [On eliminating y] 
= бх? – 12x = 0 

=> 


6x(x-2)=0 > X= O or, х =2 
Since the given number is а two-digit number. So, its tens digit cannot be zero. 


х=2 => y=2x2=4 [> у = 2x] 
Hence, required number = 10x + y= 10x 2+4=24. 


C 


EAS oe 
> 
4.50 МАККА. 
EXAMPLE 13. [f the 
of n. 
SOLUTION We have, 


34 5+7+9+.. ton terms = 48 


sum of n successive odd natural numbers starting from 3 is 48, find the val T. 


=> 5 *3+(n—1)x 2) = 48 СРИ where п= 3 and d-2 
=> n(3+n—1) = 48 

=> n? 248 0 

5 н +Bn-6n-48=0 

9 n(n + 8) –6(и + 8) = 0 

=$ (n+8)(n-6)=0 

= 1 8 or. 1 6 > n=6 > 0] 
FXAMPIE 14 One-fourth ofa herd of camels was seen in the forest. Twice the s tof the herd 


had gone to mountains and the remaining 15 camels were seen on the bank of a river. Find the total 
number of camels, 


SOLUTION Let the total number of camels be x. Then, 


= 
+ 


Number of camels seen in the forest = 


Number of camels gone to mountai 
Number of camels on the bank of ri 


x 
Total number of camels = ^ 
By hypothesis, we have 


pU NE 15 =a 


= 3x- вух -60 = 0 
> Зи? – 8y – 60 = у? 
> A - 18 0 
=> 1 e 
= [ 6)-0 
10 

=> ! = 3 

10 10)? 100 Е 
Now, ve (- 0 EE [^x = 


But, the number of camels cannot be a fraction. 


у= 62 х = 6 = 36 [ex = y?] 
Hence, the number of camels = 36. 


eS ссни Нышаа —— T 
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ч 


EXAMPLE 15 O Girl! Out of a group of swans, р times the square root of Hie number are playing 


on the shore of a tank. The tivo remaining ones are playa, with amorous fight, tt Hie water. What ts 


the total number of swans? 
SOLUTION Let the total number of swans be x. Then, 


* е 
Number of swans playing on the shore of the tank = 2 * P 


t is given that there are two remaining swans. 


7 
xe-4x42 
2 
70 е 
= *--—dxX-22:-0 
2 
"A , V же. 
=> ў ay – 2 = O, where у“ = X 
=> 27 -7у-4= 0 
=> 27 - 8у+у- 4 = 0 
=> 2y (y- 4) *(y- 4) = 0 
=> (у – 4) (2у +1) =0 
=> у =4or,y= a , 
y ‚1 5 ‘ 
=, y=4 E y= -i is not possible | 
> x= y? = 42 = 16 
Hence, the total number of swansis 16. 
— $Y —— — EXERCISE 4.7 
1. Find two consecutive numbers w hose squares have the sum 85. [CBSE 2000] 
2. Divide 29 into two parts so that the sum of the squares of the parts is 425. 


3. Two squares have sides x cm and (x +4) ст. The sum of their areas is 656 ст”. Find the 
sides of the squares. 

4. The sum of two numbers is 48 and their.product is 432. Find the numbers. 

s. If am integer is added to ils square, the sum is 90. Find the integer with the help of 


quadratic equation. 
Find the whole number which when decreased by 20 is equal to 69 times the reciprocal 


of the number. 
7. Find two consecutive natural numbers whose product is 20. 
8. The sum of the squares of two consecutive odd positive integers is 394. Find them. 
[CBSE 2009, 2017] 


9. Thesum of two numbers is 8 and 15 times the sum of their reciprocals is also 8. Find the 


numbers. 


10. The sum of 
11. The sum of a number and it 


a number and its positive square root is 6/25. Find the number. 
s square is 63/4, find the numbers. 


here are three consecutive integers such that the square of the first increased by the 
Product of the other two gives 154. What are the integers? | 

13. The product of two successive integral multiples of 5 is 300. Determine the Multiples, 

14. The sum of the Squares of two numbers is 233 and one of the numbers is 3 less than tw ice 
the other number. Find the numbers, 


15. Find the consecutive even integers whose squares have the sum 340. 
T песие "E. 
16. The difference of two numbers is 4. If the difference of their reciprocals is 3j fnd the 


numbers, [CBS E200 


17. Find two natural numbers which differ by 3 and whose Squares have the sum 1] 7. 
Ihe sum of the Squares of three consecutive natural numbers is 149. Find the numbers 
19. The sum of two numbers is 16. The sum of their reciprocals is 1/3, Find the Numbers. 
LOB SE 2005 
20. Determine two consecutive multiples of 3 whose product is 270. 
21. The sum of a number and its reciprocal is 17/4, Find the number 
22. A two-digit number is such that the product of its digits is 8. When 18 ig subtracted from 
the number, the digits interchange their places. Find the number, 
23. A two-digit number is such that the product of the digits is 12. When 36 is ad ded to the 
number the digits interchange their places. Determine the number. 
24. A two-digit number is such that the product of the digits is 16. When 54 is subtracted 
from the number, the digits are interchanged. Find the number. 
25. Two numbers differ by 3and their product is 504. Find the numbers. [CRS] 2002 ¢ 
26. Two numbers differ by q and their product is 192. Find the numbers. CEST 2000 ‹ 
27] A two digit number is 4 times the sum of its digits and twice the product of its digits. Find 
the number. 
28! The difference of the squares of two positive integers is 180. The square of the smaller 
number is 8 times the la rger, find the numbers. [CBSE 2014) 
29. The sum of two numbers is 18. Thesum of their reciprocals is 1/4. Find the numbers. 
[CBSE 2005| 


Л ; 1 i: 
30. The sum of two numbers a and b is 15, and the sum of their reciprocals — and pi 3/10. 
ü 1 


Find the numbers a and b. [CBSE 2005] 

М. The sum of two numbers is 9. The sum of their reciprocals is 1/2. Find the nu mbers. 
[CBSE 2012] 
32. Three consecutive positive integers are such that the sum of the Square of the first and the 
product of other two is 46, find the integers. [CBSE 2010) 
3% The difference of squares of two numbers is 88. If the larger number is 5 less than twice 
the smaller number, then find the two numbers. [CBSE 2010] 
34. The difference of squares of two numbers is 180. The square of the smaller number is 8 
times the larger number. Find two numbers. INCERT) 


35, Find two consecutive odd positive integers, sumof whose Squaresis970. {CBSE 2014] 
5. А 
36. The difference of two natural numbers is 3 and the difference of their reciprocals is 28" 

Find the numbers. | | [CBSE 2014] 
he sum of the squares of two consecutive odd numbers is 394. Find the numbers. 
[CBSE 2014] 
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multiples. 
[CBSE 2014] 


39. The sum of the squares of two consecutive even numbers is 340. Find the numbers. 
ICBSE 2014] 


40, The numerator of a fraction is 3 less than the denominator. If 2 is added to both the 
numerator and the denominator, then the sum of the new fraction and the original 


[CBSE 2015] 


hrice of 8 more than 


e The sum of the squares of two consecutive multiples of 7 is 637. Find the 


fraction is 29 Find the original fraction. 
41. Find a natural number whose square diminished by 84 is equal tot 
| 


the given number. . NCERT EXEMPRAR| 
42. A natural number when increased by 84 equals 160 times its reciprocal. Find the 
number. INCERTEXEM®LAR] 
— — P X ANSWERS 
I 6,70r-6,-7 2. 13,16 з. 16cm,20cm 4. 36,12 
5. – 10,9 6. 23 7. 4,5 Gm 195 
7 9 
9. 3,5 w = їй 07-5 12. 8,9, 10 
25 2 2 1 
13. 15, 20 or- 20, - 15 14. 8,13 15. 12, 14 
16. 7, 30r-3,-7 17. 6,9 18. 6,7,8 19. 4,12 
1 
20. 15,18 A. 4or- 22. 42 23. 26 
24. 82 25. 21,24, or - 24, - 21 (26. 12,46, or - 16, - 12 
27. 36 28. 8,12 29. 12,6 
30. a=5,b=100ra=10,b=5 31. %8, 6 32. 4,5,6 
33. 13,9 34. 18, 12; 18,12 85. 21, 23 36. 7,4 
37. 13,15 38. 14,21 39. 12,14 40. T 
41. 12 42. `8 


— — m». — — HINTS TO SELECTED PROBLEMS 
1. Let the natural numbers be x and x + 1. Then, by hypothesis, we have 
х2 + (x 1) %= 85 
2. Let the two parts be x and 29 — x. Then, by hypothesis, we have 
x14 (09 - xy = 425. 
4. Letthe numbers be x and 48 - x. Then, by using the given condition, we have 
x(48— x) = 432. 
5. We have, x + x? 2902 x! +х-90 =0 = (х + 10) (х – 9) = 0 
6. Let the whole number be x. It is given that 
(x 20 (+) = x? —20х-69 = 0 = (x-23) (x + 3) = 0 => x = 23,-3. 
7. Let the numbers be x and x + 1. It is given that 
x(x41)220— х +x-20=0 
8. Let the consecutive odd positive integers be 2x — land 2x + 1. Then, 
; (2x – 1)? + (2х + 1) = 394 => 8х2 + 2 = 394 => 4х2 = 392 x = 6 
9. Let the numbers be x and 8 - x. It is given that 


- 
- 
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1 1 ` 

= dit. а aun 2 wn 2 
7 "ed 8 => 15 = x(8- x)= x! - gy, 15 0 
10. Let the numbe 


15 


r be x. Itis given that 
6 


X NX т 25 ^ V «y - 6/25, where x = y? => 25y? + 25y 6 = 0, 


11. Let the number be y. It is given that: x + x? = E 


12. Let the integers be х,у +] and x +2. Then, x? + (+ (x4 2) = 154, 


13. Let the successive multiples of 5 be 5x and 5 (x + 1). Then, 
Эх.5(х +1) 2300 5 2 += х 4 1 1220 


14. Let one number be x. Then, other number = 2x -3, It is given that: x^ + (2x - 3) 233. 
15. Let the consec utive even integers be 2vand 2x + 2. Then, by hypothesis 
(2x)” + (2x + 2) = 340 => 842 + 8x – 336 = 0 = x? +x- 42 = 0. 
17. Let the numbers be xand x-3. Then, х2 + (x 3)? 117. 
18. Let the numbers be x, x « and x22. Then, х2 + (x +1)? + (x + 2)/в149, 
19. Let the two parts be x and 57 - x. Then, x (57 – х) = 782. 
20. Let the required numbers be 3x and 3x +3. Then, (Зх) (3x + 3) = 270 


4.8.2 An ANONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS ON TIME 


D 
For solving problems on time and distance, we use the following formulae: 
Distance Distance 
Speed Time = 2'stance 
кее Тите Speed 
Following example will illustrate the same. 


A train travels a distance of 300 km at constant speed. If the speed of the train is 


train. : 
SOLUTION Let x km/hr be the constant speed of the train. Then, 


Time taken to cover 300 km = Rs. 


- 300 
Time taken to cover 300 km when the speed is increased by 5 km /hr = NE 
lt is given that the time to cov er 300 km is reduced by2 hours. : 


hours. 


3 2 
N 
=> 2 
=> 22 + 10x = 1500 
> x? + 5x – 750 = 0 
=> х? + 30x — 25x - 750 = 0 a 
> x (x + 30)- 25(x+30)=0 L 


1 А 8 : 
increased by 5 km an hour, the journey would have taken 2 hours less. Find the original speed of the 


E-o — — 


QUADRATIC EQUATIONS 


=> 


(x + 30) (х – 25) = 0 = х = Bor, x = -30. 
But, x cannot be negative. Therefore, x = 25. 
Hence, the original speed of the train is 25 km/hr. 


4.55 


EXAMPLE 2 The speed of a boat in still water is 15 km/hr. It can go 30 km upstream and return 


downstream to the original point in 4 hours 30 minutes. Find the speed of the stream. 


SOLUTION Let the speed of the stream be x km/hr. Then, 
Speed downstream = (15 + x) km/hr. 


=; 


=> 


Speed upstream = (15 ~ х) km/hr. 


Time taken by the boat to go 30 km upstream 


Time taken by the boat to return 30 km downstream ^ 


It is given that the boat returns to the same point in 4 ho 


NE. „чо „7 
15-x 15+x 2 
30 (15 + x) + 30 (15 - x) 


(15 + x) (15 - x) 


450 + 30x + 450- 30x _ 
225 - х? 
900 9 


3 
2 
2 
2 


5 2 
9 (225 — x?) = 1800 


25-39-20 K* = > {= +5 
But, the speed of the stream can never be negative. 
Hence, the speed of the stream is 5 km/hr. 
EXAMPLE 3 A fast train taxes d lions less than a sl 
slow train is 10 km/hr less tian that of the fast train, 
SOLUTION Let the speed of the slow train be x km / 


(x * 10) km/hr. 


| 


ууу у y 


Time takenby the slow train to cover 600 


Time taken by the fast train to cover 600 km = 15 
* + 


600 600 -3 
x x +10 
600 (x + 10) - 600x 23 
x (x + 10) 
6000 23 
x^ + 10x 


3 (x? + 10x) = 6000 
x? 10x - 2000 = 0 
x? + 50x - 40x - 2000 = 0 
x (x + 50) – 40 (x + 50) = 0 


[CBSE 2017] 


—— hois. 
urs 30 minutes 


ow train for a journey of 600 km. If the speed of the 
find the speeds of the two trains. 
hr. Then, speed of the fast train is 


S3 
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> (x + 50) (x - 40) = 0 
=> v--50orx = 40 > x = 40 [- X cannot be ; 

І - x z Е Cen ‹ » ne ›{ TN 
Hence, the speeds of two trains are 40 km /hr and 50 km/hr. "m 
eins І А plane left 30 minutes later than the schedule time and in order to reach its 
destination 1 900 km away in time it has to increase its speed by 250 Kr from ils us al 
speed. Find its usual speed. | Ichs 2010 
А "v ~ É 
SOLUTION Let the usual speed of the plane be x km/hr. Then, | 


500 


Time taken to cover 1500 km with the usual speed = hrs 


Time taken to cover 1500 km with the speed of (x +250)km /hr = I5. 500 


¥ +250 
1500 _ 1500 " 1 
Х x + 250 2 
as 1500 .. 1500 В 1 
E x+250 2 


E 1500x + 1500 x 250 — 1500x 1 
Е x (x + 250) 2 
= 1500 x 250 _1 
х + 250х 2 
=> 750000 = x* + 250x 
=> Y^ + 250 x — 750000 = 0 
= x^ + 1000x — 750x — 750000 = 0 
= x (x + 1000) — 750 (x + 1000) =0 
=> (x + 1000)(x — 750) = 0 
=> x = – 1000 or, x = 750 “=> x = 750 speed cannot be negative] 


Hence, the usual speed of the plane is 750 km/hr. 


IXNAMPIE 5 Ina flight of 600 Кта aireraft was slowed down due to bad weather. Its average speed 
for the trip was гейиседзць200%ту and the time of flight increased by 30 minutes. Find the 
duration of flight. 
SOLUTION Let the original speed of the aircraft be x km/hr, Then, 

New speed = (x - 200) km/hr. 


Duration of flight at original speed = | kso Jhr 


600 
Duration of flight at reduced speed = | jhr 


x — 200 
Е... ul 
x-200 x 2 
600x -600(x – 200) 1 
= x(x — 200) 2 
120000 1 
=> — —— = =” 
х°-200х 2 
= x? — 200x - 240000 = 0 


В, ТГ 
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x? – 600x + 400х — 240000 = 0 

x (x — 600) + 400 (x — 600) = 

(x — 600)(x + 400) = 0 

x — 600 = Oor, x + 400 = 0 

x = 600 or, x = -400 => x = 600 x cannot be negative] | 
5 the original speed о the aircraft was 600 km/hr. 


Uy uy 


Hence, Duration of flight = (2° о |һ r= | 80 IL Ihr 
* 


EXAMPLE 6 Swati can row her boat at a speed of 5 km/hr in still water. If it takes her 1 hour more 


to row the boat 5.25 km upstream than to return downstream, find the spe eed of the stream. i^v 
SOLUTION Let the speed of the stream be x km/hr. | 

Speed of the boat upstream = (5— x) km/hr. 

Speed of the boat downstream - (5 * x) km/hr. 

Time taken for going 5.25 kmupstream = 22 hours. 

Time taken for going 5.25 km downstream = 22 hours. Ü 
Obviously, time taken for going 5.25 km upstream is more than the time taken for going } } 
5.25km. downstream. і 
Itis given that the time taken for going 5.25 km. upstream is 1 hour more than the time taken 74! 
for going 5.25 downstream. 

j 
à 25 825 1 n 
K 54 
5=х л +x) 
S \ 
=> 
(5- А (5+ (5—x)(5 + x) 
= m 1 — 
4 a S -—u 
> 2 — 21 

2 * ; 
> 21x = 50 - 2x" 
> 2x? + 21x - 50 =0 
> 2x? + 25x - 4x - 50 = 0 
= x (2x + 25) — 2 (2x + 25) = 
= (2х + 25)(х-2)= 

xime 

> x-220,2x + 25 = 0 > х= 2 EE 


Hence, the speed of the stream is 2 km/hr. 


— Є: —— 
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EXAMPLE 7 Two trains leave a railway station at the same time. The first train travels die west and 
the second train due north. The first train travels 5 km/hr faster than the second train. If after typ 
hours, they are 50 km apart, find the average speed of each train. | 


SOLUTION Let the speed of the second train be x km / hr. Then, the speed of the fi rst tr 
(x +5) km/hr. 


Let O be the position of the railway station from which the two trains leave. 

Distance travelled by the first train in 2hours = ОА = Speed x Time 
=2(x+5)km 

Distance travelled by the second trainin2 hours = OB = Speed x Time = 2x km 

By using pythagoras theorem, we have, 

АВ? = OA? + ОВ? 

50° = (x + 5? + [2]? 

2500 = 4 (x +5)? +4? 

8x" + 40x – 2400 = 0 

х? + 5x – 300 = 0 

х? + 20x – 15x - 300 = 0 

x (x + 20) - 15(x + 20) 0 

(x + 20) (х - 15) = 0 

x = -200г, x = 15 

х = 15 l x cannot be negative] 

Hence, the speed of the second train is 15 km/hr and, the speed Fig. 4.1 


of the first train is 20 km/hr. 
[СТЕ] —EXERCISE 4.8 


1. The speed of a boat in still watér is 8 km/hr It can 50 15 km upstream and 22 km 
downstream in 5 hours. Find. the speed of the stream. 

A train, travelling at a uniform speed for 360 km, would have taken 48 minutes less to 
travel the same distance if its speed were 5 km/hr more. Find the original speed of the 
train. [NCERT EXEMPLAR] 

3. A fast train takes one hour less than a slow train for a journey of 200 km. If the speed of 

theslow train is 10 km /hr less than that of the fast train, find the speed of the two trains. 

4. A passenger train takes one hour less for a journey of 150 km if its speed is increased by 

5 Ком from its usual speed. Find the usual speed of the train. 


5. The time taken by a person to cover 150 km was 2.5 hrs more than the time taken in the 
return journey. If he returned ata speed of 10 km/hr more than the speed of going, what 
was the speed per hour in each direction? 

6. A plane left 40 minutes late due to bad weather and in order to reach its destination, 
1600 km away in time, it had to increase its speed by 400 km/hr from its usual speed. 
Find the usual speed of the plane. CBSE 2018] 


7. Anaeroplane takes 1 hour less for a journey of 1200 km if its speed is increased by 100 
km /hr from its usual speed. Find its usual speed. 


8. A train travels at a certain average speed for a distance 63 km and then travels a distance 
of 72 km at an average speed of 6 km/hr more than the original speed. If it takes 3 hours 
to complete total journey, what is its original asverage speed? 


INCERT EXEMPLAR, CBSE 2018] 


ain is 


ууу дуц) 


4 


N 


ә + ч odo 


‚ An express train takes | hour less than а passenger tr 


. 3km/hr 

. 25 km/hr 

. 300 km/hr 
Speed of the passenger train = 33 km/hr, Speed of the express train = 44 km/hr 
. 500 km/hr 13... 500 Km /hr 14. 6km/hr 15. 36 hours 
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ӨК АТК EUH 


A train covers a distance of 90 km at a uniform speed. Had the speed been 15 km /hour 


al speed of the 


more, it would have taken 30 minutes less for the journey. Find the origin 
[CBSE 2006€ | 


train. 


A train travels 360 kmat a uniform speed. If the speed had been 5 km/hr more, it would have 


taken 1 hour less for the same journey. Find the speed of the train. INCERTI 
ain to travel 132 km between 
ration the time they stop at 
ss train is 11 km/hr more than 
СВЕТ! 


Муѕоге and Bangalore (without taking into conside 
intermediate stations). If the average speed of the expre 
that of the passenger train, find the average speeds of the two trains. 
An aeroplane left 50 minutes later than its scheduled time, and in order fo reach the 
destination, 1250 km away, in time, it had to increase its speed by 250 km/hr from its 
usual speed. Find its usual speed. [CBSE 2010] 


‚ While boarding an aeroplane, a passenger got hurt. The pilot showing promptness and 


concern, made arrangements to hospitalise the injured and so the plane started late by 
30 minutes to reach the destination, 1500 km away in time, the pilot increased the speed 
by 100 km/hr. Find the original speed / hour of the plane. |CBSE 2013] 
A motor boat whose speed in still water is 18 km/hr takes 1 hour more to go 24 km up 
stream that to return down stream to the same spot, Find the speed of the stream. 
[CBSE 2014, 2018] 


A car moves a distance of 2592 km with uniform speed. The number of hours taken for 


the journey is one-half the number representing the speed, in km / hour. Find the time 
[CBSE 2017] 


ANSWERS 


taken to cover the distance. 


45 km/hr 3. 50km / hr, 40 km/hr 
20 km / hr, 30 km/hr 6. 800 km/hr 
. 42km/hr 9, 45km/hr 10. 40 km/hr 


gw rn 


HINTS TO SELECTED PROBLEMS 


Let the usual speed of the train be x km/hr. Then, 
Sp a. ч = 3 = 1200 = x (x + 10) = x? + 10х — 1200 = 0 
X x 10 
Letthe speed of the fast train be x km/hr. Then, speed of slow train = (х— 10) km Ar. Since, fast 
train takes one hour less than a slow train to cover 200 km. 


150 150 


Let the usual speed be x km. /hr. Then, — - : 
х — X4: 


= 1. 


Let the speed in the upward journey be x km/hr. Then, the speed in the return journey = 


(x +5) km/hr. 
360 30 j ы ox » 
x x+5 ы a 


4.8.3 APPLICATIONS ОР QUADRATIC EQUATIONS FOR SOLVING PROBLEMS ON AGES 
The fol lowing illustrations will illustrate the problems on ages. 


cT | -v Геї =- C 
ISTR, VE EXAMPLES 
[ГЕУЕГ-1] 


ХАМР т One year ago, aman was 8 times as old as his son. Now his age is equal to the square 
of his son's age. Find their present ages, 
SOLUTION Suppose, one year ago, son's age be x years. 
Then, man's age one year ago = 8x years. 
resent age of son = (x + 1) years and, Present age of man = (8x + 1 ) years, 
8x + 1-7 (x +1) 


[Given] 
=> x* r =0 

= x(x-6)-20 

=> х= Оог, х= 6 

— x -6 Som s age cannot be 0] 
5o, Present age of son = (x + 1) years = 7 years. 

and, Present age of man = (8x + 1) years = 49 years, 


PNAMPIE 2 The product of Кати" age (in years) five years ago with his age (in wears) 
9 wears later is 15. Find Ramu's present age. 
SOLUTION Let Ramu's present age be x years. Then, 
His age 5 years ago = (x - 5) years. 
His age 9 years later = (x +9) years. 
It is given that the product of these ages is 15. 
: (x — 5) (x + 9) = 15 
хі +40 -60=0 
х? + 10x - 6x – 60 = 0 
(х +10) (х6) = 0 
х= бог, x = -10 
Ви, x + -10. So, x аб. 
Hence, Ramu's present age i5 6 years. 
(ХАМР 3 The sum ofagesofa father and his son is 45 years. Five years ago, the product of their 
ages Gn years) was 124, Determine their present ages. 
SOLUTION... Let the present age of father be x years. Then, 
Son's present age = (45 - x) yeras. 
Five years agó: | 
Father's age = (- 5) years 
Sons age = (45 - x — 5) years = (40 ~ x) years. 
It is given that five years ago, the product of their ages was 124. 
(x - 5)(40 - x) = 124 
40x * - 200 + 5х = 124 
x? — 45x + 324 = 0 
x? – 36x – 9х + 324 = 0 
x (x - 26) -9(x - 36) = 0 
(x-9)(x- 36) = 0 => х = 9, ог, x = 36 


Yu UY 


uuy 


b c 
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When x = 36, we have 
Father's present age = 36 years 
Son's present age =9 years 
When x = 9, we have i 
Father's present age = 9 years 7 
Son's present age = 36 years j, 
Clearly, this is not possible- 
Hence, Father’s present age = 36 years and Son's present age =9 years. 
EXAMPLE а Seven years ago Varun's age was five times the square of Stat is age. Threemears hence 
«65 00681 


Swati’s age will be two fifth of Varun 's age. Find their present ages. 
SOLUTION Seven years ago, let Swati’s age be x years. Then, seven yearsa 


was 5x? years. 


go Varun's age 


х Swati’s present age = (х + 7) years, Varun's present age = (S* + 7) years 
Three years hence, we have 

Swati's age = (x + 7 + 3) years = (x + 10) years 

Varun's age = (5х2 +7 + 3) years = (S* + 10) years 


It is given that three 


ates 
5 


K 220 
x=2 


YUULUYUY 


х+10 = 2x7 +4 
2x? =x~-6=0 
2x? - 4x + 3x -6 = 0 j 
2x (x -2) + 
(2x + 3)(x-2) = 0 


ig à; 2 ' 
years hence Swati's age will be [ of Varun's age. 


(5x7 +10) 


3(x-2)=0 


[7 2х+3 = Оаѕх > 0] 


Hence, Swati’s present age = (2+ 7) years = 9 years 
Varun's presentage = (5 х 2? + 7) years = 27 years 


— — 


EXERCISE 4.9 


] 


LEVEL- 


1. Ashu is x years old while his mother Mrs Veena is * years old. Five years hence Mrs 


Veena will be three times old as Ashu. Find their present ages. 
% The sum of the ages of a man and his son is 45 years. Five years ago, the product of their 


ages was four times t 


he man's age at the time. Find their present ages. 


3. The product of Shikha's age five years ago and her age 8 years later is 30, her age at both 
times being given in years. Find her present age. 

4. The product of Ramu's age (in years) five yearsago and his age (in years) nine years later 
is 15. Determine Ramu's present age. 

5. Is the following situation possible? If so, determine their present ages. 
The sum of the ages of two friends is 20 years. Four years ago, the product of their ages in 


years was 48. 


[NCERT] 


6, "A girl is twice as old as her sister. Four years hence, the product of their ages (in years) 
will be 160. Find their present ages. [CBSE 2010] 


— 


MAITI) 


The sum of the reciprocals of Rehman's ages (in years) 3 years ago and 5 years from Dow 
is 1/3. Find his present age. INCERI 


В. If Zeba were Younger by 5 years than what she really is, then the square of her аре (in 
years) would have been 11 more than 5 times her actual age. What is her age now? 


INCERT EXEMPT AR 
= present Asha's age (in years) is 2 more than the square of her daughter Nisha’s age. 
When Nisha grows to her mother's present age, Asha's age would be one year less tha п 
10 times the present age of Nisha. Find the present ages of both Asha and Nisha. 
INCERT EXE MP1 Adti 


- ANSWERS 
l. 5years, 25 years 2, 36 years, 9 years 3. 7 years 1. 6 years 
5. No. ^. 6years, 12 years 7. 7 years 5. 14 years, 
9. Asha: 27 years, Nisha: 5 years 

HINTS TO SELECTED PROBLEMS 
? 


Let the present age of the man be x years, Then, present age of his son is (45 — X) years. 
l'ive years ago, man's age = (x — 5) years. Son's age = (45 — x-5) years. | 

(x-5)(45-x-5)- 4(x- 5) 
Let the present age be x years. Then, (- 5) (x + 8) = 30. 
5. Let the present ages of two friends be x years and (20 - x) yéars respectively. 
According to the given condition, we have 

(х – 4) (20-х – 4) – 48 — (x - 4)(16- x) = 48 — x? = 20x + 112-0 
Let D be the discriminant of this quadratic. Then, 

D = 400 - 448 = -48 < 0 
5o, above equation does not have real roots. Hence, the given situation is not 
possible. 
Let his present age be x years. Thén, 

| 1 A 
1-3 £45 3 à 

4.8.4 APPLICATIONS OF QUADRATIC'ÉQUATIONS FOR SOLVING PROBLEMS IN GEOMETRY 
The following examples will illustrate the above application. 


ENAMPEFE | Thedipotenuse of right-angled triangle is 6 metres more than twice the shortest side. 
If the third side is 2 metres less than the hypotenuse, find the sides of the triangle, 
SOLUTION Let the length of the shortest side be x metres. Then, 
Hypotenuse = (2x + 6) metres 
And, The third side = (2x + 6 - 2) metres = (2x + 4) metres 
By, Pythagoras theorem, we have 


-> х? ay Э.) => x=7 


(2x + 6)? = x? + (2х +4)? 
=$ 1^-8x-20-0 
=> x? - 10x - 2x -20 = 0 


grassy land. 


r — 


ot ADRATIC. FOLA 4.63 


(x = 10) (х +2) = 0 

х= 10075 = -2 - х = 10 [Since side of a triangle is never negative] 
Length of the shortest side = 10 metres. 

Length of the hypotenuse = (2x + 6) metres = 26 metres 

Length of the third side = (2x + 4) metres = 24 metres 


Hence, the sides of the triangle are 10 m, 26 m and 24 m. 
ht triangle is 1 metre more than 


XXVII. The hypotenuse of a grassy land in the shape of a rig 
st side, find the sidesof Hie 


twice the shortest side, If the third side is 7 metres more han the short 
SOLUTION Let the length of the shortest side be x metres. Then, by hypothesis 
Hypotenuse = (2x + 1) metres, Third side = (x +7) metres. " 
By Pythagoras theorem, we have 
(Hypotenuse)? = Sum of the square of the remaining two sides 


(2x + 1)? * 7) 


= 
> 4х2 + Ax 41 = 2x7 + 14x + 49 

=> 2x? - 10x - 48 = 0 

= х°-5х-24=0 

> x? -8х+3х-24=0 

> x(x-8)-3(x-8) = 0 

5 (х—8)(х+3)=0 d 
=> x=8,-3 

= + =й [^x = is not possible] 

Hence, the lengths of the sides of the grassy land are 8 metres, 17 metres and 15 metres. 


EXAMPLE 3 The hypotenuse of à right triangle is 3V5 cm. If the smaller side is 
larger side is doubled, the new hypotenuse will be 15 cm. Find the length of each side. 
SOLUTION Let the smaller side of the right triangle be x cm and the larger side by 


tripled and the 


ycm. Then, 


х2 T7 = (3 J5y. [Using Pythagoras Theorem] 


> x? py? 45 (1) 
If the smaller side is tripled and the larger side be doubled, the new hypotenuse is 15 cm. 
(xy (2% = 152 => 9x? + dy? = 225 (ii) 


From equation (i), we get V = 45-7 
Putting y^ = 45 — х in equation (ii), we get 


9х2 + 4(45 - х7) = 225 


NIS 


> 


Sx" + 180 = 295 = 


3 oo ? 
22 > 90° = 45-5 ca 
But, length of a side cannot be 


negative. Therefore, x= 3 
Putting x 7 3in (i), we get 


Je 


94 у? = 45 => y` = 36 => у= 6 
Hence, the length of the smaller side is 3 em and the length of the large 


ТХАМ а Vikram wishes to fit three rods 
hypotenuse is to be 2 em lo 
lengths of the rods? 

SOLUTION 


r side is 6 cem. 


together in the shape of а right | 


Г rangle. Thy, 
iger than the base and 4 ст longer than the altitude. What 


should be thy 
Let the length of the hypotenuse be x ст. Then, 

Base = (x 2) ст and, Altitude = (x - 4) em. 

By Pythagoras theorem, we have 

(Base) + (Altitude) = (Hypotenuse)? 

(т — 2)? + (x – 4)? = ү? 

= х Ar 444 x? =8r4 16 ** 
ES * 21 20 0 

х? -10x-2x «20-0 

= Х(Х—-10)-2(х—10)=0 

= (х = 10) (х – 2) – 0 

= x22 or,x=10 = x=10 


[For x 22, Base em which is not possible] 
Hence, the length of the rods are 8 cm 6 cm and 10 em. 


N EXERCISE 4.10 
he hypotenuse of a right triangle is 254m. The difference between the 
other two sides of the triangle is ст. Find the lengths of these sides. 


2. The diagonal of a rectangular field is 60 metres more than the shorter side. If the longer 
side is 30 metres more than the shorter side, find the sides of the field. 


— 


lengths of the 


he hypotenuse of a right triangle is 3/10 cm. If the smaller leg is tripled and the 
longer leg doubled, new hypotenuse will be 9/5 cm. How long are the legs of the 
triangle? 


A pole has to be erected at a point on the boundary of a circular park of diameter 1 3 
metres in such a way that the difference of its distances from two diametrically opposite 
fixed gates A and Bon the boundary is 7 metres. Is it the possible to do so? If yes, at what 


distances from the two gates should the pole be erected? INCERT] 
ANSWERS 
l 15cm, 20cm 2. 120m, 90 m 3.3cm,9 cm 
At a distance of 5 metres from the gate В 
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== HINTS TO SELECTED PROBLEMS 


4. Let P be the required location of the pole such that its distance from gate B is x metres. і.е. 
ВР = х metres. Therefore, Ар = x +7. Applying Pythagoras theorem in right triangle 
APB, we obtain 


AP? + pP? 
=: x-7yx^-13 
=> 2!414x-12020 2 x? +7x—-60 OS (x412)(x-5) 20 > x = 5 


48.5 АРІ L.CATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS 
ON MENSURATION 


Following examples will illustrate the above applications. 


LEVEL: 


EXAMPLE 1 The area of a right angled triangle is 600 eme. If the base of tlie triangle exceeds the 
altitude by 10 ст, find the dimensions of the triangle. 
SOLUTION Let the altitude BC of right-angled triangle ABC be x cm. Then, 


Base = BC = (х + 10) cm. 


1 А 
Area = 2 (Base x Height) С 
1 2 
=> а m alias EUR 
1 хест 
= 5х6 + 10) = 600 [Area = 600 cm?] 
х? + 10x = 1200 
5 i A (x + 10) cm B 
x? + 10x - 1200 = 0 Fig.4.2 


x? + 40% — 30x – 1200 = 0 

x (x 40) 30 (x + 40) = 0 

(x # 40) (x - 30) = 0 

3 30-40 — x = 30 i: x U 
Hence, Base = (30 + 10) cm =40 cm and, Altitude = 30 cm. 

EXAMPLE 2. The perimeter of à rectangular field is 82 cin and its area is 400 m. Find the breadth 


of the rectangle. 
SOLUTION Vet the breadth of the rectangle be x metres. Then, 


Perimeter = 82 m 


ууу у цу 


= 2(Length+ Breadth) = 82 
=> Length+ x = 41 
=> Length = 41 - x metres 


Now, Area = 400 m? 


73 
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=> Length х Breadth = 400 

= (41 — x) x = 400 

> 41x ~x* = 400 

=> v ~ 41x + 400 = 0 

=> x? x- 16x + 400 = 0 

=> x (x ~ 25) - 16(х – 25) =0 

= (x-25)(x-160 20 = x= 25 or, x = 16 


Hence, breadth = 25 m or, 16m, 


EXAMPLE 3 The length of the sides forming right angle of a right angled triangle are 5 N an 
(3x 1) em. If the area of the triangle is 60 ст?, find its hypotenuse. 


SOLUTION Let ABC bea right angled triangle with right angle at B. 
Let AB = 5xand BC = Зх 1. Then, 


Area = AABC = 5 (Base х Height) 


=> 60 = (АВ x BC) А 
1 
E 60 = х Sr(3x -1) 
E 
=> 120 = 5x (3x - 1) x 
w 
= 24 = x (3x - 1) 
S $x? -x-24-9 
=> Зх? – 9х 18x 242 0 в (ar- iy em С 
ES 3x(x - 3 + 8(x -3) - 0 Fig. 4.3 
es (х= 3) (3х - 8) - 0 


х-3 = Оог23х 82 
=> x = Зог, x Е > 3 [~ x = 873] 
АВ = 5% 25x 3 = 15 ст and ВС = (3x -1)=(3x3- 1) = 8 cm. 
Now, AC! AB + BC? = AC? = (15)? + (8)? = АС? 
Hence, Hypotenues = 17 cm. 


EXAMPLE 4 ThéJength ofa rectangle exceeds its width by 8 cm and the area of the rectangle is 240 
sq. cm. Find thedimensions of the rectangle. 


SOLUTION Let the breadth of the given rectangle 
Now, Area = 240 cm? 


= 289 = AC = 17cm. 


be x cm. Then, length = (x +8) cm. 


8 length x breadth = 240 
= (x + 8)x = 240 

> x? + 8x - 240 = 0 

=> x? + 20x - 12x - 240 = 0 
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E x (x + 20) -12(x + 20) = 0 
5 (x + 20) (х – 12) = 0 
=> x = 12 ог, x = -20 


But, x cannot be negative. So, x= 12. 
Hence, length = x + 8 = 12 + 8 = 20 cm and breadth = 12 cm. 


EXAMPLE 5 The side of a square exceeds the side of the another square by 4 cm and the sum of the 
areas of the two squares is 400 sq. cm. Find the dimensions of the squares. 
SOLUTION Let Sj and S; be two squares. Let the side of the square S be x cm in length. Then, 
the side of square 5, is (x + 4) cm. 
Area of square 5, = (x + 4)? Area (side)*] 

and, Area of square S, = * 
tis given that 
Area of square S, + Area of square S = 400 cm? 
* Ay + х? = 400 
(х? + 8x + 16) + x = 400 
2x7 + 8x - 384 = 0 
** + 4х – 192 = 0 
x? + 16х – 12x - 192 = 0 
x (x + 16) - 12(x + 16) = 0 
(x + 16) (x - 12) = 0 
x = 12o0r, x = 16 
As the length of the side of a square carmot be negative. Therefore, x = 12. 

Side of square S = x + 4 4120 4 = 16 cm and, Side of square S, = 12cm. 


ууу у sg d 


EXAMPLE 6 If twice the area ofa smaller square is subtracted from the area of a larger square, the 
result is 14 e. However, if Roice Bie area of the larger square is added to three times the area of the 
smaller square, the result is 203 ein. Determine the sides of the square. 

SOLUTION Let the lengths of each side of the smaller square be x cm and that of the larger 


square be yem, Then, 
Area of the smaller square = х2 ст2, Area of the larger square = у? cm2 


Itis given that 


y! — 207 = 14 00 
and, 27 + Зх? = 203 (ii) 
From (i), we have 

у? a 14 + 3x" 


Substituting this value of y? in (ii), we get 
2(14 + 2x7) + Зх? = 203 

= 28 + 4x? + Зх? = 203 

7x? = 203-28 


= 7%? =175 > ү? 225-2 x = 5ст. 


y 
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Putting x= 5in (i), we get 

V. -2x5'2M 25 y =64 > y-8 

Hence, the lengths of the sides of the square are 5 em and 8 cm respectivel у. 

INAMPIE 7 A farmer wishes to growa 100 т? rectangular vegetable garden. Since he has with; the 

only 30 m barbed wire. he fences three sides of the rectangular garden letting compound wall of his 

house act as the fourth side-fence. Find the dimensions ofhis garden. 

SOLUTION Let the length of one side be x metres and other side by y metres. Then, 
Х+у+Х=30 = y 2 30-2, 


— 00 
Area of the vegetable garden = 100 m? 
= xy = 100 
р vm C 
=> x (30 - 2x) - 100 
E 30x = * = 100 ут vm 
= 15 х2 = 50 
=> * 15x + 50 – 0 А ym B 
=> х? - 10x - 5x +50 = 0 Fig. 4.4 
=> (x -10)(x - 5) 0 
ES x= 5.19 
When x = 5, we have 
Vy =30-2x5=20 [Using (i)] 
When x = 10, we have 
y = 30-2x10 = 10 [Using (i)] 


Hence, the dimensions of the vegetable garden аге: 5m х 20m or, 10m x 10m 


EXAMPLE з The area of an isosceles triangle is 60 cm? and the length of each one of its equal sides 
ts 13 cm. Find its base. [CBSE 2015 


SOLUTION Let ABC be the given isosceles triangle in which AB — AC = 13 cm. Draw AD 
perpendicular from A on BC. Let BC - 2x cm. Then, BD = DC = x cm. 


In А ABD, we have 


АВ? = AP + BD? [By Pythagoras Theorem] 
=> 13° = АЮ 42 
=> ADi Vig? - х2 I 2 A 


' 2 
Now, Area = 60 cm 


=> вс x AD) = 60 

= r* = 60 

=> x V169 - х2 = 60 

= v? (169 — х?) = 3600 B T 8 
=> x* - 1691? + 3600 = 0 Fig. 4.5 


QUADRATIC EQUATIONS 4.69 


E (х2 — 144) (х2 - 25) = 0 


=> х? =1440r, х? = 25 > x-12orx-5 


Hence, Base = 2x = 24 cm ог, 10 cm. 

enues is 25 ст. Find the area of the 
[CBSE 2016] 

BC = x cm and 


EXAMPLE 9 The perimeter of a right triangle is 60 cm. Its hypot 


triangle. 
SOLUTION Let ABC be the given right angled triangle such that base = 


hypotenuse AC = 25cm. 


Now, Perimeter = 60 ст 
=> AB + BC + AC = 60 
=> AB + x + 25 = 60 F 
=> АВ = 35-x 
By Pythagoras theorem, we have 

AB? + BC? = AC? po 
= (35 – x)? + х? = 25? 
=> 2x? — 70x + 600 = 0 
> x? — 35x + 300 = 0 

в х ст C 

=> x? — 20x - 15x + 300 = 0 — 
=> (x — 20) (х - 15) = 0 => х = 20 ога. = 15 3 
If x = 20, then AB = 35 - x = 15and BC S = 20 


Атей = 5 (BC AB = 5 (20% 15) 150 en 
If x = 15, then AB = 35- x = 20 and Bg. = 15 


Area = 5 (BC x AB) = 2005 х 20) = 150 cm? 


Hence, Area = 150 cm". 
EXAMPLE 10 Tiere isasquare field whose side is 44 m. A square flower bed is prepared in its centre 
leaving a-gravel path all round the flower bed. The total cost of laying the flower bed and 
gravelling the path at 2 2.75 and & 1.50 per square metre, respectively, is © 4904. Find the 
width of the gravel path. 
SOLUTION Let the width of the gravel path be x metres. Then, 

Each side of the square flower bed is (44 — 2x) metres. 


Now, Area of the square field = 44 x 44 = 1936 m? 


Area of the flower bed = (44 – 2x)’ m? Flower bed |. 


Area of the gravel path 
= Area of the field – Area of the flower bed 
№ | 
= 1936 - (44 - 2х) T Gravel path 
= 1936 — (1936 – 176x + 4x?) —— 


= (176x — 4x?) m? Fig. 4.7 
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Cost of laying the flower bed = ( Area of the flower bed) (Rate per sq. m) 


>. 275, Н 2 › 
= (44 — 2x)" x — = — (44 - 2x)? = 11(22 үү 
( ) 100 70 x) ( *) 


Cost of gravelling the path - (Area of the path) x (Rate per sq. m) 


= (176x - 4x?) 150 6 (44x - x?) 


100 
It is given that the total cost of laying the flower bed and gravelling the path is & 4904. 


11(22 - xy! + 6(44x — x^) = 4904 


E 11 (484 ~ 44x + x°) + (264x — 632) = 4904 
=> 5x? — 220x + 5324 = 4908 

=> 5x* - 220x + 420 0 

> x? Ax + 84 =0) 

=> х? ~ 42х – 2х + 84 – 0 

=> x(x — 42) - 2(x - 42) – 0 

E (х ~ 2) (х – 42) - 0 

= X =2or,x = 42 


But, x = 42, as the side of the square is 44 m. Therefore, ү. = 2. 

Hence, the width of the gravel path is 2 metres, 

EXAMPLE 11 A chess board contains 64 sequal ‘squares and the area of 

6.25 cm. A border round the board is 2 cm wide. Find the length of the side of the 

SOLUTION Let the length of the side ofthe chess board be x cm. Then, 
Area of 64 squares = (x - 4 


each square is 
chess board. 


(x 4) = 64x 6.25 

x – 8х + 16 = 400 

x? SX – 384 =0 

х? — 24y + Tox. 384 = 0 
(x — 24) (+ 16) = 0 


„ОШ vy y 


x= 24€m. 


l. The perimeter of a rectangular field is 82 m and its area is 400 m?. Find the breadth of the 
rectangle. | 

. The length of a hall is 5 m more than its breadth. If the area of the floor of the hall is 84 m", 
what are the length and breadth of the hall? 

· Two squares have sides x cm and (x + 4) cm. The sum of their areas is 656 cm*. Find the 
sides of the squares. 


һә 


— 
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4. The area of a right angled triangle is 165 m*. Determine its base and altitude if the latter 
exceeds the former by 7m. 

5. Isit possible to design a rectangular mango grove whose length is twice its breadth and 

the area is 800 m?? If so, find its length and breadth. INCERT] 

6. 15 it possible to design a rectangular park of perimeter 80 m and area 400 m? If so, find 

its length and breadth. INCERT] 

‚ Sum of the areas of two squares is 640 m. If the difference of their perimeters is 64m, find 

the sides of the two squares. [NCERT, CBSE 2008 

8. Sum of the areas of two squares is 400 cm. If the difference of their perimetersds 16 cm, 

find the sides of two squares. ICBSE 9913] 

9, The area of a rectangular plot is 528 m°. The length of the plot (in metres) is ane metre more 

then twice its breadth. Find the length and the breadth of the plot. СВ 59920141 

10. In the centre of a rectangular lawn of dimensions 50 m х 40 т, a rectangular pond has to 

be constructed so that the area of the grass surrounding the pond would be 1184 me. 

| 


m 


Find the length and breadth of the pond. NQER LFXEMPLAR] 
— - ANSWERS 
1. 16m 2. Breadth =7 m, Length = 12m 3. 16 cm, 20 cm 
4. Base = 15 m, Altitude = 22m 5. Yes, 40 m/ 20 m 6. Yes. 20m, 20 m 


24m, 8m 8. 16cm, 12cm 9. 33m,16m 
10. Length: 34 m, Breadth: 24 m. 


_ . HINTS TO SELECTED PROBLEMS 
1. Letthe breadth be x metres. Then, 
2 (length + breadth) = 82 — length = 41— x metres. 
Area = 400 m? => х (41 - xy 100 29 - 41x + 400 = 0 
4.8.6 e OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS ON TIME AND 
Following examples will illustrate the above applications. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1. A takes 6 days less than the time taken by B to finish a piece of work. If both A and B 
together can finish it in 4 days, find the time taken by B to finish the work. [CBSE 2017] 
SOLUTION Suppose B alone takes x days to finish the work. Then, A alone can finish it in 


(x - 6) days. | | 
Now, (A's one day's work) + (B's one day's work) = 59 + "E 
1 А e 

and, (A + B)'sone day's work = т 

1 1 1 

— + = = 

x x-6 4 

х-6+х 1 
=> = — 

х(х=6) 4 
5 а o> 

* Xx 4 


MA THES p 


=> х2 lAx 4 24-9 
=> x? — 12x 21 «24 - 0. = (x- 12)(x-2)=0 2 х= 120г, х = 2 


But, x cannot be less than 6. So, x - 12. Hence, B alone can finish the work in 12 days. 


filled with three pipes with uniform flow. The first two pipes 
operating simultaneously, fill the pool in the same time during which the pool is filled by the third 
pipe alone. The second pipe fills the pool five hours faster than the first pipe and four hours slower 
than the third pipe. Find the time required by vach pipe to fill the pool separate! y. 

SOLUTION Let V be the volume of the pool and x the number of hours required by the 
second pipe alone to fill the pool. Then, the first pipe takes (x + 5) hours, while the third pipe 
takes (x — 4) hours to fill the pool. So, the parts of the pool filled by the first, second and third 
pipes in one hour are respectively 

V V V 


— , and 
X45: x x-4 


EXAMPLE 2 A swimming pool is 


Let the time taken by the first and second pipes to fill the pool simultaneotis! 


y be ! hours. 
Then, the third pipe also takes the same time to fill the pool. 


| + d |! = Volume of the pool. 
7+5 x 
/ 
Also, z! = Volume of the pool. 
X-4 
/ 7 
— | : + -J z 4 I 
s Y45 у x-4 
1 v. "E 
E EAS F ^ *-4 
> (2x + 5) (x - Ay 93? sx 
=> x^ - 8х -20- 0 
= * -10х + 28500-0 = (x-10(x«2) 20 = xz10orx--2 


But, cannot be negative. So, x = 10. 


Hence, the timings required by first, second and third Pipes to fill the pool individually 
are 15 hours, 10 hours and 6 hours respectively. 


; TORR ESE. 
EXAMPLE 3 Two pipes running together can fill a cistern in ЫТ minutes. If one pipe takes 3 


minutes more than the other to fill it, find the time in which each Pipe would fill the cistern. 
SOLUTION Suppose the faster pipe takes x minutes to fill the cistern, Therefore, the slower 
Pipe will take (х + 3) minutes to fill the cistern. 

Since the faster pipe takes x minutes to fill the cistern, 


Portion of the cistern filled by the faster pipe in one minute — 1. 
x 


inni [III 
PR UL VU Uu eee 
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: ; ) i 40 . 1 40 40 
=> Portion of the cistern filled by the faster pipe in 13 minutes = - x 5 = YT 
Similarly, 
А 40 
Portion of the cistern filled by the slower pipe in 13 minutes 
z m cw : 40 — 40 
x+3 13 13(x+3) 
. L . „ . 40 

It is given that the cistern is filled in 3 minutes. 

40 40 

— + —————- 1 

13x 13(х +3) 
= r x 6 е 

x x+3 40 

*+34+x 13 
=> — E. Cont 

x(x+3) 40 
=> 40 (2x + 3) = 13x (x + 3) 
=> 80x + 120 = 13x? + 39x 
> 13x? - 41x - 120 = 0 
= 13x? - 65x + 24x - 120 = 0 
=> 13x (x — 5) + 24(x-5)=0 ‘ 
=> (x 50 (13x + 24) = 0 
> x — 5 = Оог, 13х + 24 = 0 A 
= sates me 5 [-x > 0] 

13 


Hence, the faster pipe fills the cistern in 5 minutes and the slower pipe takes 8 minutes to 


fill the cistern. 
— — EXERCISE 4.12 


1. A takes 10 days less than the time taken by B to finish a piece of work. If both A and B 
together can finish the work in 12 days, find the time taken by B to finish the work. 


2. If two pipes function simultaneously, a reservoir will be filled in 12 hours. One pipe fills 
the reservoir 10 hours faster than the other. How many hours will the second pipe take 


to fill the reservoir? 


3 
3. Two water taps together can fill a tank in 9 8 hours. The tap of larger diameter takes 10 


hours less than the smaller one to fill the tank separately. Find the time in which each tap 
can separately fill the tank. [NCERT] 


; А — 
4. Two pipes running together can fill a tankin 11 g Minutes. If one pipe takes 5 minutes 


more than the other to fill the tank separately, find the time in which each pipe would fill 
the tank separately. CBSE 2010] 
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. Tofilla swimming pool two Pipes are used. If the pipe of larger diameter used for 4 hours 
and the pipe of smaller diameter for 9 hours, only half of the pool can be filled. Find, how 
long it would take for each pipe to fill the pool separately, if the pipe of smaller diameter 
takes 10 hours more than the pipe of larger diameter to fill the pool? [CBSE 201 5] 


- — - ANSWERS 
1. 30 days 2. 30 hours 3. 15 hours, 25 hours 


. Larger diameter Pipe fills in 20 hours, Smaller diameter pipe fills in 30 hours. 


—9 HINT TO SELECTED PROBLEM 
. Suppose B alone takes x days to finish the w 


ork. Then, A alone can finish it in ( 10) 
days. 
Now, 
A's one day's work + B's one day's work = (A + B)'s one day's work 
1 1 1 
=> — + = — 
Xx x-10 12 


4.8.7 MISCELLANEOUS APPLICATIONS OF QUADRATIC EQUATIONS 
Following examples will illustrate the above applications. 


EXAMPLE 1 A person on tour has #360 for his expenses. If he éxtends his 
cut down his daily expenses by 73. Find the original duration of the tour. 


SOLUTION Let the original duration of the tour be x days. 
Total expenditure on tour = € 360 


Expenditure per day - € 2 


tour for 4 days, he has to 


x 
Duration of the extended tour = (xX + 4) days 


Expenditure per day according to new schedule - € 28. 
х + 
It is given that the daily expenses are cut down by 13. 
360 _ 360) 
x ee 

360 (x + 4) — 360x E" 
x (x +4) 

360x +1440 - 360x — 3 
x (x + 4) 


1440 


2 -3 
х ＋ Ax 
х? + 4x = 480 


x! + 4х - 480 = 0 

х? + 24x - 20x - 480 = 0 

x (x + 24) - 20 (x + 24) = 0 

(x — 20) (х + 24) =0 = * 20 = Oor, x +24=0=> x 2007, 24 


=3 


у 
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But, the number of days cannot be negative. So, x = 20. 
Hence, the original duration of the tour was of 20 days. 

EXAMPLE 2 A piece of cloth costs #200, If the piece was 5 m longer and each metre of cloth costs 
¢2 less the cost of the piece would have remained unchanged. How long is the piece and what ts the 
original rate per metre? 


9 
SOLUTION Let the length of the piece be x metres. Then, rate per metre = 3 280 
"1 
New length = (x +5) metres. 
Since the cost remains same. 
200 
New rate per metre ~ 
х +5 
Itis given that | 
200 200 5 | 
x x+5 . 
200 (х + 5) – 200 
x(x + 5) | 
= 1000 _ 2 
Yx(x + 5) 
=> х? + 5x = 500 
=> х? + 5x — 500 = 0 
=> x^ + 25x — 20x ~ 500 = 0 y 
=> (x + 25) (х — 20) = 0 * 
= 1 725 = бог, х -20.- 0 
= *+25=0ог; X»20- OU? х = 20 ог, х = 25 


But, x cannot be negative: Бо, Y= 20. 

200 00 

0 s 20 
E 20 

Hence, the length of the piece of cloth is 20 metres and rate 
EXAMPLE з < 6300 were divided equally among à certain number of persons. Had there been 
15 more persons, each would have got 30 less. Find the original number of persons. 
SOLUTION et the original number of persons be x. Then, 


Rate per metre 2 1 10 


= € 10 per metre. 


6500 
Share of each person = & — 
x 
If the number of persons 15 increased by 15. Then, 
2 6500 


New share of each person +415 


Since each person gets 7 30 less, if number of persons is increased by 15. 


6500 И 6500 30 
X x 715 


4.76 
6500 (x + 15) - 6500x 
T xa) 
6500 x 15 Er 
md x(x+15) 
— AT 
E X (x + 15) 
=> х? + 15x ~ 3250 = 0 
=> х? + 65x – 50x — 3250 = 0 
=> X(x + 65) - 50 (x + 65) - 0 
=> (x + 65) (х – 50) =0 
=> x-50-00r, x 465-0 => x= 500г, х = -65 


Since the number of persons cannot be negative. Therefore, х = 50. 


Hence, the original number of persons is 50. 


EXAMPLE 4 A shopkeeper buys a number of books for #80. If he had bought 4 more books 
same amount, each book would have cost &i less, How man y books did he buy? 


SOLUTION Let the number of books bought be x. Then, 


Cost of x books = 80 => Cost of one book = z 50 
x 

If the number of books bought is x +4, then 

80 


x+4 
It is given that the cost of one book is réduced by one rupee. 


Cost of one book - € 


y 


tidy = 320 

x? + 4х – 320 =0 

x? + 20x - 16x - 320 = 0 
x (x + 20) - 16(x + 20) = 0 
(x + 20) (x - 16) = 0 


х= -200г,х= 16 => x=16 
Hence, the number о books is 16. 


CUPU 
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x cannot be negative] 


for the 


It 


A . 
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EXAMPLE 5 If the price of a book is reduced by #5, а person сап buy 5 more books for #300. Find 
the original list price of the book. 

SOLUTION Let the original list price of the book be € x. 


Number of books bought for € 300 = 300 
" 


Reduced list price of the book = € (x 5) 


Number of books bought for & 300 = IL 
x - 
It is given that 


300 300 


— =5 
x-5 x 
300x – 300x + 1500 v 
> MA — 
x(x- 5) 
= 1500 5 
х? —5х 
=> x? – 5x = 300 
=> x? — 5х – 300 = 0 E 
=> x? — 20x + 15x – 300 = 0 f 
= (х — 20)(x + 15) = 0 
= х 20 = Оог, х + 15 = 0 і 
=> x220,x2-15 > NE [^x = -15 is not possible] à 


Hence, the list price of the book 120 


L 


EXAMPLE 6 A factory kept increasing its output by the same percentage every year. Find the 
percentage if it is known that the output is doubled in the last two years. 
SOLUTION. Let P be the initial production (2 years ago), and let the increase in product every 


year be x. Then, 
Px x 
Prod tt d of first year = Pe = p[1 100 
uct at the end of first year P+ 100 +09 


Product at the end of the second year 
x x x 
= — |+——4P 1700 
(1-5) зт) ( 100 
2 
x x x 
= — 2 = р 14 — 
(100006 | ix] 


Since product is doubled in last two years 


_ «2 
202-3 = 2р 
100 


178 
\ 
| 2 
100 
(100 + y)* = 2 x 100? 
х? + 200x — 10000 0 
200 + \/(200)* + 40000 : 
А — = -100 + 10042 = 100(-1 + 4/5) 
C = 100(-1 + 4/2) [^ X cannot be negative] 
EXAMPLI A dealer sells a toy for V24 and gains as mu ht per cent as the cost price oj the to Ford 
the cost price of the toy 
i SOLUTION Let the cost price of the toy be x. Then, 
Gain = x% > Gain ‚| Y x a! B A 
\ 100 / 100 
Dx zen - х? 
S. P. C.P. Gain = x11. 
100 
But, S.P, 3124. 
P 
v4 2 [Given] 
LOO 
100х + x^ = 2400 
* + 100x - 2400 = 0 
v + 120x - 20x - 2400 = 0 
h > t (x + 120) - 20 (x + 120) = 0 
(x + 120) (х – 20) =0 
: x = 20,-120 => y=29 [^ x > 0] 
Hence, the cost price of the toy is € 20, 


EXAMPLE § A peacock is sittin 
7 m away from the bottom 0 

Seeing the snake the peacock | 

whole is the snake caught? 


SOLUTION Let PObe the pole and the peacock is sitting at the 
be at Q.-Jnitially, the snake is at $ 


when the peacock n 
QS 27m 


g on the top of a pillar, 
f. the pillar, a snake is coming 
Ances on it. If their speed 


which is 9 m high. From а point 
to its hole at the base of the pillar 
> are equal, at what distance from the 

[CBSE 2008] 
top P of the pole. Let the hole 
otices the snake such that 


Suppose v m/sec is the common speed of both the snake and 


Р 

the peacock and the peacock catches the snake after | 

seconds at point T. Clearly, distance travelled by the snake 

In f seconds is same as the distance flown by peacock. - 
PT = ST =x (say) 


Thus, in right triangle РОТ, we have 
QT = 27-x,PT =x and PQ=9 " 
Using Pythagoras theorem, we have =] 


PT? = РО? + OT? 


JL ADRATK 4.79 
E x? = 9 «(27 - xy 

=> x^ = 81 + 729 - 54x + v 

=> 0 = 810 - 54x 

= 54x = 810 y 
=> x= 15 M 


+ ОТ -SQ-ST = (27-15) т = 12m 

Hence, the snake is са ught at a distance of 12 m from the hole. 

EXAMPLE 9 The angry Arjun carried some arrows for fighting with Bheeshm. Witlt half the 

arrows, he cut down the arrows thrown by Bheeshm on hint and with six other arrows he killed the rath 

driver of Bheeshm. With one arrow each he knocked down respectively the rath, flag and die bow of 

Bheeshm. Finally, with one more than four times the square root of arrrows he laid Bheeshm 

wiconscious оп ап arrow bed. Find the total number of arrows Arjun had. 

SOLUTION Suppose Arjun had x arrows. ; 
Number of arrows used to cut arrows 0 
Number of arrows used to kill the rath driver = 6 
Number of other arrows used = 3 


f Bheeshm = x/2 


Remaining arrows = AJ x +1 
By hypothesis, we have 


2 6˙ Ad 18 
= x 20 + 84x 22x i 
=> x = 20 + 84x 
i 


Putting x = V, the above equation bécomes 

y^ = 204 8y j 
y? – 8у – 20 = 0 

у? - 10у + 2y ~20 = 0 
(y — 10) (y #2) =0 
y-10ory--2 


у = 10 cannot be negative] 


UY yuu gy 


» = y — = 100 

Hence, the number of arrows which Arjun had = 100. 

EXAMPLE 10 Qne-fourth ofa herd of camels was seen in the forest. Twice the square root of the herd 
had gone to mountains and the remaining 15 camels were seen on the bank of a river. Find the total 
number of camels. 


SOLUTION Let the total number of camels be x. Then, 


; X 
Number of camels seen in the forest 4 


Number of camels gone to mountains = 2Vx 
Number of camels on the bank of river = 15 


i X — 
r of camels = 4 + 2/х +15 


Total numbe 


4.80 


MATH MATICS 4 


By hypothesis, we have 


y 


1e 


y 


10 10 Y 100 
Now, --) 


But, the number of camels cannot be 


Hence, the number of camels = 36. 


— 


ә 


A piece of cloth costs & 35. If the piece w 


A dealer sells an article for € 24a 


Out ofa group of swans, 


. Ifthe list price ofa toy is reduced b 
- 9000 were divided equally among a certain number of 


. Some students planned a picnic. The bud 


‚ A pole has to be erected at a point on the bounda 


In a class test, the sum of the marks obtained by Pin 


~ 


= + 24/5 +15 =х 


Q) — 


SV - 60 =0 

M — Ву – 60 = 0, where x = y? 
Зу? ~ 18y + 10y -60 = 0 

3y (y = 6) + 10(y-6) = 0 

(3y + 10)(y -6) = 9 


10 
у = бог, у --— 
у у i 


Н [7 x= y?] 
à fraction. 


3 


Y=6>x=6 = 36 


— ip ЧС. —9 — — EXERCISE 4.13 
LEVEL 


ere4m longer and each metre costs ¥ one less, the 
cost would remain unchanged. How long is the piece? 


Some students planned a picnic. The budget for food was 480. But eight of these failed 
to go and thus the cost of food ſor each member increased by & 10. How ma ny students 
attended the picnic? 


nd gairis as much percent as the cost price of the article. 
Find the cost price of the article. 
A times the square root of the total number are playing on the 


share of a pond. The two remaining ones are swinging in water. Find the total number of 


swans. 


у& 2, a person can buy 2 toys more for & 360. Find the 
(CBSE 2002 C] 

persons. Had there been 20 more 

ginal number of persons. 

get for food was € 500. But, 5 of them failed to 

ember increased by #5. How many students 


Original price of the toy. 
persons, each would have got & 160 less. Find the ori 


go and thus the cost of food for each m 
attended the picnic? 


ry of a circular park of diameter 
13 metres in such a way that the difference of its distances from two diametrically 


opposite fixed gates A and В on the boundary is7 metres, [s it the possible to do so? If yes, 
at what distances from the two gates should the pole be erected? [CBSE 2016] 


Mathematics and science is 28. Had 
less in Science. The product of his 
two subjects. [CBSE 2008] 


he got 3 marks more in Mathematics and 4 marks 
marks, would have been 180. Find his marks in the 


ЖЕШ, ДАЛДАЛ 


Qt 


10. 


n3 


. Let P be the required location ot 


ADRATIC EQLA TIC 481 


In a class test, the sum of Shefali's marks in Mathematics and English is 30. Had she got 
2 marks more in Mathematics and 3 marks less in English, the product of her marks 
would have been 210. Find her marks in two subjects. [CBSE 2014, NCERT| 


‚ A cottage industry produces a certain number of pottery articles in a day. It was 


observed on a particular day that the cost of production of each article (in rupees) was 3 
more than twice the number of articles produced on that day. If the total cost of 
production on that day was & 90, find the number of articles produced and the cost of 
each article. | INCERT] 


‚ At t minutes past 2 pm the time needed by the minutes hand and a clock to show 
2 


3pm was found to be 3 minutes less than = minutes. Find f. 
INCERTI EXEMPLAR] 


— ANSWERS 


. 10m 2. 16 3. #20 4. 16 5. 120 6.25 7.20 
At a distance of 5 metres from the gate В 
. Marks in Mathematics = 12, Marks in Science = 16 


or 
Marks in Mathematics = 9, Marks in Science = 19 


‚ Marks in Mathematics = 12, Marks in English = 18 


or 
Marks in Mathematics = 13, Marks in English = 17 


. Number of articles = 6, Cost of each article = 15 12. 14 


HINTS TO SELECTED PROBLEMS 


480 
. Suppose x students planned a picnic. Then, share of each student X E 


480 
Share of each student when 8 students failed to go is & T8 
до «ED wr 
X 8 N 


Let the cost price be x. Then, gain percent 


* х? + 100x 
rr 
Selling Price iE * 100" Y | | 100 | 


* +100х _ 54 = x? + 100x - 2400 = 0. 
100 


. Let the number of swans be x. Then, 


7 Se 222x22x-74x-4- 0 2у* -7y - 4 = 0, where x = y. 
2 
the pole such that its distance from gate B is x metres. i.e. 
BP =x metres. 
AP=x+7 


482 MATHEMATICS 
Inright triangle APB, we have 
АР? + PB? = Ap? 
=> ix 47)" uu 13° 


=> 


=> 2x? + 14 - 1200 = x? 


*7x -60-0 = (x + 12)(x-5)=0 >x=5 
12. Time needed by the minutes h 


and toshow 3 pm = (60 — Р) minutes. 


60-!=—-3 ES 1 + 4р 252 - 0 


= EA SHORT ANSWER TYPE QUESTION (VSAQs) 


A wire each of the following questions either in one word or one sentence or as per requirementof the 
question: 


Write the value of k for which the quadratic equation x? 
What is the nature of roots of the 
If 1+ V2 is 


- kx * 4 = 0) has equal roots, 
2. quadratic equation 4* – 12x – 9 = 9? 
3. a root of a quadratic equation with rational coefficients, write its other root. 
4. Write the number of real roots of the equation x? +3] x|+42=0. 

5. Write the sum of real roots of the equation x?+ | x |-6=0. 
6. 

E 

8. 

9. 


Write the set of values of ‘a’ for which the equation x^ + ax – 1 = has real roots. 


alue of ‘a’ for which the equation x? Коча? +4) - 0h 
Write the value of A. for which x? + 4x 43 is a perfect square, 
Write the condition to be satisfied for which 
bx? — 2Vac x + b = 0 have equal roots. 


10. Write the set of values of k for which the quadratic equation has 2x2 + kx — 


Is there any realy as real roots? 


equations ax? + ору + c=0 and 


8 = 0 has 
real roots. 
11. Write a quadratic polynomial, sum of whosezeros is 2,/3 and their productis 2. 
12. Show that x = is a solution of x^ + 6x49 = 0. [CBSE 2008] 
13. Show that x = - 2 is a solution of 35 x + 14 0. [CBSE 2008] 
14. Find the discriminant of the quadratic equation 3% x? 4 10x+V/3=0 [CBSE 2009] 
15. If x= =, is a solution of the quadratic equation 3x? + 2ky 3 = 0, find the value 
of k. [CBSE 2015] 
16. If x = 3 is one root of the quadratic equation x? _ 2ky _ 6 = 0, then find the value of k. 
[CBSE 2018] 
| b — — — ANSWERS 
1. 48 4 2. Realand distinct 3. 1-42 4. No real root 
5. 0 6. All real values 7. No "m 
9, b? zac 10. All real values 


Е 1 
11. f(x) = k(x? — 243x + 2), where kis any real number 14. 64 15. : 16. k= 5 
o — —  MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 

1. Ifthe equation x? + 4x + К = has real and distinct roots, then 


(а) k<4 (b) k>4 () к>4 (d) k<4 


-«———————————————————— — v 
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2. Ifthe equation x^ — ax +1 = has two distinct roots, then 
(a) lal = 2 (b) lal < 2 (c) lal > 2 (d) None of these 
3. If the equation 9x? + бх + 4 = has equal roots, then the roots are both equal to 
2 3 7 
(a) += b) +5 (c) 0 (d) +3 ; 
4. If ax? + bx + с = 0 has equal roots, then c = 
SS b — 7 b? 
а) — — бу! == (а — 
(а) > (b) 2 e * 2 
5. If the equation ax? + 2x + a = 0 has two distinct roots, if 
(a) a=+1 (b) a=0 (c) a=0,1 (d) a= 1,0 i 
з 


6. The positive value of k for which the equation x? + kx + 64 = and 
x? 8х +k=0 will both have real roots, is 


(a) 4 (b) 8 (c) 12 (d) 16 
7. The value of y6 + J6 + J6+ . is 

(a) 4 (b) 3 (c) 22 (d) 3.5 f 
8. If 2isa root of the equation x^ + bx + 12 = 0 and the equation x^ + bx +q = 0 has equal 

roots, then = 

(a) 8 (b -8 (с) 16 (d) - 16 { 
9. If the equation (а? + b^) x^ - 2 (ас) x с? x d? = 0 has equal roots, then | 

(а) ab = cd (b) ad = be (о ad = с (d) ab = Jed : 

10. If the roots of the equation b * 25 (ac) X + (b? + с^) = 0 are equal, then 
(а) 2b=a+e (b) be = ac (c) b= = (d) b=ac 
а+ с 


11. If the equation х px 4 1 = 0 does not possess real roots, then 


(а) 489 b <3 (b -2<b<2 (c) b>2 (d b«-2 


12. If x = 145 a common root of the equations ax? +ах +3 = 0 and x? e x & b = 0, then 


b 
(a) 3 (b) 3.5 (c) 6 (d) -3 


13. If p and q are the roots of the equation x^ – px + q = 0, then 
(b b=0,q=1 c) p=-2,q=0 (d p2-24-1 


(a) р= 1,7 = –2 
n the number of the equations of the form 


14. If a and b can take values 1, 2, 3, 4. The 
ax? + bx +1 = 0 having real roots is 
(a) 10 (b) 7 (c) 6 (d) 12 

15. The number of quadratic equations having real roots and which do not change by 
squaring their roots is 


(a) 4 (b) 3 (c) 2 (d) 1 


4.84 


16. 


17. 


18. 


21. 


22. 


24. 


25. 


26. 


29. 


Il one root of the equation ax? + bx + c = 0 is three times the other, then P? : ac 


MATHEMATICS, 
If (a? + b?) х2 + 2 (ab + bd) ъс +4? — 0 has noreal roots, then 
(a) ай = he (b) ab= cd (c) ac= bd (d) ad + bc 
If the 


sum of the roots of the equation x? - x=) (2x — 1) is zero, then = 
1 1 

а) -2 — = 

(a) (b) 2 (c) 2 (d) 2 

If = 1isa common root of ax! «ax «2-20 and x? 4 x4 b - 0 then, ab = 

(a) 1 (b) 2 (c) 4 (d) 3 


The value of c for which the equation ax? + 2bx + c = has equal roots is 


b? b? 


* г? 
dE" © — © + @ 45 
If * +k (4x 4k- 1) + 2 = 0 has equal roots, then k= 
2 2 3 1 к Ам. 

nr 2 —,-1 Fate: а = 
(а) —3 (b) 5 @ 2% b -2-; 
If the sum and product of the roots of the equation kx? + бх + 4k = 0 are equal, then k= 

E 3 2 Ф 2 
(а) 75 (b) 5 © 3 (d) 3 
If sin a and cos а are the roots of the equation ax + bx + c = 0, then b? = 
(а) a? – 2ac (b) a? + 2ас (c) a- ac (d) @+ac 


I 2 is a root of the equation x? + ax + 12 = 0 and the quadraticequation x? + ax + q=0 
has equal roots, then q= 


(a) 12 (b) 8 (c) 20 (d) 16 


If the sum of the roots of the equation x? — (k + 6)x + 2(2k -1) = 


0 is equal to half of 
their product, then k = 


(a) 6 (b) 7 (c) 1 (d) 5 

If a and bare roots of the equation x^ + ax +b = 0, then 2 b = 

(a) 1 (b) 2 (c) -2 (4) -1 

A quadratic equation whose one root is 2 and the sum of whose roots is zero, is 
(а) * 420 b) x°-4=0 © 4x*-1=0 — (d) 2-2-0 


(а) 3:1 (b) 3:16 (с) 16:3 (d) 16:1 


lt one root of the equation 2x? + kx + 4 = 0 is2, then the other root is 


If one root of the equation х? + ах + 3 = 0 is 1, then its other root is 
(a) 3 (b) -3 () 2 (d) -2 
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30. If one root of the equation 4x? — 2x + (А — 4) = 0 be the reciprocal of the other, then А. = 


(a) 8 (b) -8 (c) 4 (d) 4 


31. IE y - 1 isa common root of the equations ay^ + ay + 3 = 0 and y? +y +b = 0, then ab 


equals 
(a) 3 (b) -7/2 (c) 6 (d) -3 
[CBSE 2012] 
32. The values of k for which the quadratic equation 16x? + 4kx + 9 = 0 has realand equal 
roots are 
3 im, > 
(i) oe (b) 36, - 36 (c) 6,-6 9 44 
[CBSE 2014] 
ANSWERS 
1. (a) 2 (©) 3. (a) 4. (d) 5. (a) в. (d) 
7. ©) 8. (9 9. (d) 10. (b) 11. (b) 12. (a) 


13. (a) 14. (a) 15. (c) 16. (d) 17. (c) 18. (b) 
19. (a) 20. (b) 21. (a) 22. (b) 23. (d) 24. (b) 
25. (d) 26. (b) 27. (c) 28. (d) 29. (a) 30. (a) 


31. (a) 32. (c) 


1. A polynomial of degree 2 is called a quadratic polynomial. The general form of a 
quadratic polynomial is Ax + bx + с, where u, b, с are real numbers such that a + 0 and 


xis a real variable.. 

2. If p(x) = ax? +bx = +с,а #0 is a quadratic polynomial and d is a real number, then 
p(a) = aa? + ba +c is known as the value of the quadratic polynomial p (x). 

3. Areal number a is said to bea zero of the quadratic polynomial p (x) = ax? + bx +c, if 
p (a) - 0.0 

4. If p (x) = ax" + bx +c is a quadratic polynomial, then p (x) = 0 ie., ax? + Бх +с = 0; 
a 2 0 is called a quadratic equation. 


5. A real number а is said to be a root of the quadratic equation ах? + bx +c =0, if 


aa? + ba. + c = 0. 

In other words, d is a root of ax? + bx +c = 
p(x) = ах? +bx+c. 

0 is factorizable into a product of two linear factors, then the roots of 
2 4 bx + с = 0 canbe found by equating each factor to zero. 


0 ifand only if а isa zero of the polynomial 


6. If ax? + bx ca + 
the quadratic equation ax 


7. Theroots of a quadratic equation can also be found by using the method of completing 


the square. 


heec V 
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4. The roots of the quadratic equation ax? + bx c= 

quadratic formula . provided that b? - 4ac > 0. 
a 


0,a * 0 can be found by using the 


9, Nature of the roots of 


quadratic equation ax? + by 4 ¢ = 0,а #0 depends upon the 
value of D = p? _ 4ас , which is known as the discriminate of the quadratic equation. 
10. The quadratic equation ax? + by +c = 0,a # 0 has: 


(i) two distinct real roots, if D 


= 
-b -4ac»0 
(ii) two equal roots ie. 


coincident real roots if D =b? —4ас= 0 


(iii) no real roots, if D =b’ – 4ас< 0. 


i^ 


ARITHMETIC PROGRESSIONS 


5.1 INTRODUCTION 
In earlier classes, you might have come across various patterns of numbers like 


1, LT S; 7, | сасне 

0, —2, — 4, — 6, 21. saD 

1, 4, 9, 16, 29. xus 
etc. 


These patterns are generally known as sequences. In this chapter, we intend to study а 
particular type of sequences which are known as arithmetic progressions. 


5.2 SEQUENCES 
As mentioned above that an arrangement of numbers of which one number is designated as 


the first, another as the second, another as the third and soon is known as a sequence. 


Consider the following arrangement of numbers: 
1, 8, 27, Le 125, 


] } 1 E 
4. 2 ГА 3 , m , 5 , 
Zi 4, 6, 8, | жег 


In each of the above arrangements numbers are arranged in a definite order according to 
some rule. In the first arrangement the numbers are cubes of natural numbers and in the 
second arrangement the numbers are reciprocals of natural numbers whereas in the third 
arrangement the numbers are even natural number. Each of the above arrangements isa 
sequence; Thus, we may define a sequence formally as follows: 

is an arrangement of numbers in à definite order according to some rule. 

a sequence are called its terms. We denote the terms of a 
sequence by Ay, d», A3, ... etc. OF Xj, Ху, Xy . etc. Here, the subscripts denote the positions of the 
terms. First number or the number at first place is called its first term of the sequence and is 
denoted by ау. The number at the second place is called the second term and is denoted by i; 
and so on. In general, the number at the nth place is called the nth term of the sequence and is 
denoted by a,,. The nth term is also called the general term of the sequence. 


For exam ple, 2, 4, 6, 8, 10, ... isa sequence whose 
„ à, = 2; second term is J i. e., 15-4 


DEFINITION ASequence 
The various numbers occurring in 


first term is 2 i.e 
third term is 6i.e., à, = 6; fourth term is8ie, пу = 8 


апа ѕо оп. 
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x 


Similarly, 1,4,9,16,25, ... isa sequence such that 


a =1,a,=4,a, - 9, a, = 16, а: = 25 and soon. 
Often, itis possible to express the rule which generates the various terms of a se 
terms of an algebraic formula. For example, consider the sequence of even natura 
i.e., 2,4, 6,8, 10, . 


We have, 


a, = First term = 2 = 2x1, a, = Second term = 4 = 2х 2 
ау = Third term = 6 = 2x3, a, = Fourth term = 8 = 2x4 


ds = Fifth term = 10 = 2x 5, à, = sixth term = 12 = 2x6 


quence jn 
I numbers 


and so on. 
It is evident from this that 


à, = nth term = 2x n = 2n 


Let us now consider the sequence of squares of natural numbers i.e., 1, 4, 9/16, 28, 
Here, we have 

" 

a, = l= 17 
апа ѕо оп. 


It follows from this that 


; 4 =4=2',0, =9= 3, a, =16 = 4! а, = 95m 9, a = 36 = 6? 


à, = nth term = n? 


Similarly, consider the sequence of odd natural numbers re. 5, 7, 9, 11, ... 
We find that 


a, 21-22x1-1, a, -3-22x2-1,44-5-29871,a, -7-2x4-1 
and so on. 
In general, à, = 2xn-12 2n - 1. 

It follows from the above discussion that a sequence can be described either by listing its first 


few terms till the rule for writing down the other terms becomes clear or, by writing the 
algebraic formula for the nth term of the sequence. 


For example, the sequence of even natural numbers i.e., 2, 4, 6, 8, 10,... can be described 
as 


а, = 2n, where n = 1, , 3, 
Similarly, the sequence ot odd natural numbers i.e., 1, 3, 5, 7, 9, .... can be described as 
а, = 2n =1, where п = 1,2,3,4,.... 


1 


111 | 
The sequence, 7% aan be described as 


1 
ü, , where n = 1, 2,3, 
n 


The sequence 1, 4, 9, 16,... can be described as 


а= n^, where л = 1, 2, 3, 4,... 


n 


In the above discussion, we have seen that a sequence can be described by listing its first few 
terms till the rule for writing down the other terms becomes clear. We can also describe a 
sequence by writing the algebraic formula for its nth term or general term. In some cases, 
the terms of the sequence do not follow some fixed pattern but the 
some recursive relation. 


Consider for instance, the sequence, 1, 1, 2, 3, 5, 8, .., 


y are generated by 


"=. T ЈО MI та B — IHE — — ЧР 
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Here, we have 
a, =2=1+1 = +a, 
14 =3=1+2=a + а; 
ag =5=2+3 = m + ац 
=8= 3+5 = п + а; апа soon 
[n general 


a, — 0, 1 % 5 for n > 2. 


n 
Thus, the above sequence is described as 


a, = 1, % = landa, = à, 4 + 4,2 for all n > 2. 


Let us now discuss some examples to illustrate the applications of whatwe have discussed 


so far. 


LLUSTRATIVE EXAMPLES 


Write the first three terms in each of the sequencedefined by the following: 


(i) a, = н^ #1 


EXAMPLE 1 
(i) а„=3п+2 
SOLUTION (i) We have, a, = 3n + 2 
Putting п = 1,2, and 3, we get 
41 = 3х1+2=3+2 = 5, 
а, = 3х2+2=6+2 = 8, 
a, = 3х3+2=9 + 2 W 


Thus, the required first three terms of the sequence defined by a, = 3n + 2 are5,8,and 11. 


(ii) We have, а, =н? +1 
Putting п = 1,2, and 3, we get 
a, = gt 021+ = 2, 
a= P41 = +1 = 5, 


апа, a N = 9 +1 = 10. 


Thus, the first three terms of the sequence defined by di = п? +1 are 2, 5, and 10. 


EXAMPLE 2. Write the first five terms of the sequence defined by а, = (210? 2" 


SOLUTION We have, a, = (-D +2" 
Putting n= 1, 2, 3,4, and 5, we get 

a, = (Ay! x2 «(C1 x222 
= (12-1 х = (21) х4 = -4 


ay 

fy (iP = (-1) x88 

i (ix = () x 16 = -16 
and, ag = (1 xP =I)" x32 = 32. 
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EXAMPLE з What is 18th term of the se 


=3 
quence defined by а, = пае 


+4 


SOLUTION We have, a, = к=з 


n4 
Putting = 18, we get 


_ 18 (18-3) 18x15 135 
ав ——— 


—— = — 


18 +4 22 1 


EXAMPLE 4 A sequence is defined by a, = 


п? ~6n? + Tn - 6. Show that the first three term 
the sequence are zero and all other terms are р 


ositive. 
SOLUTION We have, a, = n° — 6n? + 11n — 6 
Putting п = 1, 2,3, we get 


a = (0 -6xP +11«1-6 =1-6411-6-2-12=0 


а, -2'-6x2 «11x2-628-214 22-62 9-3 <0 
and, а, =P -6x3 «11x3-6-27-51433-6- 60-60 0 
Thus, we have 


ay = а, = 0, = () 


a, = (п ~ 1)(n = 2)(n – 3) 
In this expression, if we substitute any We 
the RHS is positive. Therefore, 

a, »0 forall n>3 


Hence, first three terms of zero and all other terms are positive. 


EXAMPLE 5 “phon 4 * 3, 4 30% 1 1 for al n > 1. 


Find the of the sequence. 


171 for all n » 1. 
‚ апа 4, we get 
ay = 3a, +1=3x34+1=10 
a, = 13 101231 
and, a, = 3a, +1=3%314+1= 94, 
Hence, the first four terms of the sequence are 3, 10, 31 and 94, 
EXAMPLE 6 Let a sequence be defined by a, = 1, a, = land,a, = 4. 5 0 2 forall n> 2 
Find at for n = 1,2, 3,4. 
L 


ie 


ho COHEN 
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SOLUTION Wehave, 4 = 1, а = 1 
and, ay, = (1 + 2,2 for all п> 2 
Putting п = 3,4, and 5, we get 
a, =a, +a =1+1= 2 
ay = 4, +a, =2+1= 3 
and, а; = a +03 =3+2=5 
Thus, we have 
a = 1, a, =1, a, = 2, ay = and а; = 5 
a 
Now, putting п = 1,2, Запа 4 in ES , we get 
n 
aci 
а, 1 1 [г> ai =M = 1] 
22 2. 
ye [ ay =1 and аз =2] 
а, ч; 
„2 [ a, =2 and a, = 3] 
M a 
" wá f? a, = З and a; = 5 | 


EXERCISE 5.1 


1. Write the first five terms of each of the following sequences whose nth terms are: 


(i) a, =3n+2 (ii) a, =" (ШШ). a, 3" 
(iv) a, = an -2 (v) а, =(-1)" .2" (vi) a, = (n — 2) 
5 2 
(vii) , = п п (УШ) a, = 26 —3u 1 (ix) а, = X 
2. Find the indicated terms in each of the following sequences whose nth terms are: 
(i) a, = 5n - 4; ay and dis (ii) 4» = I ay and ag 


(iii) a, = n (n — 1) (n - 2); a5 and ав (v) а, = (n- D - п)(3 + , 
(у) a, = (-1)' n; аз, a5, 48 

3. Find the next five terms of each of the following sequences given by: 
(i) a =1, a, = 4-1 1 2 122 (i) д =a, 72,4, = M4 -3, 1 2 


е 4121 ; = " 
(iii) a = -1, a, = кеш. #>2 Gy)! а» 4, a, = Aa, 4 +3,п > 1. 


й 
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MATHEMATICS 
ANSWERS 
А (i) ay =5, a, =8,a, =11, a, = 14, a. = 17 (ii) a ^ EU = 0, а = iu = E i =] 
3 3 35 
(iii) ay =3, a, =9, а, -27,8, = 81, a; =243 (iv) a ые m An 8 = 225 ds, = 13 
5 5 5 5 
(v) ay =-2, u =4,a, 8, a, = 16, a = -32 (vi) ay = 2,6 = 0, a, = 2 =4 as = 15 
? 
(vii) à, =1, a, =3,a, =7, % 13, aj 21 (уй) a, =0, а, = 3, a3 = 10, l = 21, 5 = 36 
(ix) а . а : 1 } a 5 a 
* = =? © -= =, 6 — ndi TL 
EE ine mds md S 6 
; Я 19 22 * 
2. (i) an = 56, а. = 71 (ii) 4; = 33 * 37 (iii) a; = 60, a, = 336 


(iv) a, = 0,a, = 0, a, =-12 (v) a, = -3, a= 95, % = 8 
3. (1) fl; = 3, a, = 5, ay = 7, as = 9, ay, = 11 


(ii) a, = -1,a, = 4, a, =-7, a =-10,a, = -13 


(iii) à wick y — РЕ Р n — 
dE AGE аа 720 


(iv) az = 19, a; = 79, a, = 319, а, = 1279, а, = 5119 


5.3 ARITHMETIC PROGRESSION (А.Р.) 


In this section, we shall discuss а particular type of sequences in which each term, except the 
first, progresses in a definite manner, Consider for instance, the following sequences 
0) 1.4 7 10,12. (i 12, 7, 2, - 3, - 8, ... 
(iii) -9,-7,-5,-3,-2, 1,3, А 

In each of these sequences every term except the first is obtained by adding a fixed number 
(positive or negative) to the Preceding term. For example, in the sequence given in (i), each 
term is obtained by adding 3to the preceding term. In the sequence given in (ii) each term is - 
5 more than the preceding term and in the sequence given in (iii) each term is obtained by 
adding 2 to the preceding term. 


All thesesequences are called arithmetic sequences or arithmetic progressions abbreviated 
as A.P. Thus, we may define an arithmetic sequence as follows: 


ARITHMETIC PROGRESSION (A.P.) A sequence a1, à», a3, 


‚ Gy, .. is called an arithmetic 
progression, if there exists a constant number d such that 


ay =a +d 
а, = пу + й 
ay =a, + 
à, = à, , + d and so on. 


The constant 'd' is called the common difference of the A.P. 


k e eee ж. Aa 
REN: 
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Thus, if the first term is a and the common difference is d, then 
a, a ＋ d,a A, a 3d, a  Ad,............ 


is an arithmetic progression. 

In other words, a sequence Ay, Ag, ds, +++ Gv + 
difference of a term and the preceding term is always 
common difference of the A.P. 

Thus, if a), 5, A , ...is an A.P. with common difference ‘d’, then, 


is called an arithmetic progression if the 
constant. This constant is called the 


à,-a =й 
a, -a = d 
ay — a; =d 


а, a = d and soon. 


ILLUSTRATION He sequence 1, 4, 7, 10, 13, ... isan A. P. whose first term is 1 and the common 
difference is equal to 3. 

ILLUSTRATION 2 The sequence 11, 7,3, - 1, . 
difference is equal to — 4. 


is an A.Powhose first term is 11 and the common 


It follows from the above discussion that the sequence. ay, , g, n nee is an A.P. with 
common difference 'd' if and only if 
аыл — 4 = d for n =1,2, 3; 4... 


This suggests us the following algorithm to determine whether a sequence is an A.P. or not 
when weare given an algebraic formula for the general term of the sequence. 


ALGORITHM 

STEPI — Obtaina, 

srep Replacea by (n 1) in a, to gel u 
STEP Шш Calculate a, 1A, 


step iV — Check the value of Ay.) = In If à,,4 — My 15 independent of n, then the given sequence is 


an A.P. Otherwise it is not an A.P. 


ILLUSTRATION з Show that the sequence defined by à, = 4n + 5 isan A.P. Also, find its common 


difference. 
SOLUTION We have, à, = 47 + 5 
Replacing n by (и + 1), we get 


0, 1 =4(n+1)+5= 4п +9 


Now, 41 % = (a+ 9) —(4n + 5) = 4 
Clearly, 41 % is independent of i1 and is equal to 4. 


So, the given sequence isan A.P. with common difference 4. 
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MATHEN А TICs 


ILLUSTRATIVE EXAMPLES 


Ж. ш 


LEVEL 1 


ILLUSTRATION 1 Show that the sequence defined by a, = 2п? +1 is not an A.P, 


SOLUTION Wehave, 4, = 2n? 41 
Replacing n by (п + 1) in a, we obtain 
04, = Xn1? «1224? +4n+3 


Now, Any - % = (212 + 43 + 3) ~ (2212 + 1) = 4п +2 
Clearly, a a, is not inde 


pendent of л and is therefore not constant. So, the given 
sequence is notan A.P. 


ILLUSTRATION 2 Show thata sequence is an A.P. if its nth term isa linear 
such a case the common difference is equal to the coefficient of n. 
SOLUTION Let there be a sequence whose nth term is 


expression imn and in 


a linear expression inn 
Le. à, = An + B, where A, Bare constants. 


= a.) =A(n+1)+B 
% — 4, = [A(n 1) + В| - (Ап + В| = A 


Clearly, @,., — a, is independent of n and is therefore 


a constant. So, the sequence is an А.Р. 
with common difference A. 
NOTE Readers may use the above statement aSa standard result. 


ILLUSTRATION 3 The nth term of a sequence is Зп. 2. Is the sequence an A.P.? If so, find its 10th 
term. 


SOLUTION We have, à, = 3n- 2, 


Clearly, a, is a linear expression in u. So, the given sequence is an A.P. with common 
difference3. 


Putting n = 10, we get 
fli =3x10-2=28. 


REMARK It ts evident from theabove examples that a sequence is not an А.Р. ifits nth term is nota 
linear expression in n. 


1 — —ͤ EXERCISE 5.2 


1. Show that the sequence defined by a, = 5л – 7 is an A.P, find its common difference. 
2. Show that the sequence defined by a, = 3n? — 5 is not an A.P. 


3. The general term of a sequence is given by а, = —4 + 15, Is the se 
find its 15th term and the common difference. 


1. Write the sequence with nth term: 
(i) a, =3+4n (ii) а, = 5*2n (iii) a, =6-n (iv) a, =9-5n 
Show that all of the above sequences form А.Р. 
5. The n® term of an А.Р. is 6n + 2. Find the common difference. [CBSE 2008] 


quence an A.P.? If so, 


Ee 
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6. Justify whether it is true to say that the sequence having following n term is an А.Р. 
(i) 4,-2n-1 (й) a, = Зи? +5 (iii) a, 1 


— ANSWERS 
1. 5 3. dq = — 45, Common difference == 4 
4. (i) 7,11,15,19,... (ii) 7,9, 11, 13,... (iii) 5, 4, 3, 2. 1,0,- 1, (iv) 4,- 1,- 6,- 11, 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Write an A.D. whose first term is 10апа common difference is 3, 
SOLUTION We know that if a is the first term and d is the common difference, then the Mi 
arithmetic progression is 
a,a+d,a+2d,a+3d,... 
Here, a= 10 апа d=3. 
So, the arithmetic progression is 10, 13, 16, 19, 22, ... 
EXAMPLE 2 Writean А.Р. having 4 as the first term and c asthe common difference. 
SOLUTION The arithmetic progression with first term a and common difference d is given 
by 
а,а+й,а + 2d, à +31, ... f 
i.e., each term is obtained by adding ‘d’ tothe preceding term. 
Here, а= 4 and d = - 3. 
So, the arithmetic progression is " 
4, 4 + (-3,4 + 2x (- 3, 2 (23), 4 + 4(-3),... 
or, 4, 1. — 2, 5, – 8,.3 
EXAMPLE з Write an A. P. those first term and common difference are — 1.25 and — 0.25 respec- 
tively. 
SOLUTION Here; 4» – 1.25 and d =- 0.25 
So, the arithmetic progression is 
—1.25, 925 + (- 0.25), - 1.25 + 2 (- 0.25), – 1.25 + 3(- 0.25),... 
or, -$252- 1.50,— 1.75, - 2, ... 
EXAMPLE A. For the following arithmetic progressions write the first term and common difference 


giS? n (i) 0.6, 1.7, 2.8, 39, ... 


с 3 s 
SOLUTION (i) We have, 


А 1 
ence between a term and the preceding term is same and is equal to —. 
3 


Clearly, the differ 


! 1 
So, the given sequence is an A.P. with first term 4 and common difference T 


5 10 MATHEMATICS 
(ii) We have, 
17-0621128-17- 1.1,39-28=1,1 


So, the given sequence is an A.P. with first te 


EXAMPLE 5 In which of the following situations, the sequence formed will form an A.p.? 


(i) Number of students left in the school auditori um from the total strength of 1000 students when 
they leave the auditorium in batches of 25. 


rm 0.6 and common difference 1.1. 


(ii) The amount of money in the account eve 
at compound interest at 4% per annum. 
SOLUTION (i) We have, 
Total strength of students in the auditorium = 1000 
Number of students left in the 
auditorium = 1000-25 = 975 


ry year when #100 are deposited annuall y to accumulate 


auditorium when first batch of 25 students leaves the 


Number of students left in the auditorium when second batch of 25 students leaves the 
auditorium = 975 - 25 = 950 


Number of students left in the auditorium when third batch of 25 students leaves the 
audiotirum = 950 -25 = 925 and so on. 


Thus, the number of students left in the auditorium at differe 
1000, 975, 950, 925, .... 


Clearly, itis an A.P. with first term 1000 and common difference – 25. 
(п) We know that if P is the principal and r%/per 
compound annually, then the amount A 


ntstages are 


annum is the rate of interest, 
at the end of n years is given by 


Here, P=%100andr = 4. 


4 n 26 n = 
А а 100 14 760 Р 100 25 = 100 х (1.04) 

Thus, the amount of money in the account at the end of different years is given by 
100 x 1.04, Z 100x (1.04)?, € 100 x (1.04), .. 

or, +104, $108.16, 11248, ... 

Clearly, it is not forming an А.Р. 


NAME 6 Find, the common difference and write the next three terms of the A.P. 
3, -2 , 12. 


SOLUTION, Wehave, 
Second term - First term = - 2-(3) = –5 
Third term Second term = - 7 - (-2) = -5 
So, the given sequence is an A.P. with common difference — 5, 
Since, each term of an A.P. is obtained by adding common difference to the 
; as = а, + (-5) = -12 + (-5) = -17 
a, = a, + (—5) = -17 + (-5) = -22 
and, a> = a, + (-5) = -22 + (-5) = -27 


preceding term . 


ut 
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EXERCISE 5.3 


| 


LEVEL- 


. For the following arithmetic progressions write the first term а and the common 


difference d : 

; 1357 

i) -5,-1,3,7,... INCERT] WNW - ын 

S — 6 rer pts 
(iii) 0.3, 0.55, 0.80, 1.05, . бу) -11, -31,-5.1 BE: a A 

‚ Write the arithmetic progression when first term a and common differenced are as 
follows: 
1 
(i) a=4, d=-3 INCERTI] (ii) о а=-1, d= 5 INCERTI 


(iii) а= —1.5, d = -0.5 


in which of the following situations, the sequence of numbers formed will form an A.P.? 


(i) The cost of digging a well for the first metre is € 150 and rises by € 20 for each 
succeeding metre. [NCERT] 


(ii) The amount of air present in the cylinder when a vacuum pump removes each time 
1 
3 of their remaining in the cylinder. [NCERT] 


(iii) Divya deposited X 1000 at compound interestat the rate of 10% per annum. The 


amount at the end of first year, second year, third year, , and so on. 
[NCERT EXEMPLAR] 


Find the common difference and write the next four terms of each of the following 


arithmetic progressions : 


(i) 1,-2,-5, - 8,... (ii) 0, - 3, - 6, -9,... 
1 2 5 2 

wax cal Se - -—1l1-—,--—.^- 
(iii) 2 А” jm (iv) 6 3 


prove that no matter what the real numbers à and bare, the sequence with nth term a + nb 


is always an A.P. Whatis the common difference? 


Find out which of the following sequences are arithmetic progressions. For those which 


are arithmetic progressions, find out the common difference. 


(i) 3,6, 12,24, (ii) 0, 4,8, 12, 

1 12 3 
T cL" iv 12, 2,- ,-1 ses 
(iii) 2'af es (iv) 8, - 18 | 
(WA 3, 3, 3, N. (vi) p,p +90, p + 180, p + 270,... where p = (999) 
(vii) 1017, 2.4, 3. 1. (viii) — 225, – 425, – 625, - 825, 


(ix) 10, 10 + 25, 10+ 2°, 10 + 2”... 
(x) a+b, (а+ 1) + b, (а + 1) + (b+ 1), (а + 2) + (b + 1), (a + 2) + (b + 2),.... 


Gd) 15,935,925 F Gd) 1,5^575,23,4. 
Find the common difference of the A.P. and write the next two terms: 
(i) 51,59, 67,75, ... ii) 75, 67,59, 51. 
(iii) 1.8, 2.0, 2.2, 24, .- б dom. 
е , = , e , , 4 3 4 


(у) 119, 136, 153, 170, ... 


ut 
һә 


МАТ! IEMATICS 


—————————— ANSWERS 
; 1 

1. () a=-5,d=4 (ii) a= ard == (Ш) а=03,4=025 (iv) a = “LL d'a 9 
2. (i) 4,1,-2,-5,- 8,... (ii) “L-5,0,4, l,... (ii) -1.5,- 2,- 2.8, 3 
3. (i) AP. (ii) Does not form an A.P. (iii) A.P. 
4. (i) 37, 11, % 14, (5 = -17, a = -20 

(ii) -3; as = -12, LA = —15, 1; = -18, lg = —21 

(iii „ iv) —ja 3 

iii) 4^ 475 Кт (U^ (iv) Ens 2'"5 3'76 = ee ' 
5. (i) b 6. (i) No (ii) Yes,d=-4 (iii) No 

(iv) Yes, d 2 — 104 (v) Yes, 48 0 (vi) Yes, d = 90 

(vii) Yes, d=0.7 (vii) Ves, d -- 200 (ix) No 

(x) Yes,d=1 (xi) No 


(xii) Yes, d= 24 
7. (i) d=8,a; =83,a, = 91 (ii) d- , a; = 43, а, = 35 


(iii) 4 02. 26,4, 28 (iv) d= 15 18 -å 


(v) d= 17; а; = 187, а, = 204 


5.4 GENERAL TERM OF AN A.P. 
In this section, we shall find the formula for the n th term or 


general term of an A.P. in terms of 
its first term and the common difference. The same will be used to solve some problems on 
A.P. 


THEOREM Leta be the first term and d be 


Hie common difference of an A.P. Then, its nth term or 
general term is given by 


a, —-a-*(n-1)d. 


PROOF Let a, à, ,... be the given A.P. Then, 


= а, =@+(1=1)d (i) 
Since each term ofan A. P. is obtained by adding common difference to the preceding term. 
Therefore, 
a, =a+d 
=> a, =a+(2-1)d (ii) 
Similarly, we have 
a,=a,+d 
=> a, =(a+d)+d 
> a, =a + 2d 
5 а; =а+(3-1)@ (iii) 


— 


tè 
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and, аа = d4 d 

25 ay = (а + 2d) + d 

zy а, — à 3d 

=> a, =a+(4—I1)d (iv) 


Observing the pattern in equation (i), (ii), (iii) and (iv), we find that 
a, = а + (п ~ 1)а 
Q.E.D. 


REMARK It is evident from the above theorem that : 
General term of an A.P. = First term + (Term number = 1) x (Соттоп difference) 


541 n" TERM OF AN A.P. FROM THE END 


Let there be an A.P. with first term à and common difference d. If there are m terms inthe A.P., 
then 
nth term from the end = (т=п + 1)th term the beginning 


= nth term from the end = Am „| 
= nth term from the end = а + (m-11-101)d 
=> nth term from the end = а + (m = md 


Also, if l is the last term of the A.P., then th term from theend is the nth term of an A.P. whose 
first term is Гапа common difference is = d. 


nth term from the end = Last term + (n =A) (90) 
=> nth term from the end = / = (n = 1) d 
ILLUSTRATION Find the 6" term from the ОХ thew. 17, 14, 11, ..., — 40 [CBSE 2005] 


SOLUTION Wehave, 
l= Last term = — 40 and, d = Common difference = ~ 3 


om term from the end - (61) 4 = -40-5x-3 = -25 


5.4.2 MIDDLE TERM(S) OF A FINITE A.P. 
Let there bea finite A.P. with first term a, common difference d and number of terms n. 


: th 
; n cà Я ae n+l 
If Nis odd, then | 2 term is the middle term and is given by à + | ` -1 Ja. 


— 


th 


th 
А п n ; А n 
If n is even; then & and | A +1 are middle terms given by a + | * 1 Ja and 


a+ | S 4 1 Avi = a+ 54 respectively. 


JEL 


EXAMPLE 1 Find the 12th, 24th and nth term of the А.Р. given by 9, 13, 17, 21, 25,... 
SOLUTION We have, a= First term 

and, d = Common difference = 4 L. 13-9 = 4,17—13 = 4,21 - 17 = 4 etc ] 
We know that the nth term of an A.P. with first terma and common difference d is given by 


a, -a*(n- Vd 


dj = A - -20411d29411x4 = 53 


MATHEMATIC: 
y =A + (24 - bd = A+ 23d = 9 + 23x 4 - 101 
and, a a = d = 9.4 (n ~ 1) х4 = 4н +5 
Thus, we have 
пр = 53, 4% = 10landa, An 4 5 


EXAMPLE 2 Show that the sequence 9, 12, 15,18,. 
term. 
SOLUTION We have, 
(12 - 9) = (15 ~ 12) = (18-15) = 3 
Therefore, the given sequence is an A. P. with common difference 3. 
a = First term = 9 
loth term = a, = a+ (16 – 1)d = a + 15d 
5 a, =9+15x3 = 54 


is an A.P. Find its 16th term and the general 


[5 a, = а {ш – П 


General term = nth term = а + (n – 1а 
a, = 9 + (л – 1) х3 = 3н +6 


EXAMPLE 3 The first term of an А.Р, is —7 and the common difference 5. Find its 48th term and the 
general term. 
SOLUTION We have, 

а = First term = - 7 and, d = Common difference 7 5 


d = а + (18 – 1)а E a = a e 


= (Qa =a+17d 721755 2 78 
and, a, = а+ (л 1) х5 = ~7 + (п – 0х5 
ES a, =-7+5n-5=5n-12 


EXAMPLE 4 Determine the 10th term from tlie end of the A.P. 4, 9, 14, , 254. 
SOLUTION Wehave, 
l= Last term = 254 and, = Common difference = 5. 
10th term from the end = / - (10 - 1) 4 - 1-94 254-9x 5 = 209 
EXAMPLE 5 Whichierm of the sequence -I, 3, 7,11, ... is 95? 
SOLUTION Cleafly, the given sequence is an A.P such that 
First term I and, d = Common difference = 4 
Let 95be the th term of the given A.P. Then, 
а, =95 
u (n ) d = 95 
-1+(п-1)х4=95 
-]+4n-4=95 
4n-5=95 => 4n=100 => п=25 
Thus, 95 is 25th term of the given sequence. 


UU YU YU 


EXAMPLE 6 Which term of the sequence 4, 9, 14, 19,... is 124 ? 
SOLUTION Clearly, the given sequence is an А.Р. with first term a (= 4) and common 
difference d (= 5) 


O СС 
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Let 124 be the nth term of the given sequence. Then, 

à, = 124 => as(n-1)d-124—4« (n 1)«5- 124 51-1- 124 = 5n = 125 n - 25 
Hence, 25th term of the given sequence is 124. 
EXAMPLE 7 Hoi many terms are there in the sequence 3, 6, 9, 12 ИЛЕ? 
SOLUTION Clearly, the given sequence is an A.P. with first term à = 3 and common 
difference d = 3. Let there be n terms in the given sequence. Then, 

nth term = 111 

=> а+(п—1)4 = 111 
=> 3+ (п – 1) х3 = 111 > n=37 
Thus, the given sequence contains 37 terms. 
EXAMPLE з Find the middle term of the A.P. 6, 13, 20, ..., 216. [CBSE 2015] 
SOLUTION Clearly, 6, 13, 20,...,216is an A.P. with first term a = and common difference 
d=7. Let there be п terms in the given A.P. Then, 


a, = 216 
=> a+(n—1)d = 216 
= 6+7 (п -1)= 216 [a = бапай = 7] 
=> 7n = 217 = н = 31 


1 ERE 

ы | ie A 
аы =а+(16-1)4 £a 15d = 6 + 15 х7 = 111 

EXAMPLE 9 Find the middle term(s) of the A.P. 7, 13, 19,..., 241, 

SOLUTION Clearly, 7, 13, 19, ..# 241 is an A.P. with first term à — 7 and common 

difference d = 6. Let there be nterms in the A.P. Then, 


th 
Here, n is odd so | | = 16" term is the middle term and is given by 


a, = 241 
=> a+(n—1)d 241 
=> 7 +6(n M= 241 
=> 6n = 240 => п = 40 


th th 
Clearly, п is even. So, (5 | = 20^ and | s +1 | = 21" are middle terms and are given 


2 
by 
Ay а + (20 - 1) d = a+19d =7+19x6=121 
and, A>, = a+(21-1)d =a + 20d =7 + 20x6 = 127 


EXAMPLE 10 Consider the A.P. 2,5, 8, 11, , 302. Show that twice of the middle term of the above 


A.P. is equal to the sum of its first and last term. 
SOLUTION Clearly, 2, 5,8, 11,...,302is an A.P. with first term à = 2 and common difference 


d - 3. Let there be п terms in the given A.P.. Then, 
n term = 302 

=> a+(n—1)d = 302 

2 + 3(n—1)= 302 

3n = 303 


y 


y 
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=> п = 101 


n+1\" 
Clearly, nis odd. Therefore, | | i.e. 51% term is the middle term. 


N 


Now, 


Middle term = 5 = a + 50d = 2+ 50x 3 = 152 
First term + Last term = 2 + 302 = 304 
Clearly, twice the middle term is equal to the sum of the first and last term, 


EXAMPLE 11 Inthe A.P. I. 7, 13, 19, ..., 415, prove that the sum of the middle terms is ¢ 
sum of first and last terms. 


SOLUTION We observe that 1, 7, 13, 19, ..., 415 is an AP. with first term a= 1 ang 
common difference d = 6. Let there be n terms in the given A.P. Then, 


n" term = 415 


qual to the 


=> a+(n—1)d = 415 
=> 1+6(п – 1) = 415 
> 6n = 420 

=> n = 70 


So, there are 70 terms in the given A.P. Therefore, | 
are the middle terms. 
Now, 


ә ә 


th th 
| = 35 and (2 + 1j = 36'^ 


ds =й + 34d = 1 + 34 x 6 = 205 and, ay, = а 354 = 14 35x 6 = 211 
; (las + 43 = 205 + 211 = 416 
Also, а, + Ay = 1+ 415 = 416 
EXAMPLE 12 For what value of nare the n terms of the following two A.P's the same? 
(0 1,7,13,19;... (ii) 69, 68, 67, .. [CBSE 2006C] 
SOLUTION Clearly, 1,7, 13, 19}... . formsan A.P. with first term 1 and common di fference 6 
Therefore, its nth term is given by 


a, = 1+ (0—0) 6 = 6» – 5 
Also, 69, 68, 67, 66, ... forms an A.P. with first term 69 and common difference J. 
So, its 1" term is given by 

ay = 69% (n — 1) x (-1) = -n +70 
The two A.Ps will have identical nth terms, if 


a, = a, 
= 6n - 5 =-n +70 
= 7n = 75 
n= 75 ‚ which is not a natural number. 


7 
Hence, there is no value of n for which the two A.Ps will have identical terms. 
EXAMPLE 13 If the 8" term ofan A.P. is 31 and the 15" term is 16 more than the 11th term, find the 
АР, 


ICBSE 2006C] 
SOLUTION Leta be the first term and d be the common difference of the A. P. 
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We have, 
ag = 3landa,, = 16 + п} 
— a+7d = 31 апа + 14d = 16 + а + 10d 
= a+7d = 31 and 4d = 16 
E a*7d = 3landd = 4 
= а+7х4 = 31 => а+28=31 > a=3 


Hence, the A.P. is a, а + d,a + A, а + 3d,... i.e, 3, 7, 11, 15, 19,... 


то be 130 more than its 31+! 


EXAMPLE 14 Which term of the arithmetic progression 5, 15, 25, . 
[CBSE 2006C, 2017] 


term? 

SOLUTION We have, а = 5 and d = 10 

5 ау = a+ 30d = 5 + 30x 10 = 305 

Let nth term of the given A.P. be 130 more than its 31 term. Then, 
à, = 130 + ax, 

a (п – 1)4 = 130 + 305 

5 + 10 (n – 1) = 435 


=> 

=> 10 (n — 1) = 430 
= п-1= 43 

> п = 44 


Hence, 44% term of the given A.P. is 130 more than its 31" term. 

EXAMPLE 15 If the 10% term of an A.P. is 52 and 17" term is 20 more than the 13'^ term, find the 
A.P. [CBSE 2006€] 
SOLUTION Leta be the first term and d be the common difference of the A.P. 

We have, 

ao = 52 and ауу = 4 20 

a + 9d = 52 and а 416d = a + 12d + 20 

а + 9d -.52 and 4d = 20 

а+ 94 = 52and d = 5 

а +045 2 and d = 5 

а= 7 апай = 5 

Hence, the A. P. is a, a + d,a + 2d, a + 3M,...ie., 7, 12, 17, 22,... 


EXAMPLE 16 Is 184 a term of the sequence 3, 7, 11, ...? 


SOLUTION Clearly, the given sequence is an A.P. with first term à (= 3) and common 
difference d (= 4). 
Let the nth term of the given sequence be 184. Then, 


ууу 


a, = 184 
=> а + (п -) d= 184 
> 34 (n= DA = 184 => 4n = 185 => n = 46 


Since n is not a natural number. So, 184 is nota term of the given sequence. 
EXAMPLE 17 The 10! term of an A.P. is 52 and 16" term is 82. Find the 32nd term and the 


general term. 
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SOLUTION Leta be 


the first term and d be the common difference of the given A. p. 
Let the A.P. be a,, 


fy, ay, өөө} d, rs 


Itis given that 

Mo = 52 and, a, = 82 
= a +(10-1)d 52 and, à + (16 ~ 1) = 82 
=> a + 9d = 52 (i) 
and, _ a+ 154 = 82 (ii) 
Subtracting equation (ii) from equation (i), we get 


-6d = -30 > d =5 
Putting d = 5 in equation (i), we get 
a+45=52>a=7 
5 du = a + (32-1)d=7+31x5 = 162 
and, a, -a*(n-1d =7+4+(n-1)x5=5n+2 
Hence, аз, = 162 and a, =5n+2 
ТААМГ I8 The sum of 5" and 9th terms ofan A.P. is 72 and the sum of 7^ and 12" terms is 97 
Find the A.P. [CBSE 2009] 
SOLUTION Leta be the first term and d be the common difference of the A.P. It is given that 
а; * ay = 72 and, a, + ау = 97 


=> (a + 4d) + (a + 8d) = 72 and, (a + 6d) + (a 11d) = 97 
Thus, we have 
=> 2а + 12d = 72 visi) 
=» 2a + 174 = 97 NEL 
Subtracting (i) from (ii), we get 

5d = 25 = а = 5 


Putting d = 5 in (i), we get 
2a + 60 = 72 > 2а =12 = 21-6 
x a = 6andd a5 
Hence, the A.P. is 6, 11, 16, 21, 26, ... 
EXAMPLE 19 Determine the general term of an A.P. whose 7^ term is — 1 and 16'^ term 17. 
SOLUTION Let à be the first term and d be the common difference of 
Let the A.P. be d, d» , 05, , Ay pox 
It is given that 
a, =-1 and a = 17 
= a+(7 -) d= -1 and, а + (16 – 1)4 = 17 
= 4 64 = –1 0) 
апа, а + 154 = 17 24 (ii) 
Subtracting equation (i) from equation (ii), we get 
94 = 18 > й = 2 
Putting d = 2 in equation (i), we get 
а+12=-1 > а = -13 
Hence, General (егт a, = а + (n - , = –13 + (n- 1) х2 = 21-15 


the given А.Р. 
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EXAMPLE 20 If five times the fifth term of an A.P. is equal to 8 times itseighth term, show that its 
13^ term is zero. 
SOLUTION Let а, а, 4, ..., A,» be the A 
It is given that 
Ба, = 8, 
5 (a + 4d) = (a + 7d) 
5a + 20d = 8a + 56d 
За + 36d = 0 
З (а + 12d) = 0 
a+12d=0 > 4+(13-1)d=0 > 4; =0 
Hence, 13th term is zero. 
EXAMPLE 21 How many numbers of two digits are divisible by 7 ? 2 
SOLUTION We observe that 14 is the first two digit number divisible by 7 and 98 is the last | 
two digit number divisible by 7. Thus, we have to determine the number of terms in the 
sequence 
14, 21, 28, ..., 98 
Clearly, it is an A.P. with first term = 14 and common difference =7i.e.a = 


Let there be л terms in this A.P. Then, 


Pp. with its first term а and common difference d. 


4 ууу 


14 and d= 7. 


nth term = 98 
=> 14 + (л – 1) x 7 = 98 
= 14+7n-7 = 98 { 
= 7п=91 > п=13 


Hence, there are 13 numbers of two digits which are divisible by 7. 

' 
EXAMPLE 22 Find the number of integers between 50 and 500 which are divisible by 7. 
SOLUTION We observe that 56 is the first integer between 50 and 500 which is divisible by 
7. Also, when we divide 500 by 7 the remainder is 3. Therefore, 500 - 3 = 497 is the largest 


and lying between 50 and 500. Thus, we have to find the number of 


integer divisible by 7 
terms in an A.P. with first term =56, last term = 497 and common difference = 7 (as the 
numbers are divisible by 7). 
Let there be n terms in the A.P. Then, 
a, = 497 


a+(n—1)d = 497 


= 

=> 56% (п – 1) x7 = 497 [ а= 56 and d=7] 
=> 7n + 49 = 497 

> 7n = 448 > п = 64 i 

Thus, there are 64 integers between 50 and 500 which are divisible by 7. 


EXAMPLE 23 Which term of the A.P. 3, 15, 27, 39,... will be 132 more than its 54th term? [NCERT] 


SOLUTION Given A.P. is 3, 15,27, 39,... 


Clearly, its 
First term = 3 and, Common difference = 12. 


Let nth term of the A.P. be 132 more than its 54th term 
a, = 132 + 284 
a+(n—1)d = 132+ (a+ 530) 


ie., 


=> 


5.20 " 
a 34+ 12 (n – 1) = 132 + (3 + 53 x 12) 

=> 12n – 9 = 77] 

=> 12n = 780 => n= 65 


Hence, 65th term of the given А.Р 


FXAMPIE 24. Two A.P's have the same common difference. The first term of one of these js. 
that of the other is 8. What is the difference between their 


(i) 2nd terms? (ii) 4th terms? (iii) 10th terms? (iv) 30th terms ? 
SOLUTION Let the common difference of the two A.P's be d. Then, their nh te 
a, =3+(n—1)dandb, - 84 (n— Dd 
=> 4, = b, = [3+ - 1) d] - [8 + (n ~ 1) d] 
= à, —b, =—5 foralln e N. 
Hence, a) - Б, = -5, а, — b, = -5, 40 - by = -5and Ay - by = —5. 


A sum of 71000 is invested at 8% simple interest per annum. Calctllate the interest 
at the end of 1, 2, 3,... years. Is the sequence of interests an A.P.? Find the interest at the end of 30 years, 


is 132 more than its 54th term. 


3, and 


rms aré 


11 


[NCERT] 
SOLUTION Let P be the principle, R rate of interest and І, bethe interest at the end of n years. 
We know that 
l, = PRH l Using : Interest = ERY | 
100 100 
Неге, ууе һауе 


P = 1 1000, and R = 8% per annum 


1000 x 8 x n 
m | 100 
Putting n=1,2,3,..., we have 
I, = 80,1; =% 160,1, N 240 and so on. 
Since, [, is a linear expression in n. Therefore, the sequence of interest forms an A.P. with 
common difference 80. 
Also, Interest at the end of 30 years = l, = & (80 x 30) = 1 2400 
EXAMPLE `o “Ina flower bed there are 23 rose plants in the first row, twenty one in the second row, 
nineteen in the thirdrow and so on. There are five plants in the last row, How many rows are there in 
the flawer bed? [NCERT] 
SOLUTION The number of rose plants in first, second third, .. and last row are respectively 
23,2799. 
Let the number of rows of rose plants be п. 
The sequence 23, 21, 19, ..., 5 is an A.P. with first term a (= 23), common difference 
d (- -2) and nth term (= 5). 


ü a r (u -) d 


) 5807 


> 5 = 23+(n-1)x-2 
> 5 = 23-2n+2 > 20 = 2л > n=10 
Hence, there are 10 rows of rose plants. 
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EXAMPLE 27 Suba Rao started work in 1995 at an annual salary of * 5000 and received a 
7200 raise each year. In what year did his annual salary will reach & 7000? INCERTI 
SOLUTION Annual salary received by Suba Rao in 1995, 1996, 1997, ... is 


$ 5000, & 5200, F 5400, ... 
Clearly, it is an arithmetic progression with first term а = 
й = 200. 
Suppose Suba Rao's annual salary reaches to X 7000 in nth years. Then, 
nth term of the above A.P. = € 7000 


5000 and common difference 


> a+(n—1)d = 7000 
> 5000 + (n — 1) x 200 = 7000 
29 (n — 1) х 200 = 2000 

2000 


п-1 =— > n-1l= => = 
= 200 n-1=10 n= 


Thus, 11th annual salary received by Suba Rao will be % 7000. This means that after 10 years 
i.e., in the year 2005 his annual salary will reach to & 7000. 

EXAMPLE 28 Jasleen saved €5 in the first week of the year and then increased her weekly savings 
by €1.75 each week. In what week will her weekly savings be 20.75? [NCERT] 


Jasleen’s weekly savings will be € 20.75 in the nt week. 


SOLUTION Suppose 
a =5 and common difference d 


Clearly, Jasleen's weekly savings form an A.P. with first term 


* 1.75. 
& nth term = 20.75 
=> a+(n—1)d = 2075 
> 5 + (n – 1) x 1.75 = 2075 
=> (n-1)x1.75 = 15.75 
= n-1= 12а. ӘӘ), ә — „-10 
1.75 
Hence, Jasleen’s weekly savings will be € 20.75 in 10th week. 
LEVE 
EXAMPLE 24 If the min term of an А.Р. be n and п?" term be 1/m, then show that its (mn) 
[CBSE 2017] 


term is 1. 
SOLUTION” Leta and d be the first term and common difference respectively of the given A.P. 


Then, 
wwii loni si үүтү Н (i) 
n 


1 

п 

1 1 

+ = п term 2 —=a+(n-1)d (ii) 
m m 


LAE: ( d = — =(m-n)d > d= zs 
n т mn mn 


Putting d — in equation (i), we get 
mn 
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т—1 1 
[ тп п п nmn mn 

1 5 
(mn) th term = а + (mn — I)d = кз + (mn – n =] I FA megs | 
mn mn тп J 
EXAMPLE 30 If the p term of an A.P. is q and the qu term is p, prove that its nth term is 
(p * q— n). ( 


[CBSE 2008, 2017) 
SOLUTION Leta be the first term and d be the common difference of the given A.P, Then, 


pth term = > a«(p-1)d-q (i) 
th term= p => a+(q-1)d=p ii) 
Subtracting equation (ii) from equation (i), we get 
(p - q) d = (q -р) 4 = -1 
Putting d =—1 in equation (i), we get 
a+(p-1)x(-lh=q>a -(p*q-1) 
nth term = a + (n — d =(p +q- 1) + (п – 1) x (-1) = (p + n) 
EXAMPLE 31. If m times the m" term of 
(m +n)" term of the A.P. is zero. 
SOLUTION Leta be the first term and d be the common difference of the giv 
(m times mth term) = (n times nth term) 


ап А.Р. is equal to n times its ni term, show that the 
[CBSE 2008] 
en A.P. Then, 


=> ma, = па, 

=> m{a+(m—1)d} M - 

=> m{a+(m-1)d}-n{a+(n-1)d}=0 

=> a(m —n)«(m(m-1) -n(n-1)]d -0 

=> a(m—n) + TUR - n?) - (m - n)| d =0 

> „ n= n = n == 

= (т=п) {а +(т+ je 

=> а+(т + п = 0 * m s n] 
=> anon =D 


Hence, (т + n) term of the given A.P. is zero. 
EXAMPLE 32 If p^, q and r terms of an А.Р. are a, b,c respectively, then show that 
(i) a(q-r)y*b(r-p)*c(p-4)-0 
(ii) (a—b)r -(b-c)p*(c-a)q = 0 
SOLUTION (i) Let A be the first term and D be the common difference of the given A.P. Then, 
a=pthterm>a=A+(p-1)D a (d) 
b = qth term b = A+(q-1)D (ii) 


c th tem c = A«(r-1)D NT 
We have, 


a(q -r)*b(r-p)*c(p- д) 
= [A*(p-0Dj(q-n*[A*(-0D](r-p)« (A+ (r-1)D} (p q) 
[Using (i), (ii) and (iii)] 


[CBSE 2016] 
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= Al(q-r*(r-p(p-9«Di(p-0D(q-n*(- 1) (е = р) % · 00р Ф) 

=Ax0+D{p(q-—r)+q(r-p)+ r(p-q)y-(q-r-t - p -p -qj 

= Ах0+ Ох0 = 0 
(ii) On subtracting equation (ii) from equation (1), equation (iii) from equ 
equation (i) from equation (iii), we get 

a —b = (p - q) D, (b — с) = (q - r) D and c-a-(r-p)D 

(a —b)r*-(b-c)p*(c-a)q 

-(p-q)Dr-*(q-r)Dp*(r-p)Dq 

= D((p-q)re«(q-np*(-pqi =Dx0=0 


EXAMPLE 33. Which term of the sequence 20, 19 Z, 185 172, 
SOLUTION The given sequence is an A.P. in which first term a (= 20) and common 
difference d (= — 3/4). Let the Hm term of the given A.P. be the first negative term. Then, 


ation (ii) and 


is the first negative term? 


a, < 0 
=> a+(n-—1)d<0 
=> 20 + (л — 1) х (-3/4) «0 
83 Зп 
= 7 
=> 83-3n < 0 
=> Зп > 83 2 н > 27 = => п > 28 [ nis a natural number] 


Thus, 28 term of the given sequence is the first negative term. 

EXAMPLE 34 Two A.P's have thésame common difference. The difference between their 100" terms 
is 111 222 333. What is the difference between their Millionth terms? 

SOLUTION Let the two A.P’S be Mz, 45, ne. and bj b, b; p44 b, ,... 

Also, let d be the common difference of two A.P's. Then, 

=a, *(n - 1)d and b, = b, +(n-1)d 


ay, 
=> a, b. = rln- 4) - (b - D 
=> а, —b, S — b 


Clearly, а, — b, is independent of n and is equal to a, — b. In other words 


a, = b, = a, - by forall n e N. 


= по — Proo = & — Pi 
and, ay -by = a = b,, where k = 10,00,000. 


= a, -b, 24 — b, = 111222 333, where k = 10,00,000. 
Hence, the difference between millionth terms is same as the difference between 100th terms 
i.e., 111 222 333. 


Find a, b and c if it is given that the numbers a, 7, b, 23, c. are in A.P: 
INCERT EXEMPLAR] 


EXAMPLE 35 


524 MATHI 


SOLUTION Letd be the common dif ference of the A.P formed by the numbers a, 7, p 


Then, 23, ¢ 
7-a*d,b-a4 24,23 = а + 3dandc = a + 4d 
— 4 7a, b 2, 2 4 3dandc - a4 4d 
Putting d=7-a in 23- a, За, we obtain 
23 =a+3(7 — а) => 2a = -2 > a = -1 
5 d=7-a>d=741=8 
Thus, b=a+ 2d =-1416 = 15 and c= 4d 14488 = 31 
Hence, a= -1,b = 15andc = 31. 
EXERCISE, 5.4 


1. Find: 
^ (i) 10" term of the A.P. 1, 4,7, 10,... 
(ii) 18" term of the A.P. YZ, 342, 5V2.... 
(ui) n" term of the A.P. 13, 8, 3, -2.... 
(iv) 10" term of the A.P. —40, - 15, 10, 35, ... 
(v) 8" term of the A.P. 117, 104, 91, 78.... 
(vi) 11^ term of the A.P. 10.0, 10.5, 11.0, 11.5, ... 
(vii)9 term of the А.Р. . 
4444 
(i) Which term of the A.P. 3, 8, 13, a/is 248? 
(ii) Which term of the A.P. 84, 80, 76,...is 0? 
(ш) Which term of the A.P. 4, 9, 14, is 254? 
(iv) Which term of the A. P. 21, 42, 63, 84, ... is 420? 
(v) Which term of the A.P. 121, 117/113, ... is its first negative term? 
(i) Is 68 a term of the A.P. 7, 10, 13,...? 
(ii) Is 302 a term of the A P. 3, 8, 13,...? 
(iii) Is - 150 a term of the A.P. 11,8,5,2, ...? [CBSE 2017] 


кә 


a 


1. How many terms are there in the A. P.? 
5 2 1 10 
i ii -l -= M, 
(i) 7,10, 13)... 43. (ii) 6 3 7 3 
: ] 
(iii) 7, 13,49, ..., 205. (iv) 18, 152,13,...,- 47. 


л 


The first term of an А.Р. is 5, the common difference is 3 and the last term is 80; find the 
number of terms. 


^. The 6" and 17% terms of an A.P. are 19 and 41 respectively, find the 40'^ term. 
It om term of an A.P. is zero, prove that its 29" term is double the 19" term. 
8. If 10 times the 10" term of an A.P. is equal to 15 times the 15^ term, show that 25"" term of 
the A.P. is zero. 
9. The 10" and 18" terms of an A.P. are 41 and 73 respectively. Find 26'^ term. 
10. Ina certain A.P. the 24^ term is twice the 10 term. Prove that the 72nd term is twice the 
34" term. 
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1 
u^ The 26, 11° and last term of an А.Р. are 0, Запа ==, respectively. Find the common 
"d ^ - 


INCERT EXEMPLAR] 


difference and the number of terms. 
th term of the A.P. 15, 12, 9, ... 


12. If the n term of the A.P. 9, 7, 5, ... is same as the п 
find n. 

13. Find the 2 term from the end of the following arithmetic progressions: 
O 3,5,7,9,...201 (ii) 3,8, 13,...,253 INCERT] (iii) 1,1 7 10, ..., 98 


14. The 4" term of an A.P. is three times the first and the y term exceeds twice the third term 


by I. Find the first term and the common difference. 


= Find the second term and n term of an A.P. whose o term is 12 and the 8” term is 22. 


16. How many numbers of two digit are divisible by 3 ? 
„An A.P. consists of 60 terms. If the first and the last terms be 7 and 125 respectively, find 


32nd term. 
18. The sum of 4" and 8" terms of an A.P. is 24 and the 
Find the first term and the common difference of the A.P. 
100'^ term is - 292. Find the 50P term of this A.P. 


sum of the 6" and 10 terms is 34. 
INCERT] 
19. The first term of an A.P. is 5 and its 
20. Find ayy — 49 for the A.P. 
(i) -9,- 14, - 19, - (2 A (ii) a, a td, d 2d, a+ 3d,... 
>}. Write the expression a, — d, for the A.P. 4, a «d, a + Al, . 
Hence, find the common difference of the A.P. for which 
(i) 11" term is 5 and 13'^ term is 79. 
(ii) 40 — 45 = 200 
(iii) 20" term is 10 more than the 18" term. 
22. Find n if the given value of xis the u term of the given A.P. 


(i) 25, 50, 75, 100,...; x = 1000 (i) 1,-3.5. 151 
1 1 21°31 41 171 

зү 5—11,16,22,..5% = 550 му L, eee X = 

Wu) #7 2 i i i 11 11 


23. The eighth term of an A.P. is half of its second term and the eleventh term exceeds one 


third of its fourth term by 1. Find the 15" term. 


?4. Find thearithmetic progression whose third term is 16 and seventh term exceeds its fifth 


term by 12. INCERT] 
35. The v term of an A.P. is 32 and its 13" term is 62. Find the A.P. ICBSE 2004] 
26. Which term of the A.P. 3, 10, 17, ... will be 84 more than its 13" term? [CBSE 2004] 


27. Two arithmetic progressions have the same common difference. The difference between 
their 100th terms is 100, what is the difference between their 1000th terms? 

INCERT | 

of n, the nth terms of the arithmetic progressions 63, 65,67, ... and 3, 10, 


28. For what value 
[CBSE 2008] 


17, ... are equal? 
29 How many multiples of 4 lie between 10 and 250? INCERTI 
30. How many three digit numbers are divisible by 7? ICBSE 2013, NCERT| 


31. Which term of the arithmetic progression 8, 14, 20, 26, ... will be 72 more than its 41“ 
[CBSE 2006C | 


term? 


Find the term of the 


arithmetic progression 9, 12, 15, 18, . 
term. 


which is 39 more than its 36th 


IC BS] 2004 
Find the 8" term from the end of the A. P. 2,10, 13... 198 IC BS} 2005; 
34. Find the 10" term from the end of the A.P. 8, 10, 12,..., 126. ICBSI 3ói " 
Ihe sum of 4" and g^ terms of an А.Р. is 24 and the sum of 6" and 10" terms is 44. Find 
the A.P. CBSE 2000 
Which term of the A.P. 3,15,27, 39, . will be 120 more than its 21*' term? 
ICBSE ҮТ 
37. The 17" term of an A.P. is 5 more than twice its 8" term. If the 110 term of the A.P, js 43 
find the n" term, [у 
Finq the number of all three digit natural numbers which are divisible by 9. 
(ORS УТЕ 
39. The 19" term of an A. p. is equal to three times its sixth term. If its 9th term is 19, find the 
A.P. ГА 2013 
40. The9" term of an A.P. is equal to 6 times its second term. If its 5^ term is 22, find the A. p. 
IGBSE 2013; 
11. The 24" term of an A.D. is twice its 10" term. Show that its 72™ term is 4 times its 15% 
term. ICBSE 20131 
Feind the number of natural numbers between 101 and 999 Which are divisible by both 2 
and 5. ICBSE 20141 
3. Ifthe seventh term of an A.P. 15 1/9 and its ninth term is /7, find its (63)'7 term. 
ICBSE 2014) 
+. The sum of 5" and 9" terms of an A.P. is 30. If its 25" térm is three times its 8" term, find 
the АР. ICBSE 2014] 
15. Find whether 0 (zero) is a term of the АФ. 40,37, 34,31,.... [CBSE 2014] 
i^. Find the middle term of the A.P. 213, 205,197, , 37. ICBSE 2015) 
17. If the 5" term of an А.Р. is 31 and 25" term is 140 more than the 5" term, find the А.Р. 
ICBSE 2015] 
4 -2 1 1 
Find the sum of two middle terms of the A P. “ae 1, К: + 
[NCERT EXEMPLA RI 
Ikon +1)" term ofan A.P, is twice the (n + 1)" term, prove that (3m + 1)" term is twice the 
(m + term. 
lt an A.P. consists of n terms with first term aand n term show that the sum of the mm” 
term from the beginning and the n" term from the end is (a + 1), 
51. How many numbers lie between 10 and 300, which when divided by 4 leave a remainder 
3? INCERT EXEMPLAR] 
52. Find the 12™ term from the end of the A-P.-2,-4,-6, 100. 


54, 


＋ 


[NCERT EXEMPLAR] 
For the A.P. :-3,- 7, - 11, can we find ау — ayy without actually finding a, and a, ? 
Give reasons for your answer. [NCERT EXEMPLAR] 


Two A.P.s have the same common difference. The first term of one A.P. is 2 and that of the 
other is 7. The difference between their 10 terms is the same as the difference between 
their 21*' terms, which is the same as the difference between any two corresponding 


terms. Why? INCERT EXEMPLARI 
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E ANSWERS 
1. (i) 28 (ii) 3542 (ii) —5m 18 (у) 185 
19 

(v) 26 (v1) 15 (vii) 4 
2. (i) 50 (ii) 22 (iii) 51 (iv) 20% term 

(v) 32% i. (i) No (ii) No (ii) No 
4. (i) 13 (ii) 27 (iii) 34 (iv) 27 | 
5. (i) 26 6. 87 4. 105 p. 49-2 27 
12. 7 13. (i) 179 (ii) 198 (ii) 55 
14. First term = 3, Common difference = 2 
15. a, = -8,a, = 5п – 18 16. 30 17. 69 

$ 8 

18. 7575 19. — 142 20. (i) – 50 (ii) 10d 
21. (i) (1—K)d, 37 (ii) 40 (iii) 5 
22. (i) 40 (ii) 76 (iii) 100 (iv) 17 24. 3 
24. 4, 10, 16, 22, . 25. 2, 7, 12, 17,.... 26. 25th 27. 100 
28. 13 29. 60 30. 128 31. ЭЗЕ 
32. 49'^ 33. 163 34. 108 35; —13,—8, -3, 352, -« 
36..31" 37. 4n -1 is. 100 Ig. 3, 5, 7, 9, 
40. 2, 7, 12, 17, .. 42. 89 43. 1 3.5, 7, 9, 11, 
45. No 46. 125 47. 3M0, 17 .... 48. 3 
51. 73 52. - 78 SRX Moda’ аж = (30 - 20)d = -40 | 


54. The difference between any two corresponding terms of such A.P^ is the same as 


the difference between their first term. 


5.5 SELECTION OF TERMS IN AN A.P. 
Sometimes we require certain number of terms in A.P. The following ways of selecting terms 


are generally very convenient. 
Соттоп difference 


Number of terms Terms 
3 „ d, a, a d d 
4 4 -M. a- d, a d, a 3d 2d 
5 in—24,a-d,a,a* d, a * 2d d 
6 a—5d,a—3d,a-d,a+ d,a+3d,a+5d 2d 


It should be noted that in case of an odd number of terms, the middle term is à and the 
| ase of an even number of terms the middle terms are 
a —id,a +д and the common differences is 2d. 

REMARK | ff three numbers a, b, c in order are in A.P. Then, 


=> Ь-а=с-Ь 
= 2 ю=а+є 


Thus, a, b, care in A.P. ifand only if 2h — à +c. 
REMARK 2 Ifa, b, c are in A.P. then b is known as thearithmetic mean (AM) between a and c. 


REMARK 3 Ha, c. bare in A.P. Then, 
a+ b 
= а+В с = 

4 

Thus, A.M. between a and bis — 


5.28 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1. If 2x, x + 10, 3x +2 are in A.P., find the value of x. 
SOLUTION Since, 2x, x + 10, 3x + 2 are in A. P. 
2(x +10) = 2x + (3x + 2) 
=> 2х + 20 = 5x + 2 
„+ 3x=18 > х=6 
IXAMPIE 2 The sum of three numbers in A.P. is—3, and their product is 8. Find the numbers. 
SOLUTION Let the numbers be (a — d), a, (a + d). It is given that the sum of the numbers js 3, 
А (2-0) +а+ (1+4) = -3 => 3a=-3=54=-] 
It is also given that the product of the product of the numbers is 8. 
(a - d)(a)(a + d) - 8 


=> а(а2 – 2) =8 
= (-I)(1-d*) = в [a = 1] 
> Ф =9=>d=+3 


If d g, the numbers are 4, - 1,2. If d - -3, the numbers are2,- 1,- 4, 
Thus, the numbers are -4,-1,2, 0r2, -1, - 4. 


EXAMPLE з Find four numbers in A.P. whose sum is 20 and the sum of whose squares is 120. 
SOLUTION Let the numbers be (a — 34), (a =a), (a * d), (а + 3d) . Then, 
Sum of numbers - 20 


=» (a — 3d) + (a ~ d) + (a + d) + (а + 3d) = 20 > 4a = 20-9 = 5 

It is given that, sum of the squares = 120 

=> (a - 3d. + (a - d. + (a+ dy? + (а + 34)? = 120 

> 4а? + 20d? = 120 

=> а? + 5d? = 30 

=> 25 + 5d? 230 [ a= 5] 
> 54? 8 d= +1 


If d = 1, then the numbers are 2, 4, 6, 8. If d= -1, then the numbers are 8, 6, 4, 2. 
Thus, the numbers are 2, 4, 6, 8 or 8,6,4, 2. 


EXAMPLE a Divide 32 into four parts which are in A.P. such that the product of extremes is to the 

product of means is 7:15. 

SOLUTION Let the four parts be (a - 3d), (a – d), (a + d) and (a + 3d). Then, 
Sum of the numbers - 32 

=> (a - 3d) + (a—d)+(a+d)+(a+3d)=32 = 4а = 32 2 д - 8 

It is given that 


(a~3d)(a+3d)_ 7 


(a—d)(a+d) 15 
42-902 7 


ad 15 


ARITHMETIC PROGRESSION: 


64-942 7 є : 
= 64 — 45 = 15 128d =512=4%°=4=—>4@4=+2 
Thus, the four parts are d 3d,a -d,a + danda + 3d i.e., 2, 6, 10, 14. 


L /EL-2 


EXAMPLE 5 Jf thenumbers a, b, c, d, e form an A.P., then find the value of a—4b + 6c — 4d + e. 
SOLUTION Let D be the common difference of the given A.P. Then, 

р=а+ 0,с=а+ 2р, d =a +3Dand e = = 4D 

a—4b+6c-4d+e =a — 4 (a + D) + 6 (a + 2D) - 4 (a + 3D) + (a + 4D) 
D + 6a + 12D 44 - 12D + a + AD 


=> a-4b+6c-4d+e=a-4a-4 
4D +12D ~ 12D + 4D 


=> a— 4b 6c- Ad +e -= a- 4a + 6a -4a +a- 
> a—4b+6c-—4d+e=0 | | 
EXAMPLE 6 The sum of the first three terms ofan A.P. is 33. If the product of first and the third term 

INCERI EXEMPLAR] 


exceeds the second term by 29, find the AP. 
SOLUTION Let the first three terms in A.P. be n- d,a,a d. Itis given that the sum of these 


terms is 33. 

ae a-d+a+a+d= 

It is given that 
(a—d)(a+d)=a+29 


a – 4? = а + 29 


33 530233 а = 11 


= 
=> 121- d? =11+ 29 ] 
> а? = 81 

d=+9 


э 
Thus, we have a = 11,d=9ora= 11 and d = - 9. 
Hence, the two AP's are 2, 11, 20, 29, апа 20, 11, 2,.... 


hat k?» 4k + 8, 2k? + ЗК + 6, 3k? + 4k + 4 are three conse- cutive 
[NCERT EXEMPLARI] 
e know that if a, b, c are three consecutive terms of an A.P., then 


EXAMPLE 7 Determine K sot 


terms ofan A.P. 
SOLUTION W 
b-azc-—bie2b-a*c 


Thus/if k?.44k 8, 2k? + 3k + бапа 3k? + 4k +4 are three consecutive terms of an 


A. P., then 
202 + 3k +6) = (К? + 4k + 8) + (3k? + 4k + 4) 


=> Ak? + 6k + 12 = Ak? + 8k + 12 
=> 2k=0 > К = 0. 
а"*! + p 
is the A.M. between a and b. Then, find the value of n. 


EXAMPLE В lf Tb 
a+b 


UTION We know that the A.M. between a and b is y 


SOL 


n+l n+l 
. is the A. M. between a and b. 


It is given that ET 


5.30 


|) 


у 


л 4— we N = 


© 


= 


. Three numbers 
Find the four numbers in A.P., whose 


. The sum of three numbers in AvP. is 


. Split207 into three parts such that these are in A.P. a 


Ihe sum of four consecutive numbers in A.P. is 32 and the ratio of the 


' 1 . 
a + b" ! al + b 
— — 

a” +p" 2 


2(а"*! р" у = (a" + b^) (a & p) 


+] + * 
2a" + 2p'*! — (+! + ab" + qp + pni 


qa pnt. ab" + q"b 


"+1 


a —a"b = ар" — pr) 


4 e b) = b"(a — b) 


n 


n 0 
Ont 6 22H =(2] 91-0 
) 


> ` 
— - (виса s.s 


‚ Find the value of x for which (8x +4), (6x-2) and (2x + 7) are in А.Р; 
‚ If x+1,3x and 4x +2arein A.P., find the value of x. 

Show that (a by (a? + р) and (a+b) are in A.P. 

Ihe sum of three terms of an A.P. is 21 and the 


product of the first and the third terms 
exceeds the second term by 6, find three terms. 


are in A.P. If the sum of these numbers be 27 and the product 648, find the 
numbers. 


sum is 50 and in which the greatest number is 4 

times the least. 
12 and the sum of their cubes is 288. Find the 
[CBSE 2016] 
atio of the product of their extremes to the 
[CBSE 2016] 


numbers. 


Divide 56 in four parts in A.P. such that the r 
product of their means is 5:6; 


‚ The angles of a quadrilateral are in А.Р. whose common difference is 10°. Find the 


angles. 


nd the product of the two smaller 


parts is 4623. [NCERT EXEMPLAR] 


he angles of a triangle are in A.P. The greatest angle is twice the least. Find all the 


angles, [NCERT EXEMPLAR] 


product of the first 
number. 
[NCERT EXEMPLAR, CBSE 2018] 


and last terms to the product of two middle terms is 7:15. Find the 


- — - ANSWERS 
1. 15/2 2.3 4. 1,7, 13 5. 6,9,12 

6. 5, 10, 15, 20 7. 2,4,60r6,4,2 8. 8, 12, 16, 20 

9, 75°, 85°, 95°, 105° 10, 67, 69, 71 11, 40°, 60°, 80° 12. 2, 6, 10, 14 


b ии а ар" 
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5.6 SUM TO n TERMS OF AN A.P 
THEOREM He sum S, of n terms of an A.P. with first term ‘a’ and common difference d'is 
п 
5, = xi + (n — 1)4 | 
п 
or, 5, = 2 1a 41}, where | = last term = а + (n = ) d ^ 
PROOF Let ay, й), Az- be an A.P. with first term a and common difference d. Then, la 
a, = , ½ = d, = n ＋ 2d, a, =а+ 3d, , % = 0 + (n-1)d 
Now, S, = dj +05 + Ay ++ Ana + 03 
— 8. = a + (a + d) + (a + 2d) * + (a+ (n - 2)d)+ [a «(n - dj АП) 
Writing the above series їп а reverse order, we get 
S, ={a+(n—1)d} +{at(n—2)dj ++ (a+d)+a (i) 
' 


Adding the corresponding terms of equations (i) and (ii), we get 
28, = [2a + (п - D d] + 2% (n- 1) d] +..+ (2a + (п 1)d] 
[2a + (1 — 1) d repeats п times] 


=> 25, =n{2a+(n—-1)d} 
> S, = 5 (2a (n - 4 | 
Now, S last term = n™ term=4+(n-1)d [ 


8, = 5 (n — 04) = Z [a+ {a+ Qe Dap) 2 0 
Q.E.D. : 


Nore | Inthe formula 5, = "(2a + (n= T)d |. there are four quantities viz. S,,a, nand d. If any 


the fourth can be determined. Sometimes two of these quantities are given, їп 


iantities are provided by some other relation. 
ih term a, of the sequence can be 


three of these are known, 


such cases remaining two qt 
Nore 2 In the sum S, of n terms of a sequence is given, then} 


determined by using the following formula 
a, = 5, EE. 5-1 


nn hd i.i 


[Leven 
Type I ON FINDING THE SUM OF AN A.P. 


EXAMPLE 3 —Find the sum of 20 terms of the A.P. 1,4, 7, 10... 
SOLUTION Leta Бе the first term and d be the common difference of the given A.P. Then, we 


have 
à — 1 and d = 3. 


We have to find the sum of 20 terms О 
a=1,d=3,n=20in S, > (2а +(n—1)d}, we get 


f the given A.P. 


Putting 
в = poa qr f) x] = 10% B= 590 
EXAMPLE 2 If the nin term of an A.P. is (2n * 1), find the sum of first n terms of the A.P. 


[CBSE 2005] 
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SOLUTION We have, 
a,, = (2n + 1) > M =2х1+1-3 


So, the given sequence is an A.P. with first term а = à, = 3 and last term | = a, = 2n +1 
Therefore, the sum of n terms is given by | 
> H n n 

S, = 5 (a+) = z 13 + (2n + 1)} = 3 Qn + 4) = n(n +2) 


EXAMPLE 3 Find thesum of first 30 terms ofan A.P. whose second term is 2 and seventh term js 22. 


SOLUTION Leta be the first term and d be the common difference of the given A.P, Then, 
My = 2 and a, = 22 


=> a+d=2 and a+ 6d - 22 


Solving these two equations, we get à = and d = 4. Putting n = 30, а = -2 and d — 4 in 


ЭШЕ... 
On = 5124 + (n - d, we obtain 


3 
$s = 12% (-2) + (90-1) x4} 
E 89 = 15(- 4 + 116) = 15x 112 = 1680 


Hence, the sum of first 30 terms is 1680. 


EXAMPLE 4 Find the sum of first 20 terms of an A.P. in Which 3rd ferm is 7 and u term is two 
more than thrice of its 3rd term. 


SOLUTION Leta be the first term and d be the commondifference of the given A.P. Then, 
a; =7 and a; = За, + 2 [Given] 
a+2d=7 and a+ 6d = Xa 2d)+ 2 

a+2d=7 and a+6d = 3a+6d+2 

a+2d=7 and а = 

а= -1,1 = 4 


ууу y 


п 
Putting n = 20, а =- Vand d 24 in S, = 3 U + (n - 1)dj, we get 
©. E [2 + (20 - 1) х 4} = 200-276) =740 
AMLE 5 Pind the sum of first n natural numbers. 
SOLUTION First n natural numbers are 1, 2, 3, 4,...,(п-1 ) n. 


Clearly, it is an A P. with first term 1 and common difference 1. 
Let S, denote the required. Then, 


S. = E Dn | Using s, = 2600 


— 


n (n « 1) 
— r 2 | | | | 
EXAMPLE 6 e sum of first six terms of an arithmetic Progression is 42. The ratio of its 10th term to 
its 30th term is 1:3. Calculate the first and the thirteenth term of the А.Р, [CBSE 2009] 


B ME, 
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SOLUTION Leta be the first term and d be the common difference of the given A.P. Then, 


Sq = 42 5 {2а + (6- 1d] = 42 = 2a 5d = М .. (i) 
It is given that 
о 430 = 1:3 j 
a*9d 1 
= а+294 3 
=> 3a + 27d =a + 29d 
=> 2a 2d = 0 
а = d (ü) 
b 


— 

Solving (i) and (ii), we get a = d = 2 

25 ау = a+12d = 2 +2x12 = 26 
Hence, first term = 2 and thirteenth term = 26. 


EXAMPLE 7 Find the sum ofall three digit natural numbers, which are divisible by 7. 


[CBSE 2006C] 


SOLUTION The smallest and the largest numbers of three digits, which are divisible by 7 are | 
105 and 994 respectively. So, the sequence of three digit numbers which are divisible by 7 are 
105, 112, 119,...,994. Clearly, itis an A.P. with first term a= 105 and common difference d = 7. 


Let there be n terms in this sequence. Then, 
а, = 994 => a*(n-1)d- 994 105 + (n — 1) х7 = 994 — п = 128 
Now, 


Required sum = : (2a * (n 1) 4 


=> Required sum = 8420105 + (128 — 1) 7] = 70336 
EXAMPLE Find the sum of all natural numbers between 250 and 1000 which are exactly divisible 


by 3. 
SOLUTION Clearly, the numbers between 250 and 1000 which are divisible by 3 are 


252, 255, 258,...,999. 
This is an A.P. with first term а = 252, Common difference = 3 and last term = 999. 


Let there be u terms in this A.P. Then, 


a, = 999 
=> a 4 (n-1)d = 999 
=> 252 + (n — 1) x 3 = 999 
n = 250 


250 
Required sum = S, = 5 60 +1) = E3 ( 252 + 999) = 156375 
Il odd integers between 2 and 100 divisible by 3. 


EXAMPLE 9 Find the sum ofa 
between 2 and 100 which are divisible by 3 are 


SOLUTION The odd integers 
3,9, 15, 21, ..., 99. 


Clearly, it is an A.P. with first term à = З and, common difference d = 6. 


5.34 MATTISA H 
Let there be n terms in this sequence. Then, 

a, = 99 
— a+(n—1)d = 99 


3+(n-1)x6=99 > П = 17 


y 


Required sum = S, = 5 (% = (3 + 99) = 867 


EXAMPLE 10 If the ratio of the 11% term ofan A.P. to its 18 term is 2: 3, find the ratio of the sum 
of first five terms to the the sum of its first 10 terms. 


[CBSE 2079 
SOLUTION et ‘a’ be the first term and ‘d’ be the common difference of the given А.Р, 
It is given that 


Mm, 2 a+10 
is 3 a+17d 


=> 3a+30d=2a+34d > a=4d 


5 
8 % S-Da жым h 24а) . 6 


=| — 


5 (22«(10-1)4) 2(2a+9d} 212x4d«9d] 2|17d) 17 
Hence, S5: S0 6:17 


Type Il ON FIDING THE NUMBER OF TERMS IN AN A.P. WHEN THEIR SUM IS GIVEN 


EXAMPLE 11 How many terms of the series 54, 5 J, 48, , be taken so that their sum is 513? Explain 
the double answer. 


ICBSE 2005] 
SOLUTION Clearly, 


the given sequence is an A. P. with first term a (= 54) and common 
differenced d (= 


— 3). Let the sum of irterms be 513. Then, 
S, = 513 


5 5 (20+ (1-1) 4} = 513 


=> [108 + (n – 12 -3] = 513 


= п? – 37п +1342 = 0 

> (п – 18)(n 19) 0 => п = 18 ог, 19 

Here, thecommon difference is negative. So, 19th term is given by 
110.2 54 + (19-1) x-3 = 0 

Thus, the sum of 18 terms as well as that of 19 terms is 513. 


А 1 2 ; 
EXAMPLE 12 Find the number of terms in the series 20 +19 3 + 18 — +... of which the sum is 


300, explain the double answer. 


SOLUTION The given series is an arithmetic series with first term a (= 20) and the common 
difference d | =- =) . Let the sum of n terms be 300. Then, 

S, = 300 
5 Z {2а + (1 —1)d} = 300 


r 
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n 
= ee DU (и (208) = аш 
-— n? —61n 4 900 2 0 = (n—25)(n – 36) = 0 = n = 25 ог, 36 
So, sum of 25 terms = sum of 36 terms = 300. 


Here, the common difference is negative therefore terms go on diminishing and 31st term 
becomes zero. All terms after 31st term are negative. These negative terms when added to 
positive terms from 26th term to 30th term, they cancel out each other and the sum remains 


same. 
Hence, the sum of 25 terms as well as that of 36 terms is 300. 


I ONFIDING THE DESIRED TERM WHEN THE SUM OF п TERMS OF AN APIS. GIVEN 


Type II 
EXAMPLE 13 If S, the sum of first n terms ofan A.P., is given by S, = 5и? + Злу then find its n" 
term. ICBSE 2009] 
SOLUTION Leta, be the nt term of the A.P. Then, 

ay, = S47 5-1 

Replacing п by (n ) in 8, 

= a, = (5i? + Зп) —{5(n — 1) + 3(n – 1)) E get ъ=" - 1)? +3(n – " 
=> a, = (5н? + Зп) — (5i? — 7n +2) 
> a, =10n-2 


55 Ш Зп? a , 
EXAMPLE 14 In an A.P., the sum of first n terms 18 VE 3 FÉ Find its 25th term. 
[CBSE 2006C] 
SOLUTION Let S, denote the sum of terms of an A.P. whose nth term is A, 
We have, | 


S, .9m on 
2 2 
3 2 @ А 
= $,-1 = 30-0 +5 teal) [Replacing n by (i1 — 1)] 
In? 5n 3 2 5 
S, – 5.1 EXE dia - i 
Ё; > 2 5 T zc G 
=> ay = Su =U IP + ste m=} [^ й„ = Sy — Spr] 
> а, 2 METUS 
2 2 
3 5 3 5 
= ау» = Aone Ge ote tye! [Replacing n by 25] 


A manufacturer of TV sets produced 600 units in the third year and 700 units in the 
that the production increases uniformly by a fixed number every year, find 
first year (10) the 10th year (it) 7 years. i 


EXAMPLE 15 
seventh year. Assuming 


the production in (i) the 
[CBSE 2015, NCERT] 


SOLUTION Since the production increases uniformly by a fixed number every year. 
Therefore, the sequence formed by the production in different years is an A.P. | 

Leta be the first term and d be the common difference of the А.Р, formed i.e., ‘a’ denotes the 
production in the first year and d denotes the number of units by which the production 


increases every year. 


5.36 


We have, 


a, = 600 and a, = 700 = п+ 20 = 600 and a+ 6d = 700 
Solving these equations, we get: а = 550 and d=25 
(i) Wehave, a = 550 


Production in the first year is of 550 TV sets. 
(ii) The production in the 10th term is given by ау. 
: Production in the 10th year = üg = a + 9d = 550 + 9 х 25 = 775 
So, production in 10th year is of 775 TV sets. 
(iii) Total production in 7 years 


=Sum of7 terms of the A.P, with first terma (=550) and common differenced (= 
7 


= 202 550 + (7 - 1) х 25} = “(1100 + 150) = 4375 
Thus, the total production in 7 years is of 4375 TV sets. 

EXAMPLE 16 A sum of #280 is to be used to award four prizes. If each prize after the first is 720 
less than its preceding prize, find the value of each of the prizes. [CBSE 2014, NCERT] 
SOLUTION The values of four prizes form ап A.P. with common difference d =— 20 the sum 
of whose terms is 280. Let the value of first prize be € a. Then, 


Sum - 280 


25). 


is 3 22 + (4 - 1)x -20} = 280 


— 


2(2a - 60) = 280 => a-30=70 > a = 100 
Hence, the values of 4 prizes are X 100, F 80, & 60 and € 40. 


EXAMPLE 17 In a school, students thought of planting trees in and around the school to reduce 
noise polution and air polution. It was decided that the number of trees that each section of each class 


will plant be the same as the class in which they are studying e.g. —a section of I class will plant 1 tree, 
à section of II class will plant 2 trees and so on a section of class XII will plant 12 trees. There are three 
sections of each class. How many trees will be planted by the students? 

[CBSE 2014, NCERT] 


SOLUTION Since each section of each class plants the same number of trees as the class 


number and there are three sections of each class. 
Total number of trees planted by the students 
= 3104 2 “Зы + 12] 


-a[ E (21+ 02-01) | 23169) = 1813 = 23 


EXAMPLE 18 Ап A.P. consists of 37 terms. The sum of the three middle most terms is 225 and the 

sum of the last three terms is 429. Find the A.P. | INCERT EXEMPLAR] 

SOLUTION In 38 terms of the A.P., we find that 19% term is the middle term and 18th 19th and 

20" terms are three middle most terms. | 

Let à be the first term and d be the common difference of the А.Р. Then, 
Aig + йу + йуу = 225 and, as + 43% + y = 429 [Given] 

=> (а + 17d) + (a + 18d) + (а + 19d) = 225 and, (a + 34d) + (a + 35d) + (a + 36d) = 429 


> 3a + 54d = 225 and 3a+ 105d = 429 
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a+18d = 75 and a+ 35d = 143 


=> a=3 and d=4 
Hence, the A.P. is 3, 7, 11, 15, ...... 


PXAMPLE Find the sum of all 11 terms of an A.P. whose middle most term is 30. 
INCERT EXEMPLAR] 


=> 


SOLUTION Let abe the first term and d be the common difference of the given A.P. Clearly, in 


th 
an A.P. consisting of 11 terms, | ES xn | i.c, 6^ term is the middle most term. It is given that 


the middle most term is 30. 
a + 5d = 30 20 
Si, = > {2a + (11 E 1) di = 11 (а + 5d) = 11 х 30 = 330 [Using (1)] 


1 1 
EXAMPLE 20 Ifthe m" term of an А.Р. і , and the n^ term is „ show that the sum of mn terms 


E 
is Sum + 1). [CBSE 2015, 2017] 


SOLUTION Leta be the first term and d be the common difference of the given A.P. Then, 


1 4 = а+(т-1)й = à (i) 
n п 
1 1 
апа, а„=— = а+(п-1)й=— „(ii) 
m m 
Subtracting equation (ii) from equation (i), we get 
1..1 Р 
(т-п)а = – – — = Фи – п)@ =н э фь m, 
n т mn mn 
Putting d — A. in equation (i), we get 
mn 
"mw £9» `- E к: c => dime. 
шп on n mn n mn 
5 „5 N [2a +(mn-1)d} 
=> mn [ 2 1 1 
s 49 —|——-« (тп — 1) х —} = (тп +1 
e 2 imn ut mn 20 ) 
EXAMPLE 21. Hie sum of n, 2n, Зп terms ofan A.P. are S7, Sz, S, respectively. Prove that 
S; = 3(5, - $) 
SOLUTION Leta be the first term and d be the common difference of the given A.P. Then, 
n 
S, = Sum of n terms S (i) 
2n 
S, = Sum of 2n terms => 5, = pr 2a + (2n - 1) d] „(ii) 
3n 
and, S, =Sum of Зп terms > S, = 15 { 2а + (Зп - 1) d] ...(iii) 


МАТЕМ 


| 2a + (2n – I) d} = (2a +(n—1)d} 
2a 4 (2n - 1) d! ~{2a+(n-1)d}]=5 (20+(3п-1) а) 


| 
3 (5, - 5) ==" {20+ (n - 141 = 5, [Using (iii 

2 3 sing (iii) 
Hence, S, = 3(5, — $1). 


EXAMPLE 22 e sums of n terms of three arithmetical progressions are S 


p Sand S The first term 
of each ts unity and the common differences are 1, 2 and 3 respectively. Prove that Si + S 28, 
SOLUTION We have, 


ges 
5, = Sum of terms of an A.P. with first term 1 and common difference 1 


< # n 
= Sig Те а) = t8 +1) 

S = Sum of n terms of an А.Р, with first term 1 and common difference 2 
> бу = 2 (251+ (n-1)x2) =? 


5; = Sum of n terms of an A.P. with first term and common difference 3 


! 


> $ = 7{2х1+(и-1)х3} = 2Gn-1) 


Now, Si +S, = n +1)+ 5n - 1) -A and ый 


л 


Hence, $ +S, = 25, 
EXAMPLE 23 The sum of the third and seventh terms of an A.P. is 6 and their product is 8. Find the 
sum of first sixteen terms of the A.P. 


SOLUTION Leta be the first term and d be the common difference of the А.Р. 
We have, 


a, + 0; = бапа па 8 


= (a + 2d) + (d + 6йў= 6 and (a + 2d) (a + 6d) = 8 
=> 2a + 8d& бапа (a + 2d) (a + 6d) = 8 
=> a Ad 2 3 and (a + 2d) (a + 6d) = 8 
5 а = З. 4d and (a + 2d) (a + 6d) = 8 
= (3 — 4d + 2d) (3 - Md + 6d) = 8 [Putting a = 3 – 4d in the second equation | 
m (3.01) (3 + 21) = 8 
> 9-AP =8 > AP 21S = 45 
À 
CASE! When d= 1. Putting d = 2 in à = 3 – 4d, we get 


a=3-4x-=3-2=1 


2a + (16 - 1) dj 8212155 


|] 
16 51 


с p a m 
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Cast n. When а= 5: Putting d = 2 ina-3-4d, wegeta=3+2=5 


16 
Sie = > (2а + (06-1)4] = 8 10 +15x-3} = 87 20 


EXAMPLE 24 [finan A.P. Utesum of m terms is equal to n and the sum of n terms is equal to m, then 


prove that the sum of (m + п) terms is — (m + n). 


SOLUTION Let a be the first term and d be the common difference of the given A.P. Then, 


S =" 
E 5 {2a+(m-1)d} =n 
E 2am + m (m = 1) d = 2n i) 
and, S, =m 
5 5(20*(- Dd] - m 
=> 2an+n(n—1)d = 2m (ii) 


Subtracting equation (ii) from equation (i), we get 
2a(m-n)+{m(m-1)- n(n ) d = 215 2m 


=> 2a(m—n)+ | (m? - n?) - (m - n)| d --—2(m-n) 
=> 2a+(m+n-1)d=-2 [On dividing both sides by (m-n)] ..-(iii) 
Now, 

E = 4 (2a + (m + – 1) d] 
= Smin = ae (-2) [Using (iii)] 
=) Smen = (nan) 


EXAMPLE 25 If tliesum of m terms ofan A.P. is thesame as the sum of its n terms, show that the sum 


of its (m + n) terms is zero. [CBSE 2017] 
SOLUTION’ Let a be the first term and d be the common difference of the given A.P. Then, 


5, = Su 
2 % + (m - 04] -5 02 60504 


> 
= 2a(m-n)+{m(m-1)-n(n-1)}d=0 
= 2a (m = п) + { (т? ) -=) d =0 
> (m — п) {2а + (m « n - d] =0 
s 2a 4 (me n-1)d = 0 [m-n #0] Ai) 
Now, 

E. (20+ (ren - )di- — PO 0 [Using (i)] 
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EXAMPLE 26 He sum of the first p.q, terms of an A.P. area, b,c respectively. Show that 


a b . 
A ( ы r) +—(r— d — = 
> q a р) + ;v-9-0 


SOLUTION Let A bethe first term and D be the common difference of the 


given A.P. Then, 
a = Sum of p terms 


—_ "T3. 


= 5 12А + (p-1)D} 


7 -[24 +(p—1)D} 


E р ü) 
b = Sum of q terms 

> b= 7 {2А +(д-1)р) 

= : = {2А + (ў – 1) D} .. (ài) 

and, с = Sum of r terms 

> c= 5{2A+(r-1)D} 

> — Жзбл+у-1ур) (ii) 


Multiplying equation (i), (ii) and (ш) by (q – r), (r - 


p) and (p - q) respectively and 
adding, we get 


9 ^ 
= (q-r)+ Por- p) + (pisa 
р q N 


=|2A+(p-1) D Mast) +{2A+(q-1) D} (r-p)+{2A+(r-1) D} (p-q) 
-2A(q-r-r-p*p-q)«D \(Р—1)(@—т)+ (4-1)(7-р) «(r-1) (p-4)] 
= 2A*%0+Dx0=0 


EXAMPLE 27 Ie ratio of the sum ofn terms of two A.P's is (7n « 1) : (4n + 27). Find the ratio of 
their in^ terms. 


SOLUTION Leet ai, à; be the first terms and di, d; the common differences of the two given 
As, Then; the sums of their n terms are given by 


n 
s, == [24 + (n - 1) d, and, S, 2 (24% + (1) dy | 


; (2a *(n-1d 


S, _ 2a, * (n - 1) d, 
& I e- De 202 +004 
It is given that 
S, _ 7n+1 
5, 4n+27 


A =_=“_— i» 
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2a, +(n—-1)d, 7п+1 ! 

> „ F Ai) 
2а) + (п – I) d: 4п+ 27 

To find the ratio of the т terms of the two given A.P's, we replace л by (2m – 1) in 

equation (i). 

Replacing n by (2m I) in equation (i), we get A 

[7 


2a, +(2т-2)4, _ 7(2т-1)+1 

2a, +(2т-2)4, 4(2т-1)+27 
= a, + (m 1) d E 14m ~ 6 

a +(m—1)d, 8m+ 23 


Hence, the ratio of the mth terms of the two A.P's is (14m —6) : (8m + 23). 

EXAMPLE 28 The ratio of the sums of m and n terms of an А.Р. is m? : n. Soto that the ratio of the 

mth and n'^ terms is (2m — 1) : (2n - 1). [CBSE 2016, 2017] 4;- 
SOLUTION Leta be the first term and d the common difference of the given A.P. Then, the 


sums of m and n terms are given by 
б = T {2a + (m - 1) d] and, 5, = 2 020 (n —1)d} respectively. 


Then, 
S, n? [ 
т 
T te 04] " 
=> ет щй 
202 * (n - 4j 
2a+(m—1)d m 
=> haod ile err eet 
2а+(п-1)4 n 
=> (2а +(т-1)4}ш - (24 (n – 1) a} m 
=> 2a (n - m) = d {(n - 1) m - (n n 
ч 2a (n — m) 2 d(n – т) 
= d =2a 


Te a«(m-1d a*(m-12a 2m-1 
T, a+(n-1)d a+(n-1)2a 2n-1 
EXAMPLE 29 there are (n + 1) terms in A.P., then prove that the ratio of the sum of odd terms and 


the sum of even terms is(n+1):n. 
Leta and d be the first term and common difference respectively of the given A.P. 


SOLUTION 

Let a, denote the k'^ terms of the given A.P. Then, 
a, =at(k- 1)4 

Now, S, = Sum of odd terms 

> $, = 1 + Ag + 05 tt Any 

= s, = H (a + ans} 
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$ = n1 

- ia (@+a+(2n+1-1)d} [+ Mane = 4+ (n+ 1 ~ ga] 
= $, = (п + Y) (a + nd) 
and, S, = Sum of even terms 
= 2 = ly + DENTS 

n 
5 S, = 5[% + а, | 

п 
> Se = 5 [la +d) + {a+ 0п-1)а)) [* ам = a + (2n) a) 
= 82 =n (а + nd) 


51:5, = (n + 1 (a + па): та + nd) = (n+1):n 


EXAMPLE 30 Show that the sum ofan A.P. whose first term isa, the second term is b and the last 
(a + c) (b +c- 2a) 
— ae INCERTEXEMPLAR| 
SOLUTION Vet there be п terms in the given A.P. 
We have, 
First term =a, second term = b 
85 Common difference d = b-a 
It is given that the last term is c i.e. nth term = c. 


term isc, is equal to 


c=a+(n-1)d 
=» с=а+(п-1)(Ь-а) 
> n-1- = => п "кем cali) 
Let 5, be the sum of n terms of the A.P. Then, 
n (b * c — 2a) (a + c) 
$, EN dn 20-2) [Using (i)] 


EXAMPLE 31 “Solve the equation: 1+ 447410 4...4 x = 287. 
SOLUTION Here, 1, 4,7, 10, ..., x, is an A.P. 
3. Let there be » terms in the А.Р. Then, 

x =mth term => x =1+(n-1)x3=3n-2 (i) 
Now, 

1+4+7+10+---+x = 287 


[NCERT EXEMPLAR! 
with first term а =1 and common difference d= 


5> 5 (1+ 287 [Usings, 2 00 
=> M + 3n - 2) = 287 [Using (i)] 
= Зп? — п = 574 > 3n? -n-574=0 > Зи? – 421+ In 574 = 9 

> Зп (n – 14) + 41(n - 14) = 0 


B M 
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=> (п —14)(3n+41)=0 > n-14=0 [^ 3n +440] 
=e n=14 


Putting п = 14 in (i), we get x = 3x 14-2 = 40. 


EXAMPLE 32 A contract on construction job specifies a penalty for delay of comple 
certain date as follows: #200 for the first day, 7250 for the second day, 7300 for the third day, etc; 
the penalty for each succeeding day being #50 more than for the preceding day. How much does à 
delay of 30 days cost the contractor? [NCERT] 
SOLUTION Since the penalty for each succeeding day is X 50 more than for the preceding 
day. Therefore, amount of penalty for different days forms an A.P. with first term a (= 200) 
and common difference d (= 50). We have to find how much does a delay of 30 days cost the 
contractor? In other words, we have to find the sum of 30 terms of the A.P. 


tion beyond a 


Required sum = = {2x 200 + (30 — 1) 50) E S, С] iad 
=> Required sum = 15 (400 + 29 x 50) 
Е Required sum = 15 (400 + 1450) 
= Required sum = 15 x 1850 = 27750 


Thus, a delay of 30 days will cost the contractor of 727750. 


integer, having three digits are in A.P. and their sum is 15. 


EXAMPLE 33 The digits of a positive 
The number obtained by reversing the digits is 594 less than the original number. Find the number. 
d), a and (a + d) 


SOLUTION Let the digits at ones, tens and hundreds place be (a — / 
respectively. Then, the number is 
(a + d) x 100 + a x 10 + (a —d) — 111а + 99d 
The number obtained by reversing the digits is 
(a- d) x 100 + a x 10 + (а * d) 111a – 99d 
Itis given that the sum of the digits is 15. 


(a — d) a * (a d) 15 ss) 
Also, itis given thatthe number obtained by reversing the digits is 594 less than the original 


number. 

1114 —99d = 111a + 99d — 594 (ii) 
= 3a& 15 and 198d = 594 
=> a=5andd=3 


So, the number is 111 x 5 + 99 x 3 = 852. 

nan repays a loan of 73250 by paying 920 in the first month and then increases 
ry month. How long will it take him to clear the loan? 

he loan is cleared in months. Clearly, the amounts form an A.P. with 


EXAMPLE 34 A! 

the payment by #15 eve 

SOLUTION  Supposet 

first term 20 and the common difference 15. 
з Sum of the amounts = 3250 


=> 7 {2x 20+ (7 —1)х15) = 350 


=> 5 40 + 15n — 15) = 3250 
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=> n (15n + 25) = 6500 

> I5n* + 25n - 6500 = 0 

> Зп? + 5n – 1300 = 0 

=> (п — 20) (3n + 65) = 0 

— п = 20 or, n =-% . n = 20 |: dnd 
3 3 

Thus, the loan is cleared in 20 months. 


FXAMPLE 35 A small terrace at a football ground comprises of 15 steps each of which is 50 im long 
— — 1 | 

and built of solid concrete, Each step has a rise of д "anda tread of 5 ™ (See Fig. 5.1). Calculate the 
total volume of concrete required to build the terrace. 


INCERT] 
SOLUTION 


We observe that the length and width of each ste 


pare 50 m and 
respectively. Also, we have 


m 


NI — 


Height of first step = 1 m. 


Height of second step "[i*1)n- (21) 


Height of third step = i m and so on. 


Fig. 5.1 


Let у, V, V, Vis d. note respectively the volumes of the concrete required to build 
17 , Р > 
the first, second, third, „ fifteenth step. Then, 


E J 1 1 d ay 1 1 3 
V, (0 4% т, V; 0 3202-4 0502 (as m 


1 3 
V, (S0 1 and so on. 


ГД 


A —— 
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. Total volume of the concrete = V, + V, N 


1.4 
plene = tC] 


25 К 
_ 25{1+2+3+..-+15} m 2 E ( 15) m = 2 х 15х16 m 75040? 
4 4 2 4 2 


EXAMPLE 36 200 logs are stacked in the following manner: 20 logs in the bottom row, 19 in the 
next row, 18 in the row next to it and so on (see Fig. 5.2). In how many rows 200 logs are placed and 
how many logs are in the top row? INCERT] d^ 


Fig. 5.2 


SOLUTION Suppose 200 logs are stacked in n rows. 
There are 20 logs in the first row and themumber of logs in a row is one less than the | 
number logs in the preceding row. So, number of logs in various rows form an A.P. with 
first term a (= 20) and common difference d (= – 1). As there are 200 logs in all rows. 

(Sum of n terms of an A.P. with a = 20 and d = -1) = 200 


2 {2а *(n- 94] - 200 


— 4 

= 7 (2 20 + (па. A/ 200 

= Z (40 — nf + 1) 200 

= n (41 — п) = 400 

> n? = 41n +400 = 0 

- (n – 25) (п – 16) = 0 => п = 16ог, п = 25 
Now, 


If n = 25, then number of logs in 25% row is equal to 25th terms of an A.P. with first term 20 and 


common difference- 1. 
Number of logs in 25^ row = à + 24d = 20-24 = 4 


Clearly, this is not meaningful. 
5 n = 16 
Thus, logs are placed in 16 rows. 


Number of logs in top row 
= Number of logs in 16^ row 
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= 16t term of an A. p. with à = 20 and d -- 1 
= а + 15d 
= 20 + 15х 125 


Hence, there аге 5 logs in the top row. 


IXAMPLE 37 Raghav buys a shop 


for 71, 20,000. He pays half of the amount in cash апа agrees to 
pay the balance in 12 annual instalm 


ents of #5000 each. If the rate of interest is 12% and 
the instalment the interest due on the unpaid amount, find the total cost of the shop. 
SOLUTION Raghav pays half of & 1,20,000 i.e. & 60,000 in cash and the b 
12 annual instalments of 5000 each. With each instal 
amount at the rate of 12% per annum. 


Amount of first instalment = 


he pays with 


alance € 60,000 in 
ment he pays interest on the unpaid 


1 5000 + Interest on unpaid amount of ¥ 60000 


AE on 
5000 «e „=. < 60000 | = 5000 + 1 7200 = 7 12200 
+ Amount of second instalment = € 5000 + Interest on unp 
SEE x 55000 | 
100 


~ Amount of third instalment = € 5000 + Interest on unp 


aid amount of & 55000 
-150004-*6600 =F 1 1600 
aid amount of & 50000 


а 2 
= ©5000 + ( 10h »50000)) 6000 + © 6000 = € 11000 


Clearly, amount of various instalments form a 
common difference — 600 


Total cost of the shop = € [60,000 + Sum of 12 instalments] 


n A.P, with first term € 12200 and 


- e 60,000 zu х 12200 + (12 – 1) x (-600)} | 
= & [60,000 + 6 (24,400 - 6,600) ] 
= € [60,000 + 1,06,800] = * 1,66, 800 


FNAMPLE 38 Two carssstart together in the same direction from the same place. The first goes with 
uniform speed of 10 K. The second goes at a speed of 8 km/h in the first hour and increases the speed 


by 1/2 km in each succeeding hour. After how many hours will the second car overtake the first car if 
both cars go non: stopꝰ 


SOLUTION Suppose the second car overtakes the first car after . 
travel the same distance in t hours. 


Distance travelled by the first саг in t hours = 10 t km. 
Distance travelled by the second car in t hours. 
= Sum of ! terms of an А.Р. with first term 8 and common difference 1/2. 


hours. Then, the two cars 


Ni y 1 - F(E- 31) 
"3|2x8*( Dx 7 
When the second car overtakes the first car, we have 


31 
10t = f(t + 31) 
4 


= 40t= É «31.505 -9=0>1t(t-9) = 2729 [- t + 0] 


Thus, the second car will overtake the first car in 9 hours. 


— 
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EXAMPLE 39 150 workers were engaged to finish a piece of work in a certain number of days. Four 
workers dropped the second day, four more workers dropped the third day and soon. It takes 8 more 
days to finish the work now. Find the number of days in which the work was completed. 

SOLUTION Suppose the work is completed in n days when the workers started dropping. 
Since 4 workers are dropped on every day except the first day. Therefore, the total number of 
workers who worked all the п days is the sum of n terms of an А.Р. with first term 150 and 


common difference —4 


T 7 {2x 150 (1-1) 4] = n (152 - 2n) 


Had the workers not dropped then the work would have finished it in (1—8) days with 150 
workers working on each day. Therefore, the total number of workers who would have 


worked all the п days is 150 (n — 8). 
n (152 — 2n) = 150 (n — 8) 


152n — 2n? = 150n 1200 


=> 

=> 2n? — 2n - 1200 = 0 

=> n? - 600 =0 

= (n — 25) (n + 24) = 0 [. n > 0] 
=> п = 25 


Hence, the work is completed in 25 days. 

EXAMPLE 40 Along a road lie an odd number of stones placed at intervals of 10 metres. These j 
stones have to be assembled around the middle stone. A person can carry only one stone at à 

time. A man carried the job with one of the end stones by carrying them in succession. In 
carrying all the stones he covered adistance of 3 km. Find the number of stones. 

SOLUTION Let there be (2л + 1) stones. Clearly, one stone lies in the middle and n stones оп 

each side of it ina row. Let P be the mid-stone and let A and B be the end stones on the left and 


right of P respectively. 
Sn Sn -1 82 5, 5' 5'2 S'ha -1 S 
— — —— —1——1——9——t——————r———9 
" 10 ‘a Om B 


Fig. 5.3 
Clearly, there are п intervals each of length 10 metres on both the sides of P. Now, 
suppose the man starts from A. He picks up the end stone on the left of mid-stone and 
goes to the mid-stone, drops it and goes to (n — 1) th stone on left, picks it up, goes to the 
mid-stone and drops it. This process is repea ted till he collects all stones on the left of the 
mid-stone at the mid-stone. So, distance covered in collecting stones on the left of the 
mid-stones is 
10 x n + 2[10 x (n – 1) +10 х (п – 2) + ... + 10 x 2 + 10 x 1]. 

After collecting all stones on left of the mid-stone the man goes to the stone B on the right 
side of the mid-stone, picks it up, goes to the mid-stone and drops it. Then, he goes to 
(n — 1)" stone on the right and the process is repeated till he collects all stones at the mid- 


stone. 
Distance covered in collecting the stones on the right side of the mid-stone. 


= 2[10x n 10x (n- 1) 10 0-2) . & 10x24 10x1] 
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Total distance covered 
=10xn +2[10x (n. 1)+10x(n-2)+ ... +10х2+10х1] 
+2[10xn+10x(n-1)+ АЕ +10х2 +101] 
= 4[10 хп +10 (0-1) 4 EN *£10x2410x1]- 10x n | 
74018263. en)- 0n 40 [2 (1 en) -10n=20n (1) -10n - 20) +107 


But, the total distance covered is3 km i.e. 3000 m 
20n? + 10n = 3000 


=> 2n? +n – 300 – 0 i 2n +25 = ö 
=> (n ~ 12) (2n + 25) = 0 
= й = 12 


Hence, the number of stones — 2п +1 = 25 


EXAMPLE 41 The houses of a row are numbered consecutively from 1 to 49, Show that there is a 
value of x such that the sum of the numbers of the houses preceding the house numbered x is equal to 
the sum of the mumbers of the houses following it. Find this value ofx. [NCERT] 


SOLUTION Let there be a value of x such that the sum of the numbers of the houses 


preceding the house numbered x is equal to the sum of the numbers of the houses 
following it i.e., 


House: H Hz Н; H4 Н, Ho» ҸЕ HE 
House No. 1 4 3 (x-1) х (x.. 49 
1+2+3+.—+(х-1) = (x 1) + (x + 2). + дә 

=> 1+2+3+ (x-1) = (142434 9 (c De 49] (092434 x) 


> Sto} Barf- Aa | Using S, 200 
э Х@-1)_49550 xq) 
2 2 2 
=> х(х-1)=49х50=®х(х #1) [Multiplying both sides by 2] 
=. xe - x) + (a? x) = 49 x 50 
=> 24299949 «So 
=> (1° = 49 25 
^ W726 
> х=7х5=35 


Since, x is not a fraction. Hence, the value of x satisfying the given condition exists and is 
equal to 35. 


EXAMPLE 42 A ladder has rungs 25 cm apart (See Fig 5.4). The rungs decrease uniformly in length 
from 45 cm at the bottom to 25 cm at the top. If the top and bottom rungs are 2.5 metre apart, what is 
the length of the wood required for the rungs? INCERT] 
SOLUTION Itis given that the gap between two consecutive rungs is 25 cm and the top and 
bottom rungs are 2.5 metre i.e., 250 cm apart. 


b PHÓ 
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Number of rungs = 2251 = 11. 


It is given that the rungs are decreasing uniformly in length from 45 cm at the bottom to 25 cm 


at the top. Therefore, lengths of the rungs form an A.P. with first term 4 = 45 cm and 11% term 


225 cm. 


Fig. 5.4 


Length of the wood required for rungs 
= Sum of 11 terms of an A.P. with first term45 cm and last term = 25cm 


„11 TES. 
= (45 + 25) ст |: S, -T««n| 


— 385 cm - 3.85 metres 


made up of successive semi-circles, with centres alternately at A and B, 
O cm, 1.5 cm, 2.0 cm, .... as shown in Fig. 5.5 what is the 


(Take R = | 
[NCERT] 


SOLUTION Let H, l, ац lis be the lengths (circumferences) of semi-circles of radii 
n = O. 5 em, ½ = IQ cm, h = 1.5cm, r, = 2.0 ст, 5 = 25cm, ... respectively. Then, 


EXAMPLE 43 A spiral is 
starting with centre at A, of radii 0.5 em, 1 


total length of such a spíral made up of thirteen consecutive semi-circles? 


1 * nn = xx 05m = Sem 

л 
I, = Th -axlem = 2( © em 
I, = nn em 305) en 


n. = пх 2m (Z hem 


— 
Ш 


13 n 
hy = th; ** 2 em = 13( =) em 
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Total length of the spiral = ], + bh lg 


202) 4) , Z) em 


ll 
— 
mila 


= 2 (14243404 13) ст 

een | Using s 20% 

"- 2 2 n 2 

ND OE TN e ee 
2. 2 2 4 


EXAMPLE 44 [n a potato race, a bucket is placed at tlie starting point, which is 5 m from the first 
potato, and the other potatoes are placed 3 m apart in a straight line. There are n potatoes in the line 


(See Fig. 5.6). Each competitor starts from the bucket, picks up the nearest potato, runs back with it, 
drops it in the bucket, runs back to pick up the next potato, runs to the bucket to drop it in Mie иско» 


and she continues in the same way until all the potatoes are in the bucket. What is the total distance the 
competitor has to run? [NCERT 


Fig.5.6 
SOLUTION We have, 


d, - Distance run by the competitor to pick up first potato = 2 x 5m 

d, = Distance run by the competitor to pick up second potato = 2 (5 + 3) m 

d, = Distance run by the competitor to pick up third potato = 2 (5 + 2 x 3) m 
d, - Distance run by the competitor to pick up fourth potato = 2 (5 + 3 x 3) m 


d, = Distance run by the competitor to pick up "^ potato = 2 [5 + (n -1) x 3} m 
7. Total distance run by thé competitor to pick up п potatoes 
- d, * d, +d; d, 


=2x5+2(5+ 3) +2(5 + 2x 3) 26 +3 x3) +--+ 2 [5 +(п-1) х3) metres 
=2[5+15+3)@{5(258)} + {5+ G3] +-+ {5+ (n-1)x3}] 
TN pW i a 

n- times 


= 2[$п+3{1+2+3+--+(п1-1)}] 


ЕЕЕ | Using:s, 0 00 


= 25 06-0] = [10n + 3n (n - 1)] = Зи? * 7n = n (3n +7) metres 


= : — EXERCISE 5.6 


1. Find the sum of the following arithmetic progressions: 
(i) 50, 46, 42, ... to lO terms (ii) 1,3,5,7,...to12 terms 


h . 
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(iii) 3, 9/2, 6, 15/2, ... to 25 terms (iv) 41, 36,31, ... to 12 terms 
(v) a+b,a—b,a—3b,...to22terms (vi) (x- yy, (x? + y^) (x + у)? „ә, ton terms 
x-y 3x-2y 5х-3Зу 
x+y x+y x+y 
(viii) —26, —24, —22,....to 36 terms. 
Find the sum to n term of the A.P. 5,2, - 1,- 4, 7, , 
Find the sum of n terms of an А.Р. whose n terms is given by a, = 5 — 6n. 


. Find the sum of last ten terms of the A.P.: 8, 10, 12, 14, , 126. [NCERT EXEMPLAR] 

. Find thesum of the first 15 terms of each of the following sequences having um term as 
() a, =3+4n (ii) b, =5+2n (ili) x,-6-" (iv) y, = 9 5" INCERT] 

6. Find the sum of first 20 terms of the sequence whose n^ term is a, =An+ B. 

7. Find the sum of the first 25 terms of an A.P. whose п" term is given by dy 2 Зп. 

[CBSE 2004] 


8. Find the sum of the first 25 terms of an A.P. whose un term is given by a, = 7 – Зп. 
CSE 2004] 


(vii) „о n terms 


лы WwW N 


9. If the sum of a certain number of terms starting from first term of an A.P. is 25,24, V9, scsi 
is 116. Find the last term. 
10. (i) How many terms of the sequence 18, 16, 14, ... should be taken so that their 


sum is zero? 
(ii) How many terms are there in the A.P. whose first and fifth terms are – 14 and 2 
respectively and the sum of the terms is 40? 
(iii) How many terms of the A.P. 9, 17, 25, must be taken so that their sum is 636? 


[NCERT] 

(iv) How many terms of the АР. 63,60, 57, ... must be taken so that their sum is 693? 
[CBSE 2005] 
(v) How many terms of the A. P. 27, 24, 21... should be taken so that their sum is zero? 
[CBSE 2016] 


11. Find the sum of the first 
(i) 11 terms of the A.P :2, 6, 10, 14, ... 
(ii) 13 terms of the A.P : – 6,0, 6, 12,.... 
(iii) 51 terms of the A.P : whose second term is 2 and fourth term is 8. 


12. Find the sum of 


(i) the first 15 multiples of 8 [МСЕКТ, CBSE 2017] 
(ii) thefirst40 positive integers divisible by (a) 3 (b) 5 (с) 6. [NCERT] 
(Gii) all 3- digit natural numbers which are divisible by 13. [CBSE 2006C] 
(iv) all 3-digit natural numbers, which are multiples of 11. [CBSE 2012] 
(v) all 2-digit natural numbers divisible by 4. | CBSE 2017] 
(vi) first 8 multiples of 3. [CBSE 2018] 
13. Find the sum: E 
(i) 2+4+6+...+ 200 (ii) 37112192 803 
(iii) (-5) + (-8) + (C11) +... + (-230) (iv) 1+3+5+7 +... + 199 
1 ‚ 
(v) Te St do HUE (vi) 34 + 32 + 30 +... +10 
(vii) 25 + 28 + 31 +... + 100 [CBSE 2006C] 
1 
(viii) 18 + 157 +13 +... + (95) [CBSE 2013] 


W E 
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14. The first and the last term 


5 of an A.P. are 17 and 350 respectively. If the common 
difference is 9, how many t 


erms are there and what is their sum? 
15. The third term of an A.P. is 7 and the seventh term exceeds three times the third term by 
2. Find the first term, the common difference and the sum of first 20 terms. | 


16. The first term of an A.P. is 2 and the last term is 50. The sum of all these terms is 442. Find 
the common difference. 


17. If 12" term of an A.P. is-13 


and the sum of the first four terms is 24, what is the 
first 10 terms ? 


sum of 


1 2 3 
18. Find thesum of n termsof theseries[ 4 - 3L (4 - 3 * (4 - 2) Tas 


[CBSE 2017] 
19. In an A.P, if the first term is 22, the common difference is —4 and the sum to n terms is 64, 
find n. 


20. In an A.P., if the 5" and 12 terms 
terms? 

21. Find the sum of first 51 terms of an A.P. whose second and third terms 

respectively. [NCERT] 

22. If the sum of 7 terms of an A.P. is 49 and that of 17 terms їз 289, find the sum of u terms. 

(CBSE 2013, 2016, NCERT] 


23. The first term of an A.P. is 5, the last term is 45 and the sum is 400. Find the number of 
terms and the common difference. [NCERT] 


24. In an A.P. the first term is 8, nth term is 33 and the sum to first i terms is 123. Find п 


are 30 and 65 respectively, what is the sum of first 20 


are 14 and 18 


and 

d, thecommon differences. [CBSE 2008] 

25. In an A.P, the first term is 22, nth term is -A and the sum to first п terms is 66. Find n and 
d, the common difference. [CBSE 2008] 

26. The first and the last terms of an A.P. are 7 and 49 respectively. If sum of all its terms is 
420, find its common difference. [CBSE 2014] 

27. The first and the last terms of an A.P. are 5 and 45 respectively. If the sum of all its terms 
is 400, find its common difference. [CBSE 2014] 

28. The sum of first q terms of an A.P. is 162. The ratio of its 6" term to its 13" term is 
1:2. Find the first and 15" term of the A.P. [CBSE 2015] 

29. If the 10thterm of an A. P. is 21 and the sum of its first ten terms is 120, find its n term. 
[CBSE 2014] 

30. The sum of the first 7 terms of an A.P. is 63 and the sum of its next 7 terms is 161. Find the 
28" term of this A.P. [CBSE 2014] 
31. Thesum of first seven terms of an A.P. is 182. If its 4th and the 17th terms are in the ratio 
1:5, find the A.P. [CBSE 2014] 

32. The nth term of an A.P. is given by (- 4n + 15). Find thesum of first 20 terms of this A.P. 
[CBSE 2013] 

33. In an A.P., the sum of first ten terms is -150 and the sum of its next ten terms is —550. Find 
the A.P. [CBSE 2010] 


34. Sum of the first 14 terms of an A.P. is 1505 and its first term is 10. Find its 25. term. 


[CBSE 2012] 
35. In an A.P., the first term is 2, the last term is 29 and the sum of the terms is 155. Find the 
common difference of the A.P. [CBSE 2010] 
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36. The first and the last term of an A.P. аге 17 and 350 respectively. | f the common difference 
| [МСЕКТ] 


is 9, how many terms are there and what is their sum? 
37. Find the number of terms of the A.P. -12, -9, -6, ..., 21. If 1 is added to each term of this 
А.Р., then find the sum of all terms of the A.P. thus obtained. [CBSE 2013] 


38. The sum of the first n terms of an A.P. is 31^ + 6n. Find the nth term of this A.P. 
[CBSE 2014] 


39. The sum of first n terms of an A.P. is 5n — n” . Find the n term of this A.P. [CBSE 2014] 


40. The sum of the first n terms of an A.P. is 4i? + 2n. Find the n term of this A.P. 
[CBSE 2014] 


41. The sum of first ii terms of an A.P. is 3n? + 4n. Find the 25th term of this A.P; 
[CBSE 2013] 
42. The sum of first n terms of an A.P. is 5n? + 3n. If its mth term is 168, find the value of m. 
Also, find the 20th term of this A.P. [CBSE 2013] i 
43. The sum of first д terms of an A.P. is 63] – 3q°. If its pth term is—60, find the value of p. 
Also, find the 11th term of this A.P. [CBSE 2013] 
44. Thesum of first in terms of an A.P. is Am? — m. If its nth term is 107, find the value of n. Also, 
find the 21st term of this A.P. [CBSE 2013] 
If the sum of the first л terms of an A.P. is 4n — п2, whatis the first term? What is the sum 


of first two terms? What is the second term? Similarly, find the third, the tenth and the 
[NCERT] 


nth terms. 


45. 


1:22: 2 
‚ If the sum of first п terms of an A.P. is $68. +7n),then find its n term. Hence write its 


20" term. [CBSE 2015] 


À S. «a "ET 
47. Inan A.P., the sum of first п terms is “Uh À T Find its 25' term. 


. Find the sum of all natural numbers between 1 and 100, which are divisible by 3. 


[CBSE 2006C] 


48 
49. Find the sum of first odd natural numbers. 
50. Find the sum of all odd numbers between 
(i) 0 and 50 [CBSE 2017] (ii) 100 and 200. 
51. Show that the sum of all odd integers between 1 and 1000 which are divisible by 3 
is 83667. 


52. Find the sum of all integers between 84 and 719, which are multiples of 5. 
53. Find thesum ofall integers between 50 and 500, which are divisible by 7. 
54. Find the sum of all even integers between 101 and 999. 
55. (i) Find the sum of all integers between 100 and 550, which are divisible by 9. 
(ii) all integers between 100 and 550 which are not divisible by 9. 
(iii) all integers between 1and 500 which are multiplies of 2 as well as of 5. 
(iv) all integers from 1 to 500 which are multiplies 2 as well as of 5. 
(v) all integers from 1 to 500 which are multiples of 2 or 5. 
Let there be an A.P. with first term ‘a’, common difference ‘d’. If а, denotes its n term 
and S, the sum of first i terms, find. 
(i) n and S, ifa =5,d = 3anda, = 50. (ii) n and a, if a, = 4, d = 2and 5, = —14. 
(iii) d, it a =3,n = and S, = 192. (iv) a, if a, = 28,S, = 144 and n = 9. 
(v) папай, if a = 8,4, = 62 and S, = 210. 
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(vi) nanda,,ifa=2,d = 8 and 8, = 90. 
(vii) K, if S, = 3n? + Snanda, = 164. (viii) Sp, ifd = 22 and 42 = 149 
57. If S, denotes the sum of first п terms of an A.P., prove that Sia =3(S,—S,). 
[NCERT EXEMPLAR, CBSE 2015; 
58. A thief, after committing a theft runs ata uniform speed of 50 m / minute. After 2 minutes, 
a policeman runs to catch him. He goes 60 m in first minute and increases his speed by 
m / minute every suceeding minute. After how many minutes, the policeman will catch 
the thief? СВУ уь 
59. The sums of first n terms of three A.P.s are $,, S; and S}. The first term of each is 5 
their common differences are 2, 4 and 6 respectively. Prove that Si + 5, = 26, 
ICBSE 2016] 
60. Resham wanted to save at least & 6500 for sending her daughter to school next year ( 
12 months). She saved & 450 in the first month and raised her savingsby 1 20e 


month. How much will she be able to save in next 12 months ? Will she be able to send 
her daughter to the school next year? [CBSE 2016| 


61. In a school, students decided to plant trees in and around the school to reduce air 
polution. It was decided that the number of trees, that each section of each class will 
plant, willbe double of the class in which they are studying. If there are 1 to 12 classes in 
the school and each class has two sections, find how many trees were planted by the 
studetns. [CBSE 2014) 

62. Ramkali would need 1 1800 for admission fee and books etc., for her daughter to start 
going to school from next year. She saved € 50 in the first month of this year and 
increased her monthly saving by € 20. After a year, how much money will she save? Will 
she be able to fulfil her dream of sending her daughter to school? 


INCERT 


a nd 


after 
very next 


[CBSE 2005, 2014] 
63. A man saved & 16500 in ten years. In each year after the first he saved & 100 more than he 
did in the preceding year, How much did he save in the first year? 
64. A man saved & 32 during the first year, € 36 in the second year and in this way he 
increases his savings by 3 4 every year. Find in what time his saving will be X 200. 
65. A man arranges to pay off a debt of & 3600 by 40 annual instalments which form an 


arithmetic series. When 30 of the instalments are paid, he dies leaving one-third of the 
debt unpaid, find the value of the first instalment. 


66. There are 25 trees at equal distances of 5 metres in a line with a well, the distance of the 
well from the nearest tree being 10 metres. A gardener waters all the trees separately 
starting from the well and he returns to the well after watering each tree to get water for 
the next. Find the total distance the gardener will cover in order to water all the trees. 


57. Aman is employed to count 10710. He counts at the rate of 2180 per minute for half an 
hour. After this he counts at the rate of & 3 less every minute than the preceding minute. 
Find the time taken by him to count theentire amount. 


68. A piece of equipment cost a certain factory & 600,000, If it depreciates in value, 15% the 
first, 13.5% the next year, 12% the third year, and so on. What will be its value at the end 
of 10 years, all percentages applying to the original cost? 


B 
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69. A sum of & 700 is to be used to give seven cash prizes to students of a school for their 
overall academic performance. If each prize is X 20 less than its preceding prize, find the 
value of each prize. 


70. If S, denotes the sum of the first n terms of an A.P., prove that 8% = 3 (820 = Sio). 
[CBSE 2014] 


71. Solve the question: (-4) + (-1) +2 +5 ++- = 437. INCERT EXEMPLAR] 
72. Which term of the A.P. -2, - 7, — 12, , will be – 77? Find the sum of this A.P. upto the term 
-77. 


73. The sum of first n terms of an A.P. whose first term is 8 and the common difference is 20 is 
equal to the sum of first an terms of another A.P. whose first term is - 30 and common 
difference is 8. Find n. INCERT EXEMPLAR] 

74. The students of a school decided to beautify the school on the annual day by fixing 
colourful on the straight passage of the school. They have 27 flags to be fixed at 
intervals of every 2 metre. The flags are stored at the position of the middle most flag. 
Ruchi was given the responsibility of placing the flags. Rachi kept her books where 
the flags were stored. She could carry only one flag at a time. How much distance did 
she cover in completing this job and returning back to collect her books? What is the 
maximum distance she travelled carrying a flag? [NCERT EXEMPLAR] 


— — — — AN ERS 
1. (i) 320 (ii) 144 (iii) 525 (iv) 162 (у) 22a — 440b L 
2 " 2 " З +s " = 2 a - TH j 
(vi) n LG — у) + (л 1) xy} (vii) Want x-y)-y| (viii) 324 { 
п nee 

2. 303 -3n) 3.n(2-3n) 4.1170 5. (i) 525 (ii) 315 (iii) 30 (iv) - 465 

6. 210A +20 В 7. —925 8. – 800 9.4 
10. (i) 19 (ii) 10 (iii) 12 (iv) 21, 22 (v) 19 
11. (i) 242 (ii) 390 (iii) 3774 
12. (i) 960 (ii) (a) 2460 (b) 4100 (c) 4920 (iii) 37674 (iv) 44550 (у) 1188 (vi) 108 

2093 
13. (i) 10100 (ii) 40703 (iii) – 8930 (iv) 10000 (v) 2 (vi) 286 
(vii) 1625 (viii) 441 14. 38,6973 15. — 1, 4, 740 
1 
16. 3 17.0 18. 5 (7n -1) 19. 40r8 20. 1150 21. 5610 
22. п? 23. n 2 16,4 - 8/3 24. n2 6,0 2 5 25. n=12,d=-3 
8 

26. 3 27. d = 3 28. 6, 48 29. 2n ＋ 1 30. 57 
31. 2. 10, 18, 26, .... 32. 760 33.a=3,d=-4 34. 370 
35. 3 36. n = 38, S = 6973 37. 12, 66 38. 6n +3 39. 6 - 2n 
40. 4n-2 41. 151 42. m = 17, азо = 198 43.p 221,04, 20 
AA. n = 14, a3, = 163 45. 81 — 1, S, = 4, (15 = L S, = 3. ay --—], io 2-15 
46. a, = 3n+2, аз = 62 47. 80 48. 1683 49. п? 


50. (i) 625 (ii) 7500 52. 50800 53. 17696 54. 246950 


i 
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55, (i) 16425 (i) 129500 (ііі) 12250 (iv) 12750 (у) 75250 


56. (i) п= 16, S, = 440 (ii) n=7,a=-8 (iii) d= 6 (iv) а= 4, 
54 
(у) n=6,d = 1 (vi) n 5,4, = 34 (vii) 27 (viii) — 1804 
58. 5 60. N 6720, Yes61. 312 62. 1920, Yes 63. 7 1200 
64. 5years 65. N 51 66.3500m 67. 89 minutes 
68. < 15000 69. Values of the prizes (in €) are: 160, 140, 120, 100, 80, 60, 40 
71. 50 72. 16th term, – 632 73. 11 74. 728 m, 26m 


VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 


Answer each. of the following questions either in one word or one sentence or as per requirement of the 


questions: 
1. Define an arithmetic progression. 
2. Write the common difference of an A.P. whose nth term is a, = Зп +7, 
3. Which term of the sequence 114, 109, 104, .... is the first negative term? 
4. Write the value of ayy - ауу for the A.P. 4,9, 14, 19,4.. 
5. Write 5th term from the end of the A.P. 3,5, 7, 9,....,201. 
6. Write the value of x for which 2x, x + 10 and 3x +2 are in A.P. 
7. Write the nth term of an A.P. the sum of whose n terms is S. 
8. Write the sum of first п odd natural numbers. 
9. Write the sum of first n even natural numbers. 
10. If the sum of n terms of an A. P. is 5, = 3n* + 5n. Write its common difference. 


11. Write the expression for the common difference of an А.Р. whose first term is a and nth 
term is b. 


12. The first term of an A.P. is pand its common difference is q. Find its 10th term. 
[CBSE 2008] 
For what value of pare 2p + 1,13, 5p – 3 are three consecutive terms of an A. P.? 


[CBSE 2009] 
14. If =, a, 2are three consecutive terms of an A.P., then find the value of a. 


[CBSE 2009] 
15. Ifthe sum of first p term of an A.P. is ap? + bp, find its common difference. 


[CBSE 2010] 

16. Find the 9th term from the end of the А.Р. 5,9, 13,..., 185. [CBSE 2016] 
17. For what value of k will the consecutive terms 2k + 1,3k + and SK 1 form on A.P.? 

[CBSE 2016] 

1 1«m 142m d 

18. Write the nth term of the A.P. — „ (CBSE 2017] 

19. In an A.P., if the common difference d = —4, and the seventh term a, is 4, then find the 

ta [CBSE 2018] 

i — K—ͤ — ANSWERS 


2.3  3.24th 4. 100 5. 193 6. 6 7. a -$,-$,, 8. п? 


w—— -m 
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b-a 
9, n(n +1) 10. 6 11. =—т Bp 154 14. 5 
15. 2a 16. 153 17.6 mo Hrs 19. 28 
т 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


10. 


11. 


12. 


‚ The first and last t 


. If the sum of three consecutive te 
‚ If four numbers in А.Р. are such that th 


Let S, denote the sum of r terms of an A.P. whose first t 


If 7th and 13th terms of an A.P. be34 and 64 respectively, then its 18th term is 


(a) 87 (b) 88 (c) 89 (d) 90 

It the sum of P terms of an A.P. is дапа the sum of q terms is p, then the sum of p + q terms 
will be 
(a) 0 (b) p-4 (c) p*q (d) – (p +4) 

. If the sum of n terms of an A.P. be 3n2 + п and its common difference is 6, then its first 
term is 
(a) 2 (b) 3 (c) 1 (d) 4 


erms of an A.P. are 1 and 11. If the sum of its terms is 36, then the 


number of terms will be 
(a) 5 (b) 6 ' (c) 7 (d) 8 


If the sum of n tems of an A.P. is an? + 5n then which of its terms is 164? 


(a) 26th (b) 27th (c) 28th (d) none of these. 


If the sum of r terms of an A.P. is 2n? + 5и, then its nth term is 

(a) 4n -3 (b) 3n-4 (c) 4n+3 (d) Zu «4 

rms ofan increasing A.P. is 51 and the product of the 
first and third of these terms is 273, then the third term is 

(a) 13 (b) 9 (c) 21 (d) 17 

eir sum is 50 and the greatest number is 4 times 
the least, then the numbers are 

(a) 5, 10, 15, 20 (b) 4, 10, 16, 22 (с) 3,7, 11, 15 (d) none of these 

erm is a. If the common difference 


dis given by d = 8, — "c —— then k= 
(a) 1 (b) 2 (с) 3 (d) none of these. 


The first and last term of an A.P. are à and | respectively. If S is the sum of all the terms of 


2. 2 
the A.P. and the common difference is given by 1 , then k = 
- 


(a) S (b) 25 (c) 35 (d) none of these 
tural numbers is equal to k times the sum of first n odd natural 


If the sum of first even na 
numbers, then k= 
1 п — 1 n+l nl 
(а) = (b 7, (с) Au (d) — 
If the first, second and last term of an A.P. “ s b and 2a respectively, its sum is 
a ab ao 
(а) 2(b — a) ©) 77 (б) 2(b—a) (d) none of these 
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13. If S, is the sum of an arithmetic progression of ‘n’ odd number of terms and 8 


2 the sum 
| S 
of the terms of the series in odd places, then = = 


n n+] nl 
71 Ө rl © ж СЕ 

I4. If in an A.P., S, = п2р and Sm = т?р, where S, denotes the sum of r terms of the A. P., 
then 5, is equal to 


1 
(а) z (b) mnp (c) p (d) (m+n) р? 


If S, denote the sum of the first n terms of an A.P. If 5,, = 3S, , then Szu : S, is equal to 
(a) 4 (b) 6 (c) 8 (d) 10 
16. in an AP, 5, = 4,5, =p and S, denotes the sum of first r terms. Then, Sp; is equal to 


(a) 0 (b) ~p q) (c) p+q (d) pq 

17. If S, denotes the sum of the first r terms of an A.P. Then, $,,: (Sj, 4S, ) is 
(a) n (b) 3n (c) 3 (d) none of these 

18. If the first term of an A.P. is 2and common difference is4, then the sum of its 40 terms is 
(a) 3200 (b) 1600 (c) 200 (d) 2800 

19. The number of terms of the A.P. 3, 7, 117 15, „ to-be taken so that the sum is 
406 is 
(a) 5 (b) 10 e 12 (d) 14 

20. Sum of n terms of the series /2 + V8 4/18 +432 + is 

n +1) п(и +1) 

(а) * (b) 2n(n +1) (с) a (d) 1 

21. The 9th term of an A;P. is 449 and 449th term is 9. The term which is equal to 
zero is 
(a) 501% (b) 502% (с) 508" (d) none of these 

22. If - ез аа in A.P. Then, x = 

х+2 gh зы idi 

(a) 5 (b) 3 (c) 1 (d) 2 

23, The ni term ofan A.P., the sum of whose n terms is $, is 
(а) S, +5, (0) $,-5,, () 5, + Spar (d S, - S,., 

24. The common difference of an A.P., the sum of whose n terms is S,,is 
(а) S, -25, 1 * 82 (Ы) S, 728,1 2 
@ ho (d) S, 8,1 


| : ; Зп + 5 : 
25. [f thesums of n terms of two arithmetic progressions are in the ratio Sn a7 ‚ then their 


' +7 
n" terms are in the ratio 

3n-1 3n +1 5n +1 5n -1 
(a) 5n-1 (b 5n +1 (c) Зп +1 (d) 3n -1 
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26. 


27. 


If S, denote the sum of n terms of an A.P. with first term a and common difference d such 


5, 
that s. is independent of x, then 
(a) d=a (b) d 2a (c) a= 2d (d) d=-a / 
If the first term of an A.P. is a and n" term is b, then its common difference is je 
b-a b-a b-a b+a 
(a) n+l (b) n-1 (c) n (d) n-1 
. Thesum of first odd natural numbers is 


(a) 2n- 1 (b) 2n «1 (c) п? (d) 54-1 


. Two A.P.'s have the same common difference. The first term of one of these is 8 and that 


29 
of the other is 3. The difference between their 30'^ terms is 
(a) 11 (b) 3 (c) 8 (d) 5 — 
30. If 18, a, b, -3 are in A.P., thea + b- 
(a) 19 (b) 7 (c) 11 (d) 15 
31. The sum of n terms of two A.P.'sare in the ratio 5n 49 :9n +6. Then, the ratio of their 18" 
term is 
179 178 175 » 16 
(а) 351 (>) 321 (©) 31 (9) 32¹ | 
5+94+13+---tonterms 17 K 
32 If 7,94 114---to(n+1)terms 16 JAN j 
(a) 8 (b) 7 (c) 10 (d) 11 
33. The sum of n terms of an A.P. is Зп? 4 5, then 164 is its 
(a) 24% term (b) 27 term (c) 26" term (d) 25" term 
34. If the n term of an A.P. is 2 +1 , then the sum of first n terms of the A.P. is 
(a) n (n —2) (b) m(n +2) (c) n(n+1) (d) n(n-1) 
35. If 18^ and 11% term of an A.P. are in the ratio 3: 2, then its 21* and 5" terms are in the ratio 
(a) 3:2 (b) 3:1 (б) 1:9 (а) 2:3 
36. The sum of first 20 odd natural numbers is 
(a) 100 (b) 210 (c) 400 (d) 420 [CBSE 2012] | 
1-94 1 ‘ 
37. Thecommon difference of the A.P. is 27 С А = 175815 
(a) —1 (b) 1 (c) q (d) 24 [CBSE 2013] ; 
1 1-3Ь 1-6Ь 
38. The common difference of the А.Р. 3' m m UM IL 


39, 


1 1 
(a) 3 (b) 73 (c) -b (d) b [CBSE 2013] 
1 1-6b 1-1 
The common difference of the A.P. 2b' “bp: 2b ese 
(b) -2b (c) 3 (d) -3 [CBSE 2013] 


(a) 2b 
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40. If K. 2k - and 2k + 1 are three consecutive terms of an AP, the value of k is 
(a) -2 (b) 3 (c) -3 (d) 6 [CBSE 2014) 
41. The next term of the A.P. , 428, 68... 
(а) 0 (b) J84 (с) J (d) 112 [CBSE 2014] 
42. The first three terms of an A.P, respectively are 3y- 1, 3y 5 and 5y + 1. Then, y equals 
(a) -3 (b) 4 (c) 5 (d) 2 [CBSE 2014) 
— —— ANSWERS 
1. (c) 2. (а) З. (а) 4. (b) 5. (b) 6. (c) 
7. (c) 8. (a) 9. (b) 10. (b) 11. (d) 12. (c) 
13. (a) 14. (c) 15. (b) 16. (b) 17. (c) 18. (a) 
19. (d) 20. (c) 21. (c) 22. (с) 23. (b) 24. (a) 
25. (b) 26. (b) 27. (b) 28. (c) 29. (d) 30. (d) 
31. (a) 32. (b) 33. (b) 34. (b) 35. (b) 36. (c) 
37. (a) 38. (c) 39. (d) 40. (b) 41. (d) 422 (c) 
SUMMARY 


— 


‚ Asequence is an arrangement of numbers or objects in a definite order. 


A sequence 4,,0,,0,,...,d,,... is called an arithmetic progression, if there exists a 
constant d such that 


һә 


a, — 41 = d,a} -a = d,a} - ау = d. , а, =d and so on. 
The constant 'd' is called the common difference. 


lf a is the first term and 'd' the common difference of an AP, then the A.P. is 
a,a + d,a + 2d,a  3d,a + Ad,... 


· A sequence à,,4,,à;,...,à, ,...is an AP; if f, ,, а, is independent of n. 


· A sequence a), а, às, de is an AP, if and only if its n" term a, is a linear expression 
in n and in such a case the coefficient of n is the common difference. 


6. The n^ term a, of an A.P. with first term ‘a’ and common difference 'd' is given by 
à, a (n - d. 


. Lettherebean A.P. with first term ‘a’ and common difference d. If there are m terms in the 
AP,then 


un term from the end = (m — п +1)" term from the beginning 
a n- d 


— 


л = 


“J 


Also, 
п® term from the end = Last term + (n – 1) (-d) 


= 1- (n - 1) d, where! denotes the last term. 
5. Various terms is an A.P. can be chosen in the following manner. 


Number of terms Terms Common difference 
3 a d, a, ad d 
4 a-3d,a-—d,a+d,a+3d 2d 
5 a - A, a- d, a, a d,a + 2d d 
6 à Sd, a- 3d,a + d,a + 3d,a + 54 2d 
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9, The sum to п terms of an A.P. with first term ‘a’ and common difference 'd' is given by 
n 
$, = 2122+@-1)4} 
! 
Also, 8, = 20 +1}, where! = last term = а + (n – 1) 4 
th 


10. If the ratio of the sums of n terms of two AP’s is given, then to find the ratio of their n 
terms, we replace n by (2n – 1) in the ratio of the sums of n terms. 

11. A sequence is an A.P. if and only if the sum of its п terms is of the form An? + Bn, where 
A, B are constants. In such a case the common difference is 2A. 


. наша аАВАЦ 


CO-ORDINATE GEOMETRY 


6.1 INTRODUCTION 


Inclass IX, we have seen that to locate the position of a point ona plane, we require a pair of 
mutually perpendicular lines which are known as the coordinate axes. The horizontal line 
is known as the x-axis and the vertical line is known as the y-axis. The intersection point of 
the coordinate axes is known as the origin. The distance of a point from the y-axis is called its 
coordinate, or abscissa and the distance from the x-axis is called its y-coordinate, or 
ordinate. We have seen that the coordinates of a point on the x-axis are of the form (x, 0), and 
that of a point on y-axis are of the form (0, y). We have also learnt about plotting of points ina 
plane when their coordinates are given. Also, we have seen that a linear equation in two 
variables, when represented graphically, gives a straight line. 


In this chapter, we will see how we can find the distance between two points whose 
coordinates are given. We will also find the coordinates of the point which divides the line 
segment joining two given points ina givenratio. Finally, we willlearn about the method of 
finding the area of a triangle in terms of the coordinates of its vertices. 


6.2 RECAPITULATION 


RECTANGULAR COORDINATE AXES. Let X ОХ and Y OY Y 
be two mutually perpendicular lines through any point 
Oin the plane of the paper. We call the point O, the ori- 
gin. Now, choose a convenient unit of length and start- 
ing from the origin as zero, mark-off a number scale on 
the horizontal line X OX, positive to the right of the ori- 
gin O and negative to the left of origin O. Also, mark-off 


5 
4 
3 
2 
1 


the same scale on the vertical line Y OY, positive up- 7? 72 -1 
wards and negative downwards of the origin O. -2 
The line X OX is called the x-axis or axis of x, the line -3 
Y OY is known as the y-axis or axis of y, and the two pe 
lines taken together are called the coordinate axes or the » - 
axes of coordinates. 

Fig. 6.1 


CARTESIAN COORDINATES OF A POINT Let X'OX and 
Y'OY be the coordinate axes, and let P be any point in the plane. Draw perpendiculars PM 
and PN from P on x and y-axis respectively. The length of the directed line segment OM in the 
units of scale chosen is called the x-coordinate or abscissa of point P. Similarly, the length of the 
directed line segment ON on the same scale is called the y-coordinate or ordinate of point P. Let 
OM = x and ON = y. Then the position of the point P in the plane with respect to the 


6.1 
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coordinate axes is represented by the ordered (x, y). The 
ordered pair (x, y) is called the coordinates of point P. 
Thus, for a given point, the abscissa and ordinate are the 
distances of the given point from y-axis and x-axis 
respectively. 

The above system of coordinating an ordered pair 
(x, y) with every point in a plane is called the Rectan- 
gular Cartesian coordinate s ystem. 

It follows from the above discussion that co- 
rresponding to every point P in the Euclidean plane 
there is a unique ordered pair (x, y) of real numbers 
called its cartesian coordinates. Conversely, when we 
are given an ordered pair (x, y) and a Cartesian co- Fig. 6.2 

ordinate system, we can determine a point in the Eu- 

clidean plane having its coordinates (x, y). For this we mark-off a directed line segment 
OM = x on the x-axis and another directed line segment ON = y on y-axis. Now, draw 
perpendiculars at M and N to X and Y axes respectively; The point of intersection of these 
two perpendiculars determines point P in the Euclidean space having coordinates (x, y). 


Thus, there is one-to-one correspondence between the set of all ordered pairs (x, y) of real 
numbers and the points in the Euclidean plane, The set of all ordered pairs (x, y) of real 
numbers is called the Cartesian plane and is denoted и 

by RÈ. 


QUADRANTS Let Х'ОХ and Y'OY be the coordinate 
axes. We observe that the two axes divide the Euclid- i " 
ean plane into four regions, called the quadrants. The Quadrant 
regions XOY, X OY, X'OY' and КОХ are known as the „ en (5 +) 
first, the second, the third and the fourth quadrants re- 
spectively. The ray OX is taken as positive x-axis, OX' 
as negative x-axis, OY as positive y-axis and OY' as 
negative y-axis. In view of the above sign convention 
the four quadrants are characterised by the following 
signs of abscissa and ordinate. 
quadrant: x  0,y > 0 
II quadrant: x <0, y > 0 Fig. 6.3 
III quadrant: x < 0, y < 0 
IV quadrant: x > 0, y < 0 
The coordinates of the originare taken as (0, 0). The coordinates of an 
(x, 0) and the coordinates of any point on y-axis are of the form (0, 
15 zero, it would lie somewhere on the y-axis and if its ordinate is zero it would lie oy x 
It follows from the above discussion that by simply looking at th ; А 
can tell in which quadrant it would lie as dien Эн the f : “© coordinates of a point we 


ollowing illustra tion. 
REMARK | lf the coordinates of a point P are (x, y), we shall frequently refer to it as Pi 
REMARK 2 is evident from the above discussion that: 


(i) The abscissa ofa point is its perpendicular distance from Y-axis. 


V point on x-axis are of the form 
У). Thus, if the abscissa of a point 


-axis, 


X, y). 
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(ii) The ordinate ofa point is its perpendicular distance from x-axis. | 

(iii) The abscissa of every point situated on the right side of y-axis is positive and the abscissa of 
every point situated on the left side of y-axis is negative. | 

(iv) The ordinate of every point situated above x-axis is positive and that of every point below x- 
axis is negative. 

(v) The abscissa of every point on y-axis is zero. 
(vi) The ordinate of every point on x-axis is zero. 
(vii) Coordinates of the origin are O (0, 0). 


EXAMPLE 1 The base AB of two equilateral triangles ABC and ABC ‘with side 2a lies along the X- 
axis such that the mid-point of AB is at the origin as shown in Fig. 
6.4. Find the coordinates of the vertices C and C ‘of the triangles. 
SOLUTION Since the mid-point of AB is at the origin O and 
AB = 2a. 

OA - OB - a. 
Thus, the coordinates of A and B are (a, 0) and (~ a, 0) 
respectively. 
Since triangles ABC and ABC' are equilateral. Therefore, 
their third vertices C and C' lieon the perpendicular bisector 
of base AB. Clearly, Y OY is the perpendicular bisector of AB. 
Thus, C апа C' lie on Y-axis. Consequently, their 
x-coordinates are equal to zero. 


In A AOC, we have Fig. 6.4 i 
OA? + OC? = AC? [Using Pythagoras theorem] 

=> а? + ОС? = (2а)? [- AB = AC = BC and AB = 2a .. AC = 24] 

=? ОС? = 4 

> OC? = За? 

=> OC = 43a 

Similarly, by applying Pythagoras theorem in A AOC’, we have 
OC' ж V3 a 


Thus, the coordinates of C and C are (0, V3 a) and (0,—V3 а) respectively. 


RAMBLE 2 Find the coordinates of the vertices of an equilateral triangle of side 2a as shown in 
ig. 6.5, 


SOLUTION Since OAB is an equilateral triangle of side 
2a. Therefore, 

OA = AB = OB = 2a 
Let BL perpendicular from B on OA. Then, 


OL=LA=a х 

In A OLB, we have A(2a, 0) 
OB? = OL? + LB? aaa "Ma 

> (2a)? = а? + LB 

* ЕВ? = За? ү 
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> LB = J3 í 


Clearly, coordinates of O are (0, 0) and that of A are (24,0). Since OL=aand LB = V3 a. So, the 
coordinates of B are (a, 4/3 а). 


EXERCISE 6.1 
. On which axis do the following points lie? 

(i) P(5, 0) (ti) 000-2) (ii) R(-4,0) (iv) S(0,5) 
Let ABCD bea square of side 24. Find the coordinates of the vertices of this square when 


(1) A coincides with the origin and AB and AD are along OX and OY respectively. 
(ii) The centre of the square is at the origin and coordinate axes are parallel to the Sides 


AB and AD respectively. 


3. The base PQ of two equilateral triangles PQR and PQR' with side 2a lies along 


y-axis such that the mid-point of PQ is at the origin. Find the coordinates of the vertices 
К and R' of the triangles. 


— 


N 


Е Fe ANSWERS 
I. Pon x-axis, Q on y-axis, R on x-axis, Son y-axis 


2. () A(0,0), B(2a,0), C(2a, 2a), D(0,2a) (ii) Ala, a), B(-a,a), C(-a, -а), D(a,—a) 
3. R(V3a,0), R' (-4/3 a,0) 


6.3 DISTANCE BETWEEN TWO POINTS 


The distance between any tw 


о points in the plane is the length of the line segment joining 
them. 


THEOREM Тһе distance hetwetnitwo points P (3,1) and Q(x;, y.) is given by 


~~ s 7s 
РО = J(x; хў 6 – и)" 


ie., PQ = \ (Difference of abscissae) + (Difference of ordinates)? 


PROOF Let XOX and YOY be the coordinate axes. Let P(x; , y, and Q (x5, ν be two given 
points in the plane Draw PL and QM perpendicular Y 


from P and Q'on x-axis. From P draw PN perpendicular 
to QM. Then, 


OLE xı, OM = x3, PL = y, and QM = Vs 
PN = LM = OM - OL = х, - x, 
and, QN = QM - NM = QM - PL = y, - y, 
Clearly, ^ PNQ is a right triangle right angled at N. 
Therefore, by Pythagoras theorem, we have 


PQ? = PN? + QN? 


E PQ? = (x, - x! +(y - у) 
= РО = (х - ху) + (2-1) 
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Hence, distance btween апу two points is given by 


(Diff. of abscissae)* + (Diff. of ordinates)? 


NOTE FO is the origin and P (x, y) is any point, then from the above formula, we have 


OP = (x - 0 +(y-0) = V + у? 


SOME USEFUL POINTS 
(1) In order to prove that a given figure is a 
(i) square, prove that the four sides are equal and the diagonals are also equal. 
(ii) rhombus, prove that the four sides are equal. 
(iii) rectangle, prove that opposite sides are equal and the diagonals are also equal. 
(iv) parallelogram, prove that the opposite sides are equal. 


(v) parallelogram but not a rectangle, prove that its opposite sides are equal but the diagonals 
are not equal. 


(vi) rhombus but not a square, prove that its all sides are equal but the diagonals are not equal. 


(П) For three points to be collinear, prove that the sum of the distances between two pairs of points is 
equal to the third pair of points. 


Q.E.D 


LLUSTRATIVE EXAMPLES 


EXAMPLE 1 Find the distance between the points 

(i) P (—-6,7) and Q(-1, - 5) (ii) R(a + b, a — b) and S(a — b, — a — b) 
(iii) A(at?, 2at,) and B (at, 2at;) 
SOLUTION (i) Here, x, = -6, йу = Z and x; = -1, y; =-5 


5 PQ = J(x; - х1)? + ) 
> PQ = MAT FD- 7)? = 425 + 144 = V169 = 13 
(ii) Using distance formula, we obtain | 
RS N -b.—a— b. + (-a - b - a + b) = Jab? +40? = 24d? +b? 
(iii) Using distance formula, we obtain 


2 


=> AB = Ja? (t - SY (t5 +h)? 4à* (t fi) 
4-4 ( 0 N +h) +4 


EXAMPLE 2 Ifthe point (x, y) is equidistant from the points (a +b, ba) and (a b. a + b), prove that 
x= ay. 
SOLUTION Let Р(х, y), Q(a + b,b — a) and R (a — b, a + b) be the given points. Then, 


PQ = PR [Given] 


> Да yy +{y- 0-9} = {х (а 0) +{y-(a+b)} 


* (х (0+0) + (0-0-0) = 104-0 e (y - (a+b) 


f 


> „ 
2 
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= x! -2x (a4 b) + (a + b) +y? — 2y (b ~ a) * (b — ay 
= х? + (a — by? - 2x (a — b) + y? - 2y (a + b) + (a + by 

5 -2 x(a +b)-2y(b-a)=-2x(a-b)-2y (a+b) 

=> ax + bx + by — ay = ах — bx + ay + by 

=> 2 bx = 2 ay = bx = ay 


REMARK We know that a point which is equidistant from points Pand Q lies on the perpendicular 
bisector of PQ. Therefore, bx = ay is the equation of the perpendicular bisector of PQ. 
EXAMPLE з Find the equation of the perpendicular bisector of AB, where A and Bare the ports 
(3, 6) and (-3, 4) respectively. Also, find its point of intersecction with (1) x-axis (ii) y-axis. 
SOLUTION Let P (x,y) be any point on the perpendicular bisector of AB. Then, 

PA = PB 


=> Vix -3y + (y - 6) = f(x +3)? + (y - 4y 
- (x - 3)? + (y - 6? = (х +3} + (y - 4)? 
=> Y E +9 +y? —12у + 36 = x? +6х +9 + у? — By +16 
5 12x + 4y-20 =0 
EN 3x+y-5=0 * 
4 
EL 
* i E & 
A (3.8) 9 — B(3.4 
' 
Fig.6.7 


Hence, the equation of the perpendicular bisector of AB is 3x + y-520 
(i) We know that the coordinates of any 


i point on x-axis are of the form (x, 0). In other words, 
y-coordinate of every point on x-ax 


is is zero. So, putting y =0 in (i), we get 
3x25-0z red 


Thus, the perpendicular bisector of AB cuts x-axis at (5/3, 0). 


(ii) The coordinates of an 


Y point on y-axis are of the for А 
іп (i), we get m (0, y). Putting x 


= 0 
y- 5-0 => y= 5 
Thus, the perpendicular bisector of AB intersects Maxis at (0 5) 


EXAMPLE 4 Find the value of x, if the distance between the oints (y — : 
SOLUTION Let P (x,-1)and О (3, 2) be the given puln m it 1) and (3, 2) is 5. 
PQs5 


B 
5 V(x - 3)? +(—1- 2)? =5 [Given] 


25 (х – 3)? 792 52 


‚ 
-. 


| 


CO-ORDINATE GEOMETRY 6.7 


= x? - бх + 18 = 25 
=> x? -6x-7=0 => (x-7)(x+1)=0 = x=7 or, x=-1 
EXAMPLE 5 [f the points A (4, 3) and B (x, 5) are on the circle with centre О (2, 3), find the value 
of x. [CBSE 2009] 
SOLUTION Since A and B lie on the circle having centre О. 
5 ОА = ОВ [Each equal to radius] 
E (4-2)? +(3-3) = f(x - 2Y + (5 - ay! 
2 2= V(x - 2)? «4 
=> 4=(x-2)?+4 > (х-2)=0=х-2=0=—х=2. 
EXAMPLE 6 Finda point on x-axis which is equidistant from A (2, —5) and B (-2,9). 
[NGERT, CBSE 2009, 2017] 


SOLUTION We know that a point on x-axis is of the form (x, 0). So, let P (x, 0) be the point 
equidistant from A (2, —5) and B (A, 9). Then, 


PA = PB 
> (х 2) + (0+ 5) = y(x + 2) + (0-9)? 
=> (x — 2)? + 25 = (х -2) +81 
> * AX 4425-2 x! +4х+4 ll, 8 = 56 > х= –7 


Hence, the required point is (7, 0). 

EXAMPLE 7 Finda point on the y-axisavhich is equidistant from the point А (6, 5) and B (4, 3). 
[NCERT, CBSE 2017] 

SOLUTION We know that a point on y-axis is of the form (0, y). So, let the required point be 

P (0, y). Then, 


PA = PB 
> 36 + (ў - 5)? = 16 + (y - 3)? 
> 36 + y^—10y + 25 -16* y! -6y 9 > 4y=36 > y=9 


So, the required point is (0, 9). 
EXAMPLE 8 The x-coordinate of a point P is twice its y-coordinate. If P is equidistant from 


Q (2, —5) and R (—3, 6), then find the coordinates of P. [CBSE 2010, 2016] 
SOLUTION Let the coordinates of P be (x, y). It is given that x = 2y It is also given that 
РО = PR 


=> Je -2y +(y +5)" = (х +3)? + (y – 6)? 
< (2y - oF + (у + 5)” 5 V(2y + 3)? + (у = 6)? 
= V + 2y + 29 = J5y^ + 45 

= 


5y? +2y+29=5y +45 > 2у=16 => y-8 
Hence, the coordinates of P are (16, 8). 
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5 ‚? [f so, name the Lar: 

EXAMPLE 9 Do the points A (3, 2), B (2, -3) and C (2, 3) form a triangle? If INCERTI 

triangle formed. 

SOLUTION Using distance formula, we obtain 


AB = \(-2- 37 « C3 - 2) = 498125 = J50 

ВС = (2 +2) +03 + 3)2 = ‚16+ 36 = J52 
and, АС = (2-3) +-2 - fin A - 
Clearly, АВ + ВС > AC, AC + BC > AB and AB + AC > BC. Therefore, points A, B an 


› 2 2 төрөбөй BC is a right 
form a triangle. We also observe that BC? = AB? + АС. Therefore, AA 
triangle, right angled at A. 


А "nvHces of an 
EXAMPLE 10 Show that the points (a, а), (a, — a) and (- 3, Уза) am, ths са in 
equilateral triangle. Also, find its area. ; } — TIME 
SOLUTION Let A (a, a), B (a, — а) and C, q be the given points. Then, 


АВ = W- A +(-a—ay = Vas 4 эй 
BC = (a ay. +(УЗа+а)? 

~ ВС = Ja! I 

= ВС = ay(1 - /3)* +(1 + V3) 

= BC = а41+3 – 2 3+1+3+243 =а/8 - 242a 

and, AC = J(-43a - a +(/3а — ay. 

= AC = VENS +1) xa Scy 

= AC 0 iN 

=> AC = {81+ 248 5341-248 = a8 — 2/5, 


Clearly, we have 


АВ = BC =AC 
Hence; the triangle ABC formed by the 


H Biven points is an equilatera] triangle, 
OW, 


Area of A ABC = n (Side)? 


43 o» x5 
= — -— ? | 
z х АВ "nia (2V2a) Sq. units = 24/512 Sq. units 


EXAMPLE 11 Show that the points (1, — 1),(5, 2) and (9, 5) are 
SOLUTION Let A (1, 1), B(5, 2) and (9,5) be the Biven poi 


АВ = (5 - 1 + (2 + 1) = V16+9 =5 
ВС = ү(5 - 9} +(2- 5)2 = ү16+9 =5 


апа, AC = Ja -9? A= 5) = 64436 = 10 


Clearly, AC = AB + BC. Hence, A, B, C are collinear points. ! 


Collineay CBS 
nts. Then, we have "52006 C] 
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EXAMPLE 12 Show that four points (0, —1), (6, 7), (-2, 3) and (8, 3) are the vertices of a rectangle. 


Also, find its area. [CBSE 2013] 
SOLUTION Let A (0 — 1), B(6,7), C (-2, 3)and D (8, 3) be the given points. Then, 


AD = J(8- 0) + (31 = //61 +16 = 45 

pc = (+2 «0-37 = Vesa ©®® E 
AC = J(-2- 0)? + (3 +1)? = Va +16 = 2/8 

and, вр = (8 - 6)? + (3- 7X. = JA 216 = 24/5 


AD = BC and AC = BD 10. —5 Acs 008. 3) 
So, ADBC isa parallelogram. P 


Now, АВ = (6-0) +(7 + 1)2 = V36 + 64 = 10 and, CD Дай 2) + (3 - 3)" = 10 


Clearly, АВ? = AD? + DB? and CD? = CB? + BDY 
Hence, ADBC isa rectangle. 

Area of rectangle ADBC = AD x DB = (44/5 x 2V5) sq. units = 40 sq. units 
EXAMPLE 13 Show that A (6, 4), B(5, —2) and.C (7, 2) are the vertices of an isosceles triangle. 
Also, find the length of the median through A, [CBSE 2010] 
SOLUTION Wehave 


AB = (6-5)? + (44 2% = 487 , AC = (6-7)? + (4 + 2) = J37 


А (6, 4) 


В (5, -2) D (6, -2) С (7, -2) 
Fig. 6.9 
AB = AC 
So, A ABC is isosceles. 


А 5+7 -2-2 
Let D be the mid-point of BC. Then, coordinates of D are ( 2" 2-2) i.e. (6, —2). 


AD = (6 – 6)? +(4+ 2° = V3 =6 


EXAMPLE 14 If P (2,-1), Q (3,4), R(-2,3) and 5 (i, ) be four points in a plane, show that 
PQRS isa rhombus but not a square. Find the area of the rhombus, [CBSE 2013] 


SOLUTION 


› 5 -3, -2) ы 
The given points аге P (2,-1), Q (3,4), R(-2,3) and 5( 


We have, S (-3, -2) 
| F am 22 Em f 24 
PQ = y(3-2)? + (44.1) = JI +5? = J26 units 
ОК = \(-2- 3)? 43-4) - Jal = J26 units 
` - — | T 
RS = J(-3 + 2 4 (-2 M = J1+ 25 = 4/26 units 
SP 24(-3-2y + {—2 + 1)? = J26 units P (2.1) О (3,4) 
= ALI Fig. 6.10 
PR = 4(-2 - 2 « (31? „Her 16 = 442 units 
and, QS = 4(-3- 3)? + (-2- 4)? V + 36 = 642 units 
PQ = QR = RS = SP = 4/26 units 
and, РК = QS 


Chis means that PORS isa quadrilater 


Th IRS is a rhombus but nota square. 
Now, Area of rhombus PORS 
1 "2 
7 5 XCAR xQS) = 
EXAMPLE 15 Find the coordinates of the 


(0, 0), (-2, 1) and (, 2). Also, find its radius, 
SOLUTION Let P (x, be the centre of the 
A (-2, and B (, Y). Then, 


OP = AP = BP 
Now, ОР = AP 
> Qn e Ap? 
> = (x + 2)? « (y 1)? 
> 1 4 х +y? + ay 2y +5 
E 41 2/75 20 
and, OP = BP 
ОР? = BP? 
> vy = (x 37 «(y - 2 
=> х? +2 = ү? + у? 6x - 4y + 13 
6x -4y + 13 = 0 


1 
277 
centre of the circle 


circle passing through the 


al whose sides are equal but diagonals are not equal. 


| я: 
5 * (Product of lengths of diagonals) 


x 442x642 Sq.units = 24 Sq. units 


passing through the points 


points О (О, О), 


В(-3, 2) 


(i) 


Fig. 6.11 


(ii) 


„ hd сле жуз 


CO-ORDINATE GEOMETRY 6.11 


On solving equations (i) and (ii), we get: x = 5 and y= » : 


Thus, the coordinates of the centre аге | 22 


Radius = ОР = 4x? + y? = E - ; Vi30 units. 


EXAMPLE 16 If (—4, 0) and (4,0) are two vertices of an equilateral triangle, find the coordinates 
of its third vertex. è [CBSE 2014] ш 
SOLUTION Let C (x, y) be the third vertex of triangle ABC having two vertices at A (—4,0) 
and B(4,0). Since A ABC is equilateral, Therefore, 

AC = BC = AB Yi "E 
Now, AC = BC € (x, v) 


=> V(x + 4)? + (y - 0 = J(x - 4)? + (y - 0)? 
= (х +4)? «y? =(х-4)? + у? "чч — 
16x = 0 X А-4, 0) B(40) X 
= x= 0 
Again, 
AC = BC = AB р 
= AC = AB Y" 
=> Мх + 4)? +(у-0)7 = ‚(4 + 95. 0? Fig. 6.12 / 
=> (х +4)? +y = 64 
=> (0+ 4) +? =64 [- x = 0] 
= у? = 48 


Hence, the coordinates of the third vertex are C (0, 4/3) and D (0, - 44/3). 


EXAMPLE 17 Points A (-L y) and B (5,7) lieonacircle with centre О (2,—3y). Find the values 


of y. Hence, find the radius of the circle. [CBSE 2014] 
SOLUTION Since O is the centre of the circle and A, B are points on its circumference. 


OA = OB = Radius 

OA = OB 

9+ 16y? = 9 + (3y «7 

16% = 9y? + 42у + 49 

77 – 42у - 49 = 0 

y? - 60-7 = 0 

(у –7)(у+1) =0 >y = –1,7 

CASE! When y = –1: In this case 

The coordinates of О, A and B are O (2,3), A (-1, - 1) and B(5,7) respectively. 


SFO OM esee 


Uuuyuvu uu us 


Fig. 6.13 


Radius = OA = (2 +1)? +(3 +1)? = 5 
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CASEI! When V 77: In this case ctively. 
spe ) 
The coordinates О, A and Bare О (2,21), A (-1,7) and B (5,7) resp 


2 2 - J793 
Radius = OA = 2 + 1) +(-21-7)? = JI + 784 Me 


d triangle 
vertices of right angled trian 
анал». Fase 2), B(2, — 2) and C (2,1) are the vertices of rig [CBSE 201 


247 


£ B = 90° , then find the value of t. | 
— : Te ain 
SOLUTION Using Pythagoras theorem in right triangle ABC, we obté 


с 2 
AC? = AB? + pc? ; 
= (5 +2)" + (2-17 = (5-2)# C 2 + (2 + 2)2 + (-2 2] 
= 49+ (4 - 4t P) = (9+ 16) + (16 +44 4t +) 
=> 5 46+ 53 = 2.4. 45 
— -8 --8 в (2, — 
=> Ez] 


EVEL-2 


1 2a 


t 
EXAMPLE 19 If P and О are two points whose coordinatesare (ар, 2at) and | 


1 1 
and S is the point (a, 0). Show that 5р ^ 50 is independent of t. 


SOLUTION Using distance formula, we obtain 


SP = Matz - а)? + (2at - oy -a(P -1? +42 = a(t? + 1) 


2 3 o) 
and, = p ^N | 
=> L О-У 42.2 ру а i it 
Ё p = = ( + Ё ) 
А 1 1 Ё 
ВФ р nts 
SP^SQ a(t? +1) a (£^ +1) 
1 1 1+? 1 
— 


ED cy oa oe = — Which is; 

SP SQ a(l, 1) a ich is independent of +. 

EXAMPLE 20 [f two vertices of an equilateral triangle be (0, 0), (3 43) fido 
а , } К t le 


| third vertex. 
the given Points and let B (x, V) be this 


SOLUTION O, o) and A(3, /3 )be 
equilateral A OAB. Then, 
OA = OB = AB 
> ОА? = OB? = АВ? 
we have, ОА? = (3-0) + (V3 – 0} = 12, 


OB = x? + у? 


CO-ORDINATE GEOMETRY 


and, АВ? = (x 37 + (у – /3) 


=> АВ? = х? + у? — 6x -243y +12 
ОА? = ОВ? = АВ? 
=> ОА? = OB? and OB? = AB? 
=> x? + у? = 12 
and, x ty? = x? ey! -6x-243y +12 
=> х? + у? = 12 and 6x + 2/3 y = 12 
=> st y? =12 and 3x + 3 y-6 Fig. 6.15 
=> y (Sx | = 12 E 34+ N e А 7 
=> Зх? + (6 – Зх)? = 36 
=> 12x - 36x = 0 
=> х= 0,3 
х=0 = VBy=6 > у= 7 - 243 [ Putting x = O in 3x + V3y = 6 | 


L9 
and. х=3 = 9+ Зу = 6 y S NS [ Putting x = 3in 3x + уЗу = 6] 


Hence, the coordinates of the third vertex B are (0, 24/3) or, (3, — 43). 
EXAMPLE 21 Find the coordinates of the circumcentre of the triangle whose vertices are 


(8, 6), (8, 2) and (2, 2). Also, find its circum-radius. 
SOLUTION Recall thatthe circumcentre of a triangle is equidistant from the vertices of a 
triangle. Let A (8, 6),.B (8, -2) and C (2, -2) be the vertices of the given triangle and let P (x, y) 


be the circumcentre of this triangle. Then, 


PA РВ PC 
= PA? рв? = PC? 
Now, PA? = PB? 
= (x BP + (y- 6)? = (х – 8) «(y + 2? 
x $a? 16 -12y +100 = х2 y? - 16x + 4y + 68 
> 16у = 32 
5 у= 2 
апа, PB? = PC? 
= (x – 8)? + (y+ 2? = (x - 2? «(y +2)? 
=> x? ey! — lox + dy + 68 = л? +y? -4х+4у+8 
> 12x = 60 


x=5 
So, the coordinates of the circumcentre P are (5, 2). 


Also, _ Circum-radius = PA = PB = PC = y(5~8)* + (2-6)? = 5 


X 


: © 
MATHEMAT ICs 
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7 ts , ] 4 rdina ce 
| | и ак, | : ; li L ints o a square be (3, )and (1 t ) 

0 ке mmng an | le po ils. f $ [ 

| | - iven angu 
~ OLU | N et, 3C - Я ^ ‚ат AC i Jand C (1, 1) be the g ‚ ] 


Let B(x, y) be the unknown vertex, е С(1. –1) 


ar points. 


Then, AB - BC 


> AB* = BC? 
> (x – 3)? + (y 4)? sr] (у + 1)? 
— 4x + 10у -23- 0 
23 10% | А(8. 4) Bev 
р = Fig. 6.17 
In right-angled triangle ABC, we have 
АВ? + BC? = AC? 
=> G- + (y—4) «(x-1? e (y 1! = (3-4? eas їй? (а) 


> 4 y? Ax 3y-1=0 
Substituting the value of x from (i) into (ii), we get 


— 


ну? -3-10y)-3y -10 


|) 


47 -12y+5=0 = (2y 90027 5) 0 = y= 


— 
AA 
Nilo 


| 5 9 á 
Putting / = and у= 2 respectively in (i), we get x = 2 and x = =} respectively. 
2 2 


Hence, the required vertices of the Square are (9/2, 1/2) and ( 1/2, 5/2). 


EXAMPLE 23 Pope that the points (—3, 0), (1, ) and (4, 1) are the vertice 


Nuts ( 5 of an isosceles right- 
angled triangle. Find the area of this triangle. 


SOLUTION bet A(-3,0) B(1,-3) and C (4, 1) be the given points. Then, 


AB SAI - (-3)}? + (53 - 0)? = J4? + (-3 = 6:9 =5 units 
Y 


Do 


CO-ORDINATE GEOMETRY 6.15 
ВС = J(4 - 1? + (1+ 3)? = ie = 5 units 
and, СА = (4+ 3) o = 1/49 +1 = 5V2 units. 
Clearly, AB= BC. Therefore, A ABC is isosceles. 
Also, АВ? + BC? = 25 + 25 = (5/2)? = СА? j 
^ A ABC is right-angled at B. 
Thus, ^ ABC isa right-angled isosceles triangle. 
Now, Area of A ABC = ; (Base x Height) = 5 (АВх BC) zl 75 5х5 Jsa units = 27 4. units 
Е = = - EXERCISE 6.2 
1. Find the distance between the following pair of points : 
(i) (-6,7) and (—1,—5) 
(ii) (a+b, b+ c) and (a- b, c — b) 
(iii) (a sina, — b cos a) and (а cos а, b sin a) 
(iv) (a, 0) and (0, b) f 
2. Find the value of à when the distance between the points (3, а) and (4, 1) is Ло. ' 
3. If the points (2, 1) and (1,-2) are equidistant from the point (x, y), show that 
x+3y=0. j 
4. Find the values of x, y if the distances of the point (x, y) from (, 0) as well as from (3, 0) 
are 4. 
5. The length of a line segment is of 10 units and the coordinates of one end-point are 
(2,-3). If the abscissa of the other end is 10, find the ordinate of the other end. 
6. Show that the points ( 4-1), (-2, - 4), (4, 0) and (2, 3) are the vertices points of a 
rectangle. [CBSE 2006 C] 
7. Show that the points A (I 2), B G, 6), C (5, 10) and D (3, 2) are the vertices of a 
parallelogram. 
8. Prove that the points A (1, 7), B (4, 2), C (-1, -1) and DA, 4) are the vertices of a square. 
[NCERT] 
9. Prove thatthe points (3, 0), (6, 4) and (- 1, 3) are vertices of a right-angled isosceles К 
triangle. [CBSE 2006 C] 
10. Provethat (2; 2), (-2, I) and (5, 2) are the vertices of a right angled triangle. Find the area " 
of the triangle and the length of the hypotenuse. [CBSE 2016] { 
11. Prove that the points (2 a, 4a), (24, 6a) and (2a + Ha, 5a) are the vertices of an equilateral 
triangle. 


12. Prove that the points (2, 3), CA, —6) and (1,3/2) do not forma triangle. 
13. The points A (2, 9), B (a, 5) and C (5, 5) are the vertices of a triangle ABC right angled at B. 


Find the values of a and hence the area of A ABC. [NCERT EXEMPLAR] 
14. Show that the quadrilateral whose vertices are (2, –1), (3, 4), (-2, 3) and (-3, 2) is a 
rhombus. 


15. Two vertices of an isosceles triangle are (2, 0) and (2, 5). Find the third vertex if the length 
of the equal sides is 3. 


6.16 


. (i) Show that the points A(5, 6), B (1, 5), C(2, 1) and D(6, 


. Find the point on-axis which is equidistant from 
. Find the value of x such that PQ = ОК where the 


. Prove thatthe points (0, 0), (5,5) and (-5, 


lt the point P (k - 1,2) is equidistant from the 


Which point on x-axis is equidistant from (5, 9) and (- 4, 6)? 


. Prove that the points (~ 2,5), (0, 1) and (2, - 3) are collinear. 


The coordinates of the point P аге (H, 2). Find the coordinates of the point О which lies 
on the line joining P and origin such that OP = OQ. 

Which point on y-axis is equidistant from (2, 3) and (- 4, 1)? 

he three vertices of a parallelogram are (3, 4), (3, S) and (9, 8). Find the fourth vertex. 
Find a point which is equidistant from the points A (—5,4) and B (A, 6). How many such 


points are there? [NCERT EXEMPLAR} 
The centre of a circle is (2a, — 7). Find the values of a if the circle passes through the point 
(11, -9) and has diameter 10% units. INCERT EXEMPLAR} 


Ayush starts walking from his house to office. Instead of going to the office directly, he 
goes toa bank first, from there to his daughter's school and then reaches the office. What 
is the extra distance travelled by Ayush in reaching the office? (Assume that all 
distances covered are in straight lines). If the house is situated at (2, 4), bank at (5, 8), 
school at (13, 14) and office at (13, 26) and coordinates are in kilometers, 


[INCERT EXEMPLAR] 


. Find the value of k, if the point P (0, 2) is equidistant from (3, k) and (k, 5). 


If (—4, 3) and (4, 3) are two vertices of an equilateral triangle, find the coordinates of the 
third vertex, given that the origin lies in the (i) interior, (ii) exterior of the triangle. 
[NCERT EXEMPLAR] 


Show that the points (—3, 2), (-5, -5), (2, -3) and (4, 3) arethevertices of a rhombus. Find 


the area of this rhombus. 


. Find the coordinates of the circumcentre of the triangle whose vertices are (3, 0), 


(I, -6) and (4,-1). Also, find its circumradius. 
Find a point on the x-axis which is equidistant from the points (7, 6) and (-3, 4). 


[CBSE 2005] 

2) are the vertices of a 
[CBSE 2004] 

2, 2), C (-1, 2), and D (3, -1) are the vertices of 
[CBSE 2013] 

(iii) Name the type-of triangle POR formed by the points P (, W. -42, - 42) 
and R (- 6, V6) 


square. 
(ii) Prove that the points A (2, 3), B (- 
asquare ABCD. 


[NCERT EXEMPLAR] 

the points (i, 5) and (2,-3). 
[CBSE 2004] 
coordinates of Р, Q and R are (6,-1), 
[CBSE 2005] 
à right isosceles triangle. 
[CBSE 2005] 


(1, 3) and (x, 8) respectively. 


5) are the vertices of 


If the point P(x, y ) is equidistant from the points A(5, 1) and B (1, 5), prove that 
ee MT X : [CBSE 2005] 
. ТЕС (0, 1) is equaidistant from P (5, -3) and R (x, 6), find the values of x. Also, find the 
distances QR andPR. INCERT] 
. Find the values of y for which the distance between the points P (2, —3) and 
Q (10, y) is 10 units. D ' INCERTI 


points A(3,k)and B (x, 5), find the 
[CBSE 2014] 


values of k. 


CO-ORDINATE GEOMETRY -— 


37. If the point A (0,2) is equidistant from the points B (3, p) and C(p,5), find p. Also, find 


the length of AB. ICBSE 2014] 
38. Name the quadrilateral formed, if any, by the following points, and give reasons for your 
answers: 
(i) A(-1, - 2), B(1,0), C (-1,2), D (-3,0) / 
(ii) AC3,5,BG,1) C(0,3), DA, - 4) ó 
(iii) A (4, 5), B (7, 6), C (4, 3), D (1, 2) [NCERT] 
39. Find the equation of the perpendicular bisector of the line segment joining 
(7, 1) and (3, 5). [NCERT] 
40. Prove that the points (3, 0), (4, 5), (-1, 4) and (-2, –1), taken in order, forma rhombus. 
Also, find its area. [NCERT] 
41. Inthe seating arrangement of desks in a classroom three students Rohini, Sandhya and 
Bina are seated at A (3, 1), B (6, 4) and C (8, 6). Do you think they are seated in a line? (n, 
42. Find a point on y-axis which is equidistant from the points (5, and (- 3, 2). 
[CBSE 2009] 
43. Find arelation between x and y such that the point (x, y) is equidistant from the points (3, 
6) and (-3, 4). [NCERT] 
44. If a point A (0, 2) isequidistant from the points В (3, p) and C(p, 5), then find the value 
of p. |CBSE 2012, 2013] ) 
45. Prove that the points (7, 10), (-2, 5) and (3, - 4) are the vertices of an isosceles right 
triangle. [CBSE 2013] А 
46. If the point P (x, 3) is equidistant from the points A (7,1) and B (6, 8), find the value of j 
x and find the distance AP. [CBSE 2014] i 
47. If A (3, y) is equidistant from points P(8,-3) and Q (7,6), find the vaue of y and find 
the distance AQ. [CBSE 2014] 
48. If (0, -3) and (0, 3) are the two vertices of an equilateral triangle, find the coordinates of 
its third vertex. [CBSE 2014] 
49. If the point P (2, 2) is equidistant from the points А (-2, К) and B (2k,—3), find k. Also, 
find the length of AP. [CBSE 2014] 
50. Show that A АВС where А (2, 0), B (2, 0), С (0, 2) and АРОК, where P (-4, 0), 
Q (4, 0), R (0, 4) are similar . [CBSE 2017] 


LEVEL 

51. An-equilateral triangle has two vertices at the points (3, 4) and (- 2, 3), find the 
coordinates of the third vertex. 

52. Find the circumcentre of the triangle whose vertices are (-2, —3), (- 1, 0), (7, 6). 

53. Find the angle subtended at the origin by the line segment whose end points are 
(0, 100) and (10, 0). 

54. Find the centre of the circle passing through (5, – 8), (2, - 9) and (2, 1). 

55. If two opposite vertices of a square are (5, 4) and (1, —6), find the coordinates of its 
remaining two vertices. 

56. Find the centre of the circle passing through (6, — 6), (3, 7) and (3, 3). 

57. Twoopposite vertices of a square are (-1, 2) and (3, 2). Find the coordinates of other two 
vertices. 

—— — ANSWERS 


l. (i) 13 (ii) 2/2Ь (iii) Ja? + b° (sina + cosa) (iv) „Ја? +b? 2 4,-2 


the segment joining A and B such that 
segment ABinternally in the ratio m : n. 


If Pisa point on AB produced such th 
external 


A 


yin the ratio m:n 


Fig. 6.20 


AP: BPS Mm: u. Then, 
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: 10 25 sq. units, 5J/2 
4 x-0,y-2t47 5, 3,-9 2 
өн. [з-Ж 5] (243) % 18-2) 
13. a=2, Area = 6 sq. units. 15, y Qu Sg "9 
\ 
19. (0,-1) 20. (9,4) А I 
ints which are solutions of th« 
21. (-3, 5). Infinite number of points. Infact all the points which are 
equation 2x + y+ 1=0, 

22. a=5,3 23. 24km 24. 1 

25. (i) (0,3 - 4/3) (ii) (0,3 + 4%) 26. 45 sq: units 

27. (1,-3), V13 units 28. (3,0) 29. (iii) Equilateral 

30. (2,0) 31. 5,-3 

M. х= -4,4; ОК = AI units; PR = 482, 942 units 35> у =3,-9 

37. =I, Vi 36. k 21,5 

38. (i) Square (ii) Nota quadrilateral (iii) parallelogram 

39. x-y=2 40. 24 sq. units 41. Yes. 42. (0,—2) 

43. 3v+y=5 44. p=1 46. x = 2, V41 units 

47. y=1,AQ = V41 units 48. (343,0), -3 43,0) 49. k = -1,-3; Ар = 5 
[1+3 7-5V3) (1-43 78/5 

=e! З р a 2 52. (3,-3) 53. 90° 

54. (2, -4) 55. (8,- 3), and (-2, 1) 56. (3,-2) 57. (1, 0) and (1, 4) 
6.4 SECTION FORMULAE 
Let A and B be two points in the plane of the paper as shown 


in Fig. 6.19 and Pbea point on 
We say that the Point P divides 


«eo coL чу аг A 


CO-ORDINATE GEOMETRY E 
is section, we shall devel section formula, for finding 
In this op a formula, generally known as sectio n which P 


the coordinates of P when we are given the coordinates of A and B and the ratio i 
divides AB internally. 


THEOREM Prove that the coordinates of the point which divides the line segment joining the points 
(ху) and (x5, y2) internally in the ratio in : n are given by 


( y = Ma nx y = У + у | 
m+n m+n 
PROOF Let О be the origin and let OX and OY be the x-axis and y-axis respectively. Let 
A (ху, уу) and B (x5, у») be the given points. Let (x, y) be the coordinates of the point P which 
divides AB internally in the ratio m : n. Draw AL L OX, BM L OX, PN 1 OX Also, draw AH 
and PK perpendiculars from A and Роп PN and BM respectively. Then, 
OL = ху, ON = x, ОМ = xj, AL = V, PN = y and BM = y; 


= 


AH = LN = ON -OL = x - xj, PH = PN - HN = PN - AL Зу — уў 
PK = NM = OM -ON = х, – х 
and, BK = BM - MK = BM -PN = y, -y 
Clearly, triangle AHP and PKB are similar. 
AP AH _ PH 
BP РК BK 
" m ox-x У-и 
п ху=х ½ | 
-Y 4 
Now, Tl ' 
= mx, — MX = nx — nx, 
=> MX + ПХ = MX, + NX; 
E 1 Rs 
m+n 
and, Lo: = У- Ж — 
п GW 
= туз ту = ny 
> my n ту, + ny, 
> fe eh Fig. 6.21 
mn 
Thus, the coordinates of P are 


тху + NN, Mya + Пу | 
| m+n ^ mtn 
NOTE ЈЕР is the mid-point of AB, then it divides AB in the ratio 1 : 1, so its coordinates are 
== ый] [308 изм) 
1+1 171 a" g 
NOTE2 Fig. 6.22 will help to remember the section formula. 


Азу) Р Bir, % 


X 


ICS- 


МАТНЕМ АЛ 


6.20 


á m 
' " "n Te À = —, 
NOTES — Theratio men cam also be writtenas m l, or A: 1, where T 


7 
points А (х, M1) ani 


: SRR, 0 ; ait inii he 
So, the coordinates of point P dividing the line segment joining t 
B (X5, V.) are 


aT m ^ 
„ Em 1 Yo + Vi Ао +X, АУ + И 
( MX, +X, туу + ny, | H * n = =| — — L1 
—M à : Š = , Э F + 
т+п т+п "T ag S ad kt] : 


lype 1 ON FINDING THE SECTION POINT WHEN THE SECTION RATIONS GIVEN 


EXAMPLE 1 Find the coordinates of the point which divides the line segment joining the points (6, 
3) and (+t, 5) in the ratio 3:2 internally. 
SOLUTION Let P(x, y) be the required point. Then, 


3х-4+2х6 3х5 +2х3 
X = ————— and y= 
3+2 | 3+2 
21 
5 х = Qand y = — 
5 
—Є— 3 A — 2- 
* ¶— a _, 
A(6, 3) Р(х,у) В(—4,5) 
Fig. 6.23 


So, the coordinates of Р aré (0, 21/5). 


EXAMPLE 2 Find the coordinates of points which trisect the line 


segment joining (1, —2) and 


-3, 4) 
(-3, 4). PAX. [CBSE 2017] 
SOLUTION Let and B (-3, J be the giv ints э points Ser 
St ip 10 ( Vn ай | )be the given points. Let the points of trisection be P and 


Fig. 6.24 
PB = PQ + OB = V. and AQ = AP + РО = 2). 


= 4: PE N 1. 2 and AQ:QB=2:) ~ 2:1 
50, P divides AB internally in the ratio 1 2 while Q livi - 
2 divides internal], ; 
ally in the 


the coordinates of P and Qare ratio 2 : 1. үн 


1121 1 1* 472 2 
рі 2259 „ =F y 
1+2 1+2 = P| =,0] 
Q ыйа. БЫА. 2x 4+1 x (-2)) 5 
| 241] 241 A Q| 3| respectively 


Hence, the two points of trisection are (-1/3, 0) and (-5/3, 2) 
REMARK А5 Q is the mid-point of BP. So, the coordinates of ) : 
mid-point formula ~O Q can also be obta р 
“med by üs; 
. "He 
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Type ll. ON FINDING THE SECTION RATIO OR AN END POINT OF THE SEGMENT WHEN THE 
We SECTION POINT IS GIVEN 


EXAMPLE 3. In what ratio does the x-axis divide the line segment joining the points (2, -3) and 
(5, 6)? Also, find the coordinates of the point of intersection. 


SOLUTION Let the required ratio be : l. Then, the coordinates of the point of division are, 
к[ SA+2 64 - 3) 
+1” А41 


* Р 
Fig. 6.25 
But, it is a point on x-axis on which y-coordínates of every point is zero. 
A+1 2 


Thus, the required ratio is 2:1 ог, 1:2. 
Putting A = 1/2 in the coordinates oF R. we find that its coordinates are (3, 0). 
EXAMPLE 4 In what ratio does the y-axis divide the line segment joining the point P (—4, 5) and Q 
(3,~7)? Also, find the coordinales.of the point of intersection. | 
SOLUTION Supposex-axis divides РО in the ratio à : 1. Then, the coordinates of the point of 
division are И 

aW S zr 


Fig. 6.26 


JI~ 


* 


ДЬ. e 


* 


MATHEMATIC? 


a $ 
: DEDE) -axis 15 ZeTC 
Since R lies on y-axis and x-coordinate of ev ery point on y- 


3) 4 
d 4 0 > 3,-4-0 > A= 1 
А + 1 х 


E 
5 


; 4 
Hence, the required ratio is A i. e., 4: 


-13) 
А Б its coordinates аге | 0, ". ) ` 
Putting A = 4/3 in the coordinates of R, we find that its coorc á 


А — A 
7777 n есе nine tu 10/1115 / 
EXAMPLE 5 In what ratio does the point C (3/5, 11/5) divide the line зве ти nt joining 
(3, 5) and B (—3, -2)? | b. | 
і io) T '" COOT ates of C are 
SOLUTION уе the point C divide AB in the ratio : l. Then, the coordinate 


A41" X4] 


рв A juvenes aor modi oae 
— — 7˙—: 222 
A(3, 5) С B(-3, -2) 
Fig. 6.27 
But, the coordinates of C are given as (3/5, 11/5). 
34. +3 3 2). + 5 11 
= 2 and — 
A+] 5 A+] 5 


ISA + 15 = 32 + Запа - 101 25 ПА +11 


> 18. = I2and 214 = 14 


wit 


Hence, the point C divides AB in the ratio 2 : 3. 
EXAMPLE 6 If the point C (-T; 2) divides internally the line seeme nt joining A (2 
3:4, find the coordinatéSof B. 


SOLUTION Let the coordinates of B be (a, B). It is given that AC : BC 23:4, So, 
ordinates of Care 


2,5)and B in ratio 


the co- 


SN 30 a ee 
A(2. 5) C(-1, 2) B(a, 3%) 
Fig. 6.28 
3a +4х2 3B+4x5 _{3a+8 3B + 20) 
с Sta - Bed Ju 7 7 |J 
But, the coordinates of C are (-1, 2) 
За + 8 3p + 20 
—— — = -land S —=2 
/ 
5 a = —Sand В = 2 
hus, the coordinates of В are (-5, -2) 
EXAMPLE 7 Determine the ratio in which the line 3x 4 
* у = 9 = › 
points (1 3) and (2. 7) = O divides the see 


ment joining the 


BSE 2008] 


con nt 
coordinates of с s joining 4 (1,3) ana 


SOL UTION Suppose i line 3x+y-9=9 divides the line 
B (2, 7) in the ratio К: at point C. Then, the к 


Q0 vo oL — и тарата 
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2k +1 7k+3 
| kel” TT) 
But, C lies on 3x + y 9 =0. Therefore, 
| 2k + J " 7k +3 
* ＋ 1 * 1 
So, the required ratio is 3 : 4 internally. 


EXAMPLE 8 Find the ratio in which the point (cn, p) divides the line segment joining Рат 
(-5, -4) and (—2, 3). Hence, find the value of p. [CBSE 2016] 
SOLUTION Suppose the point P (-3, p) divides the line segment joining points 
A (-5, 4) and В (-2, 3) in the ratio К: 1. 


3 
-9=0 => Gk+34+7k+3-9k-I9=O=>k=7 


А -2k -5 3k-4 
Then, the coordinates of Pare | - 
k+1 k+l] 
But, the coordinates of P are given as (-3, р). 
220-5 and iy | 
К +1 k+1 
4 n 
k+1 
3k-4 / 
k = 2and p = ——— | 
E мер К+1 i 
= К = 2and p = 2/3 


Hence, the ratio is 2: 1 and р = 2/3. 

Type III ON DETERMINATION OF THE TYPE OF A GIVEN QUADRILATERAL 

EXAMPLE 9 Prove that the points (42, -1), (1, 0), (4, 3) and (1, 2) are the vertices of a parallelo- 
gram. Is it a rectangle? 

SOLUTION Let the given point be A, B, C and D respectively. Then, 


-2+4 -1+3 
Coordinates of the mid-point of AC are (=, T | = (1, 1) 


Coordinates of the mid-point of BD are | : 25 . — = (1, 1) 
Thus, AC and BD have the same mid-point. Hence, ABCD is a parallelogram. 
Now, we shall see whether ABCD is a rectangle or not. 


We have, 


AC = "T -EJF + (9 - 71? = 2413 
and, BD = Ja - 1? «(0-2) =2 


Clearly, AC = BD. So, ABCD is nota rectangle. 
EXAMPLE 10 Prove that (4, 1), (6,0), (7, 2) and (5, 1) are the vertices ofa rhombus. Is it a square? 
SOLUTION Let the given points be A, В, Cand D respectively. Then, 


4+7 -= 
Coordinates of the mid-point of AC are — cL | К (=. 2 


6.24 


С^ 
БЯ 
л 
e 
— 
— 
Т 
ре 
— 
Nie 
— 


Coordinates of the mid-point of BD are | " E 
\ 


Thus, AC and BD have the same mid-point. 
Hence, ABCD is a parallelogram. 


Now, 
—— 2.0-0y 245 
АВ = N 4? + (0 +1)7 = V5, BC = (7 - 6. « (2 - 0) 


AB = BC 
So, ABCD isa parallelogram whose adjacent sides are equal. 
Hence, ABCD isa rhombus. 
We have, 


АС = ү(7 - 4)? + (2 +1)? = 342, and, BD = (6 - N (0.— 1)? = V2 


Clearly, АС = BD. So, ABCDisnota square, 


Type ТҮ ON FINDING THE UNKNOWN VERTEX FROM GIVEN POINTS 
EXAMPLE 11 The three vertices of a parallelogram taken in order are (=, 0), (3, 1) ani 
(2, 2) respectively. Find the coordinates of the fourth vertex. , 
SOLUTION Let A (-1,0), B (3, 1), С (2,2) and D(x, y) bethevertices of a parallelogram А ВС) 
taken in order, Since, the diagonals of a parallelogram bisect each other. 

Coordinates of the mid-pointof AC = Coordinates of the mid-point of BIO 


1. Y (See s] 
=> = 1] = — — 
2 / \ 2 2 
3+x 3 y+ 
RÀ 2 Э 1 
= * and / = 1 


Hence, the fourth vertex of the parallelogram is (, 1). 


EXAMPLE 12 If the points A (6, 1), B (8, 2), C (9, 4) and D (b, 3) are 
taken in order, find the value of p. 


SOLUTION We know that the diagonals of а parallelo 
coordinates of the mid-point of diagonal AC ares 


the vertices ofa pa r'alleloera,,, 


Bram bisect e 


ach othe 
ame as the c ; er. So, 
diagonal BD. “coordinates of the Mid-point of 
fete 1+4) "i кр 243 
2 2 * 2 2 | 
( 15 =) С. 5) 
" N2*M ^7 
15 8+р £ 
=> = » * IS=8+p > p=7 


EXAMPLE 13 If А022, —1), B (2,0), C (4,b) апар 
the values of a and b. 


S ; 


| 
| 6.25 
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SOLUTION We know that the diagonals of a parallelogram bisect each other. Therefore, the 
coordinates of the mid-point of AC are same as the coordinates of the mid -point of BD i.e., 
(2H = 2 


+ 


2 " 5 2 2 
(1251) „(21 | 
E.) + 2 2 + 
а+1 b-1 
= land —— =] 
ы 2 — 
EN a+1=2 and b-1-2 
> a=1 апа b=3 


Hence, a=1 апа b=3 - 


EXAMPLE 14 If the coordinates of the mid-points of the sides of a trinngle are (1, 2) (0, ＋ and 
(2, 1). Find the coordinates of its vertices. | 

SOLUTION Let А (ху, у), B(x;, y;) and C (xz, уз) be the vertices of A ABC. Let D (1, 2), 
E (0,-1), and F (2, -1) be the mid-points of sides BC, CA and AB respectively. 


Since D is the mid-point of BC. 


Btn and 2th =2 
2 
=> х +Ху = 2 and ½ N = 4 «s (i) f 


Similarly, E and F are the mid-points of CA and AB respectively. 


Xjt3s o and Ji e P 


^ X, + ху = 0 and yt y= 2 Gi) 
and, A2 2 and 
= *I +X) = 4 and yy + y; = 2 (i) 
From (i), (ii) and (iii), we get. 

(Ху) xe +45) +(x, +x,)=2+044 and, (Yo +уз)+( Va) (y, *y5)-4-2-2 
d 2(X, +0, € x4) = 6 and 2(y, + y * 4) -0 (iv) 
> K, +x, 3 andy, +y & y, 0 Bh) 


From (i) and (iv), we get 

ху +2=3andy, +4 = 0 
=> x, = land y, = 4 
50, the coordinates of A are (1, 4) 
From (ii) and (iv), we get 

X; 40-23 апа y,-2-0 
> * = Запа UL =2 B(x 
So, coordinates of B are (3, 2) 


2: Yo) D(1, 2) C(x 
Fig. 6.29 


3 V4) 
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From (iii) and (iv), we get 
%3+4=3 and y,-2=0 
=> Xi =-1 and у, = 2 
50, coordinates of C are (-1, 2) —1, 2). 
ч 4 2) and C (-1, 
Hence, the vertices of the triangle ABC are A (1,—4), B (3,2) a -ircle are (4, —1) х 
, e > py 7 С * » 
EXAMPLE 15 The coordinates of one end point of a diam i Be other end of the F^ 
coordinates of the centre of the circle are (1, ). Find icon nin at C (1, -3) such t 
SOLUTION Let AB bea diameter of the circle having its centre г 
coordinates of one end A are (4, -1). 
Let the coordinates of B be (x, y). | №+ Жу — 1 ) 


Since C is the mid-point of AB. Therefore, the coordinates of C are 
But, the coordiantes of C are given to be (1, 3). 


= land —— = p 
2 2 
B(x, y) 
A(4, -4) 
Fig. 6.30 
E х+4= 2апфу >] = -6 
=> * and у =-5 


Hence, the coordinates of Bare (-2, -5). 
EXAMPLE 16. Find the lengths of the medians ofa ^ ABC whose 
C (3, -1). | 
SOLUTION Let D; E, F be the mid-points of the 
coordinates of D;F and Fare 


vertices are A (7, —),B(5,- 
sides BC, CA and AB respectively. 


Ther 


( 5$& 3-1) (3+7 1-3) 
= рд), E| —À,——?|. (s. 
fw v2 ) . ES „ве 
/+5 -3+4 
andy rE) Feo 
AD = (7 - A « (-3— 1/7 = 49 +16 = 5 units 
5 
ВЕ = (5 – 5)? +(-2- 3)° = J0 +35 = 5 units 
L. 3 ———— аа 
and, CF = ү(6 - 3)° + (0 + 1}? = У9 +1 = Vð Units 


EXAMPLE YY AG . 53, and C18) are the 
length of median through A and the coordinates of the centroid S of triangle ABC 
SOLUTION LetAD be the median through the Vertex A of ; 
Of A AR ^ ICE я 
ч . : -3-1 -248^ C. Then, А SE 
BC. So, the coordinates of D are = 


2 E | Le, (- 2,3). 


Qo SS EN 
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A (5, —1) 


B (-3, -2) D (-2, 3) C (-1, 8) 
Fig. 6.32 
AD = ү(5 + 2)? +(-1- 3)? = 4/49 + 16 = 4/65 units 
Let С be the centroid ofA ABC. Then, С lies on median AD and divides it in the ratio 
2:1. So, coordinates of Gare 


pee Se Se) -( — (1 4 
2+1 "7 241 74 3 Sy N 


LEVEL-2 


EXAMPLE 18 Point P divides the line segment joining the points A (-1, 3) and В (9, S) such that 


АР К 2 
55 1 If P lies on the line x у + 2 = 0, find the value of k. [CBSE 2010] 
SOLUTION Itis given that P divides the line segment joining A (-1, 3) and B (9, S) in the ratio 


118 di ЁР ine е, 
1. So, coordinates of Pare (r ket! S 


9k-1 8kK+3) gh... B 
( Т1 S) lines on the line x- y - 2-0 
9k-1 88320 k | 
k+1 k+1 A(-1, 3) P B (9, 8) 
E 9k -1- 8k 4B + 2k« 2 =0 Fig. 6.33 
= 3k -2=0 


EXAMPLE 19 Point P divides the line segment joining the points A (2,1) and B (5, -8) such that 


AP 1% | i 
AB 3. ЧЕР lies on the line 2x — у + К = 0, find the value of k. [CBSE 2010] 


SOLUTION We have, 


1 2 
AP = 1 e——————————e 
AB 3 AQ, 1) P B(5, -8) 
= АР 2 Fig. 6.34 
AP+PB 3 
Ф ЗАР = АР + ВР 
2 2AP = BP 
AP 1 
=> — = — 
BP 2 
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So, P divides AB in the ratio 1:2, 


; E , í | x 5 4 
Coordinates of Р are | : 


һә | м2 
n3 
Oc 
> 
N 
x 
- 


Since, P (3, 2) lies on the line 2x - y+k=0. 
2x3-2+k=0 > k=-4 


= ino Ic drazp ] sect 
EXAMPLE 20 The vertices ofa A ABC are A (5,5), B (1,5) and C(9,1). A line is drawn to intersec 


AP AQ 3 = ve ID. 
sides AB and AC at P and Q respectively, such that => = =~ = 7. Find the length of the line 
. AB AC 4 E 2014] 
segment PQ. [CBSE 2 
SOLUTION Wehave, 
AP AQ 3 
AB AC 4 
AP — AQ 3 A (5, 5) 
Á AP+PB AQ+QC 4 
AF. _ 3 AQ Е 3 
T- AP+PB 4'AQ«QC 4 
= 4AP=3AP+3PB and 4 AQ =3AQ4+3 QC 
ES AP = 3 PB and AQ = 3 QC 
AP 2 AQ Fig. 6.35 
И AP 3 i50 3 3 
= PB 1 QC 1 


> 


P апа Qdivide AB and AC respectively in the same ratio 3: 1 
Thus, the coordinates of P and Q are 


(3х1+1х5 ^5 1x5 


3x1«1x5. = (2,5) and * 1x5 3х1+1х5 = (8, 2) 
| 371 341 j , 3+1 341 


— ——— 


PQ - (29.8). „05 - 2)? = J45 = 35 units 


~~ EXERCISE 6.3 


EVEL-1 
LEVEL- 


1. Find the coordinates of the point which divides the line segment joining (— 1, 3) and 
(4, ) internally in the ratio 3 ; 4, re 


. Find the points of trisection of the line segme 


кә 


nt joining the Points; 
(i) G. -6) and (-7, 5), (i) (3,-2) and (-3, 4), (iii) (2, -2) and (7, 4). [NCERT] 


3. Find the coordinates of the point where the diagonals of the 
i as ' Parallelogrz - d 
joining the points (-2,-1), (1,0), (4, 3) and (1, 2) meet E 8 


4. Prove that the points (3, 2), (4, 0), (6, -3) and (5, -5) 


e | mi are the vertices ofa parallelogram. 
5. If P (9a - 2, - b) divides the line segment joining A (34 4. l,-3)and B (8a, 5) i aid 
3: 1, find the values of a and b. a, 5) in the ratio 


| мн So Ar A TY INCERT EXEMPLAR] 

6. If (a, b) is the mid-point of the line segment joining the points A (10 
à — 2b = 18, find the value of k and the distance AB. | INCERT EXE) d 
AR 


———— —Ó— 
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7. Find the ratio in which the point (2, у) divides the line segment joining the points 
A (- 2,2) and B (3,7). Also, find the value of y. [CBSE 2009] 
8. If A(-1, 3), B (1, -1) and C (5, 1) are the vertices of a triangle ABC, find the length of the 
median through A. 
9. If the points P, Q(x, 7), R, S(6, y) in thisorder divide the line segment joining A(2, p) and / 
B (7, 10) in 5 equal parts, find x, y and p. [CBSE 2015] h 


10. If a vertex of a triangle be (1, 1) and the middle points of the sides through it be 
(-2, 3) and (5, 2), find the other vertices. 


11. (i) In what ratio is the line segment joining the points (-2, -3) and (3, 7) divided by the 


y-axis? Also, find the coordinates of the point of division. [CBSE 2006€ | 
(ii) In what ratio is the line segment joining (3, -1) and (-8, -9) divided at the point 
(-5, -21/5)? 
12. If the mid-point of the line joining (3, 4) and (k, 7) is (x, y) and 2 x +/2 y + 1-0 find the 
value of k. [NCERT EXEMPLAR] 
13. Find the ratio in which the points P(3/4, 5/12) divides the line segments joining the 
points A(1/2,3/2) and B(2, -5). [CBSE 2015] 


14. Find the ratio in which the line segment joining (2, ) and (5, 6) is divided by (i) x-axis 
(ii) y-axis. Also, find the coordinates of the point of division їтїеасһ case. [CBSE 2013] 

15. Prove that the points (4, 5), (7, 6), (6, 3), (3, 2) are the vertices of a parallelogram. Is it a 
rectangle. 

16. Prove that (4, 3), (6, 4), (5, 6) and (3, 5) are the angular points of a square. 

17. Prove that the points (+4, -1), (-2, -4), (4, 0) and (2, 3) are the vertices of a rectangle. 

18. Find the lengths of the medians of a triangle whose vertices are A (-1,3), B (1,-1) and 
C15, 1). 

19. Find the ratio in which the line segment joining the points А (3,-3) and B (-2,7) is 
divided by x-axis. Also, find the coordinates of the point of division. [CBSE 2014] 

20. Find the ratio in which the point P (x, 2) divides the line segment joining the points 
A (12,5) and B (4,3). Also, find the value of x. [CBSE 2014] 

21. Find the ratio in which the point P(-1, y) lying on the line segment joining A (, 10) and 
B(6, -8) divides it. Also find the value of y. [CBSE 2013] 

22. Find the coordinates of a point A, where AB is a diameter of the circle whose centre is 
(2, J) and B is (1, 4). [NCERT] 

23. If the points (-2., -1), (1, 0), (х, 3) and (1, y) form a parallelogram, find the values of x 
and y. 

24. The points A (2,0), B (9, 1), C (11,6) and D (4, 4) are the vertices of a quadrilateral ABCD. 
Determine whether ABCD is a rhombus or not. 

25. In what ratio does the point (-4, 6) divide the line segment joining the points А C, 10) 


and B(3,-8)? [NCERT, CBSE 2017] 
26. Find the ratio in which the y-axis divides the line segment joining the points (5, -6) and 
(-1, 4). Also, find the coordinates of the point of division. [CBSE 2010, 2016] 


27. Show that A(-3, 2), B(-5,-5), C(2,—3) and D(4, J) are the vertices of a rhombus. 
?8. Find the lengths of the medians of a A ABC having vertices at A (0,-1), B (2, 1) and 


C (0, 3). 
29. Find the ratio in which P (4, m) divides the line segment joining the points A (2, 3) and 
B (6, — 3). Hence, find m. [CBSE 2018] 


re. pd ! 


6.90 


30. 


31. 


32. 


33. 
34, 


35. 


36. 


37. 


38. 


39. 


40. 


he points (3,-4) and (C6, 2) are the extremiti 
. If the coordinates of the mid-points of the 


44. Determine the ratio in which the strai 


he line segment joining the points P (3, 3) and Q 


MATHEMATICS- x 


Find the coordinates of the points which divide the line segment joining the points 
(4, 0) and (0, 6) in four equal parts. 

Show that the mid-point of the line segment joining the points (5, 7) and (3, 9) is also the 
mid-point of the line segment joining the points (8,6) and (0, 10). 

Find the distance of the point (1, 2) from the mid-point of the line segment joining the 
points (6, 8) and (2, 4). 

If A and Bare (1,4) and (5, 2) respectively, find the coordinates of P when AP/BP = 3/4. 


Show that the points A (1, 0), B ( 5, 3, C ( 2, 7) and D (2, 4) are the vertices of a 
parallelogram. 


Determine the ratio in which the point P (m, 6) divides the join of A(-4, 3) and B(2, 8), 
Also, find the value of m. [CBSE 2004 


Determine the ratio in which the point (G, a) divides the join of (A(-3,1) and 
B(-8, 9). Also find the value of a. [CBSE 2004] 


ABCD is a rectangle formed by joining the points A (CI, I), B (21, 4), C5, 4) and 
D (5, . P, Q, Rand Sare the mid-points of sides AB, BC, CD and DA respectively. Is the 
quadrilateral PORS a square? a rectangle? or a rhombus? Justify your answer. 
[NCERT] 
Points P, Q, R and S divide the line segment joining the points A (1, 2) and B (6, 7) in5 
equal parts, Find the coordinates of the points P, Q and R. [CBSE 2014] 


If A and B are two points having coordinates (-2,-2) and (2, 4) respectively, find the 


coordinates of P such that AP = 5 АВ. [NCERT, CBSE 2008, 2009] 


Find the coordinates of the points which div 


ide the line segment joining А (—2, 2) and 
B (2, 8) into four equal parts. 


[NCERT] 
(LEVEL? 


. Three consecutive vertices of a parallelogram are (-2, -1), (1,0) and (4, 3). Find the fourth 


vertex. 


es of a diagonal of a parallelogram. If the 
third vertex is (-1, 3), Find the coordinates of the fourth vertex. 


sides of a triangle are (1, 1), (2, ) and 
(3,4), find the vertices of the triangle. 


ght line x - y - 2 = 0 divides the line segment 
joining (3, -1) and (8, 9). 


. Three vertices of a parallelogram are (a + b, a — 


b), (2a +b, 2a — b), (a — b, a +b). Find 
the fourth vertex. 


. If two xertices of a parallelogram are (3, 2), (-1, 0) and the di 


: agonals cut at (2, —5), find the 
other vertices of the parallelogram. 


7. It the coordinates of the mid-points of the sides of 


А а triangle аге (3, 4), (4, 6) and 
(5, 7), find its vertices. [CBSE 2008] 
(6, — 6) is trisected at the points A and 


B such that A is nearer to P. If A also lies on the line given by 2x + y k = 0, find the 


value of k. 


е : [CBSE 2009] 
49. If three consecutive vertices of a parallelogram 


аге (1,2), (3,6) and (5, 10), find its fourth 
vertex. 


50. If the points A (a, –11), B (5, b), C (2,15) and D (1, 1) 


ABCD, find the values of a and b are the vertices of a parallelogram 


i. —-————rsesuiuuiíieá)"—— — —M—— ——————X —  ———— À— КЫ ДААН 
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51. 


If the coordinates of the mid-points of the sides of a triangle be (3, —2), (-3, 1) and 
(4, -3), then find the coordinates of its vertices. 


52, The line segment joining the points (3, A4) and (1, 2) is trisected at the points P and Q. If 


the coordinates of P and Q are (p, -2) and (5/3, q) respectively. Find the values of p 


and 4. [CBSE 2005] 
The line joining the points (2, 1) and (5,-8) is trisected at the points P and Q. If point P lies 
on the line 2x — y + k = 0. Find the value of k. [CBSE 2005] 


A (4, 2), B (6,5) and C (1,4) are the vertices of A ABC. 
(i) The median from A meets BC in D. Find the coordinates of the point D. 
(ii) Find the coordinates of point P on AD such that AP : PD 22:1. 
(iii) Find the coordinates of the points Q and R on medians BE and CF respectively such 


that BQ: QE =2:1and CR: RF - 2:1. 
(iv) What do you observe? [NCERT, CBSE, 2009, 10] 
If the points A (6, 1), B (8,2), C (9, 4) and D (К, p) are the vertices of a parallelogram taken 


in order, then find the values of k and p. 


A point P divides the line segment joining the points A (3, 5) and B (- 4, 8) such that 


AP k 
PB 1 If P lies on the line x + y = 0, then find the value of K. [CBSE 2012] 


. The mid-point P of the line segment joining the points A (210,4) and B (- 2, 0) lies on the 


line segment joining the points С (-9, 4) and D (- 4, yj). Find the ratio in which P divides 


CD. Also, find the value of y. [CBSE 2014] 
If the point C (-1, 2) divides internally the line segment joining the points A (2, 5) and 
B (x, y) in theratio3:4, find the value of x y. [CBSE 2016] 


. ABCD is a parallelogram with vertices A (, у), B(x;, y;) and C (x, уз). Find the 


coordinates of the fourth vertex D in terms of x), Ху, Хз, Vj, y; and уз. 


[NCERT EXEMPLAR] 


The points А (ху, y; ):B (x5, y;) and C (x3, уз) are the vertices of A ABC. 


(i) The median from A meets BC at D. Find the coordinates of the point D. 
(ii) Find the coordinates of the point P on AD such that AP: PD =2:1. 
(iii) Find the points of coordinates Q and R on medians BE and CF respectively such 
that BO: QE -2:1and CR: RF -2:1. 
(iv) Whatare the coordinates of the centroid of the triangle ABC? 


[NCERT EXEMPLAR] 
ANSWERS 

1. (8/7,-9/7) 2. (i) (1, 7/3), (-3, 4/3) (ii) (1, 28/3), (-1, -10/3) (iii) (-1, 0), (4, 2) 
3. (1,1) 5. a=1,b=-3 6 k-22,AB = 24/61 
7. 4:1,у=6 8. 5 9. x=4,y=9,p=5 
10. (-5, 5), (9, 3) 11. (i) 2:3 internally; (0, 1) (ii) 2: 3internally 
12. k 2-15 13. 1:5 14. 0 2:5;(0, >) (ii) 2:5;(0,>) 
15. No 18. AD-5,BE-410,CF-5 19, 3:7,(3/2,0) 


— 
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20. 3:5:x -9 
24. No 


21. 2:7,6 22. (3,-10) 
25.2:7 


28. AD = V10 units, BE = 2 units, CF = ЛО units 
29. 1:1,m=0 


19 2) 
30. (-3,1.5),( 2,3), (-1,4.5) 32. 5 units 33. Е 7 
38. 3: 213 = 36. 3:2,a=5 
А 2 -20 7 5) (1 = ) 
AG: . 3 се. © 0,5), лән 
38. Р(2,3),0(3,4), R(4,5) 39. (=.=) 40. | l, т) 2 
41. (1,2) 42. (-2,1) 43. (4,0), (2, 8), (0, 6) 
44. 2:3 internally 45. (-b, b) 46. (1, 212), (5, -10) 
47. (6, 9), (4,5), (2, 3) 48. -8 49. (3,2 
t ред 
50. à-4,b -351.A (2, 0), B (10, -6), C (- 4, 2) 52g = 3' q = 
53. k= -8 55. k=7,p=3 56. 1/2 55 3:2,y=6 58, 29 
59. (х +x, A2, Vi + Va - ys) 
W Vat, fy An +y +y 
« o (225.258) (Meggen nenen) 


(ш) Q| 17 32 + чын 9, +H . A 
\ 


3 3 


nity) 
—— 
3 3 


— — — — ^ 


39. We have, AP = ŽAB. Also, AP + BP = AB 


HINT TO THE SELECTED PROBLE 


3 AB + BP = дв ы BP - 2 AB 
f 
Hence, AP: BP =3:4 


6.5 SOME APPLICATIONS OF SECTION FORMULA 


In this section, we shall discuss an application of the section for 


: 5 mula le i ‘ 
section to find the coordinates of the centroid of arnt in the 


а triangle in terme Previous 
ms of the Р E 
vertices. coordina tes Of its 
THEOREM Prove that the coordinates of the centroid of Hie triangle whose | 
‹ 8 ) "Dc 
(x5, y>) and (x3, v4) are vertices are 


(x, , 171 ), 
| Xp*tX*tX Vp to +у; 


3 ' 3 


Also, deduce that the medians ofa triangle are concurrent. 


6.33 


CO-ORDINATE GEOMETRY 
Let AG, y1), B(x, у») and C (ху, уз) be the vertices of A ABC whose medians are 
AD, BE and CF respectively. So D, E and Fare respectively the mid-points of BC, CA and AB. 


X2 t X4 Yo +y 
з "7 8 


Coordinates of a point dividing AD in the ratio 2:1 are 


Coordinates of D are | 


ГЕ 20 :j ly, af 2) al 
| 2 i MEAN ILI. жи + ыбы) 
1+2 j 142 3 А 3 | 


Ab, v) 


қ +. an) 


duh $5) 
2 2 2 2 


dcc Ob. с=з C(13,93) 
BE: 2 


Fig. 6.36 


The coordinates of E are 2 min) 


The coordinates ofa point dividing BE in the ratio 2 : 1 are 


me W(x, +x) 2(у + уз) ) 

Text SQ, 2 — 

| y Oe TZ yt 2 АЕ: ity tys) 
972 1+2 3 Р 3 


Similarly the coordinates of a point dividing CF in the ratio 2:1 are 


(AERE и + +) 
hh ey . 


3 3 


è 1 А Xi + X5 + Xa Vi + V5 + Уз Р 
Thus, the point having coordinates кыы 3 — J 5 common to AD, BE 


and CF and divides them in the ratio 1 : 2. 
Hence, medians of a triangle are concurrent and the coordinates of thecentroid are 


Е XX Wy to ty) 
3 І 3 


c 
MATHEMATIK 
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(0, 6), (8, 12) and 
А ' у е › 7 so vertices are : j : 
EXAMPLE 1 Find the coordinates of the centroid of a triangle hose его 
— lar points 
* Р . Р < Y » r oseangu a | 

SOLUTION We know that the coordinates of the centroid ofa tr -— h 
аге (x,, yi), (Xs, Vs), (X3, V4) are 
{ ху + Xo +X, у + Ys + у ) 

m LEE | 

3 1 | 

— " ^ А > ° . " "Неос - 8, 12) “vie 
50, the coordinates of the centroid of a triangle whose vertices X. (: 
(8, 0) are 


0+8 +8 6+ 12 +0 \ / 16 \ 
—, ~ or, , 6 
3 3 3 j 


3 
EXAMPLE 2 If x- 2y+k=0 is a median of the triangle whose& vertices are at points 
А (- 1, 3), B (0, 4) and C ( — 5, 2) find the value of k. 
SOLUTION The coordinates of the centroid G of A ABC are 
(7140-5 3+4+2) 
| 3 ' 3 | 


Since G lies on the median x — 27 K = 


і.е. (2, 


0. So, coordinates of С satisfy its equation. 

2-6+k=05k=8. 
EXAMPLE з If the coordi; 
(3, 4). Find its centroid. 
SOLUTION Let P (1, 1), Q42, —3), К (3, 4) be the mid 
respectively of triangle ABC) Let A (х,у), B(x, 
triangle. ABC. Then, 


lates of the mid-points of the sides ofa triangle are (1, 1), (2, —3) and 


"Points of sides AB, BC and CA 
у) and C (34, уз) be the vertices of 


P is the mid-point of BC 


Р Х +45 _ n. 
B 2 72 
= XM 2 and y + уу = 2 (i) 
Q is the mid-point of BC xe 
A M+ Ху „ ik 
2 TO | 
=s * +X, =4 and y, +y, = -6 
R is the mid-point of AC (ii) 
* +x у + 
ax + =3 and 275., 
= 5 5 
= *I +X, = Gand, +y, = 8 
From (i), (ii) and (iii), we get — (iii) 
Xt N f 24445 
and, Yi “Уз Уз + Уз *y y =2-648 
= Xi +Х› X4 = 6 and „1 * + Уз = 2 


tee (iv) 
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CO-ORDINATE GEOMETRY 
The coordinates of the centroid of A ABC are 
ХХ + yt Yn + ys ) Ё 3 | = | А А 
а а У К ЖЗ МШЕ ҮРҮ. Using (iv)] 
be me 


EXAMPLE 4 Two vertices ofa triangle are (3,5) and (—7, 4). If its centroid is (2, I. find the third 
vertex. 
SOLUTION Let the coordinates of the third vertex be (x, y). Then, 


eyo?) de 3 
3 3 
>» х-4=6 and y-1--3 
E х= 10 and y = 2 


Thus, the coordinates of the third vertex are (10, 2). 


EXAMPLE 5 Use analytical geometry to prove that the mid-point of the liypotenuse of a right- 
angled triangle is equidistant from its vertices. 

SOLUTION Let AOB be a right-angled triangle with base OA taken along x-axis and the 
perpendicular OB taken along y-axis. Let OA =a and ОВ = b. 

Let D be the mid-point of the hypotenuse AB. Then, the coordinates of A, B and D are 
respectively (a, 0), (0, b) and (a/2, b/2). 


A(a, 0) 


Fig. 6.37 


2 
Now, | DO = (2-0) « 
Li 


Nis 
[ 
© 
һә 
+ 
I> 
| 
> 
һә 
11 
Nie 


and, DB = | | Ё ) 


Hence, DA = DB = DC i.e., D isequidistant from the vertices of triangle ABC. 


EXAMPLE 6 Usinganalytical geometry, prove that the diagonals ofa rhombus are perpendicular 
to each other. 

SOLUTION Let OABC be a rhombus such that OA is along x-axis. Let BL and CM be 
perpendiculars from B and C respectively on x-axis. 

Clearly, triangles ABL and OCM are congruent. 


6.36 


OM = AL and CM = BL 


b Я n, 

Let the coordinates of A and C be (x, 0) and (xz, y;) respectively. Ыы 

ОА = Yi. 
OL = ОА + AL = OA + OM = x, + x; and BL = СМ = у» 

50, the coordinates of B are (x, + x5, y»). 

Now, 


OA = OC = Од? = OC? = x? 175 Yo" 


ic ilar, 
‘ à ‚ perpendict 
In order to prove that the diagonals OB and AC are mutually perf 


sufficient to show that “ОРА = n2. 
Since the diagonals of 


XIII yj) 


А 3 
Y 
B(x, + х. Yo) 
A(x,, 0) X 
Fig. 6.38 
Now, 
^12 XI + X5 \ 7 Е + х, f Yo 
uir m 0) CLE — i 
h ү E >_[хю-х? y; 
AD? = | 5 “) +05 LEBER 1 
and, ОА, – 0)? + (0 -o у 
3p? 2 [AN E Y fiis &Y [a Y 
* + АР? =| ЕЕ 
ОР? + / 2 J} 12, | 2 Uy 
2 2 1 ? 2 2 
ES OD* + АР? = 1 | 2x," + 2х, + 2у, | 
> э 1 2 2 1 2 " 
=> OD" + Ар? = 5 (01 + X° + уу“) = Pi +x?) 
= OD? + Ар? = x? = ОА? 


A ODA, is a right-angled triangle such th 


at ZODA = n/2. 
Hence, the diagonals of a rhombus are at right 


angles, 

7 ode that the diagonals of a rectangle bisect each = 

MPLE 7 Prove th | ' 

хоп TION Let OACB be a rectangle such that OA Is a along y 
Let OA - à and OB - b. 


"апа are 


| equal, 
axis and 


OB is 


MATH 


- ? 
; s of 1 
efore, coordinates 
a rhombus bisect each other, Therefore, cox 


EMATIC? 


OM = *2 
AA, 
it is 


are 


[Using (i)] 


along V-ax is. 
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.. Ca. b) 


Ala, 0) 


vr 
Fig. 6.39 


Then, the coordinates of A and B are (a, 0) and (0, b) respectively; 
Since, OACB is a rectangle. Therefore, 
AC = Ob = AC =b 
Thus, we have 
OA = папа AC = b 
So, the coordinates of C are (a, b). 


a+0 b+0 a b 

The coordinates of the mid-point of OC ares ‚ч ” ЛШ = 2' 2 
А п+0 0+ р a b 
Also, the coordinates of the mid-points of AB are 2 27 772 


Clearly, coordinates of the mid-point of OC and AB are same. 
Hence, OC and AB bisect each other. 


Also, OC = Ма? + band AE q(a - 0)? + (0 – by = Va? +b? 


OC = AB 
EXERCISE 6.4 


1. Find the centroid of the triangle whose vertices are: 
(i) (1,4), C1, -1), (3, -2) (ii) (- 2, 3), (2, ), (4, 0) 

2. Two vertices of a triangle are (1, 2), (3, 5) and its centroid is at the origin. Find the 
coordinates of the third vertex. 

3. Find the third vertex of a triangle, if two of its vertices are at (-3, 1) and (0, -2) and the 
centroid is at the origin. 

4. A (3, 2) and B (-2, 1) are two vertices of a triangle ABC whose centroid G has the 
coordinates (5/3, - 1/3). Find the coordinates of the third vertex C of the triangle. 

ICBSE 2004] 
5. If (-2,3), (4, ) and (4, 5) are the mid-points of the sides of a triangle, find the coord inates 


Of its centroid. 


6. Prove analytically that the line segment joining the middle points of two der el а 
triangle is equal to half of the third side. 


4 


MATHEMATIK 


ral and 
ilatera 
sides of a quadr Р 


"Opposite mother 
Prove that the lines joining the middle points of the opp ant 


: isect one 
oi int and bisec КЕ at 
the join of the middle points of its diagonals meet in a pe int in the plane, prove tha 
8. If G be the centroid of a triangle ABC and P be any other poin 
PA" + PB? + PC? = GA! + GB? + GC? + ЗСР?. 
If G be the centroid of a triangle ABC, prove that: 


B + BC + CA? = 3(GA? + СВ? + GC?) "em 
5 ; : Hype 5 
10. In Fig. 6.40,a right triangle BOA is given. C is the mid-point of the hyp 


that itis equidistant from the vertices ( „ A and B 


В(0, 2b) 


tY 
Fig. 6.40 
— — ANSWERS 
| 4@ = E 
L(i) 1. (ii) мз 3 2. (-4, -7) 3. (3,1) 
A5 
4. (4, =) 3. | 5 


6.6 AREA OF A- TRIANGLE 


In earlier classes, we have computed the area of a triangle by using the form ula 


5 l І 
Area of a triangle ~ x Base х Altitude 
In class & we have used Heron's formula to find the 


area of a triangle when the 
Of its sides are given. In this section, we 


will find the area of а triangle in terms of the 
coordinates of its vertices. We can find the lengths of three sides of triangle by 


distance formula and then, we can use the Heron's tormula. But, this be 
particularly when the lengths of the sides are irrational numbers. That is 

to compute the area in terms of the coordinates of the Vertices of the 

following theorem, we state and prove the same. 


THEOREM The area of ü triangle the Coordinates ofi 
(X4, U4) 15 


| 
V (Y2 — уу) * X» (у, Vi) + Ху (у, Y>)| 


lengths 


using 
comes tedious, 
why, we prefer 
triangle, [n the 


vhose vertices are (xi, Vi) (x V5) and 
CUT METEYS) an. 


PROOF Let ABC bea triangle whose vertices are A(x, y), B (x, У) and C (4 
AL, BM and CN perpendiculars from A, В C on the Nis «у, Уз). Draw 
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Clearly, ABML, ALNC and BMNC are all trapeziums. 
We know that 


Е 1 
Area of trapezium = 5 (Sum of parallel sides) (Distance between them) 


Fig. 6.41 


We have, 


Area of A ABC = Area of trapezium ABML + Area of trapezium ALNC 
Area of trapezium BMNC 
Let A denote the area of A ABC. Then, 


- 5 (BM + AL) (ML) + ; ats CN) (LN) - > (BM + CN) (MN) 


1 1 
= A= 2 (yo ) (%1 —@&›) + 20 уз)(% = ti) -F We + Ya) (xs — ха) 
- a-|3 EU M =ўз)+х; (—Y2 Vi * Va + Va) Xs (уу +Y3 J | 
= A= ЗЕ = 03) + X2(¥s = i) + X3 QA — у) 


REMARK To find the area of a polygon we divide it in triangles and take numerical value of the 
area of each of the triangles. 
REMARK 2 The area qa A ABC can also be ан by using the m xcd 


nne 


Р х, 3 E 


Seri pr 
C 
2:5 вечы. ^ inr 


STEP Ш Compute the sum of the products of numbers at the ends of the lines painting downwards 
from left to right and subtract from this sum the sum of the products of numbers at the ends 
of the lines pointing downward from right to left i.e., compute 
(xy уз + X2 Из + А3 ур) — G3 + Xs Vo + X1 Va) 
STEP 1v Find theabsolute of the number obtained in step Шапа take its half to obtain the area. 


[€ 
МАТНЕМА 1 
6.40 


Dt да ] агі ) 
MARKY Three points д (х,у), B(x, y3) and C (x3, уз) are collinear 0 
Area of \ABC О Le. TUS — Ya) + X5 (V3 — 11) + 1307 * 


y ey 


ILLUSTRATIVE EXAMPLES 


AR 
VERTICES 
lupe l ON FINDING THE AREA OF A TRIANGLE WHEN COORDINATES OF ITS 

GIVEN “е 

x ‘ > › d 3 (8, 29. 

EXAMPLE 1 Find the area of a triangle whose vertices are A (3, 2), B (11, 8) and С uds be dia 
SOLUTION Let A = (х,у) = (3, 2), В = (35, у») = (11, S) and C = (x4, V3) = (5, 12 
уеп points. [hen, 


"E 
Area of ^ ABC х ЕЯ (Y = 7 + х, (13 — Vi) + Xt, (1/| а V3 ) | | 


5 Area ot A ABC = 1 3 (8 = 12) + 11(12 — 2) +8(2 = 8)!| 


А sull | 
Area of A ABC = 2 |(-12 + 110 – 48)| = 25sq.units 
\LITER We have, 
3... „11 1 
ожар 12 ag 


— — 


EN 
Area of A ABC = 3*8» Мх 12 + 8x 2)-(11x2+8x 873 * 12) 


=> Area of A ABC = оз 132 + 16) - (22 + 644 36 | 
92 
> Area of A ABC = 51172 - 122| = 25 Sq. units 


EXAMPLE 2 Find the area of the triangle formed by the points 


" A (5, 2), B (4, and C (7, —4). 
SOLUTION (Неге, x)= 9, Y; = 2,5; = 4, ½ =7, Ху = 


7 and y, = 4 


MAN T 
Area of А ABC = 21 (уз — уз) + X2 (Уз — 4) + Хз (y, - У) 


; NE Uc 
> Area of A ABC = 550 + 4) +4(—4- 2) + 7 (2-7) 
; A 
= Area of A ABC = = |(5х 11+ 4x -6+7х -5) 
TEM OE u 1 
= Area of A ABC = 5 | (55 ~ 24 ~ 35) | = zl-4|- 2 sq. units 
ALITER. We have, 3 
5 4 7. 38 
5^ X; a Mi^ *2 


; m Ж 
Area of A ABC == чє зн бйр ы... 7x7 5 | 
2 +5х-4) 


| - Tu 
> Area of A ABC = 265 -16 +14)- (84 49 — 20)| 
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1 
5 Area of A ABC = |33 - (37) = 5|-4| = 2sq. units 


EXAMPLE 3 Prove that the area of triangle whose vertices are (t, t — 2), (t + 2, t + 2) and 
(t+3, D is independent of t. [CBSE 2016] 


SOLUTION Let = (ху, у) = (t,t 2), B = (ху, у») = (t+ 2, t 2) and 
C = (X3, уз) = (t + 3, t) be the vertices of the given triangle. Then, 


1 
Area of AABC = 2 A* (уз = уз) + x; (уз = y1) + xs (И -у»)| 
Area of A АВС = lta +21) + (+ 2) (6+2) + (t+ 3)(t- 2-12 Ny 


1 
=> Area of A ABC = >|{(2t + 2t +4- 4t - 12)}|=| —4 |= 459. units 


Clearly, area of A ABC is independent of !. 
ALITER We have, 
E. „2. . „3. s E 
jp ns » on i E t2 
{ECE +2) + (t+ 2)t (E+ 3)092) – (0 * i 


1 
Arnot ABO = „ 3) (t+ 2) - Ex Е) 


(P 2t C «21.1 81-6)- ( -4+ +5+6+22) ; 


2 Area of A ABC - jer + 5t -Oh (GPS 5r + 2)| 


T Area of A ABC = 21-6 XI 


> Area of A ABC = 4sq. units 

Hence, Area of A ABC is independent of t. 

EXAMPLE 4 Find the-area of tlie triangle formed by joining the mid points of the sides of the 
triangle whose vertices are (0,—1), (2, 1) and (0, 3). Find the ratio of area of the triangle formed to the 
area of the given triangle. 

SOLUTION Let A (0, 21), B (2, 1) and C (0, 3) be the vertices of A ABC. Let D, E, F be the mid- 
points of sides BC, CA and AB respectively. Then, the coordinates of D, E and F are (1, 2), 
(0, 1)and (1,0) respectively. 


A(0, —1) 


"mm 


B(2, 1) D(1, 2) C(0, 3) 
Fig. 6.42 
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Now, | 
- 7 
Area of A ABC = 4 ху (% — уз) + xo (уу М) + Хз QA 7 
=> Area of A ABC - J 00-3) «20-CD«0( 1| 
> Area of A ABC : [0+8 « 0 |- 4sq. units 
| TN P3 „ (у, — V) ха (уу — у» 
Area of ADEF = z iQ = уз) + ху (уз — л) + Xs QA. 7 Уз 


Area of ADEF = ina -0)+0(0-2)+1(2-1)| 


— Area of ADEF = in * 1121 sq. units 
Area of ADEF : Area of A ABC 21:4 


EXAMPLE 5. If. P(1, 2), Q1, o) and R(0, 1) are the mid-points of the sides AB, BC 
respectively of AABC, find the coordinates of the vertices A, B and C, and hence find th 
of AABC [CBSE 
SOLUTION Let the coordinates of the vertices A, B and C of A ABC be (xi: V1), (X5, Yo 


U5; уз) respectively. Itis given that P (1,2) is the mid-point of AB. 


A(x, IA) 
Р(1, 2) R(0, 1) 
B(», vo) Q(1, 0) С(хз, уз) 
Fig. 6.43 
A tx Л аһа у +» -2 
2 2 
=> € +x, = 2 i) and y, + Yo = 4 


Q(T, 0) is the mid-point of BC. 


Y +x 57 +1 
= land 2743 _ 
? ? 


> X3 +X, = 2 (iii) and ГА +. = 0) 
Point R(0, 1) is the mid-point of AC 


Ny +X 
153 -0ang 1793 _ 1 
= 
= 4, +X, = 0 . (v) 


and y, + 4-2 
Adding (i), (iii) and (v), we obtain 
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Adding (ii), (iv) and (vi), we obtain 


2i % уу) = 4-042 y+ yy + 3 


Subtracting (i), (iii) and (v) respectively from (vii), we obtain 


X4 ЕЗ 0), Х| = 0, x; =J 


TAR 


Subtracting (ii), (iv) and (vi) respectively from (viii), we obtain 


уз = —1,у 73,71 


Hence, the coordinates of the vertices of A ABC are A (0,3), B (2, 1) and C,). 


1 
Area of A ABC = % M 9) xs (v, — у») 


|0(1-(-1)) +2(-1-3)+0(3- 1)| = 4 sq.units 


EXAMPLE 6 The vertices of A ABC are A (4, 6), B (1, 5) and C (7, 2). A line is drawn to intersect 


Calculate the area of AADE 


sides AB and AC at Dand E respectively such that = 


and compare it with the area of A ABC. 
SOLUTION Wehave, 


=> 


=> 


=> 


Ар+0В AE+EC _ 


AR: DB = AE: EC =1:3 
D and E divide AB and AC respectively in the ratio 1:3. 


So, the coordinates of D and E are 


ET 5) respectively, 


We have, 


6 B 5 “ч 
1 


19: 23 
=| —x64—-— 
de mer а 


Area of A ADE- + 45 
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Area of A ABC 


Area of A A BC - 


Also, we have 


Area of AABC 


Area of A ABC = 


=> Area of A ABC 


Area of A ADE 


Area of AABC — 


Hence, Area of AADE : 


EXAMPLE 7 [f A(4, -6), 
a median of a triangle ABC 


B( 


SOLUTION Let D be the 
We have, 


mid-point of BC. Then, the 


AT 
MATHEM ^ 


1](92 65 114) [e „© 20 | 
ea al ir m 
11271 _ 1069 = A m 15 sq. units 
а 16| 3 6 3» 

WC yt % 5h 

6 ^ 2 ж? ^ 2 Pu 6 

2 

l4x541x247x6)- (1x64 7x 54K 2) 
: 


7 (20 +2 « 42) - (64 35 + 8)| 
а - 49| = e units 
5 2 ў; ‘ 


15/32 
15/2 


16 


Area of AABC =1: 16 


3, -2) and C ( 5/2) are the vertices of A ABC, then verify the fact 
divides it into twa triangles of equal areas. 


[CBSE 201 3, 2t 
coordinates of D are (4, 0). 


6” *_2^ E 2 a” wi 
1 
Area of AABC = zl“ * 27 3 275 ~6)— (3x ~6 45% 2445 2)| 
х 1 
= Area of A ABC = > |(-8 + 6— 30) ~(-18 ~10 + 8); 
=> Area of A ABC = T -32 + 20 |=6 Sq. units 
Also, we have ü 
on. 735. “4 „4 
“600-207 Qu. A(4, ~6) 
Area of A ABD = 1 is *(-2)+ 3x04 4 x (-6)! 
27 C6) 4 x (-2) +450) 
: 1 
; Are ABD = —|(-84 р E 
^ Area of A ABI 20 8+0 *4)~(-18~8 + gj 
—— 
— Area of A ABD = 3 |(—32 + 26| =3 sq. units 
Area of AA BC Я 6 2 
AreaofAABD 371 B(3, -2) ои 0) 
5 Area of A ABC = 2 (Area of A ABD) C(s, 2 


Fig. 6.45 
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EXAMPLE 6 Find the area of the triangle ABC with A (1, —4) and mid-points of sides through A 
being (2, — I) and (0, -1). [NCERT EXEMPLAR, CBSE 2015] 
SOLUTION Let the coordinates of B and C be (ху, 4) and (x5, y2) respectively. It is given 
that the points F and F are the mid-points of AB and AC respectively. 


/ 
А(1,- 4) b 
pae. F(0, -1) 
В(х{, уң) C(xs, Yo) * . 
Fig. 6.46 
x, 8.38 1 ИЕ ИНЕТ ъа — AR 
2 2 2 
z x, =3,y, = 2апа х, = -1,y = 2 J 
Thus, the coordinates of B and C are (3, 2) and (-1, 2) respectively. | 
1 L TNNT. MUR 4 
Area of A ABC =~ |(2+6+4)-(212=2 #0) ү o PN ү 
- 212 —(-12)),= 12 sq. units 
Type П ON FINDING THE AREA OF A QUADRILATERAL WHEN COORDINATES OF ITS VERTICES 
ARE GIVEN 
EXAMPLE 9 Find the area of ‘the quadrilateral ABCD whose vertices are respectively 
A(1, 1), B (7, -3) C(12, 2) and D (7, 21). [CBSE 2017] 
SOLUTION Ме have, 
Area of quadrilateral ABCD =| Area of A ABC | Area of A ACD | 
0(7, 21) 
C(12, 2) 
M 
& 
A(1, 1) B(7, -3) 
Fig. 6.47 


We have, 


b 16 
2) 
| 12 х ( -3) + 1 х 
l = А 12 х 
Area of A АВС = —|(1 x -347x2412x1) - (7 х 
2 
— ? 
Area of A ABC iN 3 + 14 + 12) - (7 – 36 + 2)| 
> Area of A A BC 1 123 + 27| = 25 sq. units 
” 
Also, we have 
LA, fae OP Me #1 
| |^ * 24 a] 
| 
7 7. + 1 x 21)| 
Area of A ACD = Lia «2*12x21«7x1) - (12 #1 + Ак 2 
2] 
' Area of AACD = : — + 252 + 7) – (12 +144 21)| 
Area of A ACD 1 1261 - 47| = 107 sq. units 


\rea of quadrilateral ABCD = 25 4 107 = 132 sq. units 


Type HI ON COLLINEARITY OF THREE POINTS 


HORMULA Three points (xi, y, ), (Xas v7) and (35, v.) are collinear iff 
* (Y2 73) * (ye Vi) X У) = 0 

or (% + хуз + ag (TMs + Хуу, + х,у) = 0 

EXAMPLI 


10 Prove that the points (2, 2). (, 8) and 
SOLUTION Let Abethe area of the tri 
We have, 


(—1, 4) are collinear. 
angle formed by thegiven points. 


2 "d. com] 2 
-2/^*g^ “чу” A 4 
l 
\ = J| {2x8 +(-3) TERREA - IC) 2) (0) a 
l 
> \ ~|(16 – 12 + 2) (68 8)! 
\ lig 6 0 


һә 


Hence Swen points are collinear. 


EXAMPLE 11 Prove that the points (a, b+ с) (b, c a) and (с д +h 
, are collin 5 

Car, 
SOLUTION Let A be the area of the triangle formed by the [CBS E 


abs с), (b, c 


(с.а + |3) 
We have 


Points ( 
t a) 
a h 


t A 


^». A 
bec" c P gu эЛ 


2 Е пере) POT LIT 


CO-ORDINATE GEOMETRY 6.47 
A= 1 ^ 2 2 2 2 3 ә 

= ы (ас+а* +ab+b * bc c^) - (b^ be - c^ + са + а? + ab) 

=> 2 0 


Hence, the given points are collinear. 


Type IV ON FINDING THE DESIRED RESULT OR UNKNOWN WHEN THREE POINTS ARE 
COLLINEAR 


EXAMPLE 12 For what value of К are the points (К, 2 — 2k) (-k + 1, 2k) and (-4 — К, 6 92k) are 
collinear? : 
SOLUTION Given points will be collinear, if area of the triangle formed by them is zero. 
We have, 


K. К+} 4K. k 
2-2) *2k ^ ^ 6-2k” 2-2К 


Le., 
|[ 2k? +(-k+D(6-2k)+(-4-k)(2-2k)}— (C1) -2k) C39) +k (6-2k) =@ 
= (QI? +6-8к +22 +2k? +6k-8)-(2-4k + 2k? - SKE DR + 6K 2k?)|=0 
E (6k? -2k -2)- (2k? - 6k + 2) = 0 
> 8k? +4k-4=0 
2 2k +k-1=0 => (2k-1)(k +1) =@ „К BW or, К = -1 


Hence, the given points are collinear for x = 1/2 or, К=-1. 


EXAMPLE 13 For what value of x will the points (x, ), (2, 1) and (4, 5) lie on a line? 
y [CBSE 2013] 
SOLUTION Given points will be collinear if the area of the triangle formed by them is zero. 


We have, 
1^" * je * 5 P EN » 


Area of the triangle 0 


=> | Loeb 2:365 + £x (-1)} - (2x-1«4x14xx5]| - 0 
> (x + 106% - 12 +4 + 5x) = 0 

= (+ 6) — ($x + 2) = 0 

= -4x*4-0 

= х= 1 


Hence, the given points lie on a line, if x =1. 


EXAMPLE 14 Find the condition that the point (x, y) may lie on the line joining (3, 4) and 
(-5, 60. 

SOLUTION Since the point P (x, y) lies on the line joining A (3, 4) and B (-5, —6). Therefore, P, 
Aand B are collinear points. 


A a ER 
у 4 -6 y 
[4x € 3x-6 +(-5)x y} - 130 +(-5)x 44 xx(-6)) = 0 


82 


тыи o xdi rr. o * 


6.48 MATHEMATICS. x 
=> (4x - 18 – 5y) – (3y — 6x - 20) = 0 
= 10x-8y+2=0 > 5х-4у+1=0 


Hence, the point (x, y) lies on the line joining (3, 4) and (-5, —6), if 5x - 4y + 120. 
EXAMPLE 15 If P (x, y) isany point on the line joining the points A (a, 0) and B (0, b), then show 


* 3 

that 5 + : = [CBSE 2009] 
SOLUTION Itis given that the point P (x, y) lies on the line segment joining points A (a, 0) 
and B (0, b). Therefore, points P (x, y), A (a, O) and B (0, b) are collinear points. 

Xa d. xU. X 

y PE 0 PEN b ae y 

(xxO0+axb+O0xy)-(axy+0x0+xxb)=0 

=> ab - (ay + bx) =0 


=> ab = ay + bx 
— [Dividing throughout by ab] 


=> isa act X шд, 
b a a 


[CBSE 2010] 
SOLUTION Given points are collinear. Therefore 


! -nm 
р Sm п АР. 3 р 


q^ "a n^ Sgt "^g 


{px n+m(q—n) + (рат) (тх д + (р т) п + p(q—n)} =0 


=> (pn + qm — mn. pg — mq) — (mq + pn — mn + pq — рп) = 0 

= (pn + pq nm) - (mg = mn + pq) = 0 

= pn- mg = 0 

> рп =йт 

EXAMPLE 17 Find К so that the point P (+, 6) lies on the line segment joining A (k, 10) and 
B (3,8). Also, find the ratio in which P divides AB. [CBSE 2010] 


SOLUTION If P(-4, 6) lies on the line segment joining A (k, 10) and B (3, —8), then P, A and B 
are collinear. 
EM TN « 24 


i N à к. See 
(4х 10 + kx -8 + 3 x 6) - (6k + 30 + 4x -8) = 0 
(40 – 8k + 18) - (6k + 30 + 32) = 0 
(-22 — 8k) – (6k + 62) = 0 
-14k - 84 = 0 
k=-6 


b 
EXAMPLE 16 [f the points (р, q), (m,n) and (p —m, q— n)are collinear, show that pn = qm. 


UV UU у 
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EP . y ЕЕ 10 
Suppose P divides AB in the ratio À : 1. Then, the coordinates of P are Е , Anm). But, 
4 


the coordinates of P are (4, 6). 


A 1 
3). —6 ~82 +10 — — 
“si M A(-6, 10) i BEH 
мый Fig. 6.48 
= » 


Hence, P divides AB in the ratio i 1 or 2: 7. 


EXAMPLE 18 Ifthe points A (I. 2), B(2, 3), C(-3, 2) and D (— 4, J) are the verfices oF arallelogram 
ABCD, then taking AB as the base, find the height of the parallelogram. ^Y | 
[CBSE 2013] 


SOLUTION Let DM =h be the height of parallelogram ABCD when AB is taken as the base. 
From Fig. 6.49, 
D (A. -3) 64-3, 2), 


A(1,-2) M | - b. TB (2. 3) 


Area of AABD = (Ав x DM) 


= Area of AABD =. H AB x li 
2 (Area of AABD) 
> h = —————— š 
AB (i) 


Using distance formula, we obtain 
AB V- +(3+ 2 = 


The coordinates of vertices of ЛАВР are A(1, -2), B02, 3) and DA, -). 
ls 225 04... 1 


_ 327 4^ os 
Area of AABD = ltt x 3 + 2(-3) + (-4)(-2) - (1x (-3) + (4) x 34 2x (-2)}| 
1 1 
= Pis -6*8)-(-3-12- 4) = 26 + 19) = 12 sq. units 


Substituting the values of AB and area of ЛАВР in (i), we obtain 


= 2х12 2-23 Units 


h J26 J26 


ЖЕЖ ЗАНИ ae ee с ы L = Cu ————— SS 
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EXAMPLE 19 Three vertices of a parallelogram ABCD are A(3, 4), B(-1, -3) and Ct -6, 2). Find 
the coordinates of vertex D and find the area of parallellogram ABCD [CBSE 2013 
SOLUTION Let (x, y) be the coordinates of vertex D. We know that the diagonals of а 
parallelogram bisect each other. Therefore, mid-points of diagonals AC and BD are 
same. Consequently, the coordinates of their mid-points are same and hence, 


[I] —— (3-е 4+2) D (x, y) C (-6. 2) 
2 3 E 2 

(== ——— 3 1) 
= 3^ 3 J ЖГ, 

v-1_ 3, у-3 A (3, -4) ! ~~ 
m е 5 and 5 — Fig. 6.50 
= x-1=-3andy-3=-2 
=> x =-2andy = 1 


Hence, the coordinates of D are (2, 1). 
We know that each diagonal of a parallelogram divides it in two triangles of equal area. 
Area of parallelogram ABCD - 2 (Area of AABC) n) 
3. „1. -6, 8 
4 ans 4 — 4 


Now, Area of AABC = A {3 x (-3) + (-1) x 2 + (6) (0) - [3 x 2 + (-6) (-3) + (-1) (749 


1 
š 5169 22 66 + 18+ 4)| = 243 — 28) = 12 square units, 
Substituting this in (i), we obtain 
15 
Area of parallelogram ABCD = 2 х 2" 15 square units. 


EXAMPLE 20 If the area of AABC formed by A (x, y), B(1, 2) and C(2, 1) is 6 square units, then 
prove that x + y = 150r, X+ y * 9- 0. [CBSE 2013] 
SOLUTION We have, 


Area of AABC = 6 

бх + 2% - 6 + 4+ y)|=6 
[xy -3|212 

1 7 5 32 412 

x 7 7 15 = 0 or, х+у+9 = 0 
х+у = 15 or, х+у+9 = 0 
EXAMPLE 21 Ifthe points Р (-3, 9), О (a, b) and К (4,—5) are collinear and a + b = 1, find the 


values of a and b. [CBSE 2014 
SOLUTION [tis given that the points P (-3, 9), Q (a, b) and К (4,—5) are collinear. 


E 
Area of APQR = 0 TM, ла ia ngs 
9^ "p^ b d E 


ууруу YU 


— |{-3b – 5a + 36} – {15 + 4b + 9a }| =0 
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=> |(-14a — 7b + 21)| = 0 

29 14a + 7b -21- 0 

= 2a+b-3=0 vd) 
It is given that a + b «1 Gi) 


Solving (i) and (ii), we obtain a = 2 and b — — 1. 
Type | ON FINDING THE AREA OF A TRIANGLE _ 


EXAMPLE 22 ff D, E and Fare the mid-points of sides BC, CA and AB respectigely of a AABC, 
then using coor dinate — prove that | 


Area of ADEF = — + (Area of A ABC) 
SOLUTION Let A , у), 205 V5), C (ху, уз) be the vertices of MABE Then, 
the coordinates of D, E and F are (225, г a4 5 иту) "^ $5) ard 
+ Wty 
(==, изм) respectively. 
We have, 


Ü < / 
A, = Area of AABC- 7 x, (из - M3) * X2 5 -y )+ (у, -у»)| i 


AQ uy) 


22 -~ — zl XptX3 N 


22 G3, ½) 
362. мә 2 3 Wa 3 

[5755] 

Fig. 6.51 
1 | X3 +X; )(4 +з Wi . (3 +; ) (4 mY Vi а. 

Am = || == | aa AT y ATT |f ity wit 

2 = Area of A DEF 2 2 2 2 $ i 2 2 

() ( V2*V Wty, ) 
2 2 2 

=> A, = HIS **) % — Уз) + Q8 + Хз) (Yi 7 уз) +(x, + x3) (у, — 700 
= A; ЗЕ (Yi 7 Vs *J2 7*2 Ya 7 Yo + Va - i) xs (узу y, —¥3)| 


> А; = zl (Yo = уз) + Xa (уз = Y1) + Xs (уу — у›)| 


MATHEMATICS 


] 
= A, = | (Area of A ABC) = 14 


Hence, Areaof ADEF = “(Area of AABC) 


Type H MIXED PROBLEMS BASED UPON THE CONCEPT OF AREA OF A TRIANGLE 


EXAMPLE 23 Ifthe vertices of a triangle have integral coordinates, prove that the triangle cannot be 
equilateral. 


SOLUTION Let А (xj, у), В (x5, у») and C (x4, y3) be the vertices of a triangle ABC, where 
x,, V,, i = 1, 2,3 areintegers. Then, the area of A ABC is given by 


1 
A= 21^ (уз = Y3) + Xy (уз - th) + xs (у — V2) 
[^ „are integers] 


=> A=A rational number 
If possible, let the triangle ABC be an equilateral triangle, then its area 15 given by 
A= УЗ (side)? = УЗ (ав) [- АВ = BC = СА] 
B nu |. vertices are integers — | 
=> = (A positive integer) -. АВ? is a positive integer | 
= А = An irrational number 


This is a contradiction to the fact that the area is a rational number. 

Hence, the triangle cannot be equilateral. 

EXAMPLE 24 If the coordinates of twopoints A and В are (3, 4) and (5, — 2) respectively. Find the 
coordinates of any point P, if РА = PB and Area of АРАВ = 10. 

SOLUTION Let the coordinates of P be (x, y). Then, 


PA = PB 
> PA? = PB? 
= (x - 3)? «(у 34)? =( - 5) % 2) 
= x-3y-1-0 (10) 
Now, Area of APAB - 10 
x 3. 4-5. x 
y^ Y Ll a Sy 
- = (4x + 3» -2+ 8y) - Gy +20 - 2x)| = 10 
Р" |(4x + By — 6) - (C2x + Зу + 20)| = 20 
E l6x + 2y - 26| = 20 
= 6x + 2y - 26 = + 20 
> бх + 2y – 46 = 0 or, 6x+2y-6=0 
= Зх+у- 23 = 0 or, 3x+y-3=0 . . (ii) 


Solving x - 3y - 1 = 0 and 3x + y - 23 = 0 We get x =7,y = 2. 
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Solving X - 3y – 1 = 0 and 3x4 y-3 O, we get x = 1, y = -0. 
Thus, the coordinates of P are (7, 2) or (1,0). 


EXAMPLE 25 The coordinates of A, B, C are (6, 3), (, 5) and (4, —2) respectively and P is any 


| | x+y-2 
point (x, у). Show that the ratio of the areas of triangles PBC and ABC is — 7 | : 


SOLUTION We have, 


* „ # 
Area of APBC = „r + 6 + 4y) - (-3y + 20 - 2x)! 
Area of APBC = ES +6+4y + Зу - 20 + 2x| 
Area of APBC = 5 ls *7y -14| 

Area of APBC = ар +y-2| 


Е ing x by бапа y = 3 
Area of A ABC = 763-2 poner y 6and y | 


in Area of APBC 


Area of A ABC = 2 


7, Ж 
Area of A PBC _ "Md M YEN 


== 
Area of A ABC | 49 7 7 
2. 


-EXERCISE 6.5 


(LEVEL-1| 

. Find the area of a triangle whose vertices are 
(i) (6,3),(-3, 5) and (4, - 2) (i) (at, 2at), (atà, 2aty) and (аг, 2aH) 

(iii) (a, c +), (a, c) and (-a,c - а) 
Find the area of the quadrilaterals, the coordinates of whose vertices are 
(i) (, 2) (8, 4), (7, - 6) and (—5,-4) (ii) (1, 2), (6, 2), (5, 3) and (3, 4) 
(iii) (A, — 2), (-3, – 5), (3, - 2), (2, 3) [NCERT] [CBSE 2009] 
Ihe four vertices of a quadrilateral are (1, 2), (75, 6), (7,4) and (k, -2) taken in order. If the 
area of the quadrilateral is zero, find the value of k. 
· The vertices of А АВС are (2, 1), (5, 4) and (2, ) respectively. Find the area of the 
triangle and the length of the altitude through A. 
- Show that the following sets of points are collinear. 
(a) (2,5), (4, 6) and (8, 8) (b) (1, -1), (2, 1) and (4, 5). 
Find the area of a quadrilateral ABCD, the coordinates of whose varities are A (-3, 2), 
В (5, 4), C (7, -6) and (- 5, 4). ICBSE 2016] 


* 


* 


E MA THEMATIC — 
AT SEV the 
a | | (O, i) respective. | 
7. In AABC Е the coordinates of vertex A are (0, — 1) and D (1,0) and E ( dace d ^ 


[CBSE 2016] 
of the sides through Q 
[CBSE 2015] 


mid-points of the sides AB and AC. If Fis the mid-point of side BC, find the 


8. Find the area of the triangle PQR with Q (3, 2) and the mid-points 
being (2,-1) and (1,2). 


$ . Р `1] эе P IRS, 
9. If P( -5, Є 3),0(- 4.6), R (2,-3) and 8 (, 2 are the vertices of a quada ilate 1 Al C 


> 5 
find its area. r d | 
| К : NUES ha 
10. If A(-3, 5) B (-2,-7), C (1, -8) and D (6, 3) arethe vertices of a quadrilateral ABCD, idm 
its area. ye amo | 
11. For what value of a the point (а, 1), (1,-1) and (11, 4) are collinear? [CBSE 2017 


12. Prove that the points (a, b), (a, b) and (a —a, b — bj) arecollinear if ab, = a,b. 


13. If the vertices of a triangle are (1,—3), (4, p) and (-9,7) and-ifs area is 15 sq. units, 


findthe value(s) of p. [CBSE 2012] 
14. If (v, y) beon the line joining the two points (1, -3) and (4, 2), prove that x + y + 2 = О. 
15. Find the value of kif points (k, 3), (6, —2) and (23, 4) are collinear. [CBSE 2008] 


16. Find the value of k, if the points A (7, 2), B(5, 1) and C (3, 2k) are collinear. 
[CBSE 2010] 
,6] and B (2, 8), 


find the value of m. ІСВЅЕ 2010] 
18. If R(x, y) isa point on the line segment joining the points P (a, b) and Q (b, a), then prove 


that x -ys a4 b, [CBSE 2010] 


17. If the point P (m, 3) lies on the line segment joining the points A | M 


Uto 


19. Find the value of k, if the points A (8, 1), B(3, – 4) and C (2, К) are collinear. 


[CBSE 2010] 


20. Find the value of n for which the area of the triangle formed by the points 


A (a, 2a), B(-2, 6) and C (3,1) is 10 square units, | 


21. If a = 0, Prove that the points (a, 4%, (b, b?), (0, 0) are never collinear. 


| ICBSE 2017] 
rtices are at (2, 1) and (3, — 2). If the third 
[CBSE 2017] 


22. Theareaofa triangleis5 sq. units. Two of its ve 
vertex is (7/2, y), find y. 


23. Prove that the points (a, 0), (0, b) and (1, ) are collinear if 1 4 ] = 
к.» 125 = ! | 
24. The point A divides the join of P (-5, 1) and О (3, 5) in era fod Find н 
of k for which the area of SABC where B is (1, 5) and C " : "S IWO values 
2 units. (7, —2) is equal to 


25. Theareaofa triangle is 5. Two of its vertices аге (2,1) 
y = x + 3. Find the third vertex. 

26. If à # b + c, prove that the points (a, a7), (b, b), (с, c?) can li 

27. Four points A (6, 3), B(-3,5), C (4, — 2) and D (x, 3x) 


ADB = 2 find x. 
AABC 2 


and (3, —2), The third vertex lies on 


er be collinear. 


are given in « 
Siven in such а way that 


. 
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28. If three points (x), Vi ), (5, y2), (v4, уз) lie on the same line, prove that 
05 A- A k h-h _ 
Xa X3 YX4Xq XX 
29, Find the area of a parallelogram ABCD if three of its vertices are A(2, 4), B(2 + , 5) and 
C(2, 6). [CBSE 2013] 
30. Find the value (s) of k for which the points (3k — 1, k - 2), (k, k - 7) and (А - 1 
are collinear. 
31. Ifthe points А (I. —4), B (b,c) and C (5,-1) arecollinearand 2b + c = 4, 
of band c. _ 
32. Ifthe points А (—2, 1), B (a, P) and C (4,-1) are collinear and q — b = 
a and b. 
33. If the points A (1, ~ 2), B (2, 3), C (a, 2) and D (-4, — 3) form a 


value ofa and height of the parallelogram taking AB as 4 RT EXEMPLAR] 
34. А (6, 1), B(8, 2) and C (9, 4) are three vertices of a gram ABCD. If E is the 


mid-point of DC, find the area of ^ ADE. [NCERT EXEMPLAR] 
35. If D (-1/5,5/2), E (7, 3) and Е (7/2, 7/2) are ч id-points of sides of A ABC, find the 
areaof A ABC. [NCERT EXEMPLAR] 
is | | — ANSWERS 
1. () 2 8g. units (ii) a? ( =) - n= 5). (iii) a? 
2. (i) S0 sq. units (ii) > sq. 3. k=3 
40 2 
4. 20 sq. units. J58 > q. units 7. 4sq. units, 159. unit 
8. 12 sq. units 13 sq. units 10. 72 sq. units 
-3 
П. a=5 . p=-3,-9 19. ks— 3€ k-2 
8 13 27 
17. ү =-5 " 1 2 0. = —,— — 
19. k 20. 3 22. V 5 2 
11 -3 
A. 25. (7/2, 13/2) or (-3/2,3/2)27, 8 
29, 30. k=0,3 31. b-3,0--2 
А я = 1242 3 | 
2. 33, @=-3,h= Via 34. 4 59: units 35. 11 sq. units 
—— - — HINTS TO SELECTED PROBLEMS 
1 


(ii) Let ^ be the area of the triangle formed by the points (, 2at,), (ats? , 2aty) and 
(al;? ‚ 2at,), Then, | | 


We have 
] aly». 3 аб а. ai ni x, „а 


20. кот," 2 оа, 


MAT! P 
6.56 
2.2 x 2ats 
2 e2 nt^ Fa" * 
› E - 2 9 4- at х2 
А=—|(а!?› 2al, +at,” x 2al, at? x Adu a x 20h * 2 
bp dte 7 
$4 2 2 2а 12 їз 
> A272 2% h? t, + 2a” Pz U) - Qa hitz + 
j|; QQ *20 I$ F3 
> At eU А 6763 А 135) - (h Б? +hh + ht) 
- \ = а? ( ty - h? ty) 4 (hèh -h ty) + (ty =h 2) 
i: 5 2 35 
-> A=a@ |12 (t -h) + ty ty (h -h) fy (ty — is )| 
ә А = д? 62 -H) + bt - h(t + ty)}] 
= A = a? l(t, - ty) (t, -5)- (t 9 
=> A =а? |(t, -&) (t - 15) (ty ) 
= A =a" [(t, = z) (- t) (ts — A)| 


(iii) Let A be the area of the triangle formed by the points (a, c + a), (a, c) 


We have, 


a ЕКСА a" а 222 
>” 7a a Se aN 
сп C с-а CFA 
n= T м, — a) (c t -falc 
і 2 Ша alc í C +a); -ta (e *4) - ac +a(c—a)}| 
tes у Чр * 2) fac g? - 
— А B5 ic - —ac—a c a r 
1 > 
— A = z (ac – 24°) – lac) 
ТЖК ДИР 
^ Az-| -24 | = а? Sq. units 


2. (i) Let A( 3,2), В (5, 4), С (7 -6) and D (-5 -4)b 
P € ә, е the verticec 
We have, Ices of the 
3 $3 x osi 
29 4 a диц 2 


: suc 
Area of A ABC = 510-12 30 + 14) ~ (10 + 28 А 18) 


ө Рр 
` $ » 4 ms PES. NM | 
$ Area of A ABC 2 |-28 - 56| = 42 Sq. units 


We have, 
РИЯ 


29 ^ 65 "5 42 5 
< 


and (—a 


Ччаагі 1 


W с ay 


CO-ORDINATE GEOMETRY 


] 
Area of A ACD = 5 1018 — 28 - 10) - (14 + 30 + 12 


Area of A ACD = 51-20 - 56| = 38 sq. units 


Area of quadrilateral ABCD = (42 + 38) = 80 sq. units 
Gi) Let A (1, 2), B (6, 2), C (5, 3) and D (3, 4) be the vertices of the given quadrilateral. 


We have, 
1 — 6 2 5 — 1 
2 2 PE 3 3 2 


Area of A АВС = де +18 + 10) - (12 + 10 + 3) 


=> Area of A ABC = „|30 -25| = 2sq. units 
Also, we have 
1. 294.» 95 „1 
22 30° «45 2 


Area of A ACD = е + 20 + 6) – (10 + 9+ 4)| 2 3sq. units 


Area of quadrilateral ABCD = (af 3 Pa, units = E sq. units 
3. Let A (1, 2), B (-5, 6), C (7, - 4) and D'(k, — 2) be the vertices РА the quadrilateral. 


We have, А, "A РР 
R 
Area of A ABC = gis 20 +14) – (-10 + 42 - 4) }| 


= Area of A АВС = 2 00 28) = 6sq. units 


Also, we have 


oe es 
Area of A ACD = ((-4 -14 + 2k) - (14 - 4k 2) 


> pq ИЕ 


= Area of A ACD = 5 (6k ~ 30) = (3k ~ 15) 
Area of — ABCD = 6 + ЗК ~ 15 = 3k – 9 
lt is given that the area of quadrilateral is zero. 
3k-9=0 > k=3 
1. We have, 
bs CK. e 
1 oe 4 Аа 4 ae 1 


vq.» ‘pa 
. — 


6.58 


Area of AABC - = | 8 – 15 + 2) – (5+8 + 6) 


We have, gc [5 2)? +(4 + 3)? = J58 


— 


" : * u zh A) 
Now,  Areaof AABC l- BC x (Length of the altitude throug 


through A 
> 20 = 1. 458 x Length of the altitude tl 
2 
| h of the altitude tl l = 
» I. » JU T= — 
ength of the altitude Toug J58 
гі 


11. Points (a, 1), (1, - 1) and (11, 4) will be collinear, if 
Qs Ll. dl. „а 


Le A-1684 ey 


(Ax 141% 4411 x DA x Veda -1 + ax 4) = 0 


> (a + 15) ~ (1-114 47) 0 
=> -а + 15 + 10 -4a = 0 
— — 5а 2520 
=> a=5 
12. Points (a,b), (an, b) and (a – a,, b - b,) will be collinear, if 
4 0 CULLEN 
b aet. tu. 5 — "i M - b, M. "a, b 


| ab, * (b - b) (a -m)b) = imb + (a — a,) b, * a (b — b, Ў} О 


| = (ab, «ab -a 1b; + ab - ab) — (a,b + ab, a 1D, + ab — а) = 0 
j > (ab, — a,b, + ab) — (mb - a,b, + ab) = 0 

| — ab, - ab -0 

i | = ab, = ab 


23. Points (а, 0), (0, b) and (1, are collinear. 


a. 0 WE M .ü 
0 * тал" ^ Q 
(ab + 0x1 +1х 0) - (0х0 4 Ixb 


+ах 1) =0 
> = b qu b t.a 
dE te ey 
24. It is given that the point A divides the join of p b 
| k : 1. So, the coordinates of / Aare (— 5 1) 


CO-ORDINATE GEOMETRY il 
We have, 
Sk-5 1. — 7, k 
k*1 uet wo Tw T1 
5k+1* *5^ * 5" SK 1 
k+1 k+1 
Area of A ABC = 2 sq. units 
1 |[3к -5 54K +1] [5k+1 1 71 
> 2l T—x5-247x - -2 
1 т at P бын k+1 
(= 35k +7 5k +1 1 31 
к —— 2241 — a = = 
a 2 k+l k+l | 221 P a 
1 (15k - 25 - 2k – 2+ 35k + 7) — (5k + 1 + 35k + 35 – 6k + 10)]. 
5 WS °° °° =<. oom 
+1 
= l[(8k-20)-(4k«46)] _, 
2 k+1 
iS. 
* 2| kel] 
A 
=> = 
k+1 
E 22 
4K 2 1 
> 7k — 33 = +2(k +1) 
E 7k – 33 = 2k + 2,7k 383 2k - 2 
> 5k = 35, 9k = 31 
31 
k=7,k = — 
9 
25. Let the third vertex be А (х, у). Other two vertices of the triangle are B (2, 1) and 


С (3, 42). 
We have, 
y P 1 2 0. да у 
Area of AABC = 5 sq. units 


EE 5100-4534) -2y+ 3-20] =5 
=> 2-4 232005 
=> 1 7| = 

2 ty- |= 
— 3x T7 = +10 


> 3x + y-17 = Оог,Зх+у+3 = 0 


6.60) 


It j `; 71 ie 
given that the vertex A (x, / lies on =x + 3. 


Solvin 7 

8 Зд + Vy 17 = () апа y= x4 3; we get x 7 

е э 

Solving E 
E 3x + у + 3 = 0 and y = 14 3, we get Y= z 
I ler e » P 2 p f 3 
ice, the coordinates of the third vertex are | 2 = 

7 20 


26. | T A v - К р ? > Е Ер” 
et A be the area of the triangle formed by the points (a, a^), (b, b^) and (c, c^) 


and y = 


and y 


49 2 b —— mess 


25 е hb 
a p^^ T cid an 


] 3 3 > ) 
A= 2 (ab^ + bc* + са?) (ab + b?c + ca) 
- A 1 2 3 7 
e e (ab? — act (be? get 
— = 1 2 7 ” 
Ae 2 -a" (b — c) + a(b? — c^) е (b - c) 
- 1 
А = 2 (b-c) | ~ +4 (b+ с) – be 
x | › 
А = 2 (b — c) ( + ab + ac be )| 
c: ] 
= EZ lE- Da (a - b) +c (a — b))| 
] 
= A= 3l - €) (a - b) (c — a)| 


It is given that a » b + с, 

A+0 
Hence, given points are never collinear 
27. We have, | 


2x) 


7|2x —1| 


3 45 223 
x 
Area of ADBC = 1061 i 
2 (Su + 6 + 12x) — (-9x + 20 
^ Area ›Ё AD = 1 : 
€ BC 5 (283 - 14)| = 14х-7|= 
Also, we have 
6 IPTE ih. 6 
39 "8 5 2 a 3 


аше | 
Area of AABC - 5 |(30 + 6 + 1) ү б 2. 


12)| 


— 


ә 


M 


NIU NI 


CO-ORDINATE GEOMETRY " 


Area of AABC = HE +1| = 49 


= 2 
Now, 
Area of ADBC ЕЕ. 
Area of AABC 2 а 
72122 —11 1 » 
Е 49 2 
2 
= I= 
4 
7 
21K 
11 3 — 
2x = — or, 2x = -— 
ds 1 4 
gu agi 
T a aai \ 


28. Points (ху, уу), (X2,Y2) and (x5, уз) are collinear. 


| / 
X1 Р. X5 WM. Хз „Ё Х\ | 
у PY у» PES ГА к у Р, 
(хуз + хууз + Хул) ( Xs ah s) 0 
> (ху; = X13) + (хуз N + (Азу 7 X342) = 0 
=> Xy (Yo — V3) * (уз - V) + X ( 742) = 0 к” 
58 ху (уз — V3) , Xa (Из -V ХӘ VJ _ 9 
ыу Уз — Уз, Уз m ӘР — 0 
X2 Хз ** X1 X2 
— i. VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 
Answer each of the following questions either in one word or one sentence or as per requirement of the 
questions: ‚ 
1. Write the distance between the points A (10 cos 0, 0) and В (0, 10 sin 0). Е 
2. Write the perimeter of the triangle formed by the points О (0, 0), A (a, 0) and B (0, b). РА 
3. Write the ratio in which the line segment joining points (2,3) and (3, A) is divided by 4 


X axis. 

4. What is the distance between the points (5 sin 60°, 0) and (0, 5 sin 30°)? 

5. IF A (—1,3), B (1, -1) and C (5, 1) are the vertices of a triangle ABC, what is the length of the 
median through vertex A? 

6. If the distance between points (х, 0) and (0, 3) is 5, what are the values of x? 

7. What is the area of the triangle formed by the points О (0, 0), A (6,0) and B (0, 4)? 

8. Write the coordinates of the point dividing line segment joining points (2, 3) and 
(3, 4) internally in the ratio 1:5. 


662 


10. 
11 


17, 


28. 


If P (x, 6) is the Mid-point of the line segment joining A(6, 


- If P (2, р) is the mid-point of the line se 


- What are the coordinates of the point where the 


. If the points A (1,2), О (0,0), and C (a, b) are colline 
. Find the coordinates of the point which is e 


. If the distance between the points (4, k), and (1, 0) is 5, the 


x 


MATHEMATICS 


| ; the origin, 
; 2 (b, c) and К (c, a) is а! 
If the centroid of the triangle formed by points P (a, b), Q (b, c) and R ( 
what is the value ofa bc? 


b] ? 
- ^ K QBU. GE 
In Q. No. 9, what is the value of — + — + —? T 
Ux n ich is equidistant from the point: 
Write the coordinates of a point on X-axis which is equidiste 
(3, 4) and (2, 5). 


т» + 1 
2)is C (37 25/2), finc 
lt the mid-point of the segment joining A (x, y +1) and B(x +1, y +2) is C 


V, y. 


эсе id ofthe triangle 
Iwo vertices ofa triangle have coordinates (- 8, 7) and (9, 4). If the centroid ‹ 


: ; hird vo ? 
is at the origin, what are the coordinates of the third vertex? 


Write the coordinates the reflections of point (3,5) in X and Y-axes. 


2 , ‘or эс JEU 7 At is OR? 
If points Q and R reflections of point P (-3, 4) in X and Y axes respectively, what is Q 


; à E "n « X5,1/5) and 
Write the formula for the area of the triangle having its verticesat (X,Y), (X22 77) 


(X4 ‚Үз ). 


Write the condition of collinearity of points (Хы), (35,45) and (x, 1/3). 


К ; 2 а. ). 
‚ Find the values of x for which the distance between the point P (2,-3) and О (х, 5) is 10 


Write the ratio in which the line segment doining the points А (3, —6) and. B (5, 3) is 
divided by X-axis. 


. Find the distance between the points (28/2, 2) and (2/5, 2). [CBSE 2009] 
- Find the value of aso that the point (3,4) lies on the line represented by 2y — 3y+5=0. 
[CBSE 2009] 

What is the distance between the points А (c, O) and B (0, -с)? [CBSE 2010] 


If P (2,6) is the mid-point of the line Segment joining A (6,5) and B (4, y), find y. 


[CBSE 2010] 
and y is positive, then what 
[CBSE 2010] 

5) and B (4, y), find V. 
[CBSE 2010] 
-5) and B —2,11), 
find the value of р. | 3 


[CBSE 2010] 
If A (1, 2), B (4, 3) and C (6, 6) are the three vertices of a parallelogram A BED, find the 
coordinates of fourth vertex D. 


[CBSE 2010] 
and B (0, sin 0 + cos 0)? 
[CBSE 2015] 


ar bisector of the 


If the distance between the points (3, 0) and (0, V)is5units 
is the value of y? 


gment joining the points A (6, 


What is the distance between the points А (sin Ө — cos Ө, 0) 


d Perpendicu] 
segment joining the points A (1,5), and B (4,6) cuts the V-axis? 


Find the area of the triangle with vertices (a, b+ C), (b, 


line 


C4 (i) and (c, à + b). 
ar, then f ind a: p. 
quidist 


ant from the three 'ertic 
A (2x, 0), O (0, 0) and B (0, 2y) of ^ AOB, CUM tls 


n wh 


al can be the 
value of k? 


Possible 
BSE 2017] 

zj distance of a point P(x, y) from the origin. 

Find the di C P I E 2018] 


CO-ORDINATE GEOMETRY 6.63 
ТОЕ А —— — — ANSWERS 
1 

1. 10 2. a 3. 3:2 4.5 5, 5 6. +4 

7. 1254. units 8. (13/6, 19/6) 9. 0 10.3 

11. (2/5, 0) 12. (1,1) 13. (- 1,- 11) 14. (3,-5), (3,5) 15. 10 

1 

16. ln (Yo — уз) + xa(ys K — v2)| 

17. ху (у; — Уз) + (03 — vi) + * - у) = 18. 8,-4 19. 2:1 

20.2 21. i A. He 23.7 24. 4 28.7 

26.3 27. (3,6) 28. 42 29. (0,13) 30. 0 31.1:2 

32. (x, v) 33. +4 34. (|х? + y^ 


Mark the correct alternative in each of the following: 


1. The distance between the points (cos , sin Ө) and (sin Ө > cos®) is 


(а) J3 (b) J2 (c) 2 (d) 1 
2. The distance between the points (a cos 25°, 0) and (0, a cos 65°) is 
(a) a (b) 2a (с) 3a (d) None of these 


3. If x is a positive integer such that the distance between points P (x, 2) and 


Q (3, —6) is 10 units, then x = 
(a) 3 (b) -3 (c) 9 (d) -9 


4. The distance between the points (a cos + b ѕіл 0, 0) and (0, a sin Ө — b cos0) is 
(a) à? +b? (b) a+b (e) а2 b (d) уа? +b? 
5. If the distance between the points (4, p) and (1, 0) is 5, then p = 
(a) +4 (b) 4 (c) -4 (d) 0 
6. A linesegement is of length 10 units. If the coordinates of its one end are (2, ~ 3) and the 
abscissa of the other end is 10, then its ordinate is 


(a) 9,6. (b) 3,-9 (с) -3,9 (d) 9,—6 
7. The perimeter of the triangle formed by the points (0, 0), (1, 0) and (0, 1) is 
(a) ® /2 (b) /2+1 (c) 3 (d 2442 


8. If A (2,2), B (4, - 4) and C (5, -8) are the vertices of a triangle, then the length of the 
median through vertex C is 


(а) J65 (b) 4117 (c) 4/85 (d) 113 


9. If three points (0, 0), (3, 43) and (3, A) form an equilateral triangle, then А = 
(a) 2 (b) -3 (c) -4 (d) None of these 
10. If the points (k, 2k), (3k, 3k) and (3, 1) are collinear, then k 


1 1 2 2 
(a) 3 (b) "s (c) 3 (d) EC 


MN 


- i 


^. 
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6.64 
> 11 
‘distant from the p« 

11. The coordinates of the point on X-axis which are equidistan 

(-3, 4) and (2, 5) are Sr neee 

(a) (20, 0) (b) (- 23,0) (е) (4/5,0) (9) None r n 
12. If (-1,2), (2, -1) and (3, 1) areany three vertices of a parallelogram, the 

(a) a=2,b=0 (b) a=-2,b=0 

(e) @a=-2,b=6 (d) a=6,b=2 

2 ight angled at P, thei 

13. If A (5,3), B (11, ) and P (12, y) are the vertices of a right triangle right angle 

у= 

(a) -2,4 (b -2, 4 (c) 2,-4 (d) 2,4 
14. The area of the triangle formed by (a, b+ с), (b, c+ a) and (c,a + b)is 

(a) а+Ь+с (b) abc (c) (a+b +c) (d)..0 


15. If (x, 2), (-3,- 4) and (7,—5) are collinear, then x= 
(a) 60 (b) 63 (c) - 63 (d) —60 
16. If points (t, 21), (- 2, 6) and (3, 1) are collinear, then P= 


3 4 5 3 
(а) 4 00 5 (c). (d 5 
17. If the area of the triangle formed by the points (x, 2x), (2, 6) and (3, 1) is 5 Square units, 
then x = 
(a) 2/3 (b) 3/5 (c) 3 (d) 5 
18. If points (а, 0), (0, b) and (I, are collinear, then - „в 
[| 
(a) 1 (b) 2 (c) 0 (d) -1 


19. If thecentroid of a triangle is (1,4) and two of its vertices 
area of the triangle is 


(a) 183 sq. units (b) DE sq. units (c) 366 Sq. units (d) = Sq. units 
20. The line Segment joining points ( 3,-4), and (1,-2) is divide 
(a) 1:3 (b) 2:3 (c) 3:1 (d) 2. 
21. The ratio in which (4, 5) divides the join of (2, 3) and (7, 8) is 
(a) -2:3 (b) -3:2 (c) 3:2 (d) 2:3 
22. The ratio in which the x-axis divides the segment join; 
(a) 2:1 (b) 1:2 (c) 5 : Jb rre. dioi: 


23, If thecentroid of the triangle formed b 


d by y-axis in the ratio 
3 


y the Points (а, b), (b, c) 


FC M and (с, а) is at the origin, then 
(а). ак (b) 0 (e) a «bac (d) 3 abe 
24. If points (1,2), (- 5, 6) and (а, - 2) are collinear, а. 3 афс 


25, If the centroid of the triangle formed by (7,x 


* (y, -6 . 
(a) (4,5) Ws еа аш 2) Фе 
5, 2) 


2 dy { "n (x, y) = 


аге (4, — 3) and (-9, 7), then the 


woo А7 220 es a ay 
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26. The distance of the point (4, 7) from the x-axis is 


(a) 4 (b) 7 (c) 11 (d) V65 
27. The distance of the point (4, 7) from the y-axis is 
(a) 4 (b) 7 (c) 11 (d) J65 j 
28. If P is a point on x-axis such that its distance from the origin is 3 units, then the » 
coordinates of a point Q on OY such that OP = OQ, are 
(a) (0, 3) (b) (3, 0) (c) (0, 0) (d) (0, — 3) 
29. If the point (x, 4) lies on a circle whose centre is at the origin and radius is 5, then = 
(а) +5 (b +3 (с) 0 (4) +4 
30. If the point Р (x, y) is equidistant from A (5, 1) and B (-1, 5), then 
(а) 5х = у (b х= 5у (с) Зх = 2y (d) 2х 3y =, 


31. If points А (5, p), В (1, 5), С (2, 1) and D (6, 2) form a square ABCD, thenp= 
(a) 7 (b) 3 (c) 6 (d). 8 


32. The coordinates of the circumcentre of the triangle formed by the points O (0, 0), 
A(a, 0) and B (0, b) are 


(a) (a,b) (b) (0/2, / (с) (5/2472 (d) (b,a) f 
33. The coordinates of a point on x-axis which lies on thé perpendicular bisector of the line Р, 
segment joining the points (7, 6) and (-3,4) are 
(a) (0,2) (b) (3,0) (c) (0,3) (d) (2,0) 
34. If the centroid of the triangle formed by the points (3, —5), (-7, 4), (10, -&) is at the point (k, 
—1), then k = ' 
(a) 3 (b) 1 (c) 2 (d) 4 
35. If (, 1) is the centroid ofthe triangle having its vertices at (x, 2), (10, – 2), (-8, y), then x, 
y satisfy the relation 
(а) 3x+8y=0 b) 3*-8y-0 © 8x+3y=0 (9) 8x =3y 
36. The coordinates of the fourth vertex of the rectangle formed by the points (0, 0), 
(2, 0), (0, 3) are 
(a), G, 0) (b) (0, 2) (c) (2, 3) (d) (3, 2 
37. The length of a line segment joining A (2,—3) and В 15 10 units. If the abscissa of B is 10 
units, then its ordinates can be 
(a) 3or-9 (b) -30r9 (c) 60r 27 (d) -6 or -27 
LU 
38. The ratio in which the line segment joining P (ху, vj) and Q(x,, y;) is divided by 4 
X-axis is 
(a) yy : v; (b) =й: (с) X, * (d) - : x; 


39. The ratio in which the line segment joining points A (a, , b, ) and B (a>, b>) is divided by 
Y-axis is 
(а) —a : a, (b) a, :45 (с) b : b, (d) -bh : b; 


сә 
MATHEMAT! 


P (a 2) al 
: : it, = 
ROL A t points 
3 1, 2)is trisected a 
40. Ifthe line segment joining the points (3, 4), and (1, 2) is tr 
а 
Q 3• b). Then, 2 1 
4 „ 7 jut LL 2 m 
W) Сара ЧЫ &s^ jug O sac ju н -— 3 
з 2 É > 2, 3) and the coordinates 
41. If the coordinates of one end of a diameter of a circle are (2, 3) « 


А - (ter are 
: N rend of the diame 
centre are (—2, 5), then the coordinates of the other end « 


“RSE 2012 
- 6,7) (CBSE 2 
(a) (-6,7) (b) (6,-7) (c) (6,7) "x „АА (1, 3) an 
joining the point: din 
42, The coordinates of the point P dividing the line segment joining the р 
B(4, 6) in the ratio2 : 1 are | А 12 
BSE 20 
43. In Fig. 6.52, the area of AABC (in square units) is E 2013 
(a) 15 (b) 10 (с) 7.5 (d) 2.5 33 


Y 


ly 
Fig. 6.52 

44, The pointon the x-axis which is equidistant from points (-1,0) and (5, 0) is 

(a) (0,2) (b) (2,0) (c) (3,0) (d) (0,3) ICBSE 2013] 
45, If A (4,9), B (2,3) and C (6,5) are the vertices of AABC, then the length of median 

through C is 

"M oues ©) Aunis (о) 25 units (d 10 units [CBSẸ 2014] 
46. If P (2, 4), Q(0,3), R (3,6) and 5 6, y) are the vertices ofa Parallelogram p IRS 

> © ә, t » > 

value of y is Q hen the 

M vi ы —7 (d) -8 А 
47. If A(x,2), B(-3,-4) and C (7,—5) are collinear, then the Value of x js [CBSE 2014] 
48. The perimeter of a triangle with vertices (0, 4) and (0,0) and (3,0) is [CBSE 2014] 

(а) 7 + 5 (b) 5 (с) 10 ane 


(d) 12 [CBSE 2014] 


„1 зз a 
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49. If the point P (2, 1) lies on the line segment joining points A (4, 2) and B (8, 4), then 


(a) AP al AB 


3 


(b AP = BP 


1 
РВ = — АВ 
(с) ^ 


(d) AP = 


кюе 


АВ 


50. A line intersects the y-axis and y-axis at P and О, respectively. If (2, -5) is the mid-point 
of PQ, then the coordinates of P and Qare, respectively | 
(a) (0, 5) and (2, 0) | 
(c) (0,4)апа(—10, 0) 


1. (b) 
7. (d) 
13. (с) 
19. (b) 
25. (d) 
31. (c) 
37. (a) 
43. (c) 
49. (d) 


2. (a) 
8. (c) 
14. (d) 
20. (c) 
26. (b) 
32. (b) 
38. (b) 
44. (b) 
50. (d) 


(b) (0, 10) and (-4, 0) 
(d) (0, 10) and (4, 0) 


i (€) 
. (d) 
(c) 
‚ (d) 
. (a) 
. (b) 
. (a) 
. (b) 


T, ny 


6. (b) 
12. (c) 
18. (а) 
244 (b) 
30. (d) 
36. (c) 
42. (b) 
48. (d) 


1. The abscissa and ordinate of a givenpointare the distances of the point from y-axis and 


X-axis respecti 


vely. 


2. The coordinates of any point on x-axis are of the form (x, 0). 
The coordinates of any point on y-axis are of the form (0, y). 


3. 
4. 


л 


The distance between points P (xj, и) and Q(x, y2) is given by 


(х: -M Y 0 05 


internally in the ratio m : n are 


Ni + NX, 


m+n 


mya + yy | 
m+n 


. Distance of a point Pixs) from the origin O (0, 0) is given by 


. The coordinates of the point which divides the join of points Р (х,и) and О (xs, y3) 


The coordinates of the mid-point of the line segment joining the points P (x1, у) and 


(X5, y,) are ( 


х 1 + х 
2 


and С (x4, y4) are 


y + Vy 


2 


). 


The coordinates of the centroid of triangle formed Бу the points А (хум), B(xs, уу) 


EIN 


aA 
MATHI 
6.68 


EEST Xa ty +уз` and Clear 
3 3 
9. The area ofthe tri 


[4 


r >) 
ints А (xj, у), В (х2, V2 
angle formed by the points А (xi, Vi 


Zx (Yo — уз) + Xa (уз — 1) + x3 (V — 02) 


or 


, 


и d T X3 72) 
[69 Y2 + X» уз X3 ур) - (31 уз + хуу + X: 


м | 


е collinear, then 
10. If points A (ху, уу), B(x, у) and C (x3, y3) are co 


= = (0 
Х| (Y2 — уз) + x, (y, — уу) + хз (y — y2) 
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7.1 CONCEPT OF SIMILARITY 


Inearlier classes, we have learnt about congruent figures. Two geometric figures having the 
same shape and size are known as congruent figures. Note that congruent figures are alike 
in every respect. In this chapter, we shall study about similarity of geometric figures. 
Geometric figures having the same shape but different sizes are known as similar figures. 
Two congruent figures are always similar but similar figures need not be congruent as 
discussed in the following illustrations. 


ILLUSTRATION 1 Any two line segments are always similar but they need not be congruent. They 
are congruent, if their lengths are equal. 


Fig. 7.1 


ILLUSTRATION2 Any two circles are similar but not necessarily congruent. They are congruent if 


their radii are equal. 


Fig. 7.2 


ILLUSTRATION3 (i) Ату two squares are similar. (See Fig. 7.3(i)). 


LL ee. 


Fig. 7.3(i) Fig. 7.3(ii) 
(ii) Any two equilateral triangles are similar. (see Fig. 7.3(ii)). 
If two figures are similar one can be obtained from the other either by shrinking or by 
stretching, without changing its shape. There is one-to-one correspondence between the 
parts of two similar figures [Fig. 7.3 (ii)]. 


7.1 
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7.2 SIMILAR POLYGONS 

DEFINITION Tv роо are said tole similar to each other, if 
(i) thcir corresponding angles are equal, and 

(ii) the lengths of their cornesponding sides are proportional. 


If two polygons ABCDE and PQRST are similar, then from the above definition it follows 
that: 


Angle at А = Angle at P. Angle at B= Angle at Q, Angle at C= Angle at R 
Angkat D= Angkat S, Angle at E = Angle at T 
АБ BC CD DE E 
S ST TP 
lí two polygons ABCDE and PORST, are similar, we write А PQRST. 
Here, the symbol '- stands for ‘is similar to 


+ 


sees 
: NS 
B du 


ay 


“< 
с 


8 


er sides to be similar. In other wr 
equal fut impres of therr corresponding sides are mot 


he stmt S # the corresponding angles of tao 
the corresponding sides are proportional, then the polygons 


EXERCISE 7.1 


Dianks using the correct word girenin brackets: 
m Are (comeruent. iir). 
SS S erer 


{ш} AR anes are inilar (isosceles, equilaterais} 

eo Two тілге are scia, # their corresponding angies are (proportional. 
equal 

ts) Two miangies аге similar, 1f their corresponding sides are (proportional 
eccali 


* Two pot gers of the seme number of sides are similar, if (a) their corresponding 
aneles аге 2nd (b) the cosrespondins sides аге egal, proportional). 
[NCERT] 


Oe —— 
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2. Write the truth value (T/F) of each of the following statements: 
ü) Any two similar figures are congruent. 
Gi) Апу two congruent figures are similar. 
(iii) Two polygons are similar, if their corresponding sides are proportional. 
(iv) Two polygons are similar if their corres; »nding angles are proportional. 
(v) Two triangles are similar if their corresponding sides are proportional. 
(vi) Two triangles are similar if their corresponding angles are equal. 


ANSWERS 
1. (1) similar (ii) similar (Ш) equilateral 
(v) equal (v) proportional (vi) equal, proporti 
2 (i) False (i) True (iii) False 
(iv) False (v) True (xi) True 


DEFINITION Tio trimmyles are said to be similar, rf their 
D corresporniing angles are equal ani. 


(2) corresponding sides are proportional. 
Ж follows from this definition that two trianges АБС 


@ 2AsZD,ZBsZE.ZCzZF and (ШП РЕ 7 


ce 
Fg. 75 


this chapter uv Sn show tat the tiro condihons gicen in the above 
edent. In fact, rf either of the о conditions holds, then the other holis 
Ty сте OF the too conditions can tv used to defz similar triangles. 


. ^ А т. T 2 1, 3 — — — + 
onding angles of two triangles are equal, then they are krzoum a5 equisngular 


= 


74 SOME BASIC RESULTS ON PROPORTIONALITY 

In SEs section, we shall discuss some basic results on proportionality. 

ACTWITY Draw ary angie L MAY and mark ports P., P., D, P. and Bon its arm AX such thet 
P. P.D-DP.-P.B-lunmt 

Тае pom: B, draw глу Ene intersecting arm AY at port С. Ako, through post D, draw 
2 re parallel to BC tomtersect AC 21 E. 


=. — | 
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We have, у 
AD = AP, P,P, + PD = 3 units C 
and, DB = DP, + P4B = 2 units. 
AD 3 
DB 2 E 
Now, measure AE and EC and find = 
You will find that 
AE 3 
EC: —2 ^ pP, pz P B * 
AD _ AE | 
DB EC Fig. 7.6 
Thus, we observe thatin A ABC if DE || BC, then 
AD _ AE 
DB. EG 


We prove this result as a theorem known as basic proportionality theorem or Thale's 
Theorem as given below. 


THEOREM 1 (Basic proportionality Theorem or Thales Theorem) Ifa line is drawn parallel to one side 
ofa triangle intersecting the other two sides, then it divides the two sides in the same ratio. 
[NCERT, CBSE 2002 C, 2005, 2006 C, 2007, 2008, 2009, 2010] 


GIVEN A triangle ABC in which DE || BC, and intersects AB in D and AC in E. 


2 
TO PROVE DB ЕС 


CONSTRUCTION join BE, CD and draw EF 1 BA and DG LCA. 
PROOF Since EF is perpendicular to AB. Therefore, EF is the height of triangles ADE and 
DBE. 


Now,  Area(AADE)= 5 (base x height) = ; 4D. EF) 


and, Aren (A DBE) - 5 (base x height) = 5 (DB. EF) 


1 
Aren (ADE) 2(4D.FD Ар ^ 
Area (A DBE) my DB 
Similarly, we have 
1 
Area(AADE) 7(48:06) AE Fig.7.7 


Area (А DEC) T 1 (ЕС. DG) EC (ii) 
2 


But, A DBE and А DEC are on the same base DE and between the same parallels DE and BC. 
Area (A DBE) = Area (A DEC) 
1 1 


= Area(ADBE) Area (ADEC) [Taking reciprocals of both sides] 
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Area (A ADE) Area (A ADE) 


=> Area (ADBE) Area (A DEO) DEC) [Multiplying both sides by Area (^ ADE 
5 = = P [Using (i) and (ii)] 
Q.E.D. 
COROLLARY Hin AAC, a line DE || BC, intersects AB in Dand AC in E, then: 
(i) = n: E [NCERT] (ii) x x: a 

PROOF (i) From the basic proportionality theorem, we have 

AD AE 

DB EC 
=> 455 = E [Taking reciprocals of both sides] 
=> 1+ 5 =1+ E [Adding 1 on both sides] 
ЕЧ Ар + ОВ _ АЕ+ЕС 

AD AE 

_ АВАС 

AD AE 
(ii) From the basic proportionality theorem, we have 

AD AE 

DB EC 

AD AE | 
= DB +1= TC +1 [Adding 1 on both sides] 

AD-«DB  AE«EC 
a DB W 

AB ФАС 
= рв, МЕС 

Q.E.D. 


The above results can be summarised as follows: 


SUMMARY If in a А ABC, DE || BC, and intersects AB in Dand AC in E, then we have 


„Ҹар AE „ DB EC АВ АС 
) DB EC d) 5 AE (ii) 5 = AE 
_, AD, AE АВ AC , DB EC 
(iv) AH AC () PB EC (vi) ^45 ac 


Let us now perform the following activity. 


ACTIVITY Draw any angle XAY and mark points BM B, B}, B, and B on its arm AX such that 
AB, -B,B; = B3B, = BB, = B4B = 1 unit. Also, mark points C}, C, Су, C, and C on arm AY such 
that AC,= C,C; = C;C; = CC, = C,C = 1 unit. Join B. CN, В,С, ВС, В,С, and BC as shown in 
Fig. 7.8. 


~~ 


aX 


This fact is stated and proved as a theorem given below and it is the converse of the basic 

proportionality theorem. 

THEOREM 2 (Converse of Basic Proportionality Theorem) If a line divides any two sides of a triangle 

in the same ratio, then the line must be paralled to the third side. [NCERT] 
AD _ AE 

GIVEN А A ABC and a line l intersecting AB in D and AC in E, such that DB EC 


7.6 
Weobserve that y 
AB, = 1 unit, AC, = 1 unit, 
BIB = 4 units, CiC = 4 units, c 
AB _ AG ( _ 1) Са 
В,В a 4 Сз 
You can also see that B,C, and BC are parallel to each C2 
other. C 
Similarly, we observe that у 
AB, AC. 2 
— > = | = — [and ВС, || BC А В, В; ВВ, В x 
В.В cel = jas >C; || 1 2 3 4 
Fig. 7.8 
А, Taf- 5 Jand B,C; 1 BC 
ВВ CCXV 2, 
AB, AC; | + | 
—— = ——| = — |апа B,C, || BC. 
BB QOI T МС 
It follows from the above activity that ifa line divides two sides of a triangle in the same ratio, 
then it is parallel to the third side of the triangle. 
| 
| 


TO PROVE l:BC ie. DE || BC 
PROOF If possible, let DE be not parallel to BC. Then, there must be another line parallel to 


BC. Let DF || BC. 
Since DF || BC. Therefore, from Basic Proportionality Theorem, we get 


AD. | AF : 
DB = TC ...(i) 
ABS, AE , " 
But, DE - TC (Given) (ii) 
From (i) and (ii), we get 
AF _ AE 
IC EC 
= АЕ «13x AE +1 [Adding 1 on both sides] ] 
ЕС ЕС 
AF+FC АЕ+ЕС Fig.7.9 
== E EC 
„ 4C, AC 
FC. -EG 


= FC = EC 
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This is possible only when F and E coincide i.e. DF is the line | itself. But, DF || BC. 
Hence, / || BC. 
Q.E.D. 


We shall now discuss some examples which will illustrate the applications of the results 
discussed so far. 


ILLUSTRATIVE EXAMPLES 


Typel BASED ON THE RESULT THAT THE LINE DRAWN PARALLEL TO ONE SIDE OF A 
TRIANGLE INTERSECTING THE OTHER TWO SIDES DIVIDES THEM IN THE SAME RATIO. 


EXAMPLE1 In Fig 7.10, PQ is parallel to MN. If EN = a and KN = 20.4em. Find КО. 
SOLUTION In A KMN, wehave 


PQ || MN K 
KP _ КО 
PM ОМ [By Thale’s Theorem] 
KP KQ Р Q 
ш РМ KN-KQ 
2a Mo 
т 13 204 КО 
=> 4 (20.4 – КО) = 13 КО M | N 
=> 17 КО = 81.6 
- ко = ŽES - вет 


АР 3 
EXAMPLE2 ln ABC, DE || BCand 75 DB 5 If AC =5.6, find AE. 
SOLUTION | In A ABC, we have 


DE || BC 

AD AE 

db = = [By Thale's Theorem] 

AD _ AE 
- DB AC AE \ 

3 AE 
ЕБ SEE AE AC = 5.6] 

E 

=> 3 (5.6 — AE) = 5AE 
=> 16.8 — 3AE = 5AE 
=> 8AE = 16.8 
= АЕ = ст = 2.1 cm. и d 


Fig. 7.11 


‘N 
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"n" i ЗА? 
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EXAMPLE3 In Fig. 7.12, DE || BC, If AD =x, DB =x-2, AE=x+2and EC=x- 1, find the value 


of x. 
SOLUTION InA ABC, wehave C 
DE || BC = 
Ар _ AE | 
DB ЕС [Ву Thale’s Theorem] 
к. 3s 
- x-2 Ir x-1 
Е] ^ A / = D 
Я „ Fig. 7.12 


EXAMPLE4 In Fig. 7.13, LM || AB. If AL2x-3, AC= 
value of x. 


SOLUTION InA ABC, we have 
LM || AB 
AL _ BM 
LC MC 
AL 2 BM 
= AC- AL ВС- ВМ 
x-3 2 x-2 
T 2x-(x-3) (Qx«3)-(x-2) 
X-3 x-2 
= х+3 x45 
= (x — 3) (x + 5) = (x-2)(x +3) 
= x +2х-15=х?%* 2x26 
=> x=9 
EXAMPLES In Fig. 744, if ST || QR. Find PS. 
SOLUTION InA РКО, we have 
R 
2 cm 
T S 
3cm 
P 
Fig. 7.14 
ST || OR 
Ps PT 
* QS RT 


2x, BM 2 x - 2and BC = 2x + 3, find the 


[By Thaley's Theorem] | 
С 
L M 
A B 
Fig. 7.13 

Q 
3 cm 

[By Thale's Theorem] 


| 
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PS З 
LÍ $ 2 
9 
PS = = 
= 2 <" 
EXAMPLE6 In Fig. 7.15 (i) and (ii), PQ || BC. Find QC in (i) and AQ in (11). 
A 
. N 
6 cm 5.3 cm 
B с 
Fig. 7.15 (i) Fig. 7.15 (ii) 
SOLUTION In Fig. 7.15(i), we have 
PQ || BC 
Therefore, by basic proportionality theorem, we have 
AP _ AQ 
РВ QC 
i5 1 
=> —— = — 
з QC 
Sco 
5 2 Cc 
=> QC = 2.6 ст 
In Fig. 7.15 (ii), it is given that PQ || BC. 
Therefore, by basic proportionality theorem, we have 
APE AQ 
PB QC 
А AL 
1 6 53 
2.22 
T 2 53 
= AQ= “г = 2.65 ст 
ХАМИ) In Fig. 7.16, if PQ || BC and PR || CD. Prove that 0 45 " EM 0 „РЕ 
[CBSE 2010] 
SOLUTION In A ABC, we have 
PQ ||BC [Given] 
Therefore, by basic proportionality theorem, we have 
AG АР | 
AB AC (i) 


є : 
Re 7.10 MATHEMATICS. x 
Ind ACD, wehave | 
PR ||CD 
Therefore, by basic proportionality theorem, we have 
AP _ AR i ! 
AC AD TW | 
From (i) and (ii), we obtain that 
AQ AR, AR АО | 
| AB AD 'AD AB 
' (ii) From (i) we have 
AQ _ AR 
AB AD 
АВ „АР 
24 x AQ AR 
2 AQ*+ QB _AR+RD , | ОВ 
AQ AR AQ 
=" "AR AO: BK 
; BE ВС 
EXAMPLES In Fig. 7.17, DE || AC and DC || AP. Prove that EC CP [CBSE 2005] 
SOLUTION In A BPA, we have 
DC || AP [Given] 
Therefore, by basic proportionality theorem, we have ^ 
BC BD : 
: CP 54 iin ^ 
i In A BCA, wehave 
X DE || AC [Given] | 
\ Therefore, by basic proportionality theorem, we have | 
У BE. Bm Gi) B EJ som P 
EC ФА * 


Fig. 7.17 
From (i) and (ii), we get 


Єр VEC "EC CP 
Type II PROBLEMS BASED UPON THE CONVERSE OF PROPORTIONALITY THEOREM 


EXAMPLE 9, D and E are respectively the points on the sides AB and AC ofa A ABC such that 
AB =5.6ет, AD =1.4 cm, AC 27.2 cm and AE = 1.8 cm, show that DE || BC. A 


SOLUTION We have, 
АВ = 5.6cm, AD = 1.4 cm, AC =7.2 стапа AE = 1.8 cm. 
e BD = АВ- АР = (5.6- 1.4) cm = 4.2cm 
D E 
and, 
EC = AC- AE = (7.2- 1.8) cm = 5.4 cm 
AD: .14. 1 AE 18 1 
— = — = – апа — = — =- 
DD. 42 3 EC 54 3 
8 © 


59. 7.18 
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Thus, DE divides sides AB and AC of A ABC in the same ratio. Therefore, by the converse of 
Basic Pro-portionality Theorem, we have 


DE || BC 


EXAMPLE10 Any point X inside A DEF is joined to its vertices. From a point P in DX, PQ is drawn 
parallel to DE meeting XE at Q and QR is drawn parallel to EF meeting XF in R. Prove that PR || DF. 

[NCERT, CBSE 2002] 
GIVEN А A DEF and a point X inside it. Point X is joined to the vertices D, E and F. P isany 
point on DX. РО || DE and QR || EF. 


TOPROVE PR || DF 
CONSTRUCTION Join PR. 
PROOF In A ХЕР, We have 


D 


PQ || DE 
XP _ XQ „ (i) [By Thale's Theorem] 
PD QE 


In XEF, Me have LA XM 
QR || EF po FPN 


XQ XR Е F 
QE = RE ...(ii) [By Thale’s Theorem] Fig. 7.19 
From (i) and (ii), we have 
XP XR 
РР RE 


Thus, in A ХЕР, points R and P are dividing sides XF and XD in the same ratio. Therefore, by 
the converse of Basic Proportionality Theorem, we have 
PR || DF 


ЕХАМРІЕ11 Ina A ABC, Dand E are points on sides AB and AC respectively such that BD = CE. If 
Z B= Z C,show that DE || BC. 


SOLUTION InA ABC, we have 
ZBzzC 


AC- AB [Sides opposite to equal angles are equal | 
AE + EC- AD + DB 

AE +CE = AD + BD 

AE + СЕ = AD + CE [-- ВО = CE] 

AE = AD D E 
Thus, we have 

AD = АЕ and BD = CE 


A 


ууу y 


Fig. 7.20 


= DE || BC [By the converse of Thale's Theorem] 


~~ 
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EXAMPLE Q2. In Fig. 7.21, if DE || AQand DF || AR. Prove that EF || ОК. INCERT, CBSE 2008] 
SOLUTION. In A PQA, wehave 

DE || AQ [Given] 
Therefore, by basic proportionality theorem, we have 


P 
PE _ PD | 
ЕО DA aS 
In A PAR, wehave — ME 


DF || AD [Given] = 
Therefore, by basic proportionality theorem, we have P 
RD PF à 
DA FR Rm ANNS 
Q R 


From (i) and (ii), we have 


PE PE Fig. 7.21 

EQ FR 
= EF || QR [By the converse of Basic Proportionality Theorem] 
EXAMPLE 13 [n Fig. 7.22, A, B and C are points on OP, OQ and OR respectively such that 
AB || PQand BC || QR. Show that AC || PR. [NCERT] 
SOLUTION InA OPQ, wehave 

AB ||РО ^ 

OA „Oa ! 
=> AP BO ... (i) 
In A ООК, we have 

BC || OR 

OB OC 
> БО” CR — (650 afe ms 
From (i) and (ii), we get Q R 

OA QC Fig. 7.22 

AP. CR 
Thus, А and C are points on sides OP and OR respectively of AOR, such that 

Sap Чош 

AP CR 
= AC || PR [Using the converse of BPT] 

LEVEL-2 
TypeI BASED UPON BASIC PROPORTIONALITY THEOREM p 
ЕХ In Fig. 7.23, if EF || DC || AB. prove that E - E ^ 
GIVEN EF || DC || ABinthegiven figure. | 
A/ B 

AE ЛЕ 

TO PROVE ED = FC F 


CONSTRUCTION Produce DA and CB to meet at P (say). 
PROOF In A PEF, we have 


AB ||EF Н Fig. 7.23 


Oo 
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1 Thale's Th ] 
AE BF [By Thale's Theorem 
PA PB 
— + 1 — à > 
= a БЕ" 1 [Adding 1 on both sides} 
РА + АЕ РВ + BF 
i: AE BF 
ХБ. РЕ (i) 
E AE BF e 
In APDC, wehave 
EF || DC 
ES am. : — ü 
ED ЕС [By Basic Proportionality Theorem] (ii) 
On dividing equation (i) by equation (ii), we get 
РЕ PF 
AE _ ВЕ 
PE © PF 
ED FE 
Ей ЖЄ 
= AE BF 
AE _ BE 
2 ED FC 


EXAMPLE15 Let X be any point on te side ВС ofa triangle ABC. If XM, XN are drawn parallel to 
BA and CA meeting CA, BA in М, М respectively; MN meets BC produced in T, prove that 
TX = ТВ х ТС. 


SOLUTION InA TXM, we have A 

XM || BN 

TB TN | 

TX ТМ ..-(i) r M 
In A TMC, we have 

XN ||CM 

TX TN а в * C 

TC TM (ii) Fig. 7.24 
From equations (i) and (ii), we get 

TB TX 

TX ТС 
= TX? = TBx TC 


EXAMPLE16 ABCD is a parallelogram, P is a point on side BC and DP when produced meets AB 
produced at L. Prove that 


: рр DC (ii) DL AL 
© PL BL DP PC 


hu са 


14-3 n 
| 7.14 MATHEMATICS - x 
GIVEN A parallelogram ABCD in which P is a point on side BC such that DP produced 
meets AB produced at L. T 
TO PROVE 
DB: c DC 5 DL AL 
© FL BL @ BB DC Р 
PROOF (i) InA ALD, wehave D C 
BP || AD 
LB LP " 
BA Рр 5 
BL РІ 
d AB DP : 
ra BL _ PL у" | 
= DC рр 55 
DP рс > А ‘ ; 
< PL BL [Taking reciprocals of both sides] 
(ii) From (i), wehave і 
рр DC | 
PL ‘BL 
PL BL А Е 
=> 55 DC [Taking reciprocals of both sides] 
E. BL 
М э = pa EU - 
Чч PL BL 
— +1=— +1 i ; 
=» DP + АВ [Adding 1 on both sides] 
Юр + Р. _ ВЕ+ АВ 
T DP AB 
DL АЙ 
* DP. AB 
t DL Al. 
| ^ f£ nA be Аз d 
AE BF 
| EXAMPLE17 IN Fig. 7.26, EF || AB || DC. Prove that ED FC [NCERT] 
| SOLUTION We have, 
EF || AB || DC 
= EP ||DC 
Thus, in A ADC, we have 
EP ||DC 
Therefore, by basic proportionality theorem, we have 
AE АР 


ED PC 0 
Again, ЕЕ || AB ||DC ‹ 
> FP || AB Fig. 7.26 


Зар. 
ЖР (ш диде; сз ud 
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Thus, in A CAB, we have 


FP ||BA 
Therefore, by basic proportionality theorem, we have 
BF АР 2 
2 m 
я . AE BE 
From (i) and (ii), we obtain ED" TC 


EXAMPLE18 In Fig. 7.27, DE || BC and CD || EF. Prove that AD? = АВ х AF. {CBSE 2007] 
SOLUTION In A АВС, we have 


DE || BC 
29 An = Be „(i) A 

AD AE 
InA ADC, wehave р 

FE || DC 

AD AC 45 D Е 

— = — (ii) 

AF AE 
From (i) and (ii), we get 

AB _ AD 

AD AF B C 
> AD? = AB x AF Fig. 7.27 


Type П ON THALE'S THEOREM AND ITS CONVERSE 


EXAMPLE19 Two triangles ABC and DBC lie on the same side of the base BC. From a point P on 
BC, PQ || AB and PR || BD are drawn. They meet AC in Q and DC in К respectively. Prove that 
QR || AD 

GIVEN Two triangles ABC and DBC lie on the same side of the base BC. Points P, Q and К аге 
points on BC, AC and CD respectively such that PR || BD and PQ || AB. 

TO PROVE QR || AD 

PROOF In A ABC, we have 


TB QA (i [By Basic Proportionality Theorem] 
In A BCD, wehave 
PR ||BD A 
OP c 
PB RD 


From (i) and (ii), we have 
CO CR fF. 


QA RD B Р С 
Thus, in A ACD, О and Rare points on AC and CD respectively such that Fig. 7.28 

CO CR 

QA RD 
=> QR || AD [By the converse of Basic Proportionality Theorem] 


D 


„(ii) [By Thale’s Theorem] 


; 
1 
3 
T 
j 
4 
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ees ABCD isa quadrilateral; Р, О, Rand S are the points of trisection of sides AB, BC, CD 
and DA respectively and are adjacent to A and C; prove that PQRS isa parallelogram. 

GIVEN A quadrilateral ABCD in which P, Q, Rand Sare the points of trisection of sides AB, 
BC, CD and DA respectively and are adjacent to A and C. 


TOPROVE PQRSisaparallelogrami.e., PQ ||5К апа QR || PS. 

CONSTRUCTION Join AC. 

PROOF Since P, Q, Rand Sare the points of trisection of AB, BC, CD and DA respectively, 
ВР=2 РА, ВО=2 QC, DR=2RCand, DS=2SA 

InA ADC, wehave 


— = —— = 2 and, — = —— = 2 
SA SA RC RC 
DS UR 
= SA RC 
=> Sand R divide the sides DA and DC 
respectively in the same ratio. 5 
=> SR || AC [By the converse of Thale's Theorem] ...(i) 
In A ABC, we have А 
ВЕ РА at ae a И 
РА РА ос QC 
BP BQ 
2 PA QC 
=> P and Q divide the sides BA and BC respectively in the same ratio. 
=> PQ || AC [By the converse of Thale's Theorem] (ii) 


From (i) and (ii), we obtain 
SR || AC and РО ||АС= SR ||PQ 
Similarly, by joining BD, we can prove that QR || PS. Hence, PQRS is a parallelogram. 


EXAMPLE21 Let ABC bea triangle and D and E be two points on side AB such that AD = BE. If DP 
|| BCand EQ || AC, then prove that PQ || AB. 


SOLUTION.“ In À ABC, we have 
DP || BC and EQ || AC 


A 
AD AP  , BE BQ 
r" — 2 — d-—-—— 
DB PP EA QC sa Ns 
Du FK 5d 52-20 Weh 
> DB рс“ рв QC |(- AD = BE) | 
Е 
AF LN) 
— PC QC x а \ 
Fig. 7.30 
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ES In a A ABC, P and О divide sides CA and CB respectively in the same ratio. 
= PQ || AB. 


EXAMPLE22 In Fig. 7.31, ABC isa triangle in which AB = AC. Points D and E are points on the 
sides AB and AC respectively such that AD = AE. Show that the points B, C, E and D are concyclic. 


SOLUTION In order to prove that the points B, C, E and D are concyclic, it is sufficient to 
show that Z ABC + Z СЕР = 180? and Z АСВ + Z BDE = 180*. 


In A ABC, we have A 

AB = AC and AD = AE 
=> АВ- AD = АС- АЕ 8 2 
=> DB=EC 


Thus, we have 
AD = AE and DB = EC 


: AD _ AE 1 

DB EC 
* DE || BC [By thé converse of Thale's Theorem] 
= Z ABC- Z ADE [Corresponding angles] 
=> Z АВС + Z BDE = Z ADE + Z ВОВ [Adding Z BDE on both sides] 
=> Z ABC + Z BDE = 180° 5 
=> Z ACB + Z BDE = 180° IL АВ = АС -.Z АВС = Z ACB] 
Again, DE ||BC 
= Z АСВ = Z AED 
= Z ACB + 2 CED SZ AED + 2 CED [Adding 2 CED on both sides] 
=> Z ACB + Z CED = 180° 
= Z ABG% Z CED = 180° LA ABC = Z ACB] 
Thus, BDEC is quadrilateral such that Z ACB + Z BDE = 180° 
and АВС + ZCED = 180° 


Therefore, BDEC is a cyclic quadrilateral. Hence, B, C, E and D are concyclic points. 


EXAMPLE23 The side BC of a triangle ABC is bisected at D; O is any point in AD. BO and CO 
produced meet AC and AB in E and F respectively and AD is produced to X so that D is the 
mid-point of OX. Prove that AO : AX = АЕ: AB and show that FE || BC. 
SOLUTION Join BX and CX. 
Wehave, 
BD = CD and OD - DX. 
Thus, BC and OX bisect each other. 
=> OB XC isa parallelogram. 
=> BX || CO and CX || BO 
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=> BX || CFand CX || BE 
E BX || OFand CX || OE 
In^ ABX, we have 

BX || OF 


In^ ACX, wehave 
CX || OE 


5 UE CU (ii) 
From equations (i) (ii), we get Fig. 7.32 

АЕ _ АЕ 

АВ АС 
Thus, E and Fare points on AB and AC such that they divide AB and Ac respectively in the 
same ratio. Therefore, by the converse of Thale's Theorem FE || BC. 


AD BE 
EXAMPLE24 InFig. 7.33, if PC Fc and < CDE = 2 CED, prove that А CAB is isosceles. 
SOLUTION ША ABC, we have 


AD BE у c 

DC ЕС [Given] 
Therefore, by the converse of basic proportionality theorem, we have, 

DE || AB 
= 2 CDE = Z CAB and Z CED АСВА 

[Corresponding angles] D E 
But, Z CDE = Z CED [Given] 
8 Z CAB- CBA A B 
= ZAZZB Fig. 7.33 
= BC=AC [: Sides opposite to equal angles are equal] 
=> A CAB is isosceles. 
М “ E "PT ! I 

EXAMPLE 25 In Fig. 7.34, 50 = TR and 2 PST = 2 РКО. Prove that ^ РОК is an isosceles 
triangle. [NCERT] 
SOLUTION Wehave, 

PS" PT 

50 TR 5 

By using the converse of Basic 
> ST ||QR | Proportionality Theorem | 
= 2 Р5Т= 2 РОК [Corresponding angles] 
=> Z PRQ- Z PQR [-- Z PST=Z РКО (Given)] 
Sides opposite to equal y ү 
E PQ=PR | 1 pue x | 
=> A PQR is isosceles. Q А 
. Fig. 7.34 
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EXERCISE 7.2 


LEVEL 
1. In a A ABC, D and E are points on the sides AB and AC respectively such that 
DE || BC. 
(i) If AD Gem, DB 29cm and AE = 8cm, find AC. 


ü) If ад — d AC i 
(ii) DB 4 an = 15cm, find AE. 


E AD 2 
(ii) If DB = 3 and AC = 18 cm, find AE. 


(iv) If AD 24, AE =8, DB = x - 4, and EC = 3x- 19, find x 
(у) If AD=8cm, AB = 12 стапа AE = 12cm, find CE. 
(vi) If AD 24cm, DB = 4.5cmand AE = 8cm, find AC. 
(vii) If AD 22cm, AB = 6cm and AC =9 cm, find AE. 


- AD 4 
ii If —— ЖЩ ешь а = 2. , i * t 
(viii) 55 3 and EC 2.5 cm, find AE 


(ix) If AD = х, DB = x -2, AE = x + 2and EC = x - 1, find the value of x. 
(x) If AD - 8x -7,DB = 5x -3, AE = 4x - and EC = (3x - 1), find the value of x. 
(хі) If AD = 4x -3, AE = 8x - 7, BD = 3x - Land CE = 5x - 3, find the volume x. | 
[CBSE 2002] ' 
(xii) If AD 22.5cm, BD = 3.0cm and AE — 3.75 em, find the length of AC. 
[CBSE 2006C] 
2. Ina A ABC, D and E are points ón the sides AB and AC respectively. For each of the 
following cases show that DE || BC: 
(i) AB=12cm, AD=8 cm, AE = 12 em and AC = 18cm. 
(ii) AB = 5.6ст, AD = 14cm, AC - 7.2 cm and AE = 1.8 cm. 
(iii) AB = 10.8 cm, BD 2 4.5cm, AC = 4.8 cm and AE = 2.8 cm. 
(iv) AD = 5.7 cm; BD =9.5 cm, AE = 3.3cm and EC = 5.5 ст. 
3. Ina A ABC, P and О are points on sides AB and AC respectively, such that PQ || BC. If 
AP — 2.4 cm, AQ = 2cm, QC =3 cm and BC = 6 cm, find AB and PQ. 
4. Ina ^ ABC, D and £ are points on AB and AC respectively such that DE || BC. If AD 22.4 
cm, AE 23.2 cm, DE = 2cm and BC = 5 ст, find BD and CE. [CBSE2001C] 
5. In Fig. 7.35, state if PQ || EF. 


Fig. 7.35 


' 
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6. and М are points on the sides РО and PR respectively of a А РОК. For each of the 
following cases, state whether MN || QR: 


(i) PM =4cm, QM =4.5cm, PN = 4cm, NR = 4.5 cm 
(ii) РО =1.28ст, РК = 2.56 cm, PM 20.16 cm, PN 20.32 cm 


7. In three line segments OA, OB, and OC, points L, M, N respectively are so chosen that 
LM || AB and MN || BC but neither of L, M, N nor of A, B, C are collinear. Show that 


LN || AC. 
D and E are points on sides AB and AC respectively of a A ABC such that 
DE || BCand BD = CE. Prove that A ABC is isosceles. [CBSE 2007, 2009] 
АГ ANSWERS 
1. (i) 20cm (ii) 6.43cm (11) 7.2cm (iv) 11cm (у) бет 
(vi) 17cm (vii) 3cm (viii) 2cm (xi) x24 (x) x31 
(xi) 1 (xii) 8.25 cm 3. AB=6cm,PQ=2.4cm 
4. DB=3.6cm, СЕ = 4.8 ст 5. No 6. (i) Yes (ii) Yes 


HINT TO SELECTED PROBLEM 


; . AD iE 
8. By Thale's Theorem, we obtain = AE 
y PD Fe ^0 


But, BDS CE and AD- AE 
i > AD+ BD = AE + CE =\AB= АС 


7.5 INTERNAL AND EXTERNAL-BISECTORS OF AN ANGLE OF A TRIANGLE 


In this section, we will derive some properties of internal and external bisectors of an angle of 
a triangle. These, properties will bestated and proved as theorems. 


| Let us first perform the following activity. 
] ACTIVITY Draw any angle Z XAY and mark points P, Р, Рз, Py, P; and B on its arm AX such 
that AP, = PP; - P5P4- P4P,7 P,P5-P5B = 1 unit. Also, mark points Qi, Q, Оз and Con arm 
AY such thatAQ, = ОО, = Q-Q; = Q,C= 1 unit. Join BC. 


| у 

i We have, 

1 — 6 3 c 

1 . ACS 4 2 

| Drow bisector of Z XAY to intersect BCat D. Qs 

i BD D 

| Measure lengths BD and DC and compute DC e 

| You will find that Q; 

| m 5 

po 2 A RB PR P RM P, Bx 
g Fig. 7.36 
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AB _ вр 
AC DC 


This means that the bisector of Z A of A ABC divides opposite side BC in the ratio AB: AC. 

This fact is stated and proved as a theorem given below. 

THEOREM 1 The internal bisector of an angle of a triangle divides the opposite side internally in the 

ratio of the sides containing the angle. 

GIVEN AA ABC in which AD is the internal bisector of Z A and meets BC in D. | 
ВО _ АВ = 

TOPROVE Тс Ac ы 5 


Е 


CONSTRUCTION Draw СЕ || DA to meet BA produced in E. 
PROOF Since CE || DA and ACcuts them. 


22223 m 
[Alternate angles] 
and, Z15354 (ii) [Corresponding angles] 
But, /1=/ 2 [-- AD is the bisector of Z A] 
From (i) and (ii), we get 
23 8 44 8 
Thus, in A ACE, we have Fig. 7.37 
Z3224 
=> AE = АС (i) [Sides opposite to equal angles are equal] 
Now,in A BCE, wehave 
DA || CE 
BD BA 
= DC АЕ [Using Basic Proportionality Theorem] 
BD АВ 
5 DC Ac [-- ВА = AB and AE = AC (From (iii)] 
BD _ AB 
Hence, DC AC 


In order to see whether the converse of the above theorem is true on not. Let us perform 
the following activity. 


ACTIVITY Draw any angle Z XAY and mark points P Py Рз, P4, P; and B on its arm AX such 
that AP, = PID P;P4- P4P,7 PAP PB = 1 unit. Also, mark points О, Q, and C on arm AY 
such that AQ, = ОО, = ОС = 1 unit. Join BC. 
Compute AB : AC. 


We have, 
AB = 6 units and AC = 3 units. 
AB_6_2 
AC 9 1 


Divide BC into 3 (= 2 + 1) equal parts and mark the 
points of division as К and D. 


We have, 
BD = BR + RD=2 units and CD = 1 unit. Fig. 7.38 
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BD 2 


А CD 1 
That is D divides BC in the ratio 2: 1. 


Join AD and measure Z XAD and Z YAD. 
You will find that Z XAD and Z YAD. Thatis, AD is the bisector of Z BAC of A ABC. 


This means that if D isa point onside BC of A ABC such that it divides BC in the ratio AB : AC. 
Then, AD is the bisector of 2 A of A ABC. 


We state and prove this fact as a theorem given below. 


THEOREM 2 In a triangle ABC, if D is a point on BC such that = = æ, prove that AD is the 


bisector of ZA. 

OR 
In a triangle ABC, if D is a point on BC such that D divides BC in the ratio AB »AC, then AD is 
the bisector of ZA. 

OR 


If a line through one vertex of a triangle divides the opposite sides inthe ratio of other two 
sides, then the line bisects the angle at the vertex. 


r | ' А BD .AB 
GIVEN АА ABC, in which D is a point on BC such that PC AC 
TOPROVE ADisthebisector of Z A. 
CONSTRUCTION Produce BA to E such that AE = AC. Join EC. 
PROOF In 4 ACE, we have 
AE - AC [By construction] 
=> 4232404 (i) 
BD AB 
Now, DC" AC E 
BD AB Ч 
sie 5e ar 17 AC = AE] 2 
Thus, in A BCE, wehave 
BDA BA 
DC. AE 


Therefore, by the converse of Basic Proportionality 
Theorem; we have 


DA || CE 
=> 21=24 (ü) [Corresponding angles] 
and, Z2223 (iii) [Alternate angles] 
But, 233 24 [From (i)] 
: 2122 [From (ii) and (ii)] Fig. 7.39 


Hence, ADis the bisector of Z A. 
Q.E.D. 


ofan angle ofa triangle 
-versa. In the following 
igle divides the opposite 


REMARK In the previous two theorems we have seen that the internal bisector 
divides the opposite side in the ratio of the sides containing the angle and vice 
theorem, we shall prove that the bisector of the exterior of an angle of a triar 
side externally in the ratio of the sides containing the angle. 


o — — — À — üN K —— — (C 
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THEOREM 3 The external bisector of an angle of a triangle divides the opposite side externally in the 
ratio of the sides containing the angle. 


GIVEN А А ABC, in which AD is the bisector of the exterior of angle 2 A and intersects BC 
produced in D. 


BD _ AB 
TOPROVE CD AC 


CONSTRUCTION Draw CE || DA meeting AB in E. 
PROOF Since CE || DA and AC intersects them. 
Z1=23 ...(i) 
Also, CE || DA and BK intersects them. 
Z2=24 (ii) 


Ab is the bisector of 
But, 21=22 | ZCAK . 4142 | 


23= 2/4 [From (i) and (ii)] 
Thus, in A ACE, we have Fig. 7.40 

/ З= 4 
25 AE = AC [:: Sides opposite to equal angles in a А are equal! ((iii) 
Now, in A BAD, we have 

EC || AD 


„5 ET [Using corollary of Basic Proportionality Theorem] 
=> ae BA = AB and EA = AE] 


s BD _ АВ [- AE = AC, From (iii)] 
Q.E.D. 


E 


PL 8 


tes % * 


a 
ILLUSTRATIVE EXAN 


EXAMPLE 1 In Fig 7.41, AD is the bisector of Z A. If BD A cm, DC = 3 cm and АВ = 6 cm, 
determine AC. ^ 
SOLUTION In AAC, AD is the bisector of Z A. 


BD АВ 6 cm 

DC АС 

4 6 E 
= 3 

3 AC B 4 cm D 3cm С 
=> 4 AC = 18 


Fig. 7.41 


ET 
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= AC=2cm=45cm. 


EXAMPLE2 In Fig. 7.42, AD is the bisector of 2 BAC. If AB = 10cm. АС = 14 cm and BC =6 ст, 
find BDand DC. 


SOLUTION LetBD=xcm. Then, DC = (6 - x) cm. A 


Since AD is the bisector of Z A. INN 
А АВ Вр 


10 х 10 ст 


U 
B 
s 
и 
R 


[AC = 5.6] Fig. 7.42 


| 
z 
и 
e 


=» BD = 2.5 стапа, DC = (6-х) cm = (6 - 2.5) cm = 3.5 cm 
EXAMPLES I the diagonal BD of a quadrilateral ABCD bisects both Z B and 2 D, show that 


GIVEN A quadrilateral ABCD in which the diagonal BD bisects Z B and Z D. 
AB Ар 

TO PROVE BC = CD 

CONSTRUCTION Join ACintersecting BD in O. 


PROOF [n ^ ABC, BO is the bisector of Z B. 


AO _ BA 
OC 50 
OA A 
=> Oc = БС (i) 
In A ADC, DO ss the bisector of Z D. 
AQ РА 
OC DC Fig. 7.43 
Of. AD 00 
OC CD 


LI d .. * AB se AD 
From (i) and (ii), we get ъ= = Gp 
EXAMPLE4 If the bisector of an angle ofa triangle bisects the opposite side, prove that the triangle is 


isosceles. [CBSE 2002] 
GIVEN In A ABC, the bisector AD of Z A bisects the side BC. 


TOPROVE AB = AC 
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rROOF In A ABC, AD is thebisector of Z A. A 
24 вр 

B AC DC 

AB | | | р 
=> co” 1. [Dis the mid-point of BC -. BD = DC] 7, 
=> АВ=АС 
Hence, the triangle ABC is isosceles. B D c 

Fig. 7.44 
EXAMPLES In A ABC, the bisector of Z B meets ACat D. A line PQ || AC meets AB, BC and BD at 
P, Qand R respectively. Sltow that 
(i) PR. BQ=QR.BP (ii) ABx CQ- BCx AP 

GIVEN А ABC in which BD is the bisector of Z B and a line PQ || AC meets AB,BC and BDat — 
P, Q and R respectively. 
TOPROVE (i) PR.BQ=QR.BP (ii) ABxCQ=BCx AP ^ 
PROOF (i) In A ВОР, BR is the bisector of Z B. Р 
on BQ = QR | 

BP РК = " d 
=> BQ.PR=BP.QR * 
> PR. BQ=QR. BP om 
; ра 
(i) In A ABC, wehave B Q С 

РО || АС [Given] Fig. 7.45 i 
- AE = By Thale's Th 

AP ^ СО [By Thale's eorem] 
= AB x CQ= BC. AP 
EXAMPLE6 In A ABC, ifADis the bisector of Z A, prove that: 

Area(AABD) AB 

E WS A 


Area (A. ACD) ~ AC A 
SOLUTION in A ABC, AD is thebisector of Z A. W 
— M _ BD .. (i) 

AC DC 
From A, draw ALL BC. 
| Area (А ABD) _ (1/2)BD. AL 
Е Area (ААСО) (/ ) DC. AL 


Area (A ABD) ВЮ 
Area (A ACD) DC 
Area (A ABD) AB 
* Area(AACD) Ac [From (i)] 


EXAMPLE? The bisectors of the angles B and C of a triangle ABC, meet the opposite sides in D and 
E respectively. If DE || BC, prove that the triangle is isosceles. 


Fig. 7.46 


* 


may 
m 
—- P 
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GIVEN A A ABC in which the bisectors of ZB and ZC meet the sides AC and AB at Dand E 
respectively. 


TOPROVE АВ = AC ^ 
CONSTRUCTION Join DE 
PROOF In^ ABC, BD is the bisector of Z B. 
AB _ AD я / ч 
K DC Ai 
In A ABC, CE is the bisector of Z C. 
АС _ AE " 8 с 
БС ВЕ * Fig. 7.47 
Now, РЕ || BC 
AE AD 7 5 
=> BE = DC [By Thale s Theorem] (iii) 
From (iii), we find the RHS of (i) and (ii) are equal. Therefore, their LHS are also equali.e., 
АВ AC 
BC BC 
=> AB=AC 


Hence, А ABCisisosceles. 


EXAMPLES ВО and CO are respectively the bisectors of & Band Z Cof ^ ABC. AO produced meets 
BCat P. Show that 
AB AO АС _ АО „ АВ BP 
~ OP СР «0р h AC PC 
(iv) AP is the bisector of 2 BAC. 
SOLUTION (1) In A ABP, BO is the bisector of Z В 
AB | AO A 


E BP ОР 
(ii) InA ACP, OC the bisector of Z С 
AC = АО 


x CP 409 
(iii) We have, proved that 


— — = — 


PC 
(tv) As proved above that in A ABC, we have 
— = СР => AP is the bisector of 2 ВАС. 


EXAMPLES Тһе bisector of interior Z A of A ABC meets BC in D, and the bisector ofexterior Z A 
BD CD 


meets BC produced in E. Prove that "E CE 


-———— – 
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GIVEN In A ABC, AD and AE are respectively the bisectors of the interior and exterior 
angles at A 


TO PROVE d = = 
BE CE 
PROOF Since AD is the internal bisector of Z A meeting BC at D. 
AB BD 
AC = DC i) 
Since AE is the external bisector of Z A meeting BC 
produced in E. A 
AB ВЕ 
AC СЕ (ii) 
From (i) and (ii), we get 
BD _ BE 
DC CE 
- BD CD B D c E 
BE CE Fig. 7.49 


EXAMPLE10 ABCD is a quadrilateral in which AB = AD: The bisector of 2 BAC and Z CAD 
intersect the sides BC and CD at the points E and Е respectively. Prove that EF || BD. 

GIVEN A quadrilateral ABCD in which AB= AD and the bisectors of < BAC and Z CAD 
meet the sides BC and CD at E and F respectively. 

TOPROVE EF || BD 


CONSTRUCTION Join AC, BDand EF. D F С 
PROOF In A САВ, AE is the bisector of Z ВАС. 
AG CE " 
— — szita) 
AB BE 
In А ACD, AF is the bisector of Z CAD. E 
ас fE E 
AD DF 
А Fig. 7.50 B 
= Lu з [-:Ар= АВ] ii) 
АВ ОЕ 
From (i) and (ii), we get 
CE CF 
BE DF 
> 22 
EB FD 


Thus, in A CBD, E and F divide the sides CB and CD respectively in the same ratio. Therefore, 
by the converse of Thale’s Theorem, we have EF || BD. 


EXAMPLE11 O is an point inside a triangle ABC. The bisector of 2 АОВ, Z BOC and 2 COA 
meet the sides AB, BC and CA in point D, E and F respectively. Show that 


AD x BE xCF = DB x EC xFA 


„РМ 


3 
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SOLUTION In AOB, OD is the bisector of Z АОВ. A 
OA _ AD 0 
OB DB 
In A BOC, OE is the bisector of Z BOC. D F 
ОВ BE " 
A — = — (ii) 
ОС. ЕС 
In A COA, OF is the bisector of Z COA. 
B E с 
oc - CF ...(iii) Fig. 7.51 
OA FA 


Multiplying the corresponding sides of (i), (ii) and (iii), we get 


OA, OB OC _ AD, ВЕ, CF 
OB OC OA DB EC FA 


AD BE CF 
25 1 = — x — x — 

DB EC FA 
=> DB x EC xFA = AD х BE х CF 
=> AD x BE xCF = DB x EC xFA 


EXAMPLE 12 AD isa median of ^ ABC. The bisector of 2 ADB and Z ADC meet AB and AC in E 
and F respectively. Prove that EF || BC. 


GIVEN In A ABC, AD is the median and DE and DF are the bisectors of Z ADB and 7 ADC 
respectively, meeting AB and ACin E and F respectively. 


A 
TO PROVE EF || BC 
PROOF In A ADB, DE is the bisector of < ADB, 
AD AE 
— са) 
ОВ ЕВ 
In A ADC, DF is the bisector of Z ADC. E 4 
AD АҒ 
DC f FC B D Cc 
AD AE 2 Ab is the median Fig. 7.52 
From (i) and (ii), we get 
AE AF 
ЕВ ЕС 
Thus, in А АВС, line segment EF divides the sides AB and AC in the same ratio. 
Hence, EF is parallel to BC. 


EXAMPLE 13 [nA ABC, Dis the mid-point of BC and ED is the bisector of the Z ADB and EF is 
drawn parallel to BC cutting AC in F. Prove that Z EDFisa right angle. 

GIVEN A A ABC in which D is the mid-point of side BC and 
meeting AB in E. EF is drawn parallel to BC meeting AC in F. 
TOPROVE < EDFisaright angle. 


ED is the bisector of 2 ADB, 
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PROOF In A ADB, DE is thebisector of Z ADB. 
AD _ AE А 
DB ЕВ 


m A? " 5 db Dis the mid-point of BC . РВ = Рс] 00 
In A ABC, we have E 
EF || BC 
= AE = АР . (ii) 8 D С 
ЕВ -FC 
From (i) and (ii), we get Fig. 7.53 
AD AF 
DC FC 
=> In A ADC, DF divides AC in the ratio AD : DC 
=> DF is the bisector of Z ADC 


Thus, DE and DF are the bisectors of adjacent supplementary angles Z ADB and Z ADC 
respectively. 

Hence, Z EDF is aright angle. 

EXAMPLE 14 In A ABC, ZB = 2 Z C and the bisector of B intersects AC at D. Prove that 


— — A 
DA BA 
SOLUTION In A ABC, bisector of Z B meets AC at D. 

Ср „ВС D 

AD BA 

BD BC In ABCD, we have 
= АР ВА ZDBC = ZBCD=C -. BD-CD 

B C 

- BD BC Fig. 7.54 

DA BA 


EXAMPLE15 nFig.7.55, 2 ВАС = 90°, АР is its bisector. If DE L AC, prove that 
DE х(АВ + AC) = AB x AC. 
SOLUTION It is given that AD is the bisector of 2 A of A ABC. 


AB _ BD 
AC DC A 
> 40 +1 = 1 +1 [Adding 1 on both sides] 
АВ + АС BD DC 
* AC DC 
AB+AC _ BC І 
=> AC = pc e(t) B D 8 


In As CDE and CBA, we have Fig. 7.55 
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2 ОСЕ= Z BCA=ZC [Common] 
Z BAC- Z DEC [Each equal to 90°] 

So, by AA-criterion of similarity, we have 
А CDE ~ A СВА 

NOUS 
CB BA 

i ABA 3 
DE Dc (ii) 

From (i) and (ii), we obtain 
АВ + АС AB 


АС DE = DEx(AB+AC)=ABx AC 


EXAMPLE16 Ina quadrilateral ABCD, if bisectors of the Z ABC and 2 ADC meet on the diagonal 
AC, prove that the bisectors of Z BAD and Z BCD will meet on the diagonal BD, 


GIVEN ABCD is a quadrilateral in which the bisectors of ZABC and Z ADC meet on the 
diagonal AC at P. 


TOPROVE Bisectors of Z BAD and Z BCD meeton thediagonal BD 

CONSTRUCTION Join BP and DP. Let the bisector of Z BAD meet BDat Q. Join AQ апа CQ. 
PROOF In order to prove that the bisectors of Z BADand Z BCD meet on the diagonal BD. It is 
sufficient to prove that CQ is the bisector of Z BCD. For which we will prove that Q divides 
BD inthe ratio BC: DC. 

In A ABC, BP is the bisector of Z АВС. 


ue sd .. (i) 


In A ACD, DP is the bisector of АРС. 
AD _ AP 
DC H 

From (i) and (ii), we get 


(ii) 


De (iii) 
the bisector of Z BAD. [By construction] 


AD DQ (iv) 


= BC BQ 
From (iii) and (iv), we get: DC = DQ’ 
Thus, in A CBD, Q divides BD in the ratio CB: CD. Therefore, CQ is the bisectors of Z BCD. 
Hence, bisectors of Z BADand Z BCD meet on the diagonal BD. 
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EXERCISE 7.3 


1. InaA ABC, AD is the bisector of ZA, meeting side BC at D. 
(i) If BD=2.5cm, AB = 5cm and AC = 42cm, find DC. 
(ii) If BD = 2 ст, AB = 5cm and DC =3 cm, find AC. 
(iii) If AB 23.5 cm, AC = 4.2cm and DC = 2.8cm, find BD. 
(iv) If AB = 10cm, AC = 14 cm and BC = 6cm, find BD and DC. 
(v) If AC = 4.2 cm, DC = 6cm and BC = 10cm, find AB. 


(vi) If AB = 5.6cm, AC = 6 cm and DC Z em, find ВС. [CBSE 2001C] 
If AD = 5.6 cm, BC = 6 cm and BD = 3.2cm, find AC. [CBSE 2001C] 
(viii) If AB = 10cm, AC = 6 cm and BC = 12cm, find BD and DC. [CBSE 2001] 


2. In Fig. 7.57, AE is the bisector of the exterior ZCAD meeting BC produced in F. If 
AB =10 cm, АС = 6 cm and ВС = 12 cm, find CE. 


D A 
y 
» 
10 cm 
B 12cm © x cm E B D C 
Fig. 7.57 Fig. 7.58 
4 AB BD | 
3. In Fig. 7.58, A ABC is a triangle such that "AC" DC’ Z B=70°, Z C=50°. Find Z BAD. 


4. In Fig. 7.59, check whether AD is the bisector of Z A of A ABC in each of the following: 
(i) AB 25cm, AC» 10cm, BD = 1.5cm and CD = 3.5 cm 
(ii) AB=4cmyAC=6em, ВР =1.6 cmand CD = 24 cm 
(iii) AB =8 cm, AC 224 cm, BD = 6 cm and BC = 24 cm 
(iv) AB G em, ACS cm, BD-1.5cmand CD = 2 ст 


(v) AB 25cm, AC = 12cm, BD = 2.5 cm and ВС =9 cm 
A 


B O 


D 
Fig. 7.59 
5. In Fig. 7.60, AD bisects ZA, AB=12 cm, AC =420cmand BD =5 cm, determine CD. 


LET I orca 
YT | 
| 732 MATHEMATICS - x 
6. In A ABC (Fig. 7.60), if 2, ee 
(Fig. 7.60), if 1 2 2, prove that = АС DO’ 
A i 
UI B D С 
Fig. 7.60 
7. D, Eand F are the points on sides BC, CA and AB respectively of A ABC such that AD 
bisects ZA, BE bisects ZB and CF bisects ZC. If AB = 5 cm, BC = 8em and CA = 4 cm, 
determine AF, CE and BD. 
ANSWERS 
1.  ()21cm (ii) 7.5 m (iii) 23 m (iv) BD 2.5 cm, DC = 3.5 cm 
(v) 28cm (vi) 5.8cm (vii) 4.9cm (viii) 7.5 cm, 4.5 cm 
2. 18 L 309 
4. (i) No (ii) Yes (iii) Yes (iv) Yes (v) No 
Аа an Саны Аш BD= © se 
| | 5, 8.33 cm 7; 3 d 13 е 9 
‘ — — — — — — HINTS TO SELECTED PROBLEMS 
2. Since AE isthe bisector ofthe exterior Z CAD. 
BE _ AB r 18. 
CE AC xa 
7. Since AD is the bisector of Z A. 
AB „(ВР 
Ё АС “GD 
5 BD 5 BD 40 
^ MEI——IL-I- 40-5BD-4BD-9BD- rud 
14 € 7 4 -BD RR 
| ў Since BE is the bisector of Z B. 
LR AB AE АВ AC-CE 5 4-CE 32 
ч = — = — 2 13 = ap == 
| BE CE E СЕ ВСЕ Pete cee трин, 
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7.6 MORE ON BASIC PROPORTIONALITY THEOREM 
In this section, we shall discuss some more applications of basic proportionality theorem. 


THEOREM 1 The line drawn from the mid-point of one side of a triangle parallel to another side 
bisects the third side. j [NCERT] 
GIVEN AA ABC in which D is the mid-point of side AB and the line DE is drawn parallel to 
BC, meeting AC in E. 

TOPROVE Eis the mid-point of AC i. e., AE = EC. 

PROOF In A ABC, we have 


DE || BC ^ 
AD AE 
=> DB = ЕС [By Thale’s Theorem] ...(i) 
But, D is the mid-point of AB. р Е 
= AD = DB 
=> ы 1 (ii) 
DB 
From (i) and (ii), we get e Fig. 7.61 S 
AE 212» АЕ= EC. 
EC 
Hence, E bisects AC. 
Q.E.D. 
THEOREM 2 Thieline joining the mid-points of fwo sides ofatriangle is parallel to the thind side. [NCERT] 
GIVEN A A ABC in which D and Р are mid-points of sides AB 
and AC respectively. ^ 
TOPROVE DE|| BC. 
PROOF Since D and E are mid-points of AB and AC respectively. 
AD = DBand АРЕС D E 
AD A 
=> DB = 1 and fc = 1 
“ AD WE в c 
DB) EC Fig. 7.62 


Thus, theline DE divides the sides AB and AC of A ABC in the same ratio. Therefore, by the 
converse of Basic Proportionality Theorem, we obtain DE || BC. 


Q.E.D. 
THEOREM3 Prove that the diagonals ofa trapezium divide each other proportionally. [NCERT] 
GIVEN Atrapezium ABCD in which the diagonals AC and BD intersect at E. 


DE CE 
TO PROVE EB EA 


CONSTRUCTION Draw EF ||BA || CD, meeting ADin F. 


JJ ˙ü = и 


\ 
7.34 
PROOF InA ABD, wehave D С 
ЕЕ || АВ 
m = E [By Thale's Theorem] ...(i) F 
In^ CDA, we have 
FE || DC 
- x m [By Thale's Theorem] Gi, £ - 
From (i) and (ii), we get Fig. 7.63 
DE CE 
EB EA 
Q.E.D. 


THEOREM 4 If the diagonals of a quadrilateral divide each other proportionally, then it is a 
trapezium. [NCERT, CBSE 2005] 


GIVEN A quadrilateral ABCD whose diagonals AC and BD intersect at E such that 
DE CE 


TO PROVE Quadrilateral ABCD is a trapezium. For this it issufficient to prove that AB || DC. 
CONSTRUCTION Draw EF || BA, meeting AD in Р. D c 


PROOF InA ABD, wehave 
EF ||BA 


F 
=> т. = E: [ByThale's Theorem! (i) 
DE CE à; s 
But, EB EA [Given]  ...(ii) 4 
From (i) and (ii), we get Fig. 7.64 
DF CE 
FA РА 
Thus, in А DCA, E and Fare points on CA and DA respectively such that 
DE “GE 
FA F 
Therefore, by the converse of Basic Proportionality Theorem, we have 
FE || DC 
But, FE || BA [By construction] 
DC || BA = AB || DC 
Hence, ABCD, isa trapezium. 
Q.E.D. 


THEOREM 5 Any line parallel to the parallel sides of a trapezium divides the non 
proportionally. 


GIVEN A trapezium ABCD in which DC || AB and EF isa line parallel to DC and AB. 


-parallel sides 
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AE BF D C 


— a a 
CONSTRUCTION Join AC, meeting EF in С. E F 


PROOF In A ADC, we have 


EG || DC 
AE AG А 
=> ED GC [By Thale’s Theorem] ii) 
In A ABC, we have ^ 
GF || AB Fig. 7.65 
AG BF А T 
Ge TC [By Thale’s Theorem] ...(ii) 


. = AE BF 
From (i) and (ii), we get : Ер = TC 
Q.E.D. 
THEOREM 6 If three or more parallel lines are intersected by two transversals, prove that the 
intercepts made by them on the transversals are proportional. 
GIVEN Three parallel lines I, m, n whichare cut by the transversals AB and CD in P, Q, Rand 
E,F, G respectively. 
PO EF 
TO PROVE OR * ЕС 
CONSTRUCTION Draw PL || CD meeting the lines m and nin M and L respectively. 
PROOF Since PE || MF and PM || EF. 
2 PMFE is a parallelogram 
= PM = EF oi) 
Also, MF || LGand ML || FG. 
2 MLGF isa parallelogram 
= ML=FG (й) 


Now, in A PRL, we have 
QM || RL 
= d = M [By Thale's Theorem] 
=> OR = EL [Using (i) and (ii)] Fig. 7.66 
Hence, ОЕ = E, Q.E.D. 


COROLLARY lf three or more parallel straight lines make equal intercepts on à given transversal, 
prove that they will make equal intercepts on any other transversal. 


PROOF Let, l, m, n be three parallel lines which make equal intercepts PQ and QR ona 
transversal AB (see Fig. 7.66). Let CD be any other transversal cutting 1, m and n at E, F 
and G respectively. Then, 
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PO ЕЕ | 
OR С [Ву Theorem 6] i) 
Bu,  PQ=QR. => = wii „@ 
From (i) and (ii), we get 
Ets ed 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1. Prove that the line segments joining the mid-points of the adjacent sides of a 
quadrilateral form a parallelogram. 


GIVEN A quadrilateral ABCD in which P, О, Rand S are the mid-points of sides AB, BC, CD 
and DA respectively. 
TO PROVE PQRSisa parallelogram. 
CONSTRUCTION Join AC. 
PROOF In A ABC, P and Q are the mid-points of AB and BC 
respectively. 

PQ || AC #0) 


In A ACD, К and S are the mid-points of CD and DA 
respectively. 


SR || AC (ii) 
From (i) and (ii), we have 
РО || AC and SR || AC 
= PQ || SR 
Similarly, by considering triangles ABD and BCD, we can prove that 
PS || QR 
Hence, PQRS isa parallelogram. 


EXAMPLE2 In Fig. 7.68, P is the mid-point of BC and О is the mid-point of AP. If BQ when 
1 
produced meets AC at R, prove that RA = 3 CA. [CBSE 2006C] 


GIVEN AA ABCin which Pis the mid. point of BC, Qis the mid-point of BR and, Q isalso the 
mid-point of AP such that BQ produced meets AC at R. 


TOPROVE КА = 30^ 


CONSTRUCTION Draw PS || BR, meeting ACat S. 
PROOF In A BCR, P is the mid-point of BCand PS || BR. 


te 


== — — о I OOO Oe E = 
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S is the mid-point of CR. А 

= CS=SR NT 

In A APS, Qis the mid-point of APand QR || PS. à 
Ris the mid-point of AS. 

E AR=RS (ii f 


rw 


From (i) and (ii), we get 
АК = RS = 5С B Р 
= AC =AR+RS+SC=3AR 


o 


— AR= e ЕСА 
3 3 


EXAMPLE3 In Fig. 7. 69, АВ || DC. Find the value of x. 
SOLUTION Since the diagonals of a trapezium divide each other proportionally. 


e . (iii) 


РҮ 7 4 SE i 
3(3x —19) = (x - 5) (x - 3) 


y 


9x —57 = х2 -8x + 15 
x?-17x472-20 
(x-8)(x-9) =0 A Fig. 7.69 В 


u ¥v UY 


x-8=0orx-9=0=>x=80rx=9 


EXERCISE 7.4 


1. (i) In Fig. 7. 70, if AB || CD, find the value of x. 
(ii) In Fig. 7. 71, if AB || CD, find the value of x. 


A B D C 


AK P^ N. 


[CBSE 2000C] 


— M € o M 
P == 2 à 


D c A B 
Fig.7 Fig. 7.71 | 
(iii) In Fig. 7.72, AB И CD. If OA = 3x - 19, OB = A, ОС = х- 3 and OD = 4, find x. 


АД 


~ а 


Deua Е 


— 
—— 


— 


— IT "ныч WS UI UR 


E 


112 


en no PERT! 


^ro 5 


Aas ee CR 


— 
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Fig. 7.72 


ANSWERS 
1. (3 (ii) 2 (iii) 11 or, 8 


7.7 CRITERIA FOR SIMILARITY OF TRIANGLES 


In section 7. 3, we have defined similarity of two triangles. Let us recall that two triangles are 
similar iff (i) their corresponding angles are equal and (ii) their corresponding sides are 
proportional. In other words, two triangles ABC and DEF are similar, if 


ZA. D, BA E, C E and, (d) = = = 


In such a case, we write A ABC ~ A DEF 


In this section, we shall make use of the theorems discussed in earlier sections to derive some 
criteria for similar triangles which in turn will imply that either of the above two conditions 
can be used to define the similarity of two triangles. 

For this, let us perform the following activity: 

ACTIVITY Draw two line segments BC and EF of two different lengths, say 6 cm and 4 cm 


respectively. At B and C construct angles of some measures say 65° and 45? respectively. 
Also, construct angles of 65° and 45° at E and F respectively. 


Fig. 7.73 


Suppose rays BP and CQ intersect each other at A and rays ER and FS intersect each 
other at D. 


We have, 
Z A =180° - (Z B + Z C) = 180° - 110° = 70° 
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апа, Z D z180*- (Z E +Z Е)=180°-110° =70° 
In triangles ABC and DEF, we observe that 

C A= D, CBC E, (C= Е 
That is, corresponding angles of these two triangles are equal. We also observe that 


BC 6 3 
— = l. 
EF 4 2 : 

Now, measure AB, DE, CA and FDand compute 5 and — 

- AB ca 
You will find that DE FID 1.5 
nas Ab BC CA 
Ms DE EH FD 


It follows from this activity that if corresponding angles of two triangles are equal, then 
their corresponding sides are in the same ratio. 
Thus, we have following criterion for similarity of two triangles. 
EQUIANGULAR TRIANGLES Two triangles are said to be equiangular, if their corresponding angles 
are equal. 
THEOREM 1 (AAA Similarity Criterion) If two triangles are equiangular, then they are similar. 
GIVEN Two triangles ABC and DEF suchthat Z A= AD, Z B= E and Z C=2 Р. 
TOPROVE A ABC ~A DEF [NCERT] 
PROOF Recall that two triangles are similar ifftheir corresponding angles are equal and the 
corresponding sides are proportional. Since corresponding angles are given equal, we must 
prove that the corresponding sides are proportional i.e., 

АВ BC AC 

DE EF DF 
For this purpose we divide the proof into three parts. 
CASE! When AB = DE. 


B C E F 
Fig. 7.74 Fig. 7.75 


In this case, we have 
/ А=/ D, В= 2 E, (CSA Fand АВ = DE 


Therefore, by ASA congruence criterion, we have 


A ABC =A DEF 

=> AB = DE, BC = EF and AC = DF 
AB BC АС 

=> — = — = — 
DE EF DF 


Hence, AABC-ADEF. 


* * 
` р" а, 
ай, 
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CASEIN When AB < DE. 
Marka point P on the line DE and Qon the line DF such that AB = DP and AC = DQ. Join PQ. 
In triangles ABC and DPQ, we have 
АВ = DP, Z A = Z Dand AC=DQ 
5 А АВС=А DPQ [By SAS criterion of congruence] Р 
=> ZB=ZDPQ 
Bu, АВ=/Е= 2 DEF 
x 2 DPQ=2 DEF 
=> PQ || EF [°; Corresponding angles are equal] 
DP DQ , 
=> DE DE [By corollary of Thale’s Theorem] | 
АВ _ АС , 
= DE DF 
D 
A 
Р, Q 
B O 
ФЕ F 
Fig. 7.76 Fig. 7.77 
Similarly, we can prove that 
AB BC 
DE ЕЕ 
| AB BC AC 
" DE EF PF 
Hence, AABC~A DEF. 
CASEIN When AB DE. 
Marka point P on the line DE produced and Q on the line DF produced such that DP = AB 
and DQ = AC. Join PQ. 
In triangles ABCand DPQ, we have 
AB=DP,AC=DQand Z A= Z D. 
z A ABC =A DPQ [By SAS criterion of congruence] 
=> 2В=2 рро 
But, 2 B=2ZE=Z DEF 
Z DPQ- 2 DEF 
> PQ || EF |: Corresponding angles are equal] 
DE DF 
c DP DQ [By corollary of Thale's Theorem] 
- DE DE. 
AB АС (АВ = DP and AC = DQ] 


А ' 
м теу a o o S 
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AB _ AC 
DE DF 
Similarly, we can prove that 


= 


D A 
F 
Fig. 7.78 Fig. | 7.79 
AB _ BC 
DE EF 
AB _ ВС AC 
DE EF OF 


Hence, AABC~A DEF. 
Q.E.D. 


REMARK It follows from the above theorem that : Two triangles are similar & They are equiangular. 


COROLLARY (AA Similarity) If two angles of one triangle are respectively equal to two angles of 
another triangle, then the two triangles are similar. 


PROOF Let A ABC and A DEF be two triangles such that Z A= 2 Dand 4 B= Z E. 
In triangles ABC and DEF, We have 
Z A+ Z В +С =180%па Z D+ Z E +Z F=180° 


=> ZA+4B+AC=ZD+2E+2ZF 
=> C DE ХЕ+ ZC=2D+2ZE+2ZF [LL A= Рап Z B=Z E] 
=> Z CRF. 


ZA= ZD, 2 В= 4 Eand 2 C= F. 
Thus, the two triangles are equiangular and hence they are similar. 


Q.E.D. 
In the above discussion we have seen that if three angles of one triangle are respectively 
equal to three angles of another triangle, their corresponding sides are proportional and 
hence the triangles are similar. Now a natural question arises. Is the converse of this 
statement true? In other words, if the sides of a triangle are respectively proportional to the 
sides of another triangle, is it true that their corresponding angles are equal? For this, let 
us perform the following activity: 


ACTIVITY Draw two triangles ABC and DEF such that AB = 4.5 cm, BC = 9 cm, CA = 12 cm, 
DE =3 cm, EF = 6cmand FD «8 cmas shown in Fig. 7.80 (i) and (ii). 


= FT 


” SREB. 


сг 


TW 


ге? 
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12 ст 


(1) (il) 
Fig. 7.80 
We have, 


Thatis the corresponding sides of triangles ABC and DEF are proportional. 


Now, measure Z A, Z B, Z C, Z D, Z Eand Z F. You will observe that Z A = Z D, Z B = Z Eand 
Z С= 2 Fie, the corresponding angles of two triangles are equal and hence they are similar. Let 
usnow prove this result asa criterion of similarity of two triangles asa theorem. 


THEOREM 2 (SSS Similarity Criterion) If the corresponding sides of two triangles are proportional, 
then they are similar. [NCERT] 


GIVEN Two triangles ABC and DEF such that — = — = — 


DENS EF J DF 
TOPROVE A ABC - дА DEF 


CONSTRUCTION Let P and Q be points on DE and DF respectively such that DP = AB and 
РО = AC. Join PQ. 
PROOF Wehave, 


AB AC 
DE DF 
> DE DO [--AB = DP and AC = DQ] 
DE DE 
=> PQ || EF [By the converse of Thale’s Theorem] 
> 2 DPQ 2 Z E and Z DQP = Z F [Corresponding angles] 


Thus, in triangles DPQ and DEF, we have 
ZDPQ= 2 E and Z DQP- ZF 


Fig. 7.81 Fig. 7.82 
Therefore, by AA-criterion of similarity, we have 
А DPQ ~ A DEF a0) 


i ee | 
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=> 57 E ге [By def. of similarity] 
> 22-0 [-- DP = AB] 
AB BC 
t, one ae 
Bo DE EF 
PQ BC 
EF EF 
= PQ=BC 


Thus, in triangles ABC and DPQ, we have 

AB = DP, AC = DQ and BC = PQ 
Therefore, by SSS criterion of congruence, we have 

A ABC=A DPQ . (ii) 
From (i) and (ii), we have 

A ABC = A DPQ and A DPQ ~ ^ DEF 


= A ABC ~A DPQand A DPQ~A DEF L A ABC xA DPQ €» A ABC ~A DPQ] 

=> A ABC ~A DEF Q.E.D. 

In view of the above two theorems, wecan also give the following definitions of the similarity : 
of two triangles. * 
DEFINITION 1 Two triangles are similar if their corresponding angles are equal i.e. they are 
equiangular. 


DEFINITION 2 Two trianglesare similar if their corresponding sides are proportional. 

In class IX, we have learnt about various criteria for congruency of two triangles. We observe that 
corresponding to SSS congruence criterion there is SSS similarity criterion. This suggests us to 
look fora similarity criterion corresponding to SAS congruency criterion of triangles. To check the 
existence of such criterion, letus perform the following activity: 

ACTIVITY Draw two triangles ABC and DEF С 

such that АВ = 6 cm, А = 60°, АС = 12 cm, 

DE = 4 cm, Z D =60%and DF = 8 cm as shown 

in Fig. 7.83. 


үү h А AC (cack 1 to 32 
e observe that DE DF (each equal to 


and Z A (included between the sides AB and 
AC) is equal to Z D (included between the $ 
sides DE and DF). That is, one angle of а 

triangle is equal to one angle of another 

triangle and sides including those angles are 

in the same ratio. 2 A 


A 6 cm 
Now, measure Z B, Z C, Z Eand Z F. You will B p 4m Е 


72 сл 


| - 
find that Z B = Z E and Z C = Z F. So, by AAA 0 (ii) 
similarity criterion, we obtain A ABC ~ A DEF. 


It follows from the above activity that, if one angle of a triangle is equal to one angle of 
the other triangle and the sides including these angles are proportional, then the two 
triangles are similar. We prove the above observation as a theorem given below. 


Fig. 7.83 
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THEOREM 3 (SAS Similarity Criterion) If in two triangles, one pair of corresponding sides are 
proportional and the included angles are equal then the two triangles are similar. [NCERT] 


AB AC 
GIVEN Two triangles ABCand DEF such that А = Z D and DE DF 


TOPROVE A ABC- ^ DEF 
CONSTRUCTION Mark points P and Q on DE and DF respectively such that DP = AB and 
РО = AC. Join PQ. 
PROOF Intriangles ABC and DPQ, we have 
AB = DP, ZA = ZDand AC = DQ 
Therefore, by SAS Criterion of Congruence, we have 


A ABC=A DPQ ...(i) 

Nose ee 
d D 

D 
A 

Р, Q 
в C 
E F 
Fig. 7.84 Fig. 7.85 


[- AB = DP and AC = DQ] 


[By the converse of Thale's Theorem] 
£L DPQ = Z E and Z DQP = Z F[Corresponding angles] 
Thus, in triangles DPQ and DEF, we have | 
Z DPQ = E and ZDQP- Z F 
Therefore, by AAA-criterion of similarity, we have 
A DPQ ~ A DEF 
From (i) and (ii), we get 
А ABC =A DPQand A DPQ~A DEF 


=> A ABC - 4 DPQ and A DPQ ~A DEF 
9 ААВС ~ А DEF 


REMARK If two triangles ABC and DEF are similar, then 


[Using ratio and proportion] 


DE ЕЕ DF Perimeter of A DEF 


Thus, if two triangles are similar, then their corresponding sides are proportional and they are 
proportional to the corresponding perimerers. 
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EXAMPLE 1 Examine each pair of triangles in Fig. 7.86 and state which pair of triangles are 
similar. Also, state the similarity criterion used by you for answering the question and write the 


similarity relation in symbolic form. [NCERT] 
^ D 
P 
60° R 5 cm 6 cm 
- 1 
80° 
40° 
£z 1 Q 2cm R E 4 cm F 
Fig. 7.86 (i) Fig. 7.86 (ii) 
E 
j M 
> 
5 ст 6 
м Реч 10 ст TEN cm 
onan 2 5 cm 2.7 cm 
N L Q R 
N 2ст P F 4 cm G 
Fig. 7.86 (iii) Fig. 7.86 (iv) \ 


E 
M 
D D 
5cm [^ 
A м 
AN 
25cm ° 
Ba n^ > 
( | F F М P 

B 


3 cm с F 6 cm D 


Fig. 7.86 (v) Fig. 7.86 (vi) 

SOLUTION (i) In triangles ABC and РОК, we observe that 

ZA=ZQ=40°, Z B= Z Р=60° and Z C= Z К =80° 
Therefore, by AAA-criterion of similarity 

A ABC ~ A QPR or, A POR ~ А ВАС or, A АСВ ~ A ОКР 
(ii) In triangle РОК and DEF, we observe that 

PQ QR PR I 

DE EF DF 2 


ry 


ДВ 
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Therefore, by SSS-criterion of similarity, we have 
A PQR ~A DEF 

(iii) In triangles LMN and PQR, we have 
ZMzzZPz70* 
MN | ML 

РО РК 2 
Therefore, these two triangles are not similar as they do not satisfy SAS criterion of similarity. 
(iv) In A's MNP and EFG, we observe that z 


But, 


Therefore, these two triangles are not similarly as they do not satisfy SSS-criterion of 
similarity. 
(v) In A's ABC and DEF, we have 
ZA=ZD=80° 
АВ AC 
DE DF 
So, by SAS-criterion of similarity these two triangles are not similar. 
(vi) In A's DEF and MNP, we have 

ZD=ZM=70° 

ZE=ZN=80° [гё N= 180° - Z М - Z P = 180° – 70° – 30° = 80°] 
So, by AA-criterion of similarity, we obtain A DEF ~ A MNP. 


But, 1A is not given] 


ee vat 


EXAMPLE2 In Fig. 7.87, find Z F. 


. 


E 12 cm F 


niere: 


— 
€ 


aM гаш 5 


с 
Fig. 7.87 
SOLUTION Intriangles ABC and DEF, we have 


Therefore, by SSS-criterion of similarity, we have 


| A АВС ~ А DFE 
і 
| i 5 ZA=ZD,ZB=ZFandZC=ZE 
| | =» ZD=80°, Z Е =60° 
| | Hence 2ZF=60°. 


7) ЕХАМРІЕЗ In Fig. 7.88, A АСВ ~ А APQ. IfBC=8cm, РО =4ст, ВА 6.5 М 
{ ! CAand AQ. cm, AP = 2.8 cm, find 
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SOLUTION We have, 
A АСВ ~A APQ 


> 
"у 
к, 
© 
> 
© 
о 


> AP РО PQ AQ К 
AC 8 8 65 по N 
=> — = ҮЙ — 
28 4 4 А 
AC 6.5 6.5 
— = 2 а — = 2 = = B = Э, 
=> 28 an AQ = AC = (2х 2.8) cm 5,6 cm and Ag М“ 3.25 cm 


EXAMPLE 4 In Fig. 7.89, if A EDC ~ А ЕВА, Z BEC = 115° and 2 EDC = 70°. Find Z DEC, 
Z DCE, Z EAB, 2 AEBand 2 EBA. [NCERT] 


SOLUTION Since BD is a line and EC isa ray onit. 
2 DEC + Z ВЕС =180° 


=> Z DEC + 115? 2180? 

= Z DEC =180° - 115° = 65° 

But, Z АЕВ= DEC [Vertically opposite angles] 
Z AEB = 65° 


In A CDE, we have 
Z CDE + Z DEC + Z DCE =180° 
5 70° + 65° + Z DCE=180° 
=> Z DCE =180° —135° = 45° 
Itis given that A EDC ~ A EBA 
Z ЕВА = ABDC, 2 EAB= ECD 


=> EBA 2 70° and Z EAB = 45° l. Z ECD = Z DCE =45°] 
Hence, Z DEC=65°, Z DCE = 45°, Z ЕАВ = 45°, Z AEB = 65° and Z ЕВА =70°. 
EXAMPLES In Fig. 7.90, if A POS ~ А ROQ, prove that PS || QR. INCERT] 


Fig. 7.90 


п „ 
^ 
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SOLUTION Wehave, 
A POS ~A КОО 
5 23= Z4and Z1 = Z2 
Thus, PS and QR are two lines and the transversal PR cuts them in such a way that Z3 = 24 
i.e., alternate angles are equal. Hence, PS || QR. 
EXAMPLE6  [nFig.7.90, if PS || QR, prove that A POS ~ A КОО. 
SOLUTION It is given that PS || QR and transversal PR cuts them at P and R. 
T Z32274 
Again, PS || QR and transversal SQ cuts them at Sand Q 
: 212422 
Also, 25=26 [Vertically opposite angles] 
Thus, in A POS and ООК, we have 
Z1272Lie,7S27Q 
Z32nZ4ie,ZPzZR 
and, 25=Z 6ie. Z POS=Z ООК 
Therefore, by AAA-criterion of similarity, we obtain A POS ~ A ROQ. 


EXAMPLE7 In Fig. 7.91, QA and PB are perpendiculars to AB. If AO = 10 cm, BO = 6 cm and 
PB-9cm.FindAQ. ` 


SOLUTION Intriangles AOQ and BOP, wehave 
Z OAQ- 2 ОВР [Each equal to 90°] 
Z AOQ- 2 BOP [Vertically opposite angles] 


Therefore, by AA- criterion of similarity, we obtain 


^ AOQ- A BOP 


= 
— = — — —ę—-—3ꝛ 


A AQ = 5 9 15 cm а Fig. 7.91 


EXAMPLE 8 In Fig. 7.92, if Z ADE = Z B show that ^ ADE ~ А ABC. If AD = 3.8 cm, 
AE -3.6cm, BE=2.1cmand BC - 42 cm, find DE. 


SOLUTION Intriangles ADE and ABC, we have 


З 


С  ZADE-Z B(Given) and Z A= Z A(Common) 
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So, by AA-criterion of similarity, we have A 

A ADE ~ A ABC 

AD ODE E 
S AB BC 

_AD_ DE i 
xd AE+EB BC 

_38 _DE 
ET 36-21 42 á е С 

.7.9 
"Г. kea ТП "ig 
x T4493 ——— 
Hence, DE=2.8cm 
AO BO 1 
EXAMPLE9 In Fig. 7.93, —— C. 
n Fig. OC Op 2 = and AB =5 cm. Find thevalueof D 

SOLUTION In A AOB and A COD, we have 

2 АОВ = Z COD [Vertically opposite angles] A 5ст_ В 


АО _ ОВ . 
OC ор [Given] 


So, by SAS-criterion of similarity, we have 


A AOB ~ A COD 
40 BO АВ 
OC OD DC " Fig. 7.93 j 
1 5 
=> 2 DC [- АВ =5 cm] 
=> DC=10cm 
EXAMPLE 10 In Fig. 7.94, if Z A= Z C, then prove that А АОВ ~ A COD. 
A B 
O 
D C 
Fig. 7.94 
SOLUTION In triangles АОВ and COD, we obtain 
CAC (Given) 
and, 61242 [Vertically opposite angles] 


Therefore, by AA-criterion of similarity, we obtain 
A AOB ~ A COD 
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EXAMPLE11 [nFig.7.95, AB L BCand DE L AC. Prove that A ABC ~ A AED. [CBSE 2009] 
SOLUTION In A's ABC and AED, we have 


A 


w 
[9] 
\ 


Fig. 7.95 
Z ABC = Z AED =90° gS 
Z ВАС = EAD 9 Each equal to 2 A] 
Therefore, by AA-criterion of similarity, we obtain AABC~A AED. 
EXAMPLE 12 In Fig. 7.96, if Z P = Z RTS, prove that ARPQ~A RTS. 
SOLUTION In triangles КРО and RTS, we have 


R 


v 
o 


Fig. 7.96 
Z RPA RTS [Given] 
Z РКО = TRS [Each equal to К] 
Therefore, by AA-criterion of similarity, we obtain A КРО ~ A RTS. 


T QR 
EXAMPLE13 In Fig. 7.97, if s = 05 and 21 = Z2. Prove that A PQS ~ А ТОК. [NCERT] 
SOLUTION Wehave, 


[Given] 


...@) 
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Wealso have, T 
41242 [Given] Р 
3 PR=PQ bees: enl "M NT 
From (i) and (ii), we get 
QT PQ 
QR QS 
PQ QS д S R 
= OT OR (ii) Fig. 797 
Thus, in triangles PQS and ТОК, we have 


PO _ 05 
ОТ - OR and ZPQS-ZTQR-ZzQ 


So, by SAS-criterion of similarity, we obtain A PQS ~ A ТОК. 
EXAMPLE 14 In Fig. 7.98, AD and CE are two altitudes of A ABC. Prove that 


(1) AAEF~A CDF (ii) A ABD ~ A CBE 
(iii) A AEF ~ A ADB (iv) AFDC ~ А ВЕС [NCERT] 
SOLUTION (i) In triangles AEF and CDF, we have 
Z AEF = Z CDF=90° CEA; and Ар LBC] 
Z AFE = Z CFD [Vertically opposite angles] 
Thus, by AA-criterion of similarity, we have 
A AEF ~ A CDF 
O 
D 
A E B 
Fig. 7.98 
(ii) In A’s ABD and CBE, we have 
Z ABD = 2 СВЕ = 2 В [Common angle ] 
Z ADB = 2 СЕВ =90° [^ AD 1 BC and CE 1 AB] 
Thus, by AA-criterion of similarity, we have 
A ABD ~ А СВЕ 
(iii) In A’s AEF and ADB, we have 
2 AEF = 2 ADB = [ AD 1 BC and CE LAB] 
Z FAE= 2 DAB [Common angle ] 
Thus, by AA-criterion of similarity, we have 
A AEF ~ A ADB 
(iv) In A's FDC and BEC, we have 
Z FDC = Z BEC - 90? [^ AD 1 BCand CE LAB] 


, С 


ст 
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Z FCD= 2 ECB [Common angle] 
Thus, by AA«riterion of similarity, we obtain A FDC ~ A BEC. 
EXAMPLE 15 In Fig. 7.99(i) and (ii), if CD and СН (D and Н lie on AB and FE) are respectively 


bisectors of Z ACBand 2 EGFand А ABC ~ А FEG, prove that [NCERT] 
(0 ADCA~AHGF в) СЮ 4C (iii) A DCB ~ A HGE 
GH FG 
A F 
N 
B O E G 
Fig. 7.99 (i) Fig. 7.99 (ii) 
SOLUTION (i) Wehave, 
А АВС ~ А РЕС 
= ZA-ZF .- (i) 
and, ZC=ZG 
1 1 
ICS 2A 
= 2 C 2 G 
^. CD and GH are bisector of ч 
= 41=Z3and22=24 Z C and ZG respectively (ii) 
Thus, in As ACD and FGH, we have 
ZA-ZF [From (i)] 
22=24 From (ii)] 


Therefore, by AA-criterion of similarity, we obtain 
"A ACD ~ A РСН or, A DCA ~ A HGF 
(ii) Wehave, 
5 AC Ср 


n y M 
Q AACD-AFGHS < - = 


гь, ЕС СН 

(iii) In A's DCB and HGE, we have 
£1=23 [From (ii)] 
ZB=ZE I ДАВС ~ A ЕЕС] 


Thus, by AA-criterion of similarity, we obtain A DCB ~ A HGE, 


EXAMPLE 16 In Fig. 7.100, CD and GH are respectively the medians of ^ ABC and A ЕЕС. If 
A ABC ~ A FEG, prove that 


й UCD IFAB 
( AADC~AFHG (ii) GH FE (iii) А CDB ~ A СНЕ 
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SOLUTION  Itis given that CDand GD are medians of A’s ABC and EFG respectively. 
2AD = AB and 2FH = FE 0) 
Itis also given that A ABC ~ А FEG 
AB AC 0 a di 
FE FG ЕС an „EAA F, CB. E, (C4 G sev 
C H E 
| 
А D 
р тт 
" FE FG EG 
2AD АС ВС 
„ Using (i 
" 2H FG EG [Using 0] 
„ 0 AD AC 80 вн) 
ЕН ЕС ЕС u 
(i) In A's ADC and FHG, we have 
AD AC 2 
| FH FG [From (ii)] 
and, ZAZZF 
So, by SAS criterion of similarity, we obtain A ADC ~ A FHG. 
(ü) We have, 
| AADC +A FHG [Proved above] 
= роб ^ 
HG FH 
CD. 2AD 
=> = —.— 
GH 2FH 
CD AB 
= SH ТЕ LAB =2 AD and FE=2FH] 
(iii) We have, 
AB AC ВС 
FE FG EG [From (i)] 
CD AB 
Also, FL Eb [As proved above] 
ср = BC 1 
GH EC Fm) 


iL > 


E 


=~ > 
` " 3 
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a. АВ. AC BC 
n 
2DB BC 79 : 
= 2HE" 6 [> D and Н are mid points of AB and FE respectively] 
DB BC 
= НЕ EG Щу) 
From (iv) and (v), we have 
CD BO DB 
GH EG HE 
E — SOR 
GH HE EG 
ES A CDB ~ А СНЕ [By SSS criterion of similarity] 
EXAMPLE17 In Fig. 7.101, if BD L AC and CE L AB, prove that 
| 2 CAP СЕ 
(i) AAEC~A ADB (ii) АВ DB [NCERT] 
SOLUTION (i) In A's AEC and ADB, we have 
2 AEC = Z ADB=90° [ CE LAB and BDL AC] C 
and, Z ЕАС= DAB [Each equal to Z A] 
Therefore, by AA-criterion of similarity, we obtain 
AAEC - A ADB D 
(ii) We have, | x 
AAEC~A ADB [As proved above] 
ое 
BA DB < = В 
Fig.7. 
x CA CE g. 7.101 
AB DB 
EXAMPLE18 D is a point on the side BC of A ABC such that 2 ADC = Z BAC. Prove that 
CA.-CB e. Ses [NCERT, CBSE 2004] 
CD СА отче = СВх CD. 
SOLUTION’ Ind ABC and A DAC, we have ^ 
Z ADC= / ВАСапа2 С= 2 С 
Therefore, by AA-criterion of similarity, we obtain 
A ABC ~A DAC 
33 
DA AC DC 
CB CA B D 
ud CA CD Fig. 7. 102 


EXAMPLE19 In Fig. 7.103, considering triangles BEP and CPD, prove that BP x PD = EP x PC. 
GIVEN AA ABC in which BD 1 AC and CE L AB and BD and CE intersect at Р. 
TOPROVE BPxPD-EPxPC 
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PROOF In A EPB and А DPC, we have A 
Z РЕВ =Z PDC [Each equal to 90°] 


Z EPB = 2 DPC [Vertically opposite angles] " D 
Thus, by AA-criterion of similarity, we obtain x d 


AEPB~A DPC йй 

EP PB i C 

DP PC " Fig. 7.103 
=> BP x PD = EP x PC 
EXAMPLE 20 Р and Q are points on sides AB and AC respectively of A ABC. If AP = З cm, 
PB 26cm, AQ S em and QC = 10 ст, show that BC = ЗРО. 
SOLUTION We have, 

AB = AP + PB = (3 + 6) cm =9 cm and, AC = AQ + QC =(5+ 10) cm = 15 cm. 

AP 3. 1 d AQ 5 1 


AB 9 3 АС 15 3 


AP AQ 
= — => — A 
AB AC 
Thus, in triangles APQ and ABC, we have 
AP AQ P, Q 


AB = AC and ZA=ZA [Common] 


Therefore, by SAS-criterion of similarity, we have 


AAPQ~A ABC 

= AP PQ AQ 8 
AB BC AC Fig. 7.104 
PQ _ AQ 

Bi BC АС 

A PO 2 САКО -1 = вс-зро 


EXAMPLE21 ln Fig. 7.105, express x in terms of a, band с. 
SOLUTION « In A KPN and A KLM, we have 


M N K 


адь — — — 
Fig. 7.105 
Z KNP = Z KML = 46° [Given] 


ZK=ZK [Common] 
A KNP ~ ^ KML [By AA-criterion of similarity] 


SM 


5 Cee eens in 


i 
{ 
a 
: 
à 
i 
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= — => = 


b+c a b+c 
EXAMPLE22 The diagonal BD ofa parallelogram ABCD intersects the segment AE at the point F, 
where E is any point on the side BC. Prove that DF x EF = FB x FA 


SOLUTION InA AFD and A BFE, we have 


D 

21=22 [Vertically opposite angles] N 

Z3-224 [Alternate angles] : 
So, by AA-criterion of similarity, we have 

A FBE ~A ЕРА (SS 

Fa re 
= — = — 
A B 

= EE RE Fig. 7.106 

DF FA 
> DF x EF = FB x FA 
EXAMPLE23 Ina A ABC, BD and CE are the altitudes. Prove that ADB and A AEC are similar. Is 
A СОВ-А BEC? B 
SOLUTION In A ABD and A AEC, we obtain 

Z ADB- Z AEC [Each equal to 90°] 

Z BAD- Z EAC [Common] 
So, by AA-criterion of similarity, we have t 

ABDA ~ ^ CEA or, AADB ~ А АЕС. 
Clearly, A CDB is not similar to A BEC, because they are nota D С 
equiangular. Fig. 7.107 
EXAMPLE24 E is a point onside AD produced of a parallelogram ABCD and BE intersects CD at F. 
Prove that AABE ~A CFB. INCERT, CBSE 2008] 
SOLUTION . In A's ABE and CFB, we have 

A D E 
F 
B [^ 
Fig. 7.108 
Z АЕВ= 2 CBF [Alternate angles] 
ZLA=ZC [Opposite angles of a parallelogram] 


Thus, by AA-criterion of similarity, we have 
| — ДАВЕ ~А СЕВ. 
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EXAMPLE25 In Fig. 7.109, AD and BE are respectively perpendiculars to BC and AC. Show that 


(i) AADC ~ А BEC (ii) САхСЕ= CBx CD 
(ш) AABC~A DEC (iv) CD x AB=CAx DE 
SOLUTION (1) inA’s ADC and BEC, we have 
Z ADC2 Z BEC =90° [Given] 
Z ACD - Z BCE [Common] 
So, by AA-criterion of similarity, we obtain C 
A ADC ~ A BEC 
(ü) Wehave, 
A ADC ~ A BEC [As proved above] - AD 
> 2 0 XN CS 
BC ЕС кы 
=> СА x CE = CB x CD A Fig. 7.109 B 
(iii) In A's ABC and DEC, we have 
x — a [From(i)] 
ы АСЕ 
DC ЕС 
Also, Z АСВ = Z DCE 
So, by SAS-criterion of similarity, we obtain 
A ABC - A DEC [Common] 
(iv) We have, 
A АВС ~ А DEC [As proved above] 
AB AC 
=> DE DC => AB x DC =AC x DE = СО х АВ = СА х DE 


ЕХАМРІЕ 26 In Fig. 7.110, E is a point оп side CB produced of an isosceles triangle ABC with 
AB = AC. If AD 1 BCand EF 1 AC, prove that (i) A ABD ~ A ECF (ii) AB x EF = AD x EC. 


[NCERT, CBSE 2010] 
SOLUTION It is given that A ABC is isosceles with 
AB = AC A 
I KC 
Now, in As ABD and ECF, we have 
Z ABD = 2 ECF [:Z2B-ZC] 


Z АЮВ = Z ЕЕС=9° [AD 1 BCand EFL AC] 
So, by AA-criterion of similarity, we have 


A ABD ~ A ECF 
AB AD Fig. 7.110 
- EC EF 


= AB x EF = AD x EC 


f s 
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EXAMPLE 27 In Fig. 7.111, A FEC=A GBDand Z 1= 2 2. Prove that ЛАРЕ ~ A ABC. 


Fig. 7.111 
Uu SOLUTION We have, 
А FEC=A GBD 
= EC=BD 0 
It is given that 
Z1-22 
=> AD=AE [ Sides opposite to equal angles are equal] (ii) 
From (i) and (ii), we have 
AE _ AD 
ЕС BD 
=> DE || BC [By the converse of basic proportionality theorem] 
3 41=2Z3and22=24 
- Thus, in A's ADE and ABC, we have 
i ZA=ZA 
21=23 
22-224 
So, by AAA-criterion of similarity, we have 
A ADE ~A ABC 
r Ў OA _ OD 
 PÓMPLE2 In Fig. 7.112, 56 = OB: Prove that Z А= 2 Cand Z B=Z D. [NCERT] 
` SOLUTION in As AOD and COB, we have 
ыы OD c 
-OC OB A 
— ос 
OD OB 
Also, Z1222 [Vertically opposite angles] 
So, by SAS-criterion of similarity, we obtain B 
AAOD ~A СОВ D Fig. 7.112 
Я = A= Cand ZB=ZD 


EXAMPLE 29 f a perpendicular is drawn from the vertex containing the right angle of a right 
triangle to the hypotenuse then prove that the triangle on each side of the perpendicular are similar to 
each other and to the original triangle. Also, prove that the square of the perpendicular is equal to the 
product of the lengths of the two parts of the hypotenuse. 
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GIVEN A right triangle ABC right angled at B. Вр L AC. 
TOPROVE (i) AADB~ABDC (ii) A ADB ~ A ABC 
(iv) BD'ZADxDC (v) AB - ADx AC 


PROOF (i) Wehave, 
Z ABD + Z ОВС 290? 
Also, Z C * Z DBC+ Z BDC=180° 


=> Z C + Z DBC + 90? = 180° 

=> Z C+ Z ОВС = 90° 

But, Z ABD + 2 DBC=90° 

8 Z ABD + Z DBC- Z C4 Z DBC 

=> ZABD=ZC ...(i) 

Thus, in A ADB and A BDC, wehave 
ZABD=ZC 

and, Z ADB=Z BDC 


So, by AA-similarity criterion, we obtain A ADB ~A BDC. 
(ii) InA ADB and A ABC, we have 
Z АЮВ = ABC 
апа, ZA=ZA 
So, by AA-similarity criterion, we obtain A ADB ~ A ABC. 


(iii) In A BDC and A ABC, we have 
Z ВОС = 2 ABC 
ZC=ZC 


So, by AA-similarity criterion, we obtain A BDC ~ А ABC. 
(iv) From (i), we have 


A ADB ~ 4 BDC 
2. £3 
BD DC 
= BD*= AD x DC 
(v) From (ii), we have 
A ADB ~ A ABC 
AD _ AB 
= AB АС 
— АВ? = АРх AC 
(vi) From (iii), we have 
A ВОС ~A ABC 
Š BC _ DC gc? =CDx AC 
АС BC 
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(iii) ABDC ~AABC 
(vi) BC CD x AC 
[CBSE 2009] 
A 


Fig. 7.113 


[From (i)] 
[Each equal to 90°] 


[Each equal to 90°] 


[Common] 


[Each equal to 90°] 
[Common] 


т 7% 


— А 
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EXAMPLE30 Prove that the line segments joining the mid points of the sides of a triangle form four 
triangles, each of which is similar to the original triangle. 
SOLUTION 


GIVEN 4 ABC in which D, E, Fare the mid-points of sides BC, CA and AB respectively. 
TOPROVE Each of the triangles AFE, FBD, EDC and DEF is similar to A ABC. 


PROOF Consider triangles AFE and ABC. A 

Since Fand E are mid-points of AB and AC respectively. 
FE || BC 

> 2 АРЕ=2 В [Corresponding angles] 

Thus, in A AFE and A ABC, wehave 7 E 
ZAFE-ZB 

and, ZLA=ZA [Common] 
A AFE ~ А ABC. 

Similarly, we have : р e 
А FBD ~ A ABCand A EDC ~A ABC. Fig.7.114 


Now, we shall show that A DEF ~ A ABC. 
Seay ED || AFand DF || EA. 


AFDE is a parallelogram. 
> ZEDF=ZA [-: Opposite angles of a parallelogram are equal] 
. —j 87 BDEF isa parallelogram. 
E 2 DEF= ZB l Opposite angles of a parallelogram are equal] 


Thus, in triangles DEF and ABC, we have | 
< EDF- Z Aand Z DEF=Z В“ 
So, by AA-criterion of similarity, we have 
A DEF ~A ABC. 
Thus, each one of the triangles AFE, FBD, EDCand DEF is similar to A ABC. 


SAN 


EXAMPLE31 In A ABC, DE uml base BC, with D on AB and E on AC. ID DB =, , find 
= £f e [CBSE 2002 C] 
SOLUTION’ In A ABC, wehave 
Ф AL А 
2 we 
„AD AE D E 
Thus, in tangles ABCand ADE, we have 
AB _ AC 
AD AE 
and, CA A 
Therefore, by SAS-criterion of similarity, we have B 
- AABC~AADE Fig. 7.115 


AB _ BC 
AD DE -.-(i) 


TRIANGLES 7.61 


It is given that 
AD 2 
DB 3 
„ DB_3 
AD 2 
- DB isiyi DEAD S АБ 5 .. i) 
AD AD 2 AD 2 
à á BC 5 
From (i) and (ii), weget DE 2° 
EXAMPLE32 In Fig. 7.116, if A ABE = A ACD, prove that АРЕ ~ A ABC. [NCERT] 
SOLUTION It is given that A ABE = A ACD. 
AB=AC [.. Corresponding parts of congruent triangles are equal | 
and, AE=AD А 
АВ АС 
=> — = — 
AD АЕ 
D E 
„ AB AD ^ 
AC AE n 
Thus, in triangles ADE and ABC, we obtain 
AB а AD B Fig. 7.116 c 
AC AE 
and, Z BAC =Z DAE [Common] 


Hence, by SAS-criterion of similarity, we obtain A ADE ~ A ABC. 


— 

EXAMPLE33 A vertical stick 12 m long casts a shadow 8 m long on the ground. At the same time a 
tower casts the shadow 40 m long on the ground. Determine the height of the tower. 
“SOLUTION Let AB be the vertical stick and AC be its shadow. Also, let DE be the vertical 
tower and DF be its shadow. Join BC and EF. Let DE = x metres. 
We have, 

AB = 12 m, AC =8 m, and DF =40 m. 
In ^ ABC and A DEF, wehave 

Аж ре ad ЕС» Р [Angular elevation of the sum] 
Therefore, by AA- criterion of similarity, we obtain A ABC - A DEF 


AL 


rieren 
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E 
B 
xm 
12 cm 
A 8cm C D 40m F 
Fig. 7.117 Fig. 7.118 
3 an АЁ АС 
DE DF 
E 
=> т^ x „5 F metres 
EXAMPLE34 [In Fig. 7.119, Z САВ =90° and AD 1 BC. f AC 75cm, AB=1mand BD=1.25m, | 
find AD. 


SOLUTION We have, 
AB=1m=100cm, AC = 75 cm and BD = 125 cm. 


In A BAC and A BDA, we have 

Z BAC- Z BDA [Each equal to 90°] 
and, ZB=ZB 
So, by AA-criterion of similarity, we obtain 

A BAC ~A BDA 
—. С BABAC 

BD AD 

=> 100 = 175 А 1m B 

» Que Fig. 7.119 
5 En 9325 on 


100 
EXAMPLE 35 /The perimeters of two similar triangles are 30 cm and 20 cm respectively. If one side of | 
the first triangle is 12 cm, determine the corresponding side of thesecond triangle. | 
SOLUTION Let A ABC and A DEF be two similar triangles of perimeters P, and Р, | 
respectively. Also, let AB =12 cm, Pi 30 cm and P- 20 cm. Then, | 
AB BC AC HB ' Ratio of corresponding sides of similar triangles 
is equal to the ratio of their perimeters 


TRIANGLES 7.63 


=> DE = 


Hence, the corresponding side of the second triangle is 8 cm. 


EXAMPLE 36 The perimeters of two similar triangles ABC and РОК are respectively 36 cm and 
24cm. If PQ = 10cm, find AB. 


SOLUTION Since the ratio of the corresponding sides of similar triangles is same as the ratio 
of their perimeters. 


A ABC - A РОК 


НЭ PQ QR PR 24 
„ АВ_% 
РО 24 
AB 36 
—— — = — 
10 24 
=> AB = 259 cm = 15 ст 


EXAMPLE37 Two triangles BAC and BDC, right angled at А and D respectively, are drawn on the 
same base BC and on the same side of BC. If AC and DB intersect at P, prove that AP x PC = DP x PB. 


[CBSE 2000C] 

SOLUTION In A APB and A DPC, we have 

ZAzZDz-90 ч 
and, 2 APB=Z DPC [Vertically opposite angles] Р 
Thus, by AA-criterion of similarity, we obtain 

A APB ~ A DPC 
—»- TR | 

DP PC g.7.120 
=> AP x PC = DP.x PB 


EXAMPLE38 In Fig. 7.121, Z ВАС = 90° and segment AD 1 BC. Prove that AD?- BD x DC. 
SOLUTION ал ABD and A ACD, we have 


A 
Z ADB - Z ADC [Each equal to 90*] 
Each equal to complement of E 
and, ZDBA-ZDAC | ZBAD ie. 90° - ZBAD 
Therefore, by AA-criterion of similarity, we have 
n ZD «€ ZD, ZB O ZDAC| в D 8 
А РВА ~А DAC and ZBAD © ZDCA Fig. 7.121 
‚ө DB _ DA [ In similar triangles corresponding sides are proportional | 
DA DC 
BD AD 
ер — = — 
AD DC 


> АР? = ВО x DC 


VEN 


rac 


' 
=й 
4 
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EXAMPLE39 [nA ABC, if AD 1 BC and AD* = BD x DC, prove that Z BAC = 90°. 


SOLUTION Wehave, A 

AD! =BD x DC 
25 AD x AD = BD x DC 

AD BD 
T DC AD 
Thus, in A ABD and A ACD, we have 

5e 45 B 9 F 712 F 
and, ZBDA=ZCDA [Each equal to 90°] 
So, by SAS-criterion of similarity, we get 

A DBA ~ А DAC 
> A DBA and A DAC are equiangular 
= 41=2ZCandZ2=2B 
=> 21+22=2B+ZC 
> ZAzZB«*zZC [7214-22-42 А] 
But, «А+2В+2 С=180° 
i ZA-Z4A-180* [.-2B+ZC=ZA] 
= 2Z A=180° => Z A=90° 


Hence, ZBAC=90°. 
EXAMPLE40 In Fig. 7.123, ABCD is atrapezium with AB || DC. If ^ AED is similar to A BEC, 


prove that AD = BC. 
SOLUTION In A EDC and A EBA, we have 
Zl1z42 [Alternate angles] 
23=24 [Alternate angles] 
and, Z CED- Z AEB [Vertically opposite angles] 
: AEDC~AEBA 
ED EC 
= ЕВ = ҒА А в 
на ЕДА, ER —00 
EC BEA 
It is given that A AED ~ A BEC 
ED EA A wai 
EG “ЕВ -BE 
From (i) and (ii), we get D Fig. 7.123 
EB EA 
EA EB 
> (EB) = (EAY 
= EEA 
Substituting EB = EA in (ii), we get 
EA AD 


EA ВС 


5 — 


IA M 


р mmt 
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AD 


> BC 1 
=> AD = BC 
EXAMPLE41 Through the mid-point M of the side CD of a parallelogram ABCD, the line BM is 
drawn intersecting AC in Land AD produced in E. Prove that EL = 2 BL. [CBSE 2009] C 
SOLUTION In A BMC and A EMD, we have te 
MC=MD Mis the mid-point of CD] 
Z CMB = Z EMD [Vertically opposite angles] 
and, Z МВС = / MED [Alternate angles] 
So, by AAS-criterion of congruence, we have 
^ А BMC =A EMD 
=> - BC=DE (i) 
Also, AD - BC 3 [: ABCD isa parallelogram] "or 
AD + DE - BC - BC 
= АЕ =2 ВС . (1) 
Now, inA AELand А СВІ, we have 
Z ALE - Z СІВ [Vertically opposite angles] / 
Z EAL- Z BCL [Alternate angles] | 
So, by AA-criterion of similarity of triangles, we have 
A AEL ~ A СВІ, & 8 " 
„ EL _AE 
BL CB 
=> x = та [Using equations (iii)] M 
> БЕ = в е 
P S Fig. 7.124 


EXAMPLE42 Ira A ABC, let P and Q be points on AB and AC respectively such that PQ || BC. 
Prove that the median AD bisects PQ. 
SOLUTION Suppose the median AD intersects PQ at E. 
Now, PQ || BC 
=> Z APE = Z Band Z AQE = 2С [Corresponding angles] 
So, in As APE and ABD, we have 
Z АРЕ = Z ABD 
and, Z PAE = Z BAD [Common] 
$: A APE ~ A ABD 


= — = — E 


Similarly, we have 
A AQE ~ A ACD 


Fig. 125 
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" 
1 QE _ AE 
CD AD 
From (i) and (ii), we get 
PE QE 
BD CD 
— PE _ QE 
BD BD 
| => PE=QE 
E Hence, AD bisects PQ. 


= 


(i) AAGF~ADBG (i) AAGF~AEFC 


„ 
a — 


‚ pees: =) аад 
s e 


iat 


5 


іу 
- 


паар jn pepe исз 


— 
E 
Y 


Z GAF = Z BDG 
and, 2 AGF = Z DBG 
A AGF ~ A DBG 
(ii) In A AGF and A EFC, we have 
Z FAG = Z СЕР 
and, Z АЕС = ZECF 
A AGF 4 AEFC 
(iii) Since A AGF ~A DBGand A AGF ~ A EFC 
ADBG - AEFC 
(iv) Wehave, 
A DBG ~ A EFC 


vd DE. EC 
=> DE? =BD x EC 


SOLUTION In A's BDA and ADC, we have 
DB _ DA 
DA DC 

and, Z BDA = Z ADC 


SOLUTION (i) InAAGFand ^ DBG, We have 


BD 
EXAMPLE44 In Fig. 7.127, ff AD 1 BC and рт = 


MATHEMATICS- x 


(ü) 


Ab is the median . BD CD] 


EXAMPLE43 In Fig. 7.126, DEFG is a square and Z BAC =90°. Prove that 


(iii) ADBG~AEFC _ (iv) DE =BD x EC 
CBSE 2009] 


[Each equal to 90°] 
[Corresponding angles] 
[By AA-criterion of similarity] 


[Each equal to 90°] 
[Corresponding angles] 
[By AA-criterion of similarity] 


[Using (iii)] 


[°; DEFG isa square ~. EF = DE, DG = DE] 


DA 
De’ Provethat A ABC ísa right triangle. 


[Given] 
[Each equal to 90*] 


^. HDI 675052279 


enn mM €) P 7 ———— 
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So, Ьу SAS-criterion of similarity, we have ^ 

A BDA ~ A ADC 
=> Z ABD = Z CAD and Z BAD = Z ACD 
=> Z ABD + Z ACD = Z CAD + Z BAD 
= ZB+ZC=ZA 
= ZA+ZB+ZC=2ZA [Adding Z А on both sides] я 
=> 22 А = 180° ^ Fig. 7.127 
=> ZA=90° 
=> A ABC is a right triangle. 

CB? D 

EXAMPLE45 In Fig. 7.128, Z АСВ =90° and CD 1 AB. Prove that СА? = Ар s 
SOLUTION Intriangles ACD and ABC, we have 

Z АС = Z АСВ [Each equal to 90°] 
and, Z DAC- Z BAC [Common] 
So, by AA-criterion of similarity, we obtain 

A ACD ~A ABC б 

AC AD 

AB AC 
=> AC’ = AB x AD d) 
In A's BCD and BAC, we have 

Z ВОС = 2 ВСА 
апа, Z ОВС = 2 ABC А D B 
So, by AA-criterion of similarity, we obtain Fig. 7.128 

BCD ~ BAC 
E m 

BD BC 
=> ВС? = AB x BD (i) 


Dividing (ii) by (i), we get 
BC? АВх Вр BC? BD 


e — — пі — 


AC? AB AD = AC? AD 


EXAMPLE46 Through the mid-point M of the side CD of a parallelogram ABCD, the line BM is 
drawn intersecting AC at Land AD produced at E. Prove that EL — 2 BL. 


SOLUTION In D's BMC and EMD, wehave 


Z BMC- Z EMD [Vertically opposite angles] 
MC=MD Mis the mid-point of CD] 
Z MCB = ZMDE [Alternate angles] 
So, by AAS-congruence criterion, we have 
A BMC = A EMD 
Lt BC=ED [7 Corresponding parts of congruent triangle are equal] 


8 


— 
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In A's AEL and CBL, wehave ^ 
Z ALE = Z СІВ [Vertically opposite angles] 
2 РАІ = 2 BCL [Alternate angles] 
So, by AA-criterion of similarity, we have М с 
A AEL - А СВІ. 
5 АЕ EL VAL 
BG -—BLT-CL 
A 
= EL _ АЕ Fig. 7.129 
BL ВС 
ER EL. AD--DE. BC*DE 2BC , [> AD = BC and DE = BC] 
BL BC BC BC 


=> EL=2BL. Li 


EXAMPLE47 Two poles of height a metres and b metres are p metres apart. Prove that the height of 

the point of intersection of the lines joining the top of each pole to the foot of the opposite pole is given 
ab | 

by aap Metres. 


SOLUTION Let AB and CD be two poles of heights a metres and h metres respectively such 
that the poles are p metres apart i.e. AC = p metres. Suppose the lines AD and BC meet at O 
such that OL =h metres. Let CL = xand LA = y. Then, x y = p. 


In A ABC and A LOC, we have D 
Z CAB- Z CLO [Each equal to 90° 
ZC=ZC [Common] Б 
А CAB ~ A CLO [By AA-criterion of similarity] ^ o 
= CA _ AB 4 
CL LO 
5 AL Cee A 
x h 
Fig. 7.130 
=> = E .. 1) 
In AALO and A ACD, we have 
Z ALO=2 ACD [Each equal to 90°] 
ZA=ZA [Common] 
А ALO ~A ACD [By AA-criterion of similarity] 
AL ОГ 
T AC DC 
y h 
=> 5 35 
ph 
= Vs p [--AC=x+y=p] ...(i) 


№ 
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From (i) and (ii), we have 
= ph „ph 
x+y = + 5 
Tagi 
= p =+ = sx*y-pl 
=> р pi( 2 + =) y [x+y=P 
=> = (| 422) => hz ab metres 
ab a+b 


Hence, the height of the intersection of the lines joining the top of each pole to the foot of the 
ab 
opposite pole is a, p metres. 


EXAMPLE48 ABC is a triangle in which AB = ACand D is a point on AC suchthat BC ACCO. 
Prove that BD = BC. 


GIVEN A ABC in which AB = AC and Dis a point on the side AC such that 


BC? = AC x CD A 
TOPROVE BD=BC 
CONSTRUCTION Join BD D 
PROOF Wehave, 
ВС = AC x CD 
BC _ АС 
2. GD gc C 
Thus, in A ABCand A BDC, we have В Fig.7.131 
АС 85 [From ()] 
and, ZC=ZC [Common] 
X A ABC ~ A BDC [By SAS criterion of similarity] 
„ AB B 
BD DC 
ACY ЕС 
=> P a) [-: АВ= AC] 
E Jo BD (ii) 
BC CD * 
From (i) and (ii), we get 
BC ВО D 
CD Ср 
EXAMPLE49 In trapezium ABCD, АВ || DCand DC = 2АВ. EF drawn parallel to АВ cuts AD in F 


8E. 3 
and BC in E such that EC 4 Diagonal DB intersects EF at G. Prove that 7 FE = 10 AB. 


SOLUTION In A DFGand A DAB, we have ' ot 


Z=? * AB || DC || EF . ZI and Z2 are corresponding angles 
Z FDG- Z ADB [Common] 
|n 


т. | 


Bl 


— 


ZA F^" * 


— 


So, by AA-cniterion of similarity, we have 
A DFG ~ A DAB 


DF _ FG 
DA AB 
In trapezium ABCD, we have 


EF || AB || DC 


InA BEGand A BCD, wehave 
Z BEG=2Z BCD 
| ZBzzB 
a . ABEG~ABCD 
BE. EG ay 


A 3 E 
EC 


«fm. d 1 


[Adding lon both sides] 


... (ii) 


-.. (iii) 


[Corresponding angles] 
[Common] 
[By AA-criterion of similarity] 


> —+1=-+1>5> — =- 


EC 4 BC 4 
BE 3 BE-—3 


[-- CD =2 AB (given)] 


(iv) 


FG+EG == Ah > = ЕР= 10. АВ = 7EF=10AB 


ЕХАМРІЕ 50 Through the vertex D ofa шейш CD, a linei is drawn to intersect the sides 


BA and BC produced at Eand Е respectively. Prove that 


DA EB FC 


` 
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SOLUTION InA’s EAD and DCF, we have 


Z1=22 [^ AB || DC -. Corresponding angles are equal] 
Z3224 [^ AD || BC -. Corresponding angles are equal] 
Therefore, by AA-criterion of similarity, we have E 
A EAD ~ A DCF fa 
A Ар r 
DC CP ED 
EA _ AD 
T DC CF 
AD CF 
=> — = — * (0) 
AE Ср 
Now, in A's EAD and ЕВЕ, we have 
41=21 [Common angle] 
4 3=2 4 
So, by AA-criterion of similarity, we have 7 
A EAD ~ A ЕВР Е А в 
ЕВ ВЕ EF 
EA AD 
co — = — 
EB BF 
=> 2 2Р2 (ii) 
АБ BE ti 


From (i) and (ії) дуе obtain: AF ^ BE ^ CD 


EXAMPLE 51 т Fig. 7.134, ABC is a right triangle. right angled at B and D is the foot of the 
perpendicular drawn from B on AC. If DM LBC and DN LAB, prove that 


(i) DM 2 DN x MC (i) DV -DMxAN „ [NCERT] 
SOLUTION Ме have, 
AB L BC and DM 1 BC 


=> AB || DM 
Similarly, we have 

CB 1 АВ and DN LAB 
= CB || DN 


Hence, quadrilateral BMDN is a rectangle. 
ВМ = ND 
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(i) In^ BMD, we have 


- 21+ZBMD+Z2=180° 
=> 21+90° +22 =180° 
E => 21+22=90° 
1 Similarly, in ^ DMC, we have 
M 23+24=90° 
of Since BD 1 AC. Therefore, 
" £2+23=90° 
|| Now,  Z1*Z2-90andZ2423-9( е 
Bt => 4154424243 
a > Z1-23 
Aso, 2374 4905 and 2 2 4 3905 
E = 23+24=22+23522=24 
mlumus, in A’s BMD and DMC, we have 
| 214 and 2244 
{ { So, by AA-criterion of similarity, we obtain 
Bt ABMD~A DMC 
| „ m 


[-: BM=ND] 
=> DM! - DN x MC 


(ii) Proceeding as in (i), we can prove that 
| ABND~ADNA 


=f wa [- ВМ= DM] 


EXAMPLE 52 АВС is an isosceles triangle with AB = AC and D is a point оп AC such that 
ВС? = AC x CD. Prove that BD = BC. A 


РЕ b 
i SOLUTION We have, 
1 BC AC CD and AB = AC 
a =» BCxBC=ACxCDand ZB=ZC D 
Y 255 
| BC DC = 4 B C 
E Fig.7.135 
N 


ee > | 
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So, by SAS-criterion of similarity, we obtain 
ABCA~A DCB 
ВС CA BA 
= DC CB DB 5 
СА _ ВА е 
pe CB DB 
E BA _ DB 
CA CB 
DB 
1 = — pe AB = AC 
=> = . ] 
E DB = CB 2 BD = BC 


EXERCISE 7.5 


1. In Fig. 7.136, A АСВ ~ A APQ. If BC = 8 ст, РО =4 cm, ВА = 6.5 ст and AP =2.8cm, find 


CA ЩЕ . Gc 
p 7 r P me к 
OA _ A t. 

g 6.2. в 2387 ^« 
^W A Q 


C 
Fig. 7.136 


2. In Fig. 7. 137, AB || QR. Find the length of PB. 
^u _ Ph B8 


$8 = FPA 


Q 9 cm R B 6 cm C 


Fig. 7.137 Fig. 7.138 Журе A ET 
, 


3. In Fig. 7.138, XY || BC. Find the length of XY. 


4. Inarightangled triangle with sides a and b and hypotenuse c, the altitude drawn on the 
hypotenuse is x. Prove that ab — cx. 
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5. In Fig. 7.139, Z ABC =90° and BD L AC. If BD = 8 em and AD = 4cm, find CD. 
A A 
4 cm 


^0 = 


C B 
Fig. 7.139 Fig. 7.140 


6. In Fig. 7.140, Z ABC = 90° and BD 1 AC. If AB = 57 cm, BD = 3,8 em and 
CD = 5.4 cm, find BC. | 


7. In Fig. 7.141, DE || BCsuchthat AE = (1/4) AC. IF AB = 6cm, find AD. 


B Cc 


Fig. 7.141 


8. In Fig. 7.142, if AB L BC, DC 1 BC and DE ВАС, prove that A CED ~ A ABC. 


- 


Lett ET 
4 © 
д 


М B 
"x Fig. 7.142 
9. Diagonals AC and BD of a trapezium ABCD with AB || DC intersect each other at the 
E : OA ОВ 
I point O. Using similarity criterion for two triangles, show that OC OD’ 
| 10. If A ABC and A AMP are two right triangles, right angled at Band M respectively such 
that Z MAP = Z ВАС, Prove that 


(i) AABC-AAMP P (ii) 


© A vertical stick 10 cm long casts a shadow 8 cm long. At the same time a tower casts а 
shadow 30 m long. Determine the height of the tower. 


| 
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12. In Fig. 7.143, Z А = Z CED, prove that A CAB ~ A CED. Also, find the value of x. 


19. 


21. 


N 
A 


А — 9 cm —— B 


Fig. 7.143 


. The perimeters of two similar triangles are 25 cm and 15 cm respectively. Ifone side of 


first triangle is 9 cm, what is the corresponding side of the other triangle? 
[CBSE 2002 С] 


. In A ABC and A DEF, it is being given that: АВ = 5 cm, ВС A ст and CA - 4.2 cm; 


DE = 10 cm, EF = 8cm and FD = 84cm. If AL L BC and DM БЕР, find AL: DM. 


D and E are the points on the sides AB and AC respectively of a A ABC such that: AD = 8 


cm, DB = 12 cm, AE = 6cm and CE =9 cm. Prove that BC = 5/2 DE. 


. Dis the mid-point of side BC ofa A ABC. AD isbisected at the point E and BE produced 


cuts AC at the point X. Prove that BE: EX=3:1 


. ABCD is a parallelogram and APQ isa straight line meeting BC at P and DC produced at 


Q. prove that the rectangle obtained by BP and DQ is equal to the rectangle contained by 
AB and BC. 


. In A ABC, AL and CM are the perpendiculars from the vertices A and C to BC and AB 


respectively. If AL and CM intersectat O, prove that : 


ü AOMA-AOLC . @) ARAN 


ABCD is a quadrilateral in which AD = BC. If P, О, К, S be the mid-points of AB, AC, CD 
and BD respectively, show that PORS is a rhombus. 


. In an isosceles A ABC, the base AB is produced both the ways to P and Q such that 


AP x BQ = AC". Prove that A APC ~ A BCQ. 


A girl of heigh 90 em is walking away from the base of a lamp-post at a speed of 
1.2 m/sec.f the lamp is 3.6 m above the ground, find the length of her shadow after 
4 seconds. 

A vertical stick of length 6 m casts a shadow 4 m long on the ground and at the same time 
a tower casts a shadow 28 m long. Find the height of the tower. [NCERT] 


. In Fig. 7.144, A ABC is right angled at C and DE 1 AB. Prove that A ABC ~ ЛАРЕ and 


hence find the lengths of AE and DE. 


W б 


Fig. 7.144 


ets hy Sa 
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1 


24. In Fig. 7.145, PA, QB and RC are each perpendicular to AC. Prove that 1 5 


>x 


Fig. 7.145 


25. In Fig. 7.146, we have AB || CD || EF. If AB = 6 cm, CD = x em, EF = 10 ст, 
BD = 4cm and ОЕ = уст, calculate the values of x and у. 


2 [n 


2 


ANSWERS 
1. CA-5.66cm,AQ-325cm 22cm 3. 1.5cm 5. 16cm 
6. 8.1ст 7. 1.5cm 11. 375m 12. 6 
13. 5.4cm 14. 1:2 21. 1.6m 22. 42m 
23. DE = Ž en and AE 5 em 25. x = 3.75 cm; у = 6.67 cm 


HINT TO SELECTED PROBLEMS 
2. Use: A PAB~ A PQR 
5. n A DBA and A DCB, we have 


E ZDBA-Z DCR [Each equal 090° – Z DBC] 
and, ZDzzZDz90* [Common] 
A DBA ~ ^ DCB 
BD AD _ ср. В? 
CD BD AD 
6. Clearly, A ABC- A BDC 
AB BC 57 BC 57x54 
Lud e acce ms 2 
BD DC 38 54 gg oem 


7. Clearly, A ADE ~ A ABC 
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12. In A CAB and A CED, we have 


13. 


14. 


15. 


17. 
21. 


23. 


ZA=2ZCEDandZC=/C [Common] 
A CAB ~ A CED 


CA AB CB _ АВ СВ 9 102 
TEE 


Ratio of the corresponding sides = Ratio of perimeters. 


=> LE NONE ЖЫН 
x 1 
— „5С 9 
ап DE EF DE 2 
A ABC ~ A DEF 


Now, use the result that in similar triangles the ratio of corresponding altitudes is same 
as the ratio of poi sides. 


AD AE 


Clearly, —— = — = = ZA d^ ADE 
early AB ^ AC З 2 and is commonin A ABC an 
AADE~AABC == a 28 
DE AD 


Use the result A ABP ~ A ОРА to prove that AB x BC = BP x DQ. 


Let AB be the lamp-post and CD be the girl after walking for 4 seconds. Let DE be the 
length of her shadow such that DE = x metres, BD = 1.2 х4= 4.8 m. 


In A's ABE and CDE, wehave 
ZBzzZDandZ Е= АР 
So, by AA-similarity criterion, we obtain A АВЕ ~ A CDE 


BEg WB Petr 36 .. 216m 
DE CD x 09 


In triangles ABC and ADE, we have 
ZACB = ZAED = 90° and, ZBAC = ZDAE 


So, by AA similarity criterion, we obtain 


A ABC ~ AADE 


AB BC AC 
AD ЮЕ AE 


м 


3 12 5 
14 PE АЕ p АВ? = AC? + BC? = 52 + 122] 


М 
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> DE = Š and АЕ = © 


13 
24. In A PAC, we have 


— 00 
In A ACR, we have 


BQ AB У АВ 
В — = — == — 
USE te ac ЕБТ 
Adding (i) and (ii), we get 


>ii) 


У.У. CB, AB 
x & JAC AC 

=> УУ АВ=ВС... WY AC У ETETE 
A. AC * С — X xr 2 у 


7.8 MORE ON CHARACTERISTIC PROPERTIES - 


In the previous section, we have learnt about characteristic properties of similar triangles 
and their applications. In this section, we shall discuss some more results as theorems 
derived from the characteristic properties of similar triangles. 

THEOREM 1 If two triangles are equiangular,prove that the ratio of the corresponding sides is same 
as the ratio of the corresponding medians. [NCERT] 


GIVEN Two triangles ABC and DEF in which ZA = 2D, ZB = ZE, ZC = ZF, 
AP and DQ are their medians. 


D 


> 


B P c 
E Q F 
Fig. 7.147 Fig. 7.148 


жЕр LAB. 
TO PR EF DQ 


PROOF Since equiangular triangles are similar. 
A ABC ~ A DEF 


DE EF m 
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AB _ 2BP p and Qare mid. points of BC and EF лы 
= DE 2EQ is BC = 2BP and EF = 2EQ 

AB BP 8 
E" = = EO (ii) 
Now, in & ABP and A DFQ, we have 

AB ВР " 

PE EQ [From (ii)] 
and, ZB=ZE [Given] 
So, by SAS-criterion of similarity, we have 

A ABP ~ A DEQ 

AB AP T 
=> DE = DO .. (iii) 


. a BC AP 
From (i) and (iii), we get: тг = DQ 


Hence, the ratio of the corresponding sides is same as the ratio of corresponding medians. 
Q.E.D. 


THEOREM 2 If two triangles are equiangular, prove that the ratio of the corresponding sides is same 
as theratio of the corresponding angle bisector segments. 


GIVEN Two triangles ABC and DEF in which Z A = Z D, Z B = Z E, Z C = Z F; and AX, DY are 
the bisectors of Z A and Z D respectively. 


B X С Е Y F 
Fig. 7.149 Fig. 7.150 


wd . AX 
TO PROVE EF DY 
PROOF Since equiangular triangles are similar. 


A ABC ~ A DEF 


In A ABX and DEY, we have 
ZB=ZE [Given] 


TAN 


“м 
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and. ZBAX-ZEDY [p 4А= 405» 144-1405 £BAX = ZEDY | 
So, by AA-criterion of similarity, we have 

A ABX ~ A DEY 

АВ AX > 
> БЕ DY ii) 

: ^ BC AX 

From (i) and (ii), we get : EF ^ DY 


Q.E.D. 
THEOREM 3 If two triangles are equiangular, prove that the ratio of the corresponding sides is same 
as theratio of the corresponding altitudes. 
GIVEN Twotriangles ABC and DEF in which 
2А=2р, 2 В= 2 Е, 2 С= 2 Fand ALL ВС, DM 1 EF 


D 
A 
B L с 
Е M F 
Fig. 7.151 Fig. 7.152 
ВС DAL 
ТОРКОУЕ EF DM 
PROOF Since equiangular triangles are similar. 
A ABC ~A DEF 
уг DE EE е 
Intriangle ALBand DME, we have 
Z ALB = 2 DME [Each equal to 90°] 
2В=2Е [Given] 
So, by AA-criterion of similarity, we have 
A ALB ~ A DME 
AB. AL = 
^2 DE DM e 
Ё x BC AL 
From (i) and (ii), we get : EF DM 


Q.ED. 


THEOREM 4 fone angle of a triangle is equal to one angle of another triangle and the bisectors of these 
equal angles divide the opposite side in the same ratio, prove that the triangles are similar. 


-—— 
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GIVEN Two triangles ABCand DEF in which Z A = Z D. The bisectors AP and DQor 2 Aand 


à; , ВР ЕО 
2 D intersect BC and EF in Pand О respectively such that pc ^ or 


TOPROVE A ABC~A DEF 


PROOF We know that the bisectors of an angle of a triangle intersects the opposite side in the 
ratio of the sides containing the angle. 


D 
A 
B P С 
Е О Ё 
Fig. 7.153 Fig. 7.154 
AP is the bisector of ZA 
=> EP = АБ . (i) 
PC АС 
DQis the bisector of ZD 
=> a = 57 . (ii) 
But, x - 28 [Given] 
Therefore, from (i) and (ii), we get 
AB _ DE 
АС DF 
Thus, in triangles ABC and DEF, we have 
AB DE 
АС DF 
and, LAFL [Given] 


So, by SAS-criterion of similarity, we obtain: A ABC ~ A DEF. 


Q.E.D. 
THEOREM 5 If two sides and a median bisecting one of these sides of a triangle are respectively 
proportional to the two sides and the corresponding median of another triangle, then the triangles are 


simular. [NCERT] 
GIVEN A ABC and A DEF in which AP and DQ are the medians such that 

AB _ BC Al ^ 

DE EF DQ 


—=——=— 


DE EF DQ B Р С 
Fig. 7.155 


TN 


27-390 
n 
i = MATHEMATICS- x 
ee о 
— АВ = i— = AP 
2 
2 
AB BP AP 
=> — = = — 
DE EQ DQ 
= A ABP~A DEQ [By SSS-similarity] 
= ZB=ZE E | Q Е 
Now, in А ABC and A DEF, we have Fig. 7.156 
AB ВС : 
DE = EF [Given] 


ү; апа, 2B. E 
So, by SAS-criterion of similarity, we obtain A ABC -A DEF 
Q.E.D. 
THEOREM 6 If two sides and a median bisecting the third side of a triangle are respectively 
proportional to the corresponding sides and the median of another triangle, then the two triangles are 


similar. 
GIVEN Two triangles ABC and DEF in which AP and DQ are the medians such that | 
АВ АС АР 
DE DF DQ A 
ў TOPROVE A ABC~A DEF 
a CONSTRUCTION Produce AP to G so that PG = AP. Join CG. Also, 
$4 produce DQ to H so that QH= DQ. Join FH. E 
: PROOF InA APBand A GPC, we have EET 
1 BP-CP Ap is the median] 
E AP - GP [By construction] 
1: and, ZAPB=ZCPG [Vertically opposite angles] Fig. m 
So, by SAS-criterion of congruence, we have 
AAPBzAGPC 
= АВ= GC 00 A 
Again, InA DQE and A HQF, wehave P 
EQ = FQ [-: DQ is the median] 
DQ=HQ [By construction] 


and, ZDQE-ZHQF [Vertically opposite angles] Е 


-\ 


So, by SAS-criterion of congruence, we have а 
A DQE=A НОЕ 

=> DE=HF ii) 
AB АС AP 


Now pr^ DF 50 


H 
Fig. 7.158 
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GC AC AP — — | 
ET HF DF DQ (From (i) and (ii)) 

GC _ AC _ 2AP 
РЭ HF DF 250 

GC AC AG 

— — =-— oe = = D 
= HF DF DH [::2 AP = AG and 2 DQ = DH] 
=> A AGC ~A DHF [By SSS-criterion of similarity] 
=> Z21=22 
Similarly, we have 

Z32242 2414+23=242+24 > LA=ZD .. (iii) 
Thus, in A ABC and A DEF, wehave 

ZA-ZD [From (iii)] 

AB AC ; 
and, DE DE [Given] 


So, by SAS-criterion of similarity, we obtain A ABC ~ A DEF 
Q.E.D. 


7.9 AREAS OF TWO SIMILAR TRIANGLES 


In this section, we will discuss some theorems concerning the ratio of areas of similar 


triangles. 
THEOREM 1 The ratio of the areas of two similar triangles are equal to the ratio of the squares of any 
two corresponding sides. [NCERT, CBSE 2000, 2002, 2004, 2006C, 2008, 2010] 


GIVEN Two triangles ABC and DEF such that A ABC ~ A DEF. 


= — Z — 2 


TOPROVE Ma (ADE DE ЕЕ? DP 


D 
A 
B L C 
E M F 
Fig. 7.159 Fig. 7.160 


CONSTRUCTION Draw AL 1 BC and DM 1 EF. 


PROOF Since similar triangles are equiangular and their corresponding sides are 
proportional. Therefore, 
A ABC ~A DEF 
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ZA=ZD, nd -— a m nm i 
=> ZB=ZE,ZC=ZFa DE EF DE 5 0) 
Thus, in А ALB and A DME, we have 
=> Z ALB- DME [Each equal to 90°] 
and, ZB=ZE [From (i)] 
So, by AA«riterion of similarity, we have 
A ALB - A DME 
zo AL AB " 
DM DE эш) 


From (i) and (ii), we get 


DE EF DF DM ui 
Now, 
1 (BC x AL 
Area (A ABC) 3 BC * AL) 
Area (A ABC) = BC. AL 
ч Area (A DEF) ЕЕ DM 
Area (A ABC) _ВС BC [From i BC АЁ a 
= ‘Area (A DEF). EF ФЕ? EF DM 
e Area(A АВС). ВС? 
Area (А DEF) ЕР? 
5 BC. AB AC 
us EF DE DF 
BC' AB' AC 
ч EP DE РЕ? 
- Area (А АВС) _ AB? _ BC? _ АС? 
ence, “Area(ADEF) DE EF ОР 
ОЕР. 


THEOREM 2 The areas of two similar triangles are in the ratio of the squares of the corresponding 
altitudes. 
GIVEN Two triangles ABCand DEF such that A ABC ~A DEF and ALL BC, DM 1 EF. 
Area (А ABC) _ АГ 
TOPROVE “Area(ADEF) DM? 


PROOF Since the ratio of the areas of two similar triangles is equal to the ratio of the squares 
of any two corresponding sides. 
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D 
A 
B L C 
Е M Е 
Fig. 7.161 Fig. 7.162 
Area (А АВС) АВ? NU 
Area(ADEF) DE? 
Now,in A ALB and A DME, we have 
Z ALB = Z DME [Each equal to 90*] 
and, BAE [-: AABC~ADEF ~. ZA=ZD)ZB=ZE, ZC=ZF) 
So, by AA-criterion of similarity, we have 
A ALB ~ A DME 
"m AB _ AL 
DE DM 
AB’ · AE 
cement ui cie (ii) 
i DE DM? 
From (i) and (ii), we get 


Area (A ABC) AL 
Area (ADEF) DM? 
THEOREM 3 The areas of two similar triangles are in the ratio of the squares of the corresponding 
medians. [NCERT] 
GIVEN Two triangles ABC and DEF such that A ABC ~ А DEF and АР, DQ are their medians. 
Area (А АВС) _ АР? 
Area(ADEF) DQ? 
PROOF Since the ratio of the areas of two similar triangles is equal to the ratio of the squares 
of any two corresponding sides. 


Q.E.D. 


TO PROVE 


D 
A 
B P G 
E Q Е 
Fig. 7.163 Fig. 7.164 
Area (A ABC) _ AB? | 
Area(ADEF) РЕ? (i) 


Now, A ABC ~ A DEF 


7.86 MATHEMATICS- x 


AB ВС 
=> = = == 
DE EF 
AB 2ВР BP 
E 5 WO (ii) 
DE 2EQ EQ 
Thus, in triangles APB and DQE, we have 
AB ВР 
ПЕ po MARRE [.- A ABC ~ A DEF] 
So, by SAS-criterion of similarity, we have 
A АРВ ~A DQE 
25 LE d Р 
EQ DO -. (iii) 
From (ii) and (iii), we get 
АВ. дЕ 
DE DQ 
" АВ? _ АР? à; 
DE ро? am 
From (i) and (iv), we get 


Area (А АВС) _ АР? 
Area (ADEF) DQ? 
Q.E.D. 


THEOREM 4 The areas of two similar triangles are in the ratio of the squares of the corresponding 
angle bisector segments. 


GIVEN A ABC ~ A DEFand АХ апа DY are bisector of Z A and Z D respectively. 
D 


A 


B X c 


Y 
Fig. 7.165 Fig. 7.166 
Area (A АВС) АХ? 
TOPROVE Area (ADEF) DY? 
PROOF Since the ratio of the areas of two similar triangles are equal to the ratio of the squares 
of any two corresponding sides. 
Area (A ABC) АВ? | 
Area (A DEF) DE? 0% 
Now, AABC CA DEF 
=> ZA=ZD 
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a 
=> Z ВАХ= Z EDY 
Thus, in triangles ABX and DEY, we have 75 
Z ВАХ= Z EDYand 2 B-Z E [:AABC-ADEF] '* 
So, by AA-similarity criterion, we have 
А ABX ~A DEY 
ОЕ. 
DE DY 
= АВ? = AX (ii) 
ре? рү? * ү 
From (i) and (ii), we get 
Area(AABC) АР? 
Area(ADEF) рү? 1 
THEOREM 5 If tlie areas of two similar triangles are equal, then the triangles are congruent i.e. equal ) 
and similar triangles are congruent. [NCERT, CBSE 2002C, 2018] , 
GIVEN Two triangles ABC and DEF such that A ABC ~A DEF and 
Area (A ABC) = Area (A DEF). 
TO PROVE А ABC xA DEF 
PROOF Wehave, 
AB ВС AC Я 
А АВС -~А DEF => CAA D, BZ E,Z C= Fand DE = EF = DF 
In order to prove that A ABC = A DEF, it is sufficient to show that AB = DE, BC= EF and 
AC=DF. 
It is given that: Area (A ABC) = Area (А DEF) 
ы Area (А ABC) ш 
Area (A DEF) 
AB: ВС? AC? f Area (А АВС) AB? BC? _ | 
=" DE EP DPF Area (A DEF) DE? EF. DF. 
=> AB? = DE?, BC? = EF? and AC? = DP? 
= АВ = DE, BC = EF and AC = DF 
Hence, AABC=ADEF. Q.E.D. 


EXAMPLE1 IfA ABC ~ A DEF such that AB = 1.2 cm and DE — 1.4 cm. Find Не саксы of 
A ABCand A DEF. 


ed. & 
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SOLUTION We know that the ratio of areas of two similar triangles is equal to the ratio of the 
squares of any two corresponding sides. 
Агеа (А АВС) AB? _ Area(AABC) _ (12) _ (2 _ 36 
Area (ADEF) DE? Area (ADEF) (14)? (14 49 
EXAMPLE2 Іп tio similar triangles ABC and РОК, if their corresponding altitudes AD and PS are 
in the ratio 4:9, find the ratio of the areas of A ABC and А PQR. 
SOLUTION Since the areas of two similar triangles are in the ratio of the squares of the 
corresponding altitudes. 


2 
Area (AABC) A _ e ( PE. [--AD:PS -4:9] 
Area(APQR) PS? ^  Ara(APQR) (9) 81 


Hence, Area (A ABC): Area (А POR) =16:81 
EXAMPLE3 Jf A ABC is similar to A DEF such that BC 23 cm, EF = 4 cm and area of A ABC = 
54 ст?. Determine the area of A DEF. 


SOLUTION Sincetheratio of areas of two similar triangles is equal to the ratio of the squares 
of any two corresponding sides. 


Area (A ABC) ВС? 
Area (A DEF) ЕЕ? 


54 2Z 
unm te Pina (л Per) = 22716 „об cm? 


EXAMPLE4 IfA ABC ~ A DEF such that area of ^ ABC is 9 cm’ and the area of ^ DEF is 16 cm’ and 
BC =2.1 cm. Find the length of EF. 


SOLUTION Wehave, 


Area(A ABC) _ BC? 
Area(ADEF) EF? 


Qi ,3 21 рр. 4х21 


=> ст = 2.8cm 


EXAMPLES In Fig. 7.166, PB and QA are perpendiculars to segment AB. If PO=5cm, QO =7 cm 
and Area А РОВ = 150 ст? find thearea of A ООА. 
SOLUTION In A OAQand A ОВР, we have 


ZA=ZB [Each equal to 90°] 
Z AOQ- Z BOP 


So, by AA-criterion of similarity, we have 
AAOQ - ABOP 


— — ttt ! * 
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Area (A AOC) O Q 
Area (A ВОР) Ор? 


Area (A AOQ) 7? B О ? 

E — d | Aa AM А f 
150 5? 
> Area (A AOQ) = 29 x 150 cm? = 294 ст? " | 
25 ~ em Fig. 7.167 

EXAMPLE6 In Fig. 7.168, ABCD isa trapezium in which AB || DCand AB = 2 DC. Determine the 
ratio of the areas of A AOB and ^ COD. [NCERT] 
SOLUTION In triangle АОВ and COD, we have i 

Z АОВ= 2 COD [Vertically opposite angles] 
and, Z ОАВ= Z OCD [Alternate angles] 


So, by AA-criterion of similarity, we have 
A AOB ~A COD D Е 
Агеа (А АОВ) АВ? a 


Area(ACOD) DC? 


~ 


M Area (A AOB) (2 DC) _4 

Area (ACOD) (DCP 1 A 
Hence, Area (A AOB): Area (A COD)=4:1. 
EXAMPLE? In the trapezium ABCD, AB || CD and AB =2 CD. If thearea of А АОВ SA find 
thearea of A COD. [CBSE 2005] 


SOLUTION From example 6, we have 
Area (A AQB) 4 
Area (ACOD) 1 
%4 7.4 
= 1 


Area (ACOD) | 


Fig. 7.168 


Ш 


=> Area (A COD) = 21 cm? 


EXAMPLES 2 Prove that the area of the triangle BCE described оп one side ВС of a square ABCD as base is 
one half the area of the similar triangle ACF described on the diagonal AC as base. 


SOLUTION ABCD isa square. A BCE is described on side BC is similar to A ACF described 

on diagonal AC. 

Since ABCD isa square. Therefore, 
AB = BC=CD = DA and, AC = 42 BC [*: Diagonal = 2 Side)] 6 

Now, A BCE ~ A АСЕ 

Area (ABCE) _ BC? 

Area (А ACF) АС? 


F 


= 


Fig. 7.169 
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Area (ABCE) BC? 1 


= Area(AACF) (VCF 2 
ES Area (A BCE) = i Area (А АСР) 


EXAMPLES Prove that the area of the equilateral triangle described on the side of a square is half the 
area of the equilateral triangle described on its diagonal. INCERT, CBSE 2018] 
GIVEN A square ABCD. Equilateral triangles A BCE and A ACF have been described on side 
BC and diagonal AC respectively. 


1 F 
TOPROVE Area (А ВСЕ) = 5 Area (A ACF) é 
PROOF Since A BCE and A ACF are equilateral. Therefore, 
they are equiangular (each angle being equal to 60°) and 
hence E 
A BCE ~ A АСЕ 
A B 


Area (ABCE) BC? 


= Агеа(А АСЕ) AC ыы 

ix Area (ABCE) _ BC? * ABCD is a square 
Area (А АСЕ) (ABO diagonal (side) => АС = BC 
Area(ABCE) 1 

E E 


Area(AACF) 2 


EXAMPLE10 Equilateral triangles are drawnon the sides ofa right triangle. Show that the area of 

the triangle оп the hypotenuse is equal to the sum of the areas of triangles on the other two sides. 
[CBSE 2002] 

GIVEN Aright angled triangle ABC with right angle at B. Equilateral triangles PAB, QBC 

and RAC are described on sides AB, BC and CA respectively. 

TOPROVE Area (A PAB) * Area (^ ОВС) = Area (А RAC) 


R 
A 
P 
B C 
Q 
Fig. 7.171 


PROOF Sincetriangles PAB, QBC and RAC are equilateral. Therefore, they are equiangular 
and hence similar. 


Area(APAB) Area (o. A " BC? 
Area (A RAC) Area(ARAC) AC? AC? 
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Area(APAB) Area (a АВ? + ВС? 


ы Area (A RAC) Area (ANC AC? 
à Area(APAB)  Area(AQBC) AC? -A ABC is a right angled 1 

Area (A RAC) Area (АВАС) ~ AC? Ы with Z B=90° ~. AC? = АВ? + ВС? 
» Area (АРАВ) + Area (AQBC) _, 

Area (А КАС) 7 

=; Area (A PAB) + Area (A QBC) = Area (А RAC) 
EXAMPLE 11 D, Е, F are the mid. points of the sides BC, CA and AB respectively of a A ABC. 
Determine the ratio of the areas of A DEF and A ABC. [NCERT] 
SOLUTION Since D and Е аге the mid-points of the sides BCand AB respectively of A ABC. 

DE ||BA => DE ||FA *. 0 

A 
F, E 
B D C 
Fig. 7.172 

Since D and F are mid-points of the sides BC and AB respectively of A ABC. Therefore, 

DF ||CA= DF || AE (ii) 


From (i), and (ii), we conclude that AFDE is a parallelogram. 
Similarly, BDEF isa parallelogram. 


In A DEF and A ABC, we have 
ZFDE=ZA [Opposite angles of parallelogram AFDE] 
and, 2 DEF-Z B [Opposite angles of parallelogram BDEF] 
So, by AA-similarity criterion, we have 
^ DEF ~A ABC 
Area (ADEF) DE? (1/2ABy 1 
ы arene "AB АВ 4 Ё DE = 5 AB | 


Hence,  Area(A DEF): Area(A ABC)=1:4 
EXAMPLE 12 D and E are points on the sides AB and AC respectively of a A ABC such that 


e ; А s DD 
DE || BC and divides A ABC into two parts, equal in area, Find . 
| AB | NCERT, CBSE 2000] 


кое 


T 
\ Ы 
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SOLUTION We have, 
Area (A ADE) = Area (trapezium BCED) 


c Area (A ADE) + Area (^ ADE) = Area (trapezium BCED) + Area (^ ADE) 
= 2 Area (А ADE) = Area (^ ABC) 00 
InA ADE and A ABC, we have 
Z АрЕ= 2 В [- DE || BC.:Z АРЕ = 2 B(Corresponding angles] 
and, ZA=ZA [Common] 
; A ADE ~A ABC 3 


Агеа (А АРЕ) AD? 


Area (А АВС) АВ? 
Area(AADE) _ АР? D E 

S 2Area(AADE) АВ? 

i | AD ] 
* 2 (АВ B 

Аю 4 Fig. 7.173 
e 
> АВ = NVA 
= АВ = J2(AB - BD) 
BD..J2-1 2-2 

= (V2 -1AB- J2BD = В 2 
EXAMPLE 13 Two isosceles triangles have equal vertical angles and their areas are in the ratio 
16:25. Find the ratio of their corresponding heights. [CBSE 2000] 
SOLUTION Let A ABC and A DEF be the given triangles such that AB = AC and DE = DF, 
ZA=ZD 

Area(AABC) 16 
and, (АЕР) 25 -.- (i) 

ҮТ а Vt A А 
B L C E M F 
Fig. 7.174 Fig. 7.175 

Draw AL | BC and DM 1 EF. 


Nia,  AB-AC,DE-DF 


a 
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AB DE 
— = 1 — = 
= AC and Б 
„ 42 DE 
AC DF 
- AB | AC 
DE DF 
Thus, in triangles ABC and DEF, we have 
22 = амі ZA = 2р [Given] 
So, by SAS-similarity criterion, we have 
A АВС ~A DEF 
4 Area (А ABC) AD 
Area (ADEF) DM? 
16 AL > 
ON a sing (i 
= 25 ^ DM? [Using (i)] 
AL 4 
=> — == 
DM 5 
Hence, AL: РМ = 4: 5. 
Р . . Area (А DEF) 
Fig 7.176, : DR - 5:8. — CBSE 2000 
EXAMPLE14 In Fig 7.176, DE || BCand AD: DB=5:4. Find Area (ACFB) [ | 
SOLUTION In A ABC, we have 
DE || BC 
=> Z ADE = Z ABC and Z AED= Z ACB [Corresponding angles] 
Thus, in triangles ADE and ABC, we have 
LA=ZA [Common] 
Z АРЕ = 2 ABC 
and, Z AED=Z ACB 
A AED ~A ABC [By AAA similarity] 
AB. BC 
Wehave, 
AD _5 
DB 4 
29 4 
AD. 5 
DB 
—+1=—+ 1 
e AD 
DB+AD 9 _ AB.9., 2D. 5 
E AD 5 AD 5 AB 9 
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In A DFE and A CFB, we have 
Z1223 [Alternate interior angles] 
22844 [Vertically opposite angles] 
Therefore, by AA-similarity criterion, we have 
A DFE~A CFB 


Area (A DFE) ре? 
Area(ACFB) BC? 


Area (A DFE) _ (3) 25 


9) ^8 [Using (i)] 


= 


Area (ACFB) | 
EXAMPLE15 In Fig. 7.177, XY || ACand XY divides triangular region ABC into two parts equal 


in area. Determine = [CBSE 2008] 
SOLUTION Wehave, 
XY || AC 
and, Area (A BXY) = Area (quad. XYCA) ^ 
=> Area (A ABC) =2 Area (А BXY) ». 
Now, ХҮ || AC and BA is a transversal. X 
= Z ВХҮ= 2 BAC () 
і Thus, іп A’s BAC and ВХҮ, we have 
! Z XBY = Z ABC [Common] 
Z BXY - Z ВАС [From (ii)] 
Therefore, AA-criterion of similarity, we have B Y e 
^ BAC - ABXY Fig. 7.177 


Area (ABAC) | BA? 


> Area (ABXY). BX? 
BA? 
2= А ; 
| = Bx [Using (i)] 
i = ВА = J2BX 
i AX 42-1 
=, = ВА = 2 (ВА – 2-1 ВА = — = 
J2( AX) => (2-1) AX => y" B 
— ————— —— — EXERCISE 7.8 


1. Triangles ABC and DEF are similar. 


(i) If area (A ABC) = 16 cm’, area (А DEF) = 25 cm and BC -2.3 cm, find EF. 
(ii) If area (A ABC) =9 cm’, area (А DEF) 2 64 cm' and DE =5.1 cm, find AB. 
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ЕЈ 


10. 


(ii) If AC = 19 cm and DF = 8 cm, find the ratio of the area of two triangles. 
(iv) If area (А ABC) 236 cm’, area (A DEF) =64 cm? and DE = 6.2 cm, find AB. 
(v) If AB 2 em and DE - 1.4 cm, find the ratio of the areas of A ABC and A DEF. 


‚ InFig.7.178, A АСВ ~ A APQ. If BC = 10cm, РО -5cm, BA = 65cm and AP =2.8 cm, find 


CA and AQ. Also, find the area (A ACB) : area (А APO). 


P 


C 
Fig. 7.178 


. The areas of two similar triangles are 81 ст? and 49 cm’ respectively. Find the ratio of 


their corresponding heights. What is the ratio of their corresponding medians? 


The areas of two similar triangles are 169 cm? and 121 cm’ respectively. If the longest side 


of the larger triangle is 26 cm, find the longest side of the smaller triangle. 


. The areas of two similar triangles are 25 cm’ and 36cm’ respectively. If the altitude of the 


first triangle is 2.4 cm, find the corresponding altitude of the other. 


‚ The corresponding altitudes of two similar triangles are 6 cm and 9 cm respectively. 


Find the ratio of their areas. 


. ABC is a triangle in which < A =90°, AN L BC, BC =12 cmand AC Sem. Find the ratio 


of the areas of A ANC and A ABC. 


In Fig. 7.179, DE || BC 


(i) If DEA cm, BC = 6cm and Area (A ADE) = 16 cm’, find the area of A ABC. 
(i) If DE 2 4 cm, BC =8cm and Area (A ADE) =25 cm’, find the area of A ABC. 


(iii) If DE : BC = 3: 5. Calculate the ratio of the areas of A ADE and the trapezium 


BCED. 
A 


B C 
Fig. 7.179 


. In A ABC, D and E are the mid-points of AB and AC respectively. Find the ratio of the 


areas of A ADE and A ABC. 


The areas of two similar triangles are 100 cm" and 49 cm? respectively. If the altitude of the 
bigger triangleis5 cm, find the corresponding altitude of the other. [CBSE 2002] 


7.96 MATHEMATICS- x 


11. Ihe areas of two similar triangles are 121 cm’ and 64 em respectively. If the median of the 
first triangle is 12.1 cm, find the corresponding median of the other. [CBSE 2001] 

12. IfA ABC ~ A DEF such that AB = 5 cm, area (A ABC) = 20 cm? and area (А DEF) 245 cm? 
determine DE. | 

13. In A ABC, PQ is a line segment intersecting AB at P and AC at Q such that PQ || BCand 


PQ divides A ABC into two parts equal in area. Find = 


14. The areas of two similar triangles ABC and РОК are in the ratio9 : 16. If BC =4.5 cm, find 

the length of QR. [CBSE 2004] 

15. ABC is a triangle and PQ is a straight line meeting AB in P and AC in Q. If AP=1 cm, 

PB =3 cm, AQ =1.5 cm, QC =4.5 m, prove that area of A APQ is one- sixteenth of the area 

of A ABC. [CBSE 2005] 

16. If D is a point on the side AB of A ABC such that AD: DB =3.2 and E is a point on BC such 

i that DE || AC. Find the ratio of areas of A ABC and A BDE. [CBSE 2006 C] 
17. If AABC and ABDE are equilateral triangles, where D is the mid point of BC, find the 

ratio of areas of AABC and ABDE. [CBSE 2010] 


18. Two isosceles triangles have equal vertical angles and their areas are in the ratio 36 : 25. 
' Find the ratio of their corresponding heights. 


19. In Fig. 7.180, А ABC and A DBC are on the same base BC. If AD and BC intersect at O, 


prove that [NCERT, CBSE 2000, 2005] 
Area(AABC) _ АО 
Area(ADBC) DO 
A 


i С 
| 
в D 
Fig. 7.180 


20. ABCD is a trapezium in which AB || CD. The diagonals AC and BD intersect at O. Prove 
that: (i) A. AOB ~ A COD (ii) If OA 26cm, OC 28cm, 


Find: 
(a) Area (A AOB) (b) Area (A AOD) 
Area (ACOD) Area (ACOD) 


21. In A ABC, P divides the side AB such that AP : PB = 1 : 2. Q is a point in AC such that 
PQ || BC. Find the ratio of theareas of A APQ and trapezium BPQC. 

22, AD is an altitude of an equilateral triangle ABC. On AD as base, another equilateral 
triangle ADE is constructed. Prove that Area ( A ADE ): Area (ДАВС) 23:4.[CBSE 2010] 


г ANSWERS 
1. () 2.875 ст (ii) 1.9125cm (iii) 361: 64 (iv) 4.65 (v) 36:49 


i 2 5.6ст,3.25ст,4:1 3. 9:7;9:7 4. 22 cm 
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5. 2.88cm 6. 4:9 7. 25:144 
8. (i) 36cm’, (ii) 100cm?, (iii) 9:16 9.1:4 
10. 3.5cm 11. 8.8cm 12. 7.5cm 
13. 2 - 14. 6cm 16.25:4 17.41 
18. 6:5 20. (a) 2 (b) 3 21. 1:8 
16 E 


HINT TO SELECTED PROBLEMS 


3. Since the ratio of the areas of two similar triangles is equal to the ratio of the squares of 
their corresponding altitudes and is also equal to the ratio of the squares of their 
corresponding medians. Hence, 


ratio of altitudes = 9:7 = ratio of medians. 


4. Wehave, 
169 _ 26! — 
121 (Side of the smaller triangle)? 
13 26 
> — —E ä > Side = 22cm 
11 Side of the smaller triangle ку 
7. Wehave, 


AANC ~ ААВС => 2782 АС AC a 
> геа (д АВС). BC 144 


8. (i) In A ADE and A ABC, we have 
ZADE =B [Corresponding angles ('~' DE || BC)] 
ZA=ZA [Common] 
Area (A ADE) РЕ? 


А АРЕ ~ лАЮ А 9 = — 
Rea (А ABC) BC? 


(ü) теа (A ABC) BC! 57 25 
Let Area (A ADE) =9x sq. units and Area (A ABC) = 25x sq. units. 
Area (trap.BCED) = Area (A ABC) - Area (A ADE) = 25x - 9x = 16x 


9. Since D and E are the mid-points of AB and AC respectively. Therefore, DE || BC. 
Consequently, we have 


1 
ОЕ-ААВС»—————=—=——=- 
АА Area(A ABC) AB? (AD) 4 
19. Draw AL BC and DM 1 BC. In A ALO and A DMO, we have 
Z ALO = Z DMO =90° and, Z AOL= Z DOM 


A ALO ~ ^ DMO 
AL АО 
^ рм DO ED 


Area(ADBC) (1/2)BCxDM рм DO [Using (i)] 
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7.10 PYTHAGORAS THEOREM 

In this section, we shall prove an important theorem known as Pythagoras Theorem. This 
Theorem is also known as Baudhayan Theorem. 

THEOREM 1 Ina right angled triangle, the square of the hypotenuse is equal to the sum of the squares 
of the other two sides. [NCERT, CBSE 2001, 2002, 2004, 2005, 2006C, 2009, 2010, 2018] 
GIVEN A right-angled triangle ABC in which ZB = 90°. 

TO PROVE (Hypotenuse)’ = (Base) + (Perpendicular)? i.e. AC’ = AB" + BC’. 

CONSTRUCTION From В draw BD L AC. 


B 
A D C 
Fig. 7.181 

PROOF Intriangles ADB and ABC, we have 

ADB - Z ABC [Each equal to 90°] 
and, ZA=ZA [Common] 
So, by AA-similarity criterion, we have 

A ADB ~ A ABC 
> "AB AC [^ In similar triangles corresponding sides аге proportional] 
— AB’ = AD x AC () 
In triangles BDC and ABC, we have 

Z CDB = 2 ABC [Each equal to 90°] 
and, ZC-zc [Common] 
So, by AA-similarity criterion, we have 

A BDC- А ABC 

DC вс “ee ‚ 82 ; 

=> Be. АС *in similar triangles corresponding sides are proportional] 
= BC = AC x DC äi) 


Adding equations (i) and (ii), we get 
AB’+BC=ADxAC+ACx DC 


EN AB’ + BC' - AC(AD + DC) 
=> АВ? +BC?=AC x AC 
= AB? + BC = АС? 


Hence, АС'=АВ?+ВС` 
The converse of the above theorem is also true as proved below. 
THEOREM2 (Converse of Pythagoras Theorem) Ina triang 


Q.E.D. 


le, if the square of one side is equal to the 


sum of the squares of the other two sides, then the angle opposite to the side is a right angle. 
[NCERT, CBSE 2000C, 2006C, 2009, 2010] 


TRIANGLES 7.99 


GIVEN A "à ABC such that AC’ = AB’ + BC’, 


B C E F 
Fig. 7.182 Fig. 7.183 
CONSTRUCTION Constructa triangle DEF such that DE = AB, EF = BC and Z E=90°. 


PROOF In order to prove that Z B = 90°, it is sufficient to show that A ABCA DEF. For this 
we proceed as follows : 


Since A DEF is a right angled triangle with right angle at E. Therefore, by Pythagoras 
theorem, we have 


DF =DE’ + EF 
=> DF = АВ? + ВС? [ DE = AB and EF = BC (By construction)] 
> DF = АС? [-: АВ? + ВС? = AC (Given)] 
=> DF=AC E 
Thus, in A ABC and A DEF, we have 

AB = DE, BC = EF [By construction] 
and, AC=DF [From equation (i)] 
M A ABC=A DEF 
= ZB=ZE=90° 
Hence, A ABCisarighttriangleright-angled at В. Q.E.D. 


7.10.1 SOME IMPORTANT RESULTS BASED UPON PYTHAGORAS THEOREM 
THEOREM 1 (Result on obtuse triangle) In Fig. 7.184, A ABC isan obtuse triangle, obtuse-angled at 
B. If AD 1 CB, prove that AC = AB’ + BC «2 BC x BD. [NCERT] 
GIVEN Anobtuse triangle ABC, obtuse-angled at Band AD is perpendicular to CB produced. 
TO PROVE, AC! - AB* + BC’ +2 BC x BD. 
PROOF Since A ADB is a right triangle right-angled at D. Therefore, by Pythagoras theorem, 
we have 

AB! = AD’ + DB’ 0) 
Again, A ADC isa right triangle right-angled at D. 
Therefore, by Pythagoras theorem, we have 
AC? = AD? + DC 
AC? = AD! + (DB + ВС)? 


A 


c 

=> AC? = АГ? + DB! + BC’+2 BC + BD 

=> АС? = (AD! + DB’) + BC «2 BC + BD D B C 
= AC! = AB’ + BC’ « 2BC* BD [Using (4)] Fig. 7.184 

Hence, 


АС? = AB’ + BC’ +2 BC: BD 


— 4 — — 


= V 
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REMARK In the above theorem BD is known as the projection of AB on BC and the theorem can also be 
Stated as: 


In an obtuse triangle, the square of the side opposite to obtuse angle is equal to the sum of the squares of 
other two sides plus twice the product of one side and the projection of other on first. 


THEOREM 2 (Result on acute triangle) In Fig. 7.185, Z B of A ABC is an acute angle and 

AD 1 BC, prove that AC = АВ + BC -2 BCx BD [NCERT] 

GIVEN A A ABCin which Z Bisanacuteangle and AD 1 BC 

TOPROVE AC = AB" + BC'-2BC х BD. 

PROOF Since A ADB isaright triangle right-angled at D. So, by Pythagoras theorem, we have 
AB’ = AD" + BD" * (i A 

Again, A ADCisa right triangle right-angled at D. Applying 


= AC =AD*+(BC-BD/ 

=> AC = АГ? + (BC + BD'-2 BC - BD) 

= AC =(AD* + BD?) + BC'-2 BC- BD 

=> AC - АВ « BC -2 BC- BD [Using (1)] ^ 5 2 
Hence, AC =AB'+BC-2BC-BD Fig. 7.185 


REMARK In theabove theorem BD is known as the projection of AB on BC and the theorem can also 
be stated as: 


Inan acute triangle, the square of the side opposite to.an acute angle is equal to the sum of the squares of 
other two sides minus twice the product of one side and the projection of other on first. 

THEOREM 3 Prove that in any triangle, the sum of the squares of any two sides is equal to twice the 
square of half of the third side together with twice the square of the median which bisects the 
third side. 


GIVEN A A ABCinwhich ADisa median. A 


2 
TO PROVE AB AC - 24D «2( 5 8С) or, AB’ + AC’ «2 (AD? + BD’) 


CONSTRUCTION Draw AE 1 BC. 
PROOF Since Z AED =90°. Therefore, in A ADE, we have 


< ADE <90° 2 Z ADB >90° 

Thus, А ADB is an obtuse-angled triangle and A ADC is an 

acute-angled triangle. 

А ABD is obtuse-angled at D and AE L BD produced. Therefore, by — 

theorem I, we have B D E c 
AB’ = AD’ + BD* +2 BD x DE 00 Fig. 7.186 


А ACD is acute: angled at D and AE | CD. Therefore, by theorem 2, we have 

AC’ = AD? +DC?-2DC x DE 
=> AC’ = AD!  BD'-2 BD x DE [-:CD = BD] (ij) 
Adding equations (i) and (ii), we get 

AB’ + AC’ =2(AD* + BD’) 


| 


OEE 
uk 
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2 
авас ((K | 


=> 
2 1 2 
E AB' + AC - 2 AD^ «2 (2.8C ) 
2 
=> АВ? + AC? = 2 АР? + 2 BD? 
— AB? + AC? = 2(AD? + BD?) 


Q.E.D. 
THEOREM 4 Prove that three times the sum of the squares of the sides of a triangle is equal to four 
times the sum of the squares of the medians of the triangle. 
GIVEN АА ABC in which AD, BE and CF are three medians. 
TOPROVE 3(AB'- BC + СА?) -4(AD^ + ВЕ? + СР) 
PROOF Since in any triangle, the sum of the squares of any two sides is equal to twice the 
square of half of the third side together with twice the square of the median bisecting it. 
Therefore, taking AD as the median bisecting side BC, wehave 

АВ? + AC 22 (AD + ВО?) 


z aaa fa 
— АВ? + АС?=2 {ae + FE" F E 
=> 2 (АВ? + АС?) = (4 АР? - BC)) (i) 
Similarly, by taking BE and CF respectively as the medians, we get 

2 (AB? + ВС?) = (4 BE*+ AC) aH) 8 D c 
and, 2(АС + ВС) = (ФСЕ bAB) .. (ii) чиа 
Adding (i), (ii) апа (iii), we get 

4 (AB? + BC? + АС?) =4 (AD? + BE? + СР) + (ВС? + АС? + АВ?) 
=> 3 (AB? + ВС?+ AC’) =4 (AD? + BE’ + CF’) 
Hence, 3(AB?+ BC? + AC) =4(AD* + ВЕ? + CF’) 

Q.E.D. 


EXAMPLE1 A right triangle has hypotenuse of length p cm and one side of length д cm. If p—q=1, 
find the length of the third side of the triangle. 
SOLUTION Let the third side be x cm. Then, by Pythagoras theorem, we have 


FUR 
E x =р-ф=(р- 9 (+9 =р+9 [--р=9=1) 


=> x= р+ = D [p-q=1-.p=q+1] 


Hence, the length of the third side is 429 * 1 cm. 


* 


Al 


— — — — 


PF 
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EXAMPLE2 The sides of certain triangles are given below. Determine which of them are right 
triangles : 


(i) a=6cm,b=8cmandc=10cm (1) а= 5cm,b-8cmandcz 11 cm. 

SOLUTION (1) Wehave, 
a=6cm,b=8cmandc=10cm 

Here, the larger side is c= 10 cm. 
We have, a° + ? = 6° + 8 =36+64=100=¢ 
So, the triangle with the given sides is a right triangle. 
(ii) Here, the larger side is c: Il cm. 
Clearly, а? + 1? = 25 +64 = 89 + с 
So, the triangle with the given sides is not a right triangle. 
EXAMPLE3 A man goes 10 m due east and then 24 m due north, Find the distance from the starting 


point. 
SOLUTION Let the initial position of the man be O and his 


final position be B. Since the man goes 10 m due east and then 
24 m due north. Therefore, A АОВ is a right triangle ӯ 
angled at A such that OA =10 m and AB =24 m. 

By Pythagoras theorem, we have 


OB'- ОА?+ АВ? 
=> ОВ? = 10° + 247 = 100 + 576 = 676 
> OB = 4676 = 26m 
Hence, the manis ata distance of 26 m from the starting point. , Fig. 7.188 


B EXAMPLE4 А ladder is placed in such away that its foot is at a distance of 5 m from a wall and its 
tip reachesa window 12 m above the ground. Determine the length of the ladder. B 
SOLUTION Let AB be theladder: and B be the window. Then, 


BC=12mand AC=5m 
Since A ABC is a right triangle right-angled at С. 
M АБЧ АС + BC 
| = AB 5° + 12^ - 169 
=» 55 Р. == 8 
Hence, the length of the ladder is 13 m. Fig. 7.189 


‘EXAMPLES А ladder 25 m long reaches a window of a building 20 m above the ground. Determine 
the distance of the foot of the ladder from the building. | 


12m 


SOLUTION Suppose that AB is the ladder, B is the window and CB is the building. Then, 
triangle ABC is a right triangle with right-angle at C. 


ё г. AB = AC’ + BC 


> 25 = AC’ + 20° 
AC! = 625 – 400 = 225 


у 
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20m 


A C 
Fig. 7.190 


=> АС = 4225 т = 15m 
Hence, the foot of the ladder is at a distance 15 m from the building. 


EXAMPLE6 A ladder 15 m long reaches a window which is 9 m above the ground on one side of a 
street. Keeping its foot at the same point, the ladder is turned to other side of the street to reach a 
window 12 m high. Find the width of the street. 


SOLUTION Let A be the width of the street and C be the foot of the ladder. Let D and E be the 
windows at heights of 9 m and 12 m respectively fromthe ground. Then, CD and EF are the 
two positions of the ladder. 

Clearly, AD-9m,BE-12m,CD- СЕ = 15 т. 


In A ACD, we have Е 
CD? = AC* + Ар? D 45m 

E 15 = АС + 9° 15 т 

=> АС? = 225 – 81 = 144 vm accu 

=> AC=12m 

In A BCE, we have A c B 
CE? = BC? + BE" Fig. 7.191 

ES 15! = ВС? + 12° 

=> BC = 225 – 144 = 81 

= BC=9m 


Hence, width of the street = AB = AC + CB = (12 +9) m = 21 m. 

EXAMPLE 7 The hypotenuse of a right triangle is 6 m more than the twice of the shortest side. If the 

third side is 2 m less than the hypotenuse, find the sides of the triangle. 

SOLUTION Let the shortest side be x metres in length. Then, 
Hypotenuse = (2x + 6) mand, Third side = (2x + 4) m 

By Pythagoras theorem, we have 

(2x + 6) = x! + (2x +4)" 

Ах? + 24x + 36 = x^ + 427 + 16x + 16 

х? -8x-20-0 

(X 10)(х + 2) = 0 

х= 10 ог, х= -2 

х= 10 

Hence, the sides of the triangle аге 10 m, 26 m and 24 т. 


ууу 


[7 x cannot be negative] 


7104 MATHEMATICS -X 


EXAMPLES Pand Q are the mid-points of the sides CA and CB respectively of a A ABC, right 
angledat C. Prove that : 


(i) 4AQ' 24 AC BC | [СВЅЕ 2010] 
(i) 4BP*=4BC+AC [CBSE 2001] 
(iii) 4(AQ*+ ВР?) = 5AB? [NCERT, CBSE 2001, 2006C] 
SOLUTION (i) Since A AQCis a right triangle right-angled at C. 

AQ = АС + QC 
=> 4AQ*=4AC+40C [Multiplying both sides by 4] 
> 4 AQ?’=4 AC +(2 QC) 
> 4AQ*=4AC+BC IBC Ol 
(ii) Since A BPCis a right triangle right-angled at C. 

BP’ = BC + СР? 
= 4BP'-4BC' «4CP' [Multiplying both sides by 4] 
=> 4BP' - ABC + CD 
ES 4BP'-ABC + АС? [-AC-2CP] - 


(iii) From (i) and (ii), we have Fig. 7.192 | 
4AQ' - AAC' + ВС and, 4BP^ =4BC AC: y 
4 AQ'- 4 BP (ФАС + ВС?) +(4ВС? + AC) 

= 4 (AQ? + ВР?) =5 (АС? + ВС?) 


E 4 (AQ? + BP) =5 АВ? [ In A ABC, we have АВ? = AC? + ВС? | 
EXAMPLE9 ABC is a ri ght triangle ri ht-angled at B. Let D and E beany points on AB and BC 
respectively. Provethat AE $ CDS SAC DE [CBSE 2002C, 2007] 
SOLUTION Since A ABE is right triangle, right-angled at B. 
AE! = АВ? + ВЕ? 0) 
Again, A DBCis right triangle right-angled at B. 
~ ФРЭЭ CD SBD + BC .. (ii) 
Adding (i) and (ii), we get 
| AE СР? = (АВ? + ВЕ?) (BD? + BC’) 
=> АЕ? + CD? = (АВ? + ВС?) + (BE? + BD?) 
Using Pythagoras theorem in A ABCand A DBE, we have 
AC’ = AB’ + BC’ and DE’ = ВЕ? + ВР? Fig. 7.193 
T AE? + CD! = AC + РЕ? | 
Hence,  AE«CD'-AC«DE 


EXAMPLE10 Prove that three times the square of any side of an equilateral-triangle is equal to four 
times the square of the altitude. [CBSE 2002] 


SOLUTION Let ABC bean equilateral triangle and let AD L BC. 
InA ADBand A ADC, wehave 


AB=AC [Given] 
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2 В= 2С [Each equal to 60°] д 
and, Z ADB =Z ADC [Each equal to 90°] 
y A ADB =A ADC 
E BD-DC 
=> BD=DC= BC 
Since A ADB is aright triangle right-angled at D. 
AB’ = AD' + BD” B D C 
— Fig. 7:194 
=> AB*= АР? 2 BC 
2 
=> AB’ = АР? + im 
2 
T AB! = AD? + 22 [> BC = AB] 
3 2 2 2 2 
= д АВ = АЮ? = 3AB'-4AD 
EXAMPLE11 In an equilateral triangle with side a, prove that 
(i) Altitude = = [CBSE 2001C] (ii) Area = ** [NCERT, CBSE 2002] 


AD 1 BC. Then, Dis the mid-point of BC. 


AB=a,BD - ВС s 
= "He 2 2 x 
Since A ABD isa right triangle right-angled at D. 
АВ? = AD’ - BD' 
2 
a 
=> а= AD? (4) 
2 2 
4 4 B = 
= As Ba Fig. 7.195 
2 
Altitude x a 
Now, 
Area of A ABC = (1/2) (Base x Height) 
1 1 
=> Area of A ABC = (ВС AD) = 1 хах a = У г 


SOLUTION Let ABC bean equilateral triangle the length of whose each side is а units. Draw 


| 


r i 
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EXAMPLE12 АВС ian isosceles right triangle right-angled at C. Prove that AB! = 2AC?, 
[NCERT] 
SOLUTION Since A ABC isa right triangle right-angled at C. 
A 


ү Fig. 7.196 


AB? = AC + ВС 
=> AB’ = AC + AC [-.- ВС= AC] 
> АВ*=2 АС? 
EXAMPLE13 In A ABC, AD is perpendicular to BC. Prove that: 
(i) AB'«CD'-AC'-BD' [CBSE2008, 2009] (ii) ABR BD AC CD: 
SOLUTION Since triangles ABD and ACD are right triangles right-angled at D. 


A 


Fig. 7.197 
[ AB2= AD2+ BD? 5 (i) 
{ and, — АС'=АР?+СР? (ii) 
1 Subtracting (ii) from (i), we get 
AB'- AC'- BD - CD' 
=> АВ? + CD*= AC! + BD’ and АВ? BD?= AC- Cp? 
EXAMPLE14 Pand Qare points on the sides CA and CB respectively of A ABC right angled at C. 
Prove that AQ’+ BP*= АВ+РО? [NCERT, CBSE 2002] 
f SOLUTION Inright-angled triangles АСО and PCB, we have 
AQ’ = AC CQ’ and PB*= PC? + CB? 
= AQ" + BP’ = (AC + CQ’) + (PC? + СВ?) 
= AQ’ + BP? = (AC + ВС?) + (РС? + ОС?) 
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A 
P 
В Q С 
Fig. 7.198 
2 2 " By Pythagoras theorem, we obtain 
E A BP'sAB e PQ AC? + BC? = АВ? and C % QC” = РО? 


EXAMPLE15 ABC is an isosceles triangle with AC = BC. If AB’ = 2АС?, prove that A ABC is right 
triangle. [NCERT, CBSE 2000] 
SOLUTION Wehave, 

AC = BC and AB’ - 2 AC 
Now, АВ? =2 АС? 


> АВ? = AC + АС? 
= АВ? = АС? + BC [-- AC = BC (Given)] 


= А АВС is a right triangle right-angled at С. 


ЕХАМРІЕ 16 Іп Fig. 7.199, ABC is а right triangle right-angled at В. AD and CE are the two 


medians drawn from A and C respectively, If AC =5 cm and AD = з cm, find the length of CE. 
SOLUTION Since A ABD is a right triangle right-angled at B. Therefore, 


AD! = AB’ + ВР? A 
BC Y 

E an= Ai! «(^7 | [4 BD - DC] 

2 2 1 2 ъ 
=> АР? = AB ＋ 4 BC (i) 
Again, BCE is a right triangle right angled at B. 
: CE? = BC’ + ВЕ? B D С 

à Fig. 7.199 

я „ ( AB 
=> СЕ= ВС + EE IBE = EA] 

2 2 1 2 
= СЕ? = BC’ + г, АВ (ii) 


Adding (i) and (ii), we get 


1 1 
AD? + CE! = AB’ + 1 ВС? + ВС?+ т АВ? 


é 


^ 
Б. 
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БЫ AD' + СЕ? S (AB BC) 
8 
E: AD'«CE'- t AC? Г A ABC is right triangle г. AC! = AB? EC 
uS a 
=> ES + СЕ = 4 x 25 
125 45 
CE’ = —-— = 
> Е? аа ^2 
= СЕ = 420 ст = 245 cm 
EXAMPLE 17 The perpendicular AD on the base BC of a ^ ABC intersects BC at D so that 
DB =3 CD. Prove that 2 AB =2 AC « BC. [NCERT, CBSE 2005, 2009] 
SOLUTION We have, " 
DBz3CD 
^A BC=BD+DC 
> BC=3CD+CD 
> BC=4CD 
CD= d BC 
* 74 
1 > & B D C 
CDz 4 BC and BD 3 CD = а BC (i) Fig. 7.200 
Since A ABD is aright triangle right-angled at D. 
ABR = AD*+BD* | (ih) 
Similarly, A ACD is a right triangle right angled at D. 
? АС? = АР? + CD? (üi) 
Subtracting equation (iii) from equation (ii) we get 
AB'- AC =BD- CD? 
2 2 
p Ast AC -( bc -(32c) | From cp = $c, BD = 5 ac] 
> AB! AC’ =Z BC? - 1 BC? 
16 16 
1 
25 AB’- AC’=5 BC? 
= 2 (AB'- AC) = ВС 2 2AB' 22 AC BC 


EXAMPLE18 ABCisaright triangle right-angled at C. Let BC =a, CA =b, AB = cand let p be the 
length of perpendicular from C on AB, prove that 


(i) cp=ab ^ [CBSE2002] (ii) т” 
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SOLUTION LetCD L AB. Then, CD = p. A 


Area of A ABC = > (Base Height) 


2: Area of A ABC= 2 (ABx CD) = 2. : 
Also, b 


Area of A ABC= „(ВС x AC) = Zab 


1 1 a 
2 5 m ab B c 
27 2 Fig. 7.201 
=> cp =ab 
(ii) Since A ABC isa right triangle right-angled at C. 
АВ? = BC’ + АС? 
=> C=a0+h 
=> (2) = а? +1? | cp = ab =a 
p 
212 
=> = = д2 +b? 
1 2 +1? 1 1941 Y 1. 3 
^ g^ е рона y a Y 


ЕХАМРІЕ 19 In an isosceles triangle ABC with AB = AC, BD is perpendicular from B to the side 
AC. Prove that BD*-CD*=2CD- AD 
SOLUTION Since A ADB is aright triangle right-angled at D. 


A 


Fig. 7.202 
AB! = Ар? + BD? 
AC! = AD? + BD’ [- AB = AC] 
(AD + Ср)? = AD’ + BD* 
AD? + CD? +2 АР. CD = AD’ + BD? 
BD?- CD? =2 CD- AD 


ууу 
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EXAMPLE20 ABC isa triangle in which AB = AC and D is any point in BC. Prove that 
AB?— AD? « BD.CD [CBSE 2005] 

SOLUTION Draw AE 1 BC 
In A AEB and A AEC, wehave 

АВ = АС, 

АЕ=АЕ [Common] 
and, ZB=ZC LAB = АС] 
2 A AEB=A AEC 
= BE=CE 
Since A AED and A ABE are right triangles right-angled at E. 
Therefore, 

АР? = АЕ? + РЕ? and АВ? = AE? + ВЕ? $ - D wE c 
= АВ? — АР? = ВЕ РЕ? F 
=> АВ? – AD! = (BE + DE) (BE - DE) 
= АВ? - АГ? = (CE + DE) (ВЕ- DE) [: ВЕ = CE] 
=> AB'- AD' = CD: BD 


Hence, AB'-AD'-BD:CD 
EXAMPLE21 From a point O in the interior ofa A ABC, perpendiculars OD, OE and OF are drawn 
to thesides BC, CAand AB respectively. Prove that: 


(i) AF + BD°+ СЕ? = OA + OB'- OC - Ор? OE'- ОР 

(i) AF + BD? + СЕ? = AE? + CD*+ ВЕ? [NCERT] 
SOLUTION Let O be a point in the interior of A ABC and let OD 1. BC,OE L CA and OF АВ. 
(i) In right triangles A OFA, A OD and A OEC, we have 


OA? = AP OF 

OB’ = BD*+OD* 
and, OC? = CE? + ОЕ? 
Adding all these results, we get 

ОА? + OB’ + ОС = AP + BD* + СЕ? + OF + OD? + ОЕ? 
ES ÁF + BD'« СЕ? = OA’ + OB OC - OD' - OE'- OF 
(ii) In right triangles A ODB and A ОРС, we have 

СОВ? - OD^« BD' 


and, ОС? = OD*+CD* 
OB?-OC* = (OD? + BD^) - (OD? + СР?) 


= ОВ?- OC? = BD'- CD? .. Ai) 
Similarly, we have 

OC- ОА?= СЕ?- АЕ? (ij) 
and, OA? - OB! = AF -BF (ü) 


Adding (i), (ii) and (iii), we get 
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(ОВОС?) +(OC-OA*) (O4 -OB)) = (Вр? СЮ?) - A. 


= (BD* + СЕ? + AF*)~(AE* + Ср? BE) =0 

> AF + ВО? + CE? = AE! + BP +CD? 

EXAMPLE 22 A point O in the interior ofi a rectangle ABCD is joined with each of the vertices A, B, C 
and D. Prove that ОВ? + OD' OC + ОА? [NCERT, CBSE 2006C] 


SOLUTION Let ABCD be the given rectangle and let O bea point within it. Join OA, OB, OC 
and OD. 


Through O, draw EOF || AB. Then, ABFE isa rectangle. 
Inright triangles A OEA and A OFC, wehave 


ОА? = OE АЕ? and OC - OP. СР D c 
EN OA? + OC = (ОЕ? + АЕ?) + (OF + СРЗ) TN 
=> OA’ - OC = OE + OP + АЕ? + СР fi) Е F 
Now, in right triangles A OFB and A ODE, we have qu "ы 

ОВ? = OF + ЕВ? апа ОР? = ОЕ?+ РЕ? ч 


=> ОВ? + OD? = (ОР? + ЕВ?) + (OE? + РЕ?) Fig. 7.205 

=> ОВ? + ОР? = ОЕ? + OP + РЕ? + BF. 

= ОВ? + ОГ? = ОЕ? + OF + СЕ? + AE? [--DE=CFandAE=BF]  ...(ii) 
From (i) and (ii), we get 


OA? + OC! = OB? + OD? 
EXAMPLE23 ABCDisarhombus. Prove that AB? + BC + CD? + DA?= AC? + ВР? 


[NCERT, CBSE 2005] 
SOLUTION Let the diagonals AC and BD of rhombus ABCD intersect at O. Since the 
diagonals of a rhombus bisect each other at right angles. 


Z АОВ = Z BOC= Z COD = DOA =90° and AO = СО, ВО = ОР. 
Since A AOB is a right triangle right-angled at O. 
АВ? = OA’ + ОВ? 


=> Ap: - (4 ac) 35 [г> OA - OCand OB - OD] 
=> 4AB'- AC + ВР? BO) D C 
Similarly, we have 

4 ВС? = AC + ВР? (ii) 

4 CD? = AC + ВЮ? .. (iii) 
and, 4 AD? = AC + BD? (iv) 
Adding all these results, we get 

4 (АВ? + ВС? + CD' +AD”) = 4 (АС? + BD?) A i 


: Fig. 7.206 
= АВ? + BC? + CD*+ DA’ = АС? + BD” 


7.112 


wo 


MATHEMATICS- X 


EXAMPLE? Jna triangle ABC, AC > AB, D is the mid-point of BCand AE L BC. Prove that : 


3 1 
(i) АС = AD' & BC-DE + t ВС 
1 

(ii) AR = AD' - BC: DE + 7 ВС 

е) hu т. 1 „ 
(ii) AR AC 22 AD*+ 5ВС 
SOLUTION Wehave, / AED=90°, 

Z ADE « 90? and Z ADC » 90°. 

Le, Z ADE is acute and 2 ADC is obtuse. 


(i) InA ADC, 4 ADCisanobtuse angle. 
AC = AD*+DC+2DC+DE 


2 
5 AC = АР? (2K) * 2-2 BC. DE 
3 1 
ES AC' = AD? + 4 BC * BC- DE 
1 
=> AC = AD + BC: DE 19€ 


(i) InA ABD, Z ADE is an acute angle. 
АВ? = AD! - BD'-2BD*: DE 


= AB' 2 АГ? (Lac) +Ê. BC«DE 
1 
= AB' = AD’ + 4 BC.- BC: DE 
з 1 
= АВ?  AD'- BC* DE + 18€ 


(iii) From (i) and (ii), we get 
AB? + AC FTAD + 5 ВС? 


[NCERT] 


[CBSE 2006C] 


B E D С 


Fig. 7.207 


(i) 


EXAMPLE 25 In antequilateral triangle ABC thie side BC is trisectedat D. Provethat 9 АГ? =7 АВ 
SOLUTION Let ABC be an equilateral triangle and let D be a point on BC such that 


1 
BD = 3 BC. Draw AE L BC. Join AD. 


In A AEB, and A AEC, we have АВ= AC, 
Z AEB = Z AEC=90° 


and, AE=AE 

So, by RHS-criterion of similarity, we have 
A AEB~A AEC 

=> BE=EC 


[NCERT, CBSE 2018] 


A 
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Thus, we have 


1 2 А 
BD = 4 BC, DC = 5 BCand BE - EC = ВС E 


Since 2 С = 60°. Therefore, A ADC is an acute triangle. 
. AD* = AC? + DC?-2DCx EC 


2 
=> AD*= AC + (2 вс) ~ 2x = BC x > BC [Using (i)] 
К ua -—-—L 
=> AD! = AC + BC = = ВС 
4 2 | 
- AD' = AB + 5 AN- = АВ (КАВ - BC = AC] 
2 E. 2 
P др? = 948 +448 6AB -7 АР 
= 9 Ар? =7 АВ? 


ALITER Draw AE 1 BC. Triangle ABC is equilateral. Therefore, E is the mid- point of BC. 
B.E. = BC. 


Applying Pythagoras theorem in right triangles AEB and AED, we obtain 
АВ? = АЕ? + ВЕ? and АР? = АЕ? ADE? 


= AB? — АР? = (АЕ? + BE?) - (AE? + DE?) 
> AB? — АР? = ВЕ? - DE? 
n x fiance ГМТ [.. 1 1 1 
= AB - aD? = [ ТАВ) (245 :DE = BE- BD = ŻAB -ŻAB = ŻAB 
2 6 2 3 6 
2 2 2 Фу 6) 
E AB? – AD? = ud >, ZAB? = Ар? = 9AD? =7AB? 
EXAMPLE26 Ina ABC, AD 1 BCand AD' = BD х CD. Prove that ^ ABC isa right triangle. 
[CBSE 2006C] 
SOLUTION In right triangles ADB and ADC, we have 
АВ? =AD* BD? 0) 
and, AC = AD' + DC (ii) 
Adding (i) and (ii), we get A 
АВ? + AC 2 2 AD’ + ВЮ? + DC’ 
= АВ? + АС=2В0х CD + BD +CD? [-;AD*=BDx CD (Given)] 
= АВ? AC =D Ср) = ВС? 
Thus, in A ABC, we obtain 
AB! + АС? = ВС? B D С 


Hence, A ABC isa right triangle right-angled at A. Fig. 7.209 


— — — 
1@ 71 
ET * MATHEMATICS x 
M ps. 88 155 isa right triangle right angled at B and points D cis E Mosen 
SOLUTION Since D and E arethe points of trisection of BC. Therefore, 
BD = DE = CE. 
Let BD = DE = CE =x. Then, BE = 2x and BC =3x. А 
Inright triangles ABD, ABE and ABC, we have 
= AD* = AB*+BD* 
= AD! = AB? +x 00 
AE = AB! + ВЕ? 
=> AE! = AB’ +4x7 (ii) 
and, AC = AB? + ВС? 
=> АС? = AB* + 9x (ili) B D H C 
Now,  8AE-34AC'-5AD! -8 (АВ? + 4x?) -3 Fig. 7.210 
(АВ? + 9x") - 5 (АВ? + х?) 
> 8 АЕ -3 AC -5AD' -0 
> 8AE -3AC «5 АГ? 


EXAMPLE28 ABCisa right triangleright-angled at Cand AC = V3 BC. Provethat Z ABC — 60°. 
SOLUTION Let O be the mid- point of AB. Join CD. Since ABC isa right triangle right-angled 


at C. 
v А АВ? = AC? + ВС? 

| > AB? = (J3BC + ВС [- АС= V3 BC (Given)] A 
= AB’ - 4 BC 
= AB=2BC 

1 ‚Фм... D 
But,  BD= 5 ABot,AB=2BD 
:  BD=BC 
We know that the mid-point of the hypotenuse of a right 
triangle is equidistant from the vertices. B й 
* CD=AD=BD 9211 
=> —CD- BC [-- BD = BC] 
Thus, in A BCD, wehave 
BD SCD = BC 

= A BCD is equilateral 
= Z ABC =60° 


EXAMPLE29 In a righit triangle ifa perpendicular is drawn from the right angle to the hypotenuse, 
prove that the square of the perpendicular is equal to the rectangle contained by the two segments of the 


hypotenuse. 
GIVEN A right triangle ABC right-angled at A, AD L BC. 


TOPROVE AD!- BD xCD 
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A 
B D С 
Еїд. 7.212 
PROOF Since A ABD and А ACDareright triangles. 
P АВ? = Ар? + BD? 00 
and, AC’ = AD' + Ср? (ii) 


Adding equations (i) and (ii), we get 
АВ? + AC =2 AD! + BD + CD? 


= BC'-2AD'«BD'«CD' [~ AABCisright-angledat A МАВ? + AC? = BC? | 
E (BD + CDy =2 AD'« Вр?+ Ср? 

= BD’ + CD*+2BDx CD =2 AD? + ВР? + CD? 

= 2BDxCD=2AD* 

=> AD’ =BDx CD 

Hence, AD*=BDxCD. 


EXAMPLE30 ABC isan isosceles triangle right-angled at В. Similar triangles ACD and ABE are 
constructed on sides AC and AB. Find the ratio between the areas of A ABE and A ACD. 


[CBSE 2001, 2002] 
SOLUTION LetAB=BC=x. 


Itis given that A ABC is right-angled at B. 


АС? = АВ? + BC P 
=> AC x +x 
=> AC = Nx 
It is given that A 

A ABE ~A ACD в 


Агеа(л АВЕ) АВ? 


= Area(AACD) AC? 
Area (A ABE) _ x? 

T Area (AACD) (Vaxy B x б 
Area (А ABE) 1 Fig.7.213 

- Area(AABE) 1 


Area(AACD) 2 


EXAMPLE31 ABC isa right-angled triangle right angled at A. A circle is inscribed in it the le 
of the two sides containing the right angle are 6 cm and 8 cm. Find the radius of the circle. 


[CBSE 2002] 


ngths 


SOLUTION Using Pythagoras theorem in A ВАС, we have 
ВС? = АВ?+ АС? 
=> BC = 6? + 8 = 100 


Wu Son a Ж 1 


1 LS = аи 4C - VAS c & oun ~ «р =, ЧЩ за 
ka | — uir, Рк T e. ^ * ac aid 2 

2 i-r = 1 ` — _ і ч \ 

~~ “9 " : 

Y А x à, ~ à 
К. 
Ё $ 
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B 
Fig. 7.214 
=> BC=10cm 
Now, 
Area of A ABC = Area of A ОАВ Area of A OBCA Area of AOCA 
1 1 
= 5 ABXAC = 5 5 ABxr+ „ВС хг+ 5€AÀxr. , 
[у NG lao 16 
tr = 2 х6х => ( x1) + 5 ( xT) 2 Nu 
E = 48=24r>r=2cm 


EXAMPLE32 In A PQR, QM L PRand PR. PQ = OR. Prove that QM? - PM x MR [NCERT] 
SOLUTION In A РОК, we have f 


1: PR- PQ= QR? 

14 . PR NOR 
=> A PQRisaright triangle right-angled at Q. 
= 22+ 43. 90 


$9 Y Q 
& ы 
= 3 CIN ч 
` Z| п А 
Р M R 
Fig. 7.215 
Also, 21+2Z2=90° LZ РМО = 90°] 
21= 23 
Similarly, we have 
228 44 
У: Thus, in A's РМО and ОМК, we have 


Z1=Z3andZ2=24 
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So, by AA-criterion for similarity, we obtain 


А PMQ-^ ОМК 
PM | MQ 
= — — 
QM MR 
= QM PM x MR. 
EXAMPLE33 Prove that the sum of the squares of the diagonals of a parallelogram is equal to the 
sum of the squares of its sides. [NCERT] 
SOLUTION We know that if AD is a median of A ABC, then 
de. X 
AB! + AC 2 2 AD! + 2 BC [See Example 24 (iii)] 


Since diagonals of a parallelogram bisect each other. Therefore, BO and DO are medians of 
triangles ABC and ADC respectively. D C 


2 2 1 2 
AB’ + BC =2 ВО? + BAC (i) QD 
2 2 3 1 2 
and, AD" + CD°=2 рО + 2 AC (ii) Ша 
B 


Adding (i) and (ii), we have A 

АВ? + BC’ CD! + AD! 22 (BO? + РО?) + АС? Fig.7.216 
= AB’ + BC + CD* + Ар? = 2{ во? хаво) AC* E 002 | 
=> АВ? + BC + CD? + AD! = AC + Вр? 


EXAMPLE34  Inaright triangle ABC right-aangled at C, P and Qare the points on the sides CA and 
CB respectively, which divide these sides in the ratio 2 : 1. Prove that 


() 9AQ'29AC'«ABC — (ü)9BP'-9BC-«4AC (iii) 9 (AQ? + BP) = 13 АВ? 
SOLUTION Itis given that P divides CA in the ratio 2 : 1. Therefore, 


2 
СР= = АС NO 


A 
Also, О divides CB inthe ratio 2:1. 
2 

QC= 3 BC (ii) Р 
(i) Applying Pythagoras theorem in right-angled triangle ACQ, we have 

AQ = QC + AC 3 

4 

=> АФ = 5 BC+ АС? [Using (ii)] J 
= 9AQ*=4BC+9AC (ili) Fig. 7.217 
(ii) Applying Pythagoras theorem in right triangle BCP, we have ^ 

ВР? = BC’ + СР? 

4 

— ВР? = BC’ +> AC [Using (1)] 
=> 9 ВР? =9 BC +4 AC? | NT 


Adding (iii) and (iv), we get 
9(AQ? + ВР?) = 13(BC’ + AC’) 


= 9(AQ' + ВР?) = 13AP' [- BC? = AC? + АВ?] 


— f—Ej4ä4 


Tey SE lee, apta. 
— ——ke—U 8 — 


e a. t 


nic шу t 


aia EOS 
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EXAMPLE35 Ina A ABC, tie angles at B and Care acute. If BE and CF be drawn perpendiculars on 
АС and AB respectively, prove that BC = AB x BF + AC x CE. 


SOLUTION InA ABC, Z Bisacute and CF L AB. ^ 
AC’ = AB’ + BC —2 AB. BF 0) 
MEE - ABC, Z Bisacute and BE L AC. Е 
AB! = ВС + AC 2 AC. СЕ (ii F 
Adding (i) and (ii), we get 
AC + AB’ = AB’ + BC-2AB. BE- BC - AC-2AC.CE B D TA c 
=> 2 BC-2 (AB. BF + АС.СЕ)=0 
=> 2 BC’ - 2 (AB. BF + AC.CE) 
=> BC'- AB. BF + AC.CE 


EXAMPLE36_ If A be the area of a right triangle and b one of the sides containing the right angle, 


: 2Ab 
prove that the length of the altitude on the hypotenuse is det 
p* 2 


+4A 
SOLUTION Let РОК be a right triangle right-angled at Q such that ОК = b and 
А = Area of A РОК. Draw QN perpendicular to PR. E 
Now, 
А = Area of A POR 
1 
=> A= 2 (QR x PQ) 1 
1 LN 
=> A= 2 (bx PQ) 7 
Ж 
= PQ= * * (i) 
Е Q b R 
Now in as РМО and РОК, we have Fig. 7.219 
Z PNQ- Z РОК [Each equal to 90*] 
and. ZQPN-Z QPR [Common] 
So, by AA-criterion of similarity, we obtain 
A PNQ- ^ PQR 
PQ „МО У 
=> PR OR (ii) 
Applying Pythagoras theorem in A PQR, we obtain 
РО? + ОК? = РК? 
4А? 2 
= +P = РК 
= p 
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From (i) and (ii), we have 


2A NQ 
bxPR 5 
4A? +b? 
PR 4A? 4 p* 


EXAMPLES37 The perimeter of a right triangle is 60 cm. Its hypotenuse is 25 cm. Find the area of the 
triangle. [CBSE 2016] 
SOLUTION Let ABC be a right triangle right angled at B. It is given that AC = 25 cm. Let 
AB = x and BC= у. 
Using Pythagoras theorem, we obtain 

АВ? + ВС? = АС? 
=> х? + у? = 25? NU 
It is given that the perimeter of triangle ABC is 60 cm. 
AB + BC + CA = 60 
х+у+ 25 = 60 С 
х + у = 35 
(х + у)? = 35? [On squaring both sides] s 
x? +y? + 2xy = 35? Ф 
257 + 2ху = 35° [Using (i)] 
2xy = 35? – 25? 
2xy = (35 + 25) (35 - 25) A x B 
2xy = 60x 10 Fig. 7.220 
xy = 300 


1 
—xy = 150 
5 у 


ру UYVYNUUHYNYY~ 


Area of А ABC = 150 cm? 


—————————————————— — ——— EXERCISE 7.7 


1. If the sides of a triangle are3 cm, 4 cm and 6 cm long, determine whether the triangle is 
a right-angled triangle. 


2. The sides of certain triangles are given below. Determine which of them are right 


triangles. 
(i) a-7cm,b-24cmandc-25cm (ii) a 9 cm, b= 16cm and c = 18cm 
(iii) а= 1.6cm, b = 3.8 cm and c = 4 cm (iv) a =8 cm, b = 10 cm and c - 6 cm 
3. A man goes 15 metres due west and then 8 metres due north. How far is he from the 
starting point? 


4. A ladder 17 m long reaches a window of a building 15 m above the ground. Find the 
distance of the foot of the ladder from the building. 


5. Two polesof heights 6 m and 11 mstand on a plane ground. If the distance between their 
feet is 12 m, find the distance between their tops. [NCERT, CBSE 2002C] 
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6. Inanisosceles triangle ABC, AB = AC =25 cm, BC = 14 cm. Calculate the altitude from A 


7. 


on BC 


The foot of a ladder is 6 m away from a wall and its top reaches a window 8 m above the 
ground. If the ladder is shifted in such a way that its foot is 8 m away from the wall, to 
what height does its tip reach? 


8. Two poles of height 9 mand 14 m stand on a plane ground. If the distance between their 


feet is 12 m, find the distance between their tops. 


9. Using Pythagoras theorem determine the length of AD in terms of b and c shown in 


10. 


11. 


g 16. 
17. 


F 
ìg. 7. 221. C 


Fig. 7.221 


A triangle has sides 5 cm, 12 cm and 13 cm. Find the length to one decimal place, of the 
perpendicular from the opposite vertex to the side whose length is 13 cm. 

ABCD is a square. F is the mid-point of AB. BE is one third of BC. If the area of 
A ЕВЕ = 108 cm’, find the length of AC. 

In an isosceles triangle ABC, if AB — AC = 13 cm and the altitude from A on BC is 5 cm, 
find BC. 

Ina A ABC, АВ = ВС = CA A and AD L BC. Prove that 

(i) AD=aV3 (ii) Area (A АВС) = V3 a? 

The lengths of the diagonals of a rhombus are 24 cm and 10 cm. Find each side of the 
rhombus. 

Each side of arhombus is 10 cm. If one of its diagonals is 16 cm find the length of the 
other diagonal. 

Calculate the height of an equilateral triangle each of whose sides measures 12 cm. 

In Fig. 7.222, Z B < 90° and segment AD 1 BC, show that 


(i) Pah? +а+ x -2ax (i) = à « P Nax 
є У А 
b 
с 
Вес лер (a x) с 
Fig. 7.222 


18. Inanequilateral A ABC, AD L BC, prove that AD' =3 BD? [CBSE 2002C] 
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19. 


20. 


3 8 


24. 


25. 


26. 


A ABD is a right triangle right-angled at A and AC L BD. Show that 


1D 
ЮС 
A guy wire attached to a vertical pole of height 18 т is 24 m long and has a stake 


attached to the other end. How far from the base of the pole should the stake be driven so 
that the wire will be taut? [NCERT] 


: Р АВ? 
(i) AB'-BC.BD (ii) AC?=BC.DC (їй) AD^ BD*CD (iv) " [NCERT] 


. Determine whether the triangle having sides (a – 1) cm, 2% стапа (a + 1) cm isa right 


angled triangle. [CBSE 2010] 


. Inanacute-angled triangle, express a median in terms of its sides. 
. Inright-angled triangle ABC in which Z C 2 90°, if D is the mid-point of BC, prove that 


АВ? 24 AD'-3 AC. [CBSE 2010] 


In Fig. 7.223, D is the mid-point of side BC and AE 1 BC. If BC =a AC=b, AB=c, ED = x, 
AD = рапа AE =h, prove that: 


= 2 ? n^ 2 2 2 2 ? 2 а? 
(1) 0 =р +ах+ (11) = рах ©- (iii) К+ =2р + 2 
А 
B E D O 
Fig. 7.223 


In A ABC, Z Ais obtuse, PB -L AC and QC L AB.Prove that: 
(i) AB x AQ ACA (i) BC = (AC x CP + AB x BQ) 


In a right A ABC right-angled at C, if D is the mid-point of BC, prove that 
ВС «4 (АРАС?) 


. Inaquadrilateral ABCD, Z B =90°, AD* = AB’ + ВС? + CD", prove that Z ACD = 90° 
An aeroplane leaves an airport and flies due north at a speed of 1000 km/hr. At the same 


time, another aeroplane leaves the same airport and flies due west at a speed of 1200 


1 
km/hr. How far apart will be the two planes after 2 hours? [NCERT] 
XU o пы — ANSWERS 
1. No 2. (i), (iv) 3. 17m 4. 8m 
5. 13m 6. 24m 7. 6m 8. 13m 
bc 
E mee . 4.6cm 11. 50.904 2 
9. o 10 cm 12. 24cm 
14. 13cm 15. 12cm 16. 10.39 cm 20. 64/7 т 
2AB? + 2AC? - ВС? 
21. yes ——— 


4 28. 2343 km (Approx) 


жг "ea 9 mee 
^ 2 
F i 
m 7.122 
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HINT TO SELECTED PROBLEMS 
5. Find the hypotenuse of a right triangle having two sides (11-6) m=5 mand 12 m. 
^. Let Dbe the foot of the perpendicular from A on BC. Then, 
А АВО ACD => BD = CD -7cm. 
Now, apply Pythagoras theorem in A ABD. 


1 
Area of & ABC= > (ABxAC)- zie 


Also, Area of A ABC- 5 (BCx AD) = ie c x AD 


e x 
E VD + xAD& iS ADs 
= 2 2 М2 + с 
10. Let АВ -5cm, BC=12cmand АС = 13cm. Then, AC = AB’ + BC. This proves that A ABC is 
a right triangle, right-angled at B. Let BD be the length of perpendicular from В on AC. 
Now. 


* 


1 1 m" 
Area A АВС = 5 (BCx BA)- 5 (12 х5) 230 em* 


1 60 
Also, Area ofA АВС = 5 АСхвр = 1з XBD) => (13 xBD)=30 > BD = is em 


13. First prove that A ABD = A ACD and then use Phythagoras theorem іп А ABD to 
&nd AD. 


14 Let ABCD be a rhombus in which AC = 24 cm and BD = 10 cm. Suppose the diagonals 
intersect at O. Since the diagonals of a rhombus bisect each other at ma angles. 
Therefore, A ye we right-angled at O such that 


Er- =13tmand OB= > i BD-5cm. 
f 


AB ОР + OB =12 12 + 5° = 169 => AB = 13cm. 


22. Let ABCBe an acute angled triangle and let AD bea median. Then, 


AB AC -2 (AD^ + BD) [See Theorem 3 on page 7.100] 
t ede DUI 
23. Inright triangles ABC and ADC, we have 
AB'- AC + BC =i) 
and, AD =AC +CD 0 
Now, 


AB - AC «BC 
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Р 1 
=> АВ= АС +4Ср? CD = BD = RC 
=> АВ = АС «4(AD'- АС?) [Using (ii)] 


=>  AB'-4AD'-3AC 
SSF REVISION EXERCISE 
1. In each of the figures [7.224 (i)- (iv)] given below, a line segment is drawn parallel to one 


side of the triangle and the lengths of certain line-segments are marked. Find the value of 
xin each of the following : 


o 
м 


() 


a b 
1 x 
(ii) 
y 1 
h 
x 1 
(iv) 


9 
1 g 
(ii) 
Fig.7.224 
2. What values of x will make DE || AB in the Fig. 7.225? 
A B | 
Зх + 19 Зх + 4 
D E 
x43 x 
O 

Fig. 7.225 


3. InA ABC, points P and Qareon CA and CB, respectively such that CA = 16cm, CP=10 
cm, CB =30 cm and CQ - 25 cm. Is PQ || AB? 


4. In Fig. 7.226, DE || CB. Determine AC and AE. 


1 
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4cm 


Fig.7.226 


5. In Fig. 7.227, given that A ABC ~ A РОК and quad ABCD ~ quad PRS. Determine the 
values of x, y, z in each case. 


A 
P 
9 y 
12 10 
D 
Q x R 
B 7 C 
(i) 


(ii) (ii) 


Fig. 7.227 


6. In A ABC, pP and Q are points on sides AB and AC respectively such that 
PQ || BC. If AP = 4 cm, PB = em and PQ =3 cm, determine BC. 


7. In each of the following figures, you find two triangles. Indicate whether the triangles 
are similar. Give reasons in support of your answer. 


4.6 8 A 


10 А 
(i) (i) (iii) 
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24 25 12| \13 


7 5 


(iv) (v) (vi) 
Fig. 7.228 
8. In A РОК, M and М are points on sides РО and PR respectively such that PM =15 cm and 
NR=8cm. If PQ = 25 em and PR = 20cm state whether MN || QR. 
9, In A ABC, P and Q are points on sides AB and AC respectively such that PQ || BC. If 
AP = 3cm,PB = 5cm and AC = 8 cm, find AQ. 
10. In Fig.7.229, A AMB ~ A CMD; determine MD in terms of x, y and z. 


Fig. 7.229 


11. In A ABC, the bisector of Z A intersects BC in D. If AB = 18 cm, AC = 15 cm and 
ВС = 22cm, find BD 


12. In Fig. 7.230,1 || m 
(i) Name three pairs of similar triangles with proper correspondence; write 


similarities. 
- ABW AC _ BC 
(ii) Provethat PQ y px RO 
І т 
А R D U 0 
8 4 Q 
P 
C A v 3 
Fig.7.230 Fig. 7.231 


13. In Fig. 7.231, AB || DC Prove that 
(i) A DMU - ^ BMV (ii) DM x BV = BM x DU 


d 


IE See AES V X 
dim эы * Wo LIMEN А M 
асы - : 
7 p 
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es 14. ABCD is a trapezium in which AB || DC. P and О are points on sides AD and BC such 
that PQ || AB. If PD =18, BQ = 35 and QC =15, find AD. 
15. In A ABC, D and E are points on sides AB and AC respectively such that 
3 AD x EC= AE x DB. Prove that DE || BC. 
‹ 16. ABCD is a trapezium having AB || DC. Prove that О, the point of intersection of 
diagonals, divides the two diagonals in the same ratio. Also prove that 
ar(AOCD) 1 , 
ar (AOAB) = 9’ if AB =3 CD. 
17. Corresponding sides of two triangles are in the ratio 2 : 3. If the area of the smaller 
3 triangle is 48 cm’, determine the area of the larger triangle. 
in 18. The areas of two similar triangles are 36 cm’ and 100 cm’. If the length of a side of the 
v smaller triangle in З cm, find the length of the corresponding side of the larger triangle. 
И: 19. Corresponding sides of two similar triangles are in the ratio 1 : 3. If the area of the 
i smaller triangle in 40 cm’, find the area of the larger triangle. 
xi 20. In Fig. 7.232, each of PA, QB, RC and SD is perpendicular to I. lr AB = 6 cm, BC =9 cm, 
3 ER CD = 12 стапа PS = 36 ст, then determine PQ, QR and RS. 
dy RS 
idi PT 
; АВ E D 
Fig. 7.232 


21. In each of the figures given below, an altitude is drawn to the hypotenuse by a right- 
angled triangle. The length of different line-segments are marked in each figure. 
Determine x, y, Z in each case 


(i) (ii) 
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22. 


24. 


26. 


27. 


35. 


37. 


‚ InA ABC, AD and BE arealtitudes. Prove that 


Prove that in an equilateral triangle, three times the square of a side is equal to four times 


the square of its altitudes. 


ат (ADEC) _ DC? 
ar (AABC) Ac? 


- ат (А АСВ) _ ВО 
The diagonals of quadrilateral ABCD intersect at O. Prove that ar (A ACD) 56 


In A ABC, ray AD bisects Z A and intersects BC in D. If BC 2 a, AC = band AB èc, prove 


that 


: ac ab 
1 BD = ii = — 
(i) LI (ii) DC ae 


There is a staircase as shown in Fig. 7.234, connecting points A and B. Measurements of 
steps are marked in the figure. Find the straight line distance between A and B. 


Fig. 7.234 


In A ABC, Z А = 60°. Prove that BC =AB? + АС AB: AC. 


In A ABC, Z C is an obtuse angle. AD 1 BC and AB! = АС? + BC. Prove that BC = CD. 


A point D is on the side BC of an equilateral triangle ABC such that DC = i BC. Prove 


that AD? =13 CD? 


In ^ ABC, if BD L AC and BC’ - 2 AC: CD, then prove that AB = AC. 
In a quadrilateral ABCD, given that Z A + Z 0 = 90°, Prove that AC? + BD! = AD? + BC. 


In A ABC, given that AB = AC and BD L AC. Prove that BC’ AC -CD 


‚ ABCD is a rectangle. Points M and N are on BD such that AM L BD and CN 1 BD. Prove 


that BM? + BN? = DM? + DN’. 


. In A ABC, AD isa median. Prove that AB’ +AC’ =2 AD? +2 DC. 


In A ABC, Z ABC = 135°. Prove that АС? = АВ? + BC’ 4ar(^ ABC) 


‚ Ina quadrilateral ABCD, Z B = 90°. If AD*= АВ? + ВС? + СР? then prove that Z ACD =90° 


In a triangle ABC, N is a point on AC such that BN L AC - If BN? = AN - NC, prove that 
Z В =90°. 


— 2 ЖЕ” м, 
"ам 
1 
pt 
7 19° 
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38. Nazima is fly fishing ina stream. The tip of her fishing rod is 1.8 m above the surface of 
the water and the fly at the end of the string rests on the water 3.6 m away and 
2.4 m from a point directly under the tip of the rod. Assuming that her string (from 
the tip of her rod to the fly) is taut, how much string does she have out (See 
Fig. 7.235)? 1f she pulls the string at the rate of 5 cm per second, what will the 
horizontal distance of the fly from her after 12 seconds. 


Fig. 7.235 
ANSWERS 
ib e| 
1. () cd (ii) ^ (iii) g^ (iv) ў 2.2 3. No 
4316 à oM eA 28,5 ,.35 
| 2 , 5 " 4 ‚у 2 5 ‚у 2 , 6 
M 6. 7.5cm 7. (i) Yes. (ii) Yes (iii) Yes (iv) Yes (v) Yes (vi) No 
xz 
ү 8. Yes 9. Зап 10. y 11. 12 14. 60 — 17.108cm*? 
| 18. 5em 19. 360cm? 20. 8cm, 12cm, 16 cm 
| 21. () х=6у=2/5,:=34/5, (ii) х=5,у=24/5,2=3 5 26, 10. 


HINT TO SELECTED PROBLEM 


31. Extend AB and CD to intersect at О. 
Now, Z AOD - 90? 
AOA OC and BD' - OB' « ОГ? 
= AC? BD'- (ОА? + ОГ?) + (OB + ОС?) = АР? 4 ВС? 


+ BITRE! а: 


f 


VERY SHORT ANSWER TYPE QUESTIONS ( VSAQs) 


Answer each of the following questions either in one word or one sentence or as per requirement of the 
questions: 

1, State basic proportionality theorem and its converse. 

2. In Fig. 7.236, find AC. 


| 
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A 
6cm 8cm 
D E 
9 cm 
B 


Fig. 7.236 


3. In Fig. 7.237, if AD is the bisector of ZA, what is AC? 


p 


59m 


10 


11 


12. 


13. 


14. 


15 


16. 


Nou 


A 
/ | | 
C 
В 3cm D 2cm 


Fig. 7.237 


Area (A ABC) 
Area (A PQR) 


Given AABC ~ APQR, it = 3 Men find [CBSE 2018] 


State SSS similarity criterion. 
State SAS similarity criterion. 


In the adjoining figure, DE is parallel to BC and AD = em, BD = 2 cm. What is the ratio 
of the area of A ABC to the area of AADE? 


In the figure given below DE || BC. If AD 22.4 cm, DB 23.6cm and AC =5 cm. Find AE. 


If the areas of two similar triangles ABC and PQR are in the ratio 9 : 16 and 
BC = 45 cm, what is the length of OR? 


The areas of two similar triangles are 169 cm? and 121 cm? respectively. If the longest 
side of the larger triangle is 26 cm, whatis the length of the longest side of the smaller 
triangle? 


If ABC and DEF are similar triangles such that ZA = 57° and ZE = 73°, what is the 
measure of ZC? 
If the altitude of two similar triangles are in the ratio 2:3, whatis the ratio of their areas? 


AB 
If A ABC and A DEF are two triangles such that — = BC CA 3 


DE EF FD 4° then write Area 
(A ABC): Area (A DEF). 
If A ABC and A DEF are similar triangles such that AB 23 cm, BC 22 cm CA =2.5cmand 
EF =4cm, write the perimeter of A DEF. 
State Pythagoras theorem and its converse. 
The lengths of the diagonals of a rhombus are 30 cm and 40 cm. Find the side of the 
rhombus. [CBSE 2008] 
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17. In Fig. 7.238, PQ || BC and Ap: PB- 1: 2 Find 50 area (A APQ) 


area (А ABC) 


Fig. 7.238 


18. In Fig. 7.239, S and T are points on the sides PQ and PR respectively of APQR such that 
PT =2 cm, IR em and ST is parallel to QR. Find the ratio of the areas of A PST and 


APOR. Р [CBSE 2010] 
S A T 
Q R 


Fig. 7.239 
19. In Fig. 7.240, A АНК is similar to AABC. If AK = 10 cm, ВС = 3.5 cm and HK = 7 cm, find 


AC. H [CBSE 2010] 
. A 
С K 


| ( Fig. 7.240 
` 


20. InFig. 7.241, DE || BC in ДАВС such that BC =8 cm, AB = em and DA = 1.5 cm. Find 


DE. 
dE E 


A 
Fig. 7.241 


[CBSE 2008] 
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21. In Fig. 7.242, DE || BC and AD = E BD. If BC = 4.5 cm, find DE. [CBSE 2010] 
A 


LM, MN and and NK respectively. L 


M —» — — С "-— 
Fig. 7.243 
— :. —ꝛ̃ — —- r ͤůꝛ ANSWERS 
1. 20cm 2. 4m 4. 3 7. 9:1 8. 2cm 9, 6cm 
10. 22cm 11. 50? 2. 4:9 13. 9:16 14. 15cm 16. 25cm 
17. 1:4 18. 19 19. sem 20. 2cm 21. 15cm 22. y 


b _____________ MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in cach of the following: 


— НН 


1. Sides of two similar triangles are in the ratio 4:9 . Areas of these triangles are in the ratio. 


(a) 2:3 (b) 4:9 (c) 81:16 (d) 16:81 

2. Theareas of two similar triangles are in respectively 9 cm? and 16 cm?. The ratio of their 
corresponding sides is 
(a) 3:4 (b) 4:3 (c) 2:3 (d) 4:5 


3. The areas of two similar triangles A ABC and A DEF are 144 cm? and 81 cm? respectively. 
If the longest side of larger A ABC be 36 cm, then. the longest side of the smaller triangle 
^ DEFis 


7132 MATHEMATICS. x 
(a) 20cm (b) 26cm (c) 27cm (d) 30cm 
4. A ABC and A ВРЕ are two equilateral triangles such that D is the mid-point of BC. The 


. 


at 
— 
л 
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ratio of the areas of triangles ABC and BDE is 


(a) 2:1 (b 1:2 (c) 4:1 (d) 1:4 

If ^ ABC and A DEF are similar such that 2 AB = DE and BC = 8 cm, then EF = 

(a) 16cm (b) 12cm (c) 8cm (d) 4cm. 

If ^A ABC and ADEF are two triangles such that NEN SL y then 
DE EF Fi gm 

Area (A ABC): Area (А DEF) = 

(a) 2:5 (b) 4:25 (c) 4:15 (d) 8:125 


XY is drawn parallel to the base BC of a ^ ABC cutting AB at X and AC at Y. If 
AB-4BXand YC=2 ст, then AY = ; 


(a) 2cm b) 4cm (с) бст (d) 8cm. 


. Two poles of height 6 m and 11 m stand vertically upright on a plane ground. If the 


distance between their foot is 12 m, the distance between their tops is 
(a) 12m (b) 14m (c) 13m. (d) 11 m 


. In A ABC, D and E are points on side AB and AC respectively such that DE || BC and 


AD:DBz3:1.If EA=3.3cm, then АС = 


(a) 1.1 cm (b) 4cm (c) 4.4cm (d) 5.5cm 

. Intriangles ABC and DEF, Z A = Z E=40°, AB: ED = AC: EF and Z F=65°, then Z B= 
(a) 35° (b) 65° (с) 75° (d) 85° 

. If ABC and DEF are similar triangles such that Z А = 47° and Z E = 83°, then 
ZC= 
(a) 50° (b) 60° (c) 70° (d) 80° 


If D, E, Fare the mid-points of sides BC, CA and AB respectively of A ABC, then the ratio 
of the areas of triangles DEF and ABC is 


(a) 1:4 (b) 1:2 () 2:3 (d) 4:5 
In an equilateral triangle ABC, if AD 1 BC, then 
(à 2AB'-3AD' (b) 4AB'-3AD* (с) 3AB’=4AD* (а) 3 AB? =2 AD” 
14. If A ABC is an equilateral triangle such that AD 1 BC, then AD? = 
3 2 2 2 2 
(a) 5.DC (b) 2DC (c) 3CD (d) 4 DC? 
In a A ABC, AD is the bisector of Z BAC. If AB = em, AC = 5 cm and BD = 3 cm, then 
DC= 
(а) 11.3cm (b) 2.5ст (c) 3:5cm (d) Noneof these. 


In a A ABC, AD is the bisector of 2 BAC. If AB 28cm, BD em and DC =3 cm. Find AC 


(a) 4cm (b) 6cm (c) 3cm (d) 8cm 


. ABCD is a trapezium such that BC | AD and АВ = 4 cm. If the diagonals AC and BD 


AO DO 1 
intersect at О such that = OC OB y then BC = 
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18. 


19. 


20. 


21. 


24. 


26. 


27% 


28. 


29. 


30. 


(a) 7cm (b) 8cm (c) 9cm (d) 6cm 


If ABC is a right triangle right-angled at B and M, N are the mid-points of AB and BC 
respectively, then 4 (AN? + CM?) = 


(a) 4 AC? (b) 5AC? (c) 2 AC (d) 6AC* 
: AB BC 

Ifin AABC and A DEF, DE ED’ then AABC ~ ADEF when 

(а) ZA=ZF b) ZA=ZD (c) ZB=ZD (d BE 
i ; AB BC CA 

If in two triangles ABC and DEF, DE FE ED’ then 


(a) AFDE ~ ACAB (b) AFDE ~ AABC (c) ACBA ~ AFDE. (d) ABCA ~ AFDE 


A ABC ~ ADEF, ar(AABC) = 9 ст, ar (A DEF) = 16 cm? . If BC = 2.1 cm, then the 
measure of EF is 


(a) 2.8cm (b) 4.2cm (c) 2.5cm (d) 4.1 cm 
The length of the hypotenuse of an isosceles right triangle whose one side is 442 cmis 
(a) 12cm (b) 8cm (с) 8 cm (d) 1242 cm 

. A man goes 24 m due west and then 7 m due north. How far is he from the starting 
point? 
(a) 31m (Б) 17m (c) 25m (d) 26m 


А АВС ~ ADEF. If BC = 3cm, ЕР= 4 em and ar (А ABC) = 54cm’, then ar (A DEF) = 
(a) 108 cm? (b) 96 èm? (c) 48 cm? (d) 100 cm? 


. AABC - APQR such that ar (A ABC) = 4ar (A POR). If BC = 12cm, then QR = 


(a) 9cm (b) 10cm (c) 6cm (d) 8cm 
The areas of two similar triangles are 121 cm? and 64 cm? respectively. If the median of 
the first triangle is 12.1 cm, then the corresponding median of the other triangle is 


(a) 11 cm (b) 8.8cm (c) 11.1 cm (d) 8.1 cm 

In an equilateral triangle ABC if AD 1 BC, then АР? = 

(a) CD? (b) 2CD* (c) 3CD? (d) 4CD? 

In an equilateral triangle ABC if AD 1 BC, then 

(à 5AB? =4AD? (b) ЗАВ? = 4AD* (с) 4AB? -3AD? (d) 2AB? = ЗАР? 
In an isosceles triangle ABC if AC = BC and АВ? = 2АС?, then ZC = 

(a) 30° (b) 45° (с) 90° (d) 60° 


A ABC is an isosceles triangle in which ZC = 90°. If AC = 6 cm, then AB = 
(ауе em (b) 6cm (с) 2% cm (d) 4/2 cm 


— 


P MATHEMATICS- x 


31. Il in two triangles ABC and DEF, ZA = ZE, ZB = ZF, then which of the following is 
not true? 


@ e AC AB _ BC АВАС (р BC AB 
DF DE DE DF © EF DE @ БЕ” ЕЕ 
32. In Fig. 7.244 the measures of Z D and ZF are respectively 
(a) 50°, 40° (b) 20°, 30° (c) 40°, 50° (d) 30°, 20° 
* D 
45 63 S 
B 74 30° 20° — С 7 CN 
72 E 5 F 
Fig. 7.244 


33. In Fig. 7.245, the value of x for which DE || AB is 
(a) 4 (b) 1 (c) 3 (d) 2 


2 Fig. 7.245 
34. In Fig. 7.246, if ADE = Z ABC, then CE = 
( 2 1 ҸӘ) (c) 9/2 (d) 3 
a Я А 


ө. 


y a 
1 с 


Fig. 7.246 


35. In Fig. 7.247, RS || DB || РО. If CP = PD =11 стапа DR = RA = cm. Then the values of 


xand yare respectively 
(a) 12,10 (b) 14,6 (c) 10,7 (d) 16,8 
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C 
11 
P 
11 

о а 

3 

R 

3 

A 5 в 


Fig. 7.247 


Ар 
36. In Fig. 7.248, if PB || CF and DP || EF, then => = 


37. 


38. 


39. 


DE 
3 
(a) 7 


Fig. 7.248 


A chord of a circle of radius 10cm subtends a right angle at the centre. The length of the 
chord (in cm) is 


5 
(a) „5/2 (b 10/2 © N (d) 10/3 [CBSE 2014] 


A vertical stick 20 m long casts a shadow 10 m long on the ground. At the same time, a 
tower casts a shadow 50 m long on the ground. The height of the tower is 

(a) 100m (b) 120m (c) 25m (d) 200m 

Two isosceles triangles have equal angles and their areas are in the ratio 16 : 25. The 
ratio of their corresponding heights is 

(a) 4:5 (b) 5:4 (с) 3:2 (d) 5:7 


. A ABC is such that AB = 3 cm, BC = 2 cm and СА = 2.5 cm. If A DEF ~ A ABC and 


EF = 4 cm, then perimeter of A DEF is 


| 
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(а) 7.5cm - (b) 15cm (c) 225cm (d) 30cm. 


41. In A ABC, aline XY parallel to BC cuts AB at X and AC at Y. If BY bisects Z ХҮС, then 


(а) BC-CY (Ы) BC=BY O BC#CY (d) BC#BY 


42. Ina A ABC, Z A=90°, AB - em and AC = 12cm. If AD L BC, then AD= 


45. 


47. 


51. 


13 60 13 2/15 
(a) > ™ (b) 13 om © gm (d) 1з m 
Ina ^ ABC, perpendicular AD from A on BC meets BC at D. If BDS em, DC=2emand 
AD =4 cm, then 
(a) A ABC is isosceles (b) A ABC is equilateral 
(с) AC=2AB (d) A АВС is right-angled at A. 


In a A ABC, point D is on side AB and point E is on side AC, such that BCED is a 


trapezium. If DE: BC 23:5, then Area (А ADE): Area ( O BCED) = 


(a) 3:4 (b) 9:16 (c) 3:5 (d) 9:25 
If ABC is an isosceles triangle and D is a point on BC such that AD L BC, then 
(а) AB' - AD? « BD. DC (b AB'- AD* = BD'- DC? 
(с) АВ2+ AD - BD. DC (d) AB?+ ÅD? - BD'- DC? 
BD 
‚ A ABCisarighttriangle right-angled at A and AD. BC. Then, DC^ 
AB Y AB AB ) АВ 
(a) | АС | © АС © | AD @ 45 
If E is a point on side CA of an equilateral triangle ABC such that BE L CA, then 
АВ? + ВС? + CA? = 
(а) 2 BE? (b) З ВЕ? (с) 4 ВЕ? (d) 6 BE? 
na right triangle ABC right-angled at B, if P and Q are points on the sides AB and AC 
respectively, then 
(а) Ar CH = A N) (b) 2 (А02+ CP?) = AC?+ PQ? 
= LT : 1 
(с) AQ? CP - АС2+ РО? (d AQ+CP= 2 (AC + PQ). 
. If A ABC ~ A DEF such that DE =3cm, EF -2 cm, DF =2.5 ст, BC =4cm, then perimeter 
of AABC is 
(a) 18cm (b) 20cm (c) 12cm (d) 15cm 


- If AABC ~ ADEF such that AB = 9.1 cm and DE = 6.5 cm. If the perimeter of A DEF 


is 25 cm, then the perimeter of A ABC is 

(a) 36cm (b) 30cm (c) 34cm (d) 35cm 

In an isosceles triangle ABC, if AB = AC = 25 cm and BC = 14 cm, then the measure of 
altitude from A on BC is 

(a) 20cm (b) 22cm (с) 18cm (d) 24 cm 


TRIANGLES 7.137 


nÁ- 
1. (d) 2. (a) 3. (c) 4. (c) 5. (d) 6. (b) 
7. (с) 8. (с) 9. (с) 10. (с) 11. (а) 12. (а) 
13. (с) 14. (с) 15. (b) 16. (а) 17. (b) 18. (b) 
19. (с) 20. (a) 21. (a) 22. (b) 23. (c) 24. (b) 
25. (c) 26. (b) 27. (c) 28. (b) 29. (с) 30. (a) 
31. (b) 32. (b) 33. (d) 34. (с) 35. (d) 36. (b) 
37. (b) 38. (a) 39. (a) 40. (b) 41. (a) 42. (b) 
43. (d) 44. (d) 45. (a) 46. (b) 47. (c) 48. (c) 
49. (d) 50. (d) 51. (d) 
SUMMARY 


16. 


17. 


. Two figures having the same shape but not necessarily the same size are called similar 


figures. 
All congruent figures are similar but the converse is not true. 


. Two polygons having the same number of sides are similar, if 


(i) their corresponding angles are equal and 
(ii) their corresponding sides are proportional (i.e. in the same ratio). 


. If a line is drawn parallel to one side of a triangle to intersect the other two sides in 


distinct points, then the other two sides are divided in the same ratio. 


I a line divides any two sides of a triangle in the same ratio, then the line is parallel to the 


third side of the triangle. 


. The internal bisector of an angle of a triangle divides the opposite side internally in the 


ratio of the sides containing the angle. 


. Ifaline through one vertex ofa triangle divides the opposite side in the ratio of other two 


sides, then the line bisects the angle at the vertex. 


. The external bisector of anangle of a triangle divides the opposite side externally in the 


ratio of the sides containing the angle. 


. The line drawn from the mid-point of one side of a triangle is parallel of another side 


bisects thethird side. 


The line joining the mid-points of two sides of a triangle is parallel to the third side. 
. The diagonals of a trapezium divide each other proportionally. 


If the diagonals of a quadrilateral divide each other proportionally, then it is a 
trapezium. 1 


. Any line parallel to the parallel sides of a trapezium divides the non-parallel sides 


proportionally. 


. If three or more parallel lines are intersected by two transversals, then the intercepts 


made by them on the transversals are proportional. 


AAA Similarity criterion: If in two triangles, corresponding angles are equal, then the 


triangles are similar. 


AA Similarity criterion: If in two triangles, two angles of one triangle are respectively 
equal to the two angles of the other triangle, then the two triangles are similar. 


SSS Similarity criterion: If in two triangles, corresponding sides are in the same ratio, then 
the two triangles are similar. 


pa < 
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18. 


19. 


20. 


24. 


26. 


It one angle of a triangles is equal to one angle of another triangle and the sides 
uding these angles are in the same ratio, then the triangles are similar. 

If two triangles are equiangular, then 

@ the ratio of the corresponding sides is same as the ratio of corresponding medians. 

(ii) the ratio of the corresponding sides is same as the ratio of the corresponding angle 
bisector segments, 

(iii) the ratio of the corresponding sides is same as the ratio of the corresponding 
altitudes. 


If one angle of a triangle is equal to one angle of another triangle and the bisectors of 
these equal angles divide the opposite side in the same ratio, then the triangles are 


· If two sides and a median bisecting one of these sides of a triangle áre respectively 


proportional to the two sides and the corresponding median of another triangle, then 
the triangles are similar. 
If two sides and a median bisecting the third side of a triangle are respectively 


proportional to the two sides and the corresponding median of another triangle, then 
the triangles are similar. 


Ihe ratio of the areas of two similar triangles is equal to the ratio of 


(i) thesquares of any two corresponding sides. 
(ii) the squares of the corresponding altitudes. 
(iii) the squares of the corresponding medians. 
(iv) the squares of the corresponding angle bisector segments. 


If the areas of two similar triangles are equal, then the triangles are congruenti.e., equal 
and similar triangles congruent. 


If a perpendicular is drawn from the vertex of the right angle of a right triangle to the 


hypotenuse, then the triangles on both sides of the perpendicular are similar to the 
whole. triangle and also to each other. 


Pythagoras Theorem: Ina right triangle, the square of the hypotenuse is equal to the sum 
of thesquares of the other two sides. 


Converse of Pythagoras Theorem: If ina triangle, square of one side is equal to the sum of 


the squares of the other two sides, then the angle opposite to first side is a right angle. 
In any triangle, the sum of the squares of any two sides is equal to twice the square of half 
of the third side together with the twice of the square of the median which bisects the 
third side. 


Three times the sum of the squares of the sides of a triangle is equalto four times the sum 
of the squares of the medians of the triangle. 


30. Three times the square of any side of an equilateral triangle is equal to four times the 


square of the altitude. 


CIRCLES 


8.1 SECANT AND TANGENT 


In Class IX, we have studied that a circle is a collection of all points ina plane which are at a 
constant distance from a fixed point. The fixed point is called the centre and the constant 
distance is known as the radius. We have also studied various terms related to а circle like 


chord, segment, sector, arc etc. Let us now see, how many different positions a line can take 
with respect toa given circle. 


Consider a circle С (О, ғ) and a line | in a plane. We find that there are three different 
situations as shown in Fig. 8.1. 


t | t /f t 
(i) (1) (iii) 


Fig. 8.1 


(i) When the line ] intersects the circle in two distinct points: Since a circle cannot pass 
through three collinear points. So, the line I intersects the circle in two points only. In 
such a case the line / is called a secant of the circle. Thus, we have the following 
definition: 


SECANT A line which intersects a circle in two distinct points is called a secant of the circle. 


(ii) When the line 1 intersects the circle in only one point : In this case the line is said to be a 
tangent to the circle and point is called the point of contact of the tangent. The concept 
of tangent can also be understood as follows: 


Consider a secant PQ of a circle intersecting it in two points P and Q. If we rotate the 
secant about the point P so that the point Q comes nearer and nearer to the point Р, we 
find that ultimately the point Q will coincide with P. In this case the two points of 
intersection will coincide and the secant will touch the circle at P. Thus, we have the 
following definition: 


8.1 
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Fig. 8.2 
TANGENT A tangent toa circle isa line that intersects the circle in exactly one point. 
The point is called the point of contact of the tangent and the line is said to touch the 
circle at this point. 
The word tangent is originated from the Latin word TANGERE which means ‘to touch’, 
NOTE The point of contact is the only point which is comnion to the tangent and the circle and 
other point on the tangent lies outside the circle. Thus, of all the points on a tangent toa circle, the 
point of contact is nearest to the centre of the circle. 


In order to understand the existence of the tangent to a circle at a point let us perform the 


- following activities: 


ACTIVITY 1 Draw acircle and a secant AB of thecircle on a paper. Now, draw various lines 
parallel to the secant AB on both sides of it. You will find that the lengths of chords cut by the 
lines will decrease as we go away from the secant AB as shown in Fig. 8.3. You will also 
notice that on two sides of secant AB, A, B; and A, B; are the limiting positions of secants 
when the lengths of the chords cut become zero. These are the tangents to the circle parallel to 
the secant AB. It is evident from the above activity that there cannot be more than two 
tangents parallel to the given secant or in general, to a given line. It also establishes that a 
tangent is the secant when both of the end points of the corresponding chord coincide. 


Ж Ө» 


А 


— 


Fig. 8.3 
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ACTIVITY2 Take a circular wire and a straight wire AB. Attach the straight wire AB ata point P 
of the circular wire in such a way that AB can rotate about the point P ina plane. Put the system 
on a table and rotate wire AB about point P to get different positions of the wire as shown in Fig. 
84. You will see that the wire AB intersects the circular wire at P and at another point Q or Q 
etc. when it is rotated in clockwise sense about point P. And in one position A, B, it will 


intersect the circle just at point P only. In fact, it becomes tangent to the circular wireat P. This 
shows thata tangent exists at a point P on the circle. 


Fig. 8.4 


Now, if we rotate wire AB in anticlockwise sense about point P, it will intersect the circle 


at P and an another point Ri ог К, etc. In position Aj B; it intersects the circle at P only. 
Thus, there is only one tangent at point P. 


This activity establishes that the tangent at a point P to a circle is the limiting position of 
secants РО;, PQ», PR}, РК, etc. through when Qj, Q2, Кү, К, etc. coincide with P. 


8.2 SOME PROPERTIES OF TANGENT TO A CIRCLE 


If you look at the wheels of a bicycle you will find that its all spokes are along its radii. When 

a bicycle runs, its wheels move along the lines which are tangents at the points where they 

touch the ground. You will also notice that in all positions, the radii through the points of 

contact with the ground appear to be at right angle to the tangent. We shall now prove this 

property and some other properties of tangents to a circle as theorems. 

THEOREM A tangent toa circle is perpendicular to the radius through the point of contact. 
[NCERT, CBSE 2009, CBSE 2012, 2014, 2015, 2016] 

GIVEN A circle C (O,r) and a tangent AB ata point P. 

TO PROVE OP LAB. 

CONSTRUCTION Take any point Q, other than P, on the tangent AB. Join OQ. Suppose OQ 

meets the circle at R. 

PROOF- We know that among all line segments joining 

the point О to a point on AB, the shortest one is perpen- 

dicular to AB. So, to prove that OP L AB, itis sufficient to 

prove that OP is shorter than any other segment joining 


O to any point of AB. 

Cleraly, OP - OR [Radii of the same circle] 

Now, OQ = OR + RQ 

=> OQ > OR A 
= ОО > ОР [^ ОР = OR] А Р Q B 
=> OP < OQ Fig. 8.5 
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Thus, OP is shorter than any other segment joining O to any point of AB. 
Hence, OP 1 AB. 
Q.E.D. 
REMARK The converse of the above theorem is also true as given below. 
THEOREM 2 A line drawn through the end point ofa radius and perpendicular to it is a tangent to the 
circle. [NCERT, CBSE 2012, 2013] 
GIVEN A radius OP of a circle C (O, r) and a line APB, 
perpendicular to OP. 
TOPROVE ABisatangentto thecircleat the point P. 
PROOF Takea point Q, different from P, on the line AB. 
Now, OP 1 AB. 


= Among all the line segments joining O to a 

point on AB, OP is the shortest. 

OP < В 
~ * A P а в 
= OQ > OP Fig. 8.6 
=> Q lies outside the circle. 


Thus, every point on AB, other than P, lies outside the circle. This shows that AB meets the 
circle only at the point P. 
Hence, AB isa tangent to the circle at P. 

Q. E. D. 
REMARK The above theorem provides us a method of constructing a tangent at a given point toa 
given circle. For this we draw a line through the given point perpendicular to the radius at the given point. 


EXAMPLE 1 A tangent PQata point P of acircle of radius 5 cm meets a line through the centre Oat 
a point Q so that OQ= 13 cm. Find the length of PQ. [NCERT] 
SOLUTION Since tangent at a point is perpendicular to the 
radius through that point. Therefore, OP is perpendicular to 


PQ. Inright triangle OPQ, we have 
OQ? = OP? + PQ* [Using Pythagoras theorem] 


E 13? = 52 + РО? 55 Io, 
P Q 


= PQ? = 169 - 25 = 144 


=> РО = 12cm. 

EXAMPLE 2 A line through the centre О ofa circle of radius 7 cm cuts the tangent, at a point P on 
the circle, at О such that PQ = 24 cm. Find OQ. 

SOLUTION Since tangent ata point on a circle is perpendicular to the radius through the 
point. Therefore, OP is perpendicular to PQ. 

Inright triangle OPQ, we have 


Fig. 8.7 
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ОО? = OP? + p? 


> ОО? = 7? + 242 

> OQ? = 49 + 576 => OQ? = 625 re 

=> ОО = 25cm. Р 24ст Q 
Fig. 8.8 


EXERCISE 8.1 


1. Fillin the blanks: 


(i) The common point of a tangent and the circle is called Я [NCERT] 
(ii) A circle may have .......... parallel tangents. [NCERT] 
(gi) A tangent to a circle intersects it in .......... point(s). [NCERT] 
(iv) A line intersecting a circle in two points is called а........ 6 [NCERT] 


(v) The angle between tangent ata point ona circle and the radius through the point is 


How many tangents can a circle have? [NCERT] 

O is the centre of a circle of radius 8 cm. The tangentat a point А on the circle cuts a line 
through O at B such that AB = 15 cm. Find OB. 

4. Ifthe tangent at a point P toa circle with centré O cuts a line through O at Q such that PQ 

=24 cm and OQ = 25 cm. Find the radius of the circle. 


wh 


ANSWERS 
1. (i) Point of contact (ii) two. (iii one (iv) secant (у) 90°. 
2. Infinitely many 3. 17 cm. 4. 7cm. 


8.3 TANGENT FROM A POINT ON A CIRCLE 

In this section, we will learn about the number of tangents drawn froma point to a circle. We 
will also learn some properties of these tangents. In order to have an idea of the number of 
tangents drawn froma point toa circle, let us perform the following activity: 


ACTIVITY Draw a circle on a paper and take a point P inside it. Let us now try to draw а 
tangent to the circle through this point P. We observe that all the lines through point P 
intersect the circle in two distinct points. Therefore, none of them can be a tangent to the 


circle as shown in Fig. 8.9. 
xD 


Fig. 8.9 
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Now, take a point P on the circle. We have discussed in section 8.2 that there exists one and 
only one tangent toa circle at a given point on it. So, there is only one tangent to the circle at 
point Pas shown in Fig. 8.10(i). 

Finally, let us take a point P outside the circle and try to draw tangents to the circle from point 
P. We observe that we can draw exactly two tangents to the circle through point Р as shown 
in Fig. 5.100). 


oO <® 


(ii) 
Fig. 8.10 
These facts can be summarized as follows: 
(i) No tangent can be drawn to a circle froma point lying inside it. 

(ü) One and only one tangent can be drawn to a circle at a point on the circle. 

(iii) Two tangents can be drawn to a circle from a point lying outside it. 
In Fig. 8.10(ii), РТ, and РТ, are two tangents drawn froma point P lying outside the circle. 
These tangents touch the circle at Ti and T} respectively. So, Ti and Т, are known as the 
points of contact of tangents PT, and PT, respectively. 
LENGTH OF TANGENT The length of the segment of the tangent between the point and the given 
point of contact with the circle is called the length of the tangent from the point to the circle. 
In Fig. 8.10(i), РТ, and PT, are the lengths of tangents from point P to the circle. 


In the following tl , wewill prove that these two lengths are equal. 
THEOREM 3 The lengths of two tangents drawn from an external point to a circle are equal. 


£x. , CBSE 2008, 2009, 2010, 2013, 2014, 2015, 2016, 2017, 2018] 
&Җ К» ЗД а ә 
GIVEN-AP and IQ are fio tangents froma point A toa circle C (О, r). 


{STRUCTION Join OP, OQ and OA. 


PROOF Inorder to prove that AP = AQ, we shall first prove A 
that AOPA = AOQA. 
Since a tangent at any point of a circle is perpendicular to the 
radius through the point of contact. 8 
— OP AP and OQ L AQ. 
Fig. 8.11 
=> ZOPA = ZOQA = 90° -.-(i) 
Now, in right triangles ОРА and ООА, we have 
OP - OQ [ Radii of a circle] 


ZOPA = ZOQA [From (i)] 
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and, OA = ОА [ Соттоп] 
So, by RHS-criterion of congruence, we get 
AOPA = AOQA 
> AP = AQ 
Q. E. D. 


THEOREM 4 If two tangents are drawn to a circle from an external point, then: 
(i) they subtend equal angles at the centre, 


(i) they are equally inclined to the segment, joining the centre to that point. 


GIVEN Acircle C (O, r) anda point A outside the circle such that AP and AQ are the tangents 
drawn to the circle from point A. 


TOPROVE (i) ZAOP - ZAOQ (ii) ZOAP = “ОАО. 
Р 
А 
Q 
Fig. 8.12 
PROOF Inright triangles OAP and OAQ, wehave 
AP = AQ [Tangents from an external point are equal ] 
OP = OQ [Radii of a circle] 
and, ОА = OA [Common] 
So, by SSS-criterion of congruence, We have 
А ОАР = AOAQ 
i ZAOP = ZAOQ and “ОАР = “ОАО. 


Q.E.D. 


& 
REMARK It follows from the above theorem that the centre of the circle lies on the angle bisector of 
ZPAQ. This fact can be used in drawing circles touching two intersecting lines. In particular, a circle 
can be drawn totouchaltthe three sides of a triangle as discussed below: 


— A 


IN 
LTA 


B C 
Fig. 8.13 


Let ABC be a triangle. Draw angle bisectors of any two angles, say ZB and ZC. Suppose they 
intersect at O. Then, as O lies on the angle bisectors of ZB and ZC, a circle can be drawn with 


2 
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centre О to touch AB, BC and AC. The radius of the circle will be the length of the perpendicular ‘from 
O on any side. This circle is called the incircle of A ABC and its centre is called the incentre of ^ АВС. 


PPP 000700008 
(LeveL) 


Type I ON FINDING THE LENGTH OF THE TANGENT OR RADIUS OF A CIRCLE 


EXAMPLE 1 A point P is 13 cm from the centre of the circle. The length of the tangent drawn from P 
to the circle is 12 cm, Find the radius of the circle. 


SOLUTION Since tangent to a circle is perpendicular to the 


radius through the point of contact. T 
E ZOTP = 90° 2 
In right triangle OTP, we have 
OP? = OT? + PT? 12 
=> 13? = OT? + 12? 
=> OT? = 13? - 122 = (13 - 12) (13 +12) = 25 
=> OT =5. Fig. 8.14 


Hence, radius of the circle is5 cm. 

EXAMPLE 2 Find the ge of the tangent drawn from a point whose distance from the centre of a 
circle is 25 ст. Given that the radius of the circle is 7 cm. 

SOLUTION Let P be the given point, О be the centre of the circle and PT be the length of 
tangent from P. Then, OP 225 cm and OT / cm. 

Since tangent to a circle is always perpendicular to the 
radius through the point of contact. 


7. “ОТР = 90° y 

in right triangle OTP, we have Ox 
ОР? = OT? #РТ? Р 25cm 

> 252 = 72 + РТ? 

= РТ? = 257 7 = (25-7)(25+7) = 576 Fig. 8.15 

Ey d “РТ -24cm. 


Hence, length of tangent from Р = 24 cm. 
Type П BASED ON THE RESULT THAT THE TANGENTS DRAWN FROM AN EXTERIOR POINT 
— — TO А CIRCLE ARE EQUAL IN LENGTH. 
EXAMPLE 3 In Fig. 8.16, if AB = AC, prove that BE = EC. 
OR 


ABC is an isosceles triangle in which AB = AC, circumscribed about a circle, as shown in 
Fig. 8.16. Prove that the base is bisected by the point of contact. 


[CBSE 2008, 2012, 2014] 
SOLUTION Since tangents from an exterior point to a circle are equal in length. 
AD = AF [Tangents from A] i) 
BD = BE [Tangents from B] (ii) 
СЕ = CF [Tangents from С] ...(iii) 
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A 
D F 
B E C 
Fig. 8.16 

Now, 

AB = AC 
=> АВ- АО = АС- АР 
=> AB — AD = AC - AF 
=> BD = CF 
= BE = CF 
> ВЕ = CE 


89 


[Subtracting AD from both sides] 


[Using (i)] 


[Using (ii)] 
[Using (iii)] 


EXAMPLE 4 A circle is touching the side BC of ^ ABC at Pand touching AB and AC produced at 


Qand К respectively. Prove that 


1 
AQ = 7 (Perimeter of ^ ABC). f 1 CBSE3000, 2001, 2002, NCERT EXEMPLAR] 


SOLUTION Since tangents from an exterior point to a circle are equal in length. 


BP = BQ [From B] » JH) 
CP = СЕ [From C] (ii) 
and, AQ = AR [From A] (uli) 
From (iii), we have 
AQ = AR 
— AB #BQ = AC ^ CR 
=> AB+ BP.— AC + CP [Using (i) and “ү 
(iv 


Perimeter of А АВС = AB + BC + AC 
> Perimeter of AABC = AB + (ВР + PC) + AC 
> Perimeter of AABC = (АВ + BP) + (AC + PC) 
=> Perimeter of AABC = 2( AB + BP) 
=> Perimeter of A ABC = 2( AB + BQ) 
> Perimeter of AABC = 2AQ 


AQ = i (Perimeter of A ABC ) 


Fig. 8.17 


[Using (iv)] 
[Using (i)] 
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EXAMPLE 5 In Fig. 8.18, XP and XQ are tangents from X to the circle with centre О. К isa point on 
the circle. Prove that, XA + AR = XB + BR. [CBSE 2014] 
SOLUTION Since lengths of tangents from an exterior point to 
a circle are equal. 


XP = XQ [From X] ...@) 
АР = AR [Егоп\ А] . (ii) 
ВО = BR [From В] (iii) 
Now, XP = XQ 
> XA + AP = ХВ + ВО 
= XA + АК = XB+ BR [Using (i) and (ii)] Fig.8.18 


EXAMPLE 6 In Fig. 8.19, the incircleof ^ ABC touches the sides BC, CA and AB at D, E and F 
respectively. Show that 


AF + BD + СЕ = AE + ВЕ + CD = (Perimeter of A ABC) 
SOLUTION Since lengths of the tangents from an exterior point to a circle are equal. 


АЕ = AE [From A] i) 
BD = BF [From В] (ii) 
and, СЕ = CD [From С] ...(iii) 


Adding equations (i), (ii) and (iii), we get 
AF + BD + CE = АЕ + ВЕ+ CD. 


Now, 
Perimeter of A АВС = AB+ BC + AC 
A 
F E 
B D C 
Fig. 8.19 
=> Perimeter of A ABC =( AF +FB)+(BD+CD)+(AE+EC) 
= Perimeter of A ABC =( AF + AE)+(BF+BD)+(CD+CE) 
= Perimeter of A АВС=2 АЕ+2 BD +2 СЕ 
From (i), (ii) and (iii), we get 
=> Perimeter of A ABC =2(AF+BD+CE) AE=AF,BD=BF and CD=CE 
=> AF + BD + CE = 7 (Perimeter of A ABC) 


Hence, AF + ВЮ + СЕ = AE + BF + CD = - (Perimeter of А ABC) 
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EXAMPLE 7 In Fig. 8.20, the sides AB, BC and CA of triangle ABC toucha circle with centre О and 


radius rat P, Qand К respectively. 
A 


Fig. 8.20 


Prove that: 
(i) АВ + СО = AC + ВО 


(ii) Area (ЛАВС) = 5 (Perimeter of AABC) xr [CBSE 2013] 


SOLUTION We know that lengths of tangents drawn from an external point to a circle are 
equal. 

N AP = AR, BP = ВО апа CQ = CR 

(i) АВ + СО = AP + РВ + СО 


= АК + ВО + СО [- AP = AR and РВ = BQ] 

= (АК + СК) + ВО ГСО x CR] 

= АС + ВО L. AR + CR = AC] 
(ii) Area (AABC) = Area (AOBC) + Area (AOAB) + Area (AOAC) 


- 3c x OO) + 505 x OP) + 5 x OR) 


Ш 


(BC x r) + aB хг) + 5 xr) 


(BC + AB + AC) x r 


1 
2 
Ji 
2 
- 5 (Perimeter of AABC) x r 


EXAMPLE 8 [n Fig. 8.21, two circles touch each other at the point C. Prove that tlie common tangent 
to the circlesat C, bisects the common tangent at P and Q. 


[CBSE 2013] 
P R 


ү 


Fig. 8.21 


A 


812 MATHEMATICS. X 


SOLUTION |. We know that the tangents drawn from an external point to a circle are equal, 
N RP = RC and RC = RQ 

ES RP = RQ 

= К is the mid-point of PQ. 

EXAMPLE 9 Acircle touches all the four sides of a quadrilateral ABCD. Prove that: 


AB + CD = BC + DA. [NCERT, CBSE 2008, 2009, 2012, 2013, 2014, 2015, 2017] 
SOLUTION Since tangents drawn from an exterior point to a circle are equal in length, 


AP = AS [From A] — (0 
BP = BQ [From B] (ii) 
CR=CQ [From C] (ui) 
and, DR = DS [From D] (iv) 


Fig. 8.22 


Adding (i), (ii), (iii) and (iv), we get 
AP + BP + СК + DR = AS + ВО + СО + DS 

=> (АР + BP) +(CR+ DR) = (AS DS) +(BQ + CQ) 
=> AB + CD = AD + BC 
Hence, AB+CD=BC+DA 
EXAMPLE 10 Ifahexagon ABCDEF circumscribes a circle, prove that 

АВ + CD € EF = BC + DE + FA. [NCERT EXEMPLAR] 
SOLUTION Let O be the centre of the circle touching sides AB, BC, CD, DE, EF and FA at P, О, 
R, S, Tand U respectively. The lengths of tangents drawn from an external point to a circle are 
equal. 

E S D 

— PTUS 


T R 


« е 
U Q 
Ў 47 
A PY B 
Fig. 8.23 
АР = AU, BP = ВО, СО = CR, DR = DS, ES = ET and FU = FT 
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Now, 
AB + CD + EF 


= (AP + PB) + (CR + DR) + (ET + TF) 


= (AU + PB) + (CQ + DS) + (ES + FU) | 
= (AU + FU) + (BQ + CQ) + (DS + ES) 
= АР + ВС + ОЕ = ВС + DE + FA 


EXAMPLE 11 Let sdenote the semi perimeter ofa triangle ABC in which BC =a, CA = band AB = c. 
Ifa circle touches the sides BC, CA, AB at D, E, Ё respectively, prove that 


AF =AE=s-a,BD=BF =s—band CD - CE =s-c. [NCERT EXEMPLAR] 
SOLUTION Wehave, 


s= AB*BC«CA _а+Ьь+с 
2 MEE 


„ AP = AU, PB = ВО, СК = CQ, 
DR = DS, ET = ES, FT = Fu 


=> a+b+c=2s 
E b+c=2s-—a,c+a=2s—b and ae-b-22s-c 
=> b+c-—a=2(s—a),c+a—b =2(s—b) anda + b-c =2(s—c) 
A 
F E 
B D С 
Fig. 8.24 


The lengths of tangents drawn from an external point to a circle are equal. 

A AF € AE, BD = BF and CD = CE 

Now, 
2s = BC + СА + AB 
2s — (BD + DC) + (CE + AE) + (AF + BF) 
25 = (BD + DC) + (CD + AF) + (AF + BD) t 
2s = 2(BD + DC) + 2AF 


=> 
=> 
= 
= 25 = 2ВС + 2AF 
= 
— 


— = = m 


2s = 2a + 2AF 
AF =s-a = AF-AE-s-a 
Again, 
25 = ВС + СА + AB 
2s = (BD + CD) + (СЕ + AE) + (АР + ЕВ) 


Ш 
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SORES SSE 
> BD = BF =s—b 
Similarly, we can prove that CD = CE = s - c. 
EXAMPLE 12 lfa, b, care the sides of a right triangle where c is the hypotenuse, prove that the 
radius r of the circle which touches the sides of the triangle is given ру, pee — or, 
r=S—C, where s is the semi-perimeter of the triangle. INCERT n NOE 
SOLUTION Let the circle touches the sides BC, CA and AB of the right triangle ABC at D, E 
and Frespectively. 
Wehave, 1 
BC =a,CA=b and AB = c E 
FF ac [f 
А ты = BC? + AC? < 
= д2 +}? 
Tene of tangents drawn froma point toa a circle are A 
it АЕ = AF, CD = -CEand BD = ВР З b 
We observe that CD = OE and CE = р 2 b. 
CD =r and CE=r | dh "a 
ow, 4 % А ] / 
АЕ = АЕ LS and BD- SBE 
a "and BF = BC -CD 
| and BF =a-r 


2 


ALITER From example 11, we obtain 
Ср = ck e 

=> 7 =5—С 

Жанес Atoe 


= = 

2 2 
EXAMPLE 13 In Fig. 8.26, AB and CD are common tangents to two circles of unequal radii. Prove 
жЕ [NCERT EXEMPLAR] 


SOLUTION Produce AB and CD to meet at P. The lengths of tangents drawn from P to the 
two circles are equal. 
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Fig. 8.26 
5 PA = PC and РВ = PD 
= PA — РВ = PC – PD 
=> АВ = СЮ 


EXAMPLE 14 [f all the side of a parallelogram touch a circle, show that the parallelogram is a 
‘rhombus. 


OR 
Prove that a parallelogram circumscribing a circle is a rhombus. 
ÍNCERT. CBSE 2000C, 2002, 2008, 2012, 2013, 2014] 
SOLUTION Let ABCD bea parallelogram such that its sides D R C 
touch a circle with centre O. 
We know that the tangents toa circle from an exterior point 
are equal in length. 


AP = AS [From A] dd) 

BP - BQ [From 8] (н) 

СЕ = CQ [From С] .. (iii) 
and, DR = DS [From D] ЧУ) A P B 
Adding (i), (ii), (iii) and (iv), we get "i sor 


AP + BP #CR + DR = AS + ВО + СО + DS 


Ss (АР + BP) + (СК + DR) (А5 + DS) + (ВО + CQ) 

= АВ.+ CD = AD + BC 

= 2 AB « 2 BC [^ ABCD is a parallelogram ~. AB = CD and BC = AD] 
= AB = BC 

Thus, АВ/= BC = CD = AD 

Hence, ABCD is a rhombus. 


EXAMPLE 15 PA and PB are tangents from P to the circle with centre O. At point M, a tangent is 
drawn cutting PA at Kand PBat N. Prove that KN = AK + BN. 


SOLUTION We know that the tangents drawn from an 
external point to a circle are equal in length. 


PA = PB [From P] ti) 
KA = KM [From K] „(ii) 
and, NB = NM [From N] (iii) 


Adding (ii) and (iii), we get 
KA + NB = KM + NM 


f 


у 
à 
| 
* 


—= — 
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= AK + BN = KM + MN 
> AK + BN = KN 


EXAMPLE 16 ABCD isa quadrilateral such that ZD = 90°. Acircle C( О, ғ) touches the sides АВ, 
; CDand Da at P, О, Rand S respectively. If BC- 38 cm, CD 225 cm and BP 2 27 ст, find r. 
SOLUTION Since tangents to a circle is perpendicular to the radius through the point. 


ZORD = ZOSD = 90° 


It is given that ZD = 90°. Also, OR = OS. Therefore, ORDS is a square. 
Since tangents from an exterior point to a circle are equal in length. 


BP = BQ 
CQ=CR D R c 
and, DR = DS. MN 
Now, 8 
BP = BQ 4 


> BQ = 27 [ BP = 27 cm (Given) ] 
= BC ~CQ = 27 ka 
= 38-CQ=27 [^ BC = 38cm] P 

=> CQ =11cm Fig. 8.29 

= CR = 11cm [MERCA] 

> CD- DR = 11 

> 25-рк = 11 [= CD 2 25cm] 
= DR=14cm 

But, ORDS is a square. Therefore, OR DR 14 cm. 

Hence, = 14 cm. 

EXAMPLE 17 Prove that the tangents at the extremities of any chord make equal angles with the 
chord. j [NCERT EXEMPLAR] 
SOLUTION Let AB bea chord ofa circle with centre O, and let AP and BP be the tangents at A 
and B respectively.Suppose the tangents meet at P. Join OP. Suppose OP meets AB at C. We 
havetgprovethat AC = ZPBC. 

In triangles PCA and PCB, we have 


> 


Fig. 8.30 
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PA = PB [^ Tangents from an external point are equal | 
ZAPC = ZBPC [- PA and PB are equally inclined to OP] 
and, PC = PC [Common] 
So, by SAS-criterion of congruence, we obtain 
APAC = APBC 
= ZPAC = ZPBC 


EXAMPLE 18  Froman external point P, two tangents PA and PB are drawn to the circle witſi centre 
O. Prove that OP is the perpendicular bisector of AB. 


[CBSE 2015] 
SOLUTION Suppose OP intersects AB at C. 
In triangles PAC and PBC, we have 
PA = PB [^ Tangents from an external point are equal | 
ZAPC = ZBPC [^ PA and PB are equally inclined to OP | 


and, PC = PC [Common] 


So, by SAS-criterion of similaritry, we obtain 


A 
APAC = APBC 
>> АС = BC and Z ACP = ZBCP " 
But, Z ACP + Z BCP = 180? E 


Z ACP = Z BCP = 90° 
Fig. 8.31 
Hence, OP 1 AB. 
EXAMPLE 19 Two tangeuts TP and TQ are drawn toa circle with centre О from an external point T. 


Prove that Z РТО = 2 ZOPQ. [NCERT, CBSE 2009, 2017] 
SOLUTION We know that lengths of tangents drawn from an external point to a circle are 
equal. 


P 

IP TQ 

=> ATPQ is an isosceles triangle. 
а 

= ZTPQ = ZTQP S 
In ATPQ, we have 

ZTPQ + ZTQP + ZPTQ = 180° Q 
= 2 СТРО = 180° pr — 
- ZTPQ = 90° – = ZPTQ 

1 o 
- ;4PTQ = 90 - ZTPQ К" 


Since, OP 1 ТР. 
. ZOPT = 90° 


E 
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=>  ZOPQ«ZTPQ = 90° 


= ZOPQ-9»-ZTPQ 00 
From (i) and (ii), we get 

1 y 

227 =ZOPQ = ZPTQ-2Z0PQ 
EXAMPLE 20 PQ is a chord of length 8 cm of a circle of radius 5 cm. The tangents at P and Q 
intersect at a point T. Find the length TP. [CBSE 2014, NCERT, CBSE 2016} 


SOLUTION Let TR = y. 
Since OT is perpendicular bisector of PQ. 


* PR=QR=4cm x 

In right triangle ORP, we have 
ОР? = ОК? + РК? 

> ОК? = OP? – PR? = 5° - 4? = 9 

=> OR =3cm. 

In right triangles PRT and OPT, we have 
TP? = TR? + PR? 

and, ОТ? = TP? + ОР? "di (ii) 
OT? = (TR? + PR?) + ОР? [ Substituting the value of TP? ] 


=> 
ә 
=> 


(у + 3)? = у? +16+25 


[Using (i) and (ii)] 


IT АТРО is isosceles and TO is the angle bisector of ZPTQ. Therefore, 
OT 1 PQ and OT bisects РО. 


D РК = QR = 4cm. 
In right triangle ОКР, we have 

OP? = OR? + РК? 
= OR? = OP? - PR? = 25-16=9 
= OR = 3ст. 
In triangles ТЕР and PRO, we have 


ZTPR + ZPTR = 90° and ZTPR + ZRPO = 90° 
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= ZTPR + ZPTR = ZTPR + ZRPO 
=> ZPTR = ZRPO 
Also, ZTRP = ZORP = 90° 
op. ри [Common] 
ATRP ~ APRO 


A ЖЕ AE UE 20 

PÓ RO 5 3 "34 

EXAMPLE 21 In Fig. 8.34, land m are two parallel tangents at A and B. The tangent at C makes an 
intercept DE between l and m. Prove that ZDFE = 90°. [ NCERT, CBSE 2000, 2013] 


SOLUTION білсе tangents drawn from an external point to a circle are equal. Therefore, 
DA=DC. 


Thus, in triangles ADF and DFC, we have 


DA = DC I A 5 
DF = DF Common] 
AF = CF [Radii of the same circle] 
So, by SSS-criterion of congruence, we obtain 
AADF = ADFC T 
= ZADF = ZCDF m 
=> ZADC = 2 ZCDF 0) B E 
Similarly, we can prove that Fig. 8.34 
ZBEF = ZCEF 
=> &СЕВ = 2 ZCEF (ii) 


Now, ZADC + ZCEB = 180° 


Sum of the interior angles on the same side of 
transversal is 180° 


> 2 ZCDF + 2 ZCEF =180° Using equations (i) and (ii)] 
= “СРЕ + CEE = 90° 

> ZCDF, ZCEF and FE are angles of a triangle 
=> 180%— ZDFE = 90° . ZCDF + ZCEF + ZDFE = 180° 
=> ZDFE = 90° 


EXAMPLE 22 Prove that the angle between two tangents drawn from an external point lo a circle is 
supplementary to the angle subtended by the line segments joining the points of contact at the centre. 


[NCERT] 
SOLUTION Let PA and PB be two tangents drawn from an external point P to a circle with 


centre O. We have to prove that angles ZAOBand ZAPB are supplementary i.e. 
ZAOB + “АРВ = 180°. 
In right triangles OAP and OBP, we have 


PA = PB [ Tangents drawn from an external point are equal | 
OA = OB 

and, OP = OP 

So, by SSS-criterion of congruence, we obtain 


[Each equal to radius] 
[Common] 


a Tis NN MATHEMATICS- x 
AOAP = AOBP 
= “ОРА = ZOPB and ZAOP = ZBOP 
= Z APB = 2 ZOPA and Z АОВ = 2 Z AOP -. (i) 
But, ZAOP - 90? — ZOPA [A AOAP is right triangle | 
2 ZAOP = 180° - 2 ZOPA 
E ZAOB = 180° – ZAPB [Using (i)] 
— ZAOB + ZAPB = 180° 


Type III BASED ON THE RESULT THAT THE TANGENT TO A CIRCLE AT A POINT IS 
PERPENDICULAR TO THE RADIUS THROUGH THE POINT 


EXAMPLE 23 Show that tangent lines at tie end points of a diameter of a circle are parallel. 


[CBSE 2014, 2017, NCERT) 
SOLUTION Let AB be a diameter ё. a given circle, and let PQand RS be the tangent lines 


drawn to the circle at points ‘ont respectively. Since tangent at a point to a circle is 
perpendicular to the radius through the e point. 


ы B 5 


АВ 1 PQand АВ 1 RS f 


= ZPAB = 90° and ZABS = 90° d 
5 ZPAB = ZABS 
= RS [ie ZPAB and ZABS are alternate angles] 


EXAMPLE 24 In two concentric circles, prove that a chord of larger circle which is tangent to 
smaller circle is bisected at the point of contact [CBSE 2012] 


SOLUTION Let Obe the common centre of two con-centric circles, and let AB be a chord of 
tt — oching the smaller cirdeat P: S57 ре 


CIRCLES 8.21 


А в 
Fig. 8.37 
Join OP. 
Since OP is the radius of the smaller circle and AB is a tangent to this circle at a point P. 


OP 1 AB 


We know that the perpendicular drawn from the centre of a circle to any chord of the circle, 
bisects the chord. So, 


OP 1 AB 
=> AP = BP 
Hence, AB is bisected at P. 


EXAMPLE 25 In two concentric circles, a chord of length 24 cm of larger circle becomes a tangent to 
the smaller circle whose radius is 5 cm. Find the radius of the larger circle. 

SOLUTION Let O be the centre of concentric circles and APB be the chord of length 24 cm, of 
the larger circle touching the smaller circle at P. Then, OP 1 AB and P is the mid-point of 
AB. 


AP = PB=12cm 


— 


Fig. 8.38 
In AOPA, we have 
ОА? = ОР? + AP? [By Pythagoras Theorem] 
z9 OA? = 5! + 122 = 169 
= OA = 13cm 


Hence, the radius of the smaller circle is 13 cm. 


EXAMPLE 26 Two concentric circles are of radii 5 cm and 3 cm. Find the length of the chord of the 
larger circle which touches the smaller circle. INCERT] 
SOLUTION Let O be the centre of the concentric circles of radii 5 cm and 3 em respectively. 
Let AB be a chord of the larger circle touching the smaller circle at P, Then 


АР = PB and ОР 1 АВ 
Applying Pythagoras theorem in AOPA , we have 
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Fig. 8.39 
OA? = OP? + AP? 
> 25 =9+ AP? 
=> АР? = 16 = AP=4cm 
АВ = 2АР = 8cm 


EXAMPLE 27 The radii of two concentric circles are 13 cm and & em. AB is a diameter of the bigger 
circle. BD isa tangent to the smaller circle touching it at D. Find the length AD. 
SOLUTION Produce BD to meet the bigger circle at E. Join AE. Then, 


2 AEB = 90 [Angle їп а semicircle] 
OD 1 BE l BE is tangent to the smaller circle at D and OD is its radius] 
and, BD=DE [-; BE is a chord of the circle and OD | ВЕ] 
OD || AE [.` 2 AEB = ZODB = 90°] 
In A AEB, Oand Daremid-points of ABand BE. Therefore, by mid-point theorem, we have 
OD = АЕ | 
=> AE=2x8=16cm OD = 8 cm] 


In AODB, we have 


OB* = OD? + BD? [By Pythagoras Theorem] 
— 13? — 8? T BD? 
= BD? = 169 – 64 = 105 
=> BD = 4105 cm 
= DE = V105 cm [-- BD- DE] 


ЫЫ. 


CIRCLES 8.23 
In AAED, we have 

АР? = АЕ? + ED? [By Pythagoras Theorem] 
5 АО? = 16? + (105)? = 256 + 105 = 361 
=> AD = 19 cm 
EXAMPLE 28 [n Fig. 8.41, О is the centre of the circle. PA and PB are tangent segments. Show that 
the quadrilateral AOBP is cyclic. [NCERT EXEMPLAR] 


SOLUTION Since tangent at a point to a circle is perpendi-cular to the radius through the 
point. 


A 
Р 
B 
Fig. 8.41 

OA L AP and OB L BP 
=> ZOAP = 90° and ZOBP = 90° 
> ZOAP + ZOBP = 90° + 90° = 180° (i) 
In quadrilateral OAPB, we have 

ZOAP + ZAPB + ZAOB + ZOBP = 360° 
= (ZAPB + ZAOB) + (ZOAP + ZOBP) = 360° 
= ZAPB + ZAOB + 180° = 360° [Using (i)] 
=> ZAPB + ZAOB = 180° (ii) 


From (i) and (ii), we can say that the quadrilateral AOBP is cyclic. 


Type IV BASED ON THE RESULT THAT THE TANGENTS DRAWN FROM AN EXTERNAL 
POINT OF A CIRCLE SUBTEND EQUAL ANGLES AT THE CENTRE 


EXAMPLE 29 Acircle touches the sides of a quadrilateral ABCD at P, О, К, S respectively. Show 
that the angles subtended at the centre by a pair of opposite sides are supplementary. 


INCERT, CBSE 2012, 2014] 
GIVEN А circle withcentre О touches the sides AB, BC, CD and DA of a quadrilateral ABCD 
at the points P,Q, Rand S respectively. 


TO PROVE < ZAOB + ZCOD = 180° and, ZAOD + ZBOC = 180° 


= — = CI - 
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CONSTRUCTION Join OP, OQ, OR and OS. 


PROOF Since the two tangents drawn from an external point to a circle subtend equal 
angles at the centre. 


Z1-22,Z23- 74,252 Z6 and Z7- Z8 


Sum ofall theangles 
Now, &1+ 22+ 23+ 24+ 25+ 26+ 774 728-360? subtended at a point — 
= 2(22 + 23 + 26+ 27) = 360 and 2(21+ Z8 + 24+ Z5) = 360° 
is (22 + Z3) + (Z6 + Z7) = 180° and (21+ Z8) + (Z4 + Z5) = 180° 
v 22+ 23 = “АОВ, 26+ 27 = ZCOD 
> “АОВ + ZCOD = 180° Zi + Z8 = ZAODand 24+ 25 = Boc | 
and, ZAOD + ZBOC = 180° 


Type V MISCELLANEOUS PROBLEMS 

EXAMPLE 30 Prove that the segment joining the points of contact of two parallel tangents passes 
through the centre. [CBSE 2014] 
SOLUTION Let PAQ and RBS be two parallel tangents to a circle with centre О. 

Join OA and OB. Draw CC || PQ. 


Now, PA || CO 
Р А а 
е Ұ 
O 
ET 
1 ?* 
e ON А R 8 x 
> Ф. Fig. 8.43 
Д Ф. Sum of the angles on the same 
m ZPAO + ZCOA = 180° side of a transversal is 180° 
- Эъ 90° + ZCOA = 180° [^ ZPAO = angle between а tangent and radius = 90°] 
=> ZCOA = 90° 


Similarly, /СОВ = 90° 
ZCOA + ZCOB = 90° + 90° = 180° 
Hence, АОВ is a straight line passing through О. 


EXAMPLE 31 O is the centre of a circle of radius 5 cm. T is a point such that OT = 13 cm and OT 
intersects the circle at E. If AB is the tangent to the circleat E, find length of AB. 


[CBSE 2016, NCERT EXEMPLAR] 


„> 


| 


с 
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SOLUTION Clearly ZOPT = 90° 
Fig. 8.44 

Applying Pythagoras in AOPT, we have 

ОТ? = ОР? + PT? 
= 13? * + pr? 
= РТ? =169- 25 = 144 
> PT =12cm 
Since lengths of tangents drawn from a point to a circle are equal. Therefore, 

AP = AE = x (say) 
=> AT = PT - АР = (12 - x)cm 
Since AB is the tangent to the circle E. Therefore, OF | AB 
= ZOEA = 90° 
> ZAET = 90° 
5 AT? = AE? + ET? [Applying Pythagoras Theorem in А АЕТ ] 
=> (12- x)? = x? + (13-5)? 
> 144 - 24x T х®+64 
> 24x = 80 

* * x cm 
ы 2 
Similarly, BE = Pem 

AB = AE + BE - (12 g) em = em 


EXAMPLE 32 The radius of the incircle ofa triangle is 4 cm and the segments into which one side is 
divided by the point of contact are 6 cm and 8 cm. Determine the other two sides of the triangle. 


[CBSE 2014, NCERT] 
SOLUTION Let Ibe the incentre of A ABC such that in-radius = IL= IM = IN =4 ст. 


Also, AM cm, and CM =8 cm. 


| p 
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=AN 

а= ВС= BL« СІ. = (+8) ст 

= АС= АМ + СМ = (6+8) ст = 14 cm 
апа, c=AB=AN+BN=(x+6)cm 
X 2s=a+bic 
=> 2s =x+8+144+x+6 
> 5=х+ 14 
Now, 


Area of А АВС = Js(s-a)(s—b)(s—c) 
(x+14)(x+14—x-8)(x+14-14)(x+14=+x-6) 
= \(x+14)x(6)x(x)x8 en 
= /48x(x +14) c 0 
Area of A ABC = Area of AIBC + Area of AICA Area of AIAB 
1 


x BCx IL+ =x CA IM + жАВх IN 


= 


юке м | 


x(x+8) x4 box Med e x (1 6)x4 


= 2(x+8)#28 42(x+6)cm? = 4х + 56cm? (ii) 
From (i) and (ii), we get 


48x (T7 14) = (4x + 56) 

48x(x+14) =(4x +56)? 

48x(x + 14) = 16(x +14)? 

Зх(х +14) =(x +14) 
x (x +14)-(х +14)? =0 

(x+14)(3x-x-14)=0 

2(x+14)(x-7) =0 

x-7=0 [^x»0.. x14 0] 
x27 

BC = (x * 8) ст = 15cm and АВ = (x ＋ 6)cm = 13cm. 


UU UU Vode y 


EXAMPLE 33 A circle is inscribed ina Д ABC having sides 8 cm, 10 cm and 12 ст as shown in 
Fig. 8.46. Find AD, BEand CF. 


[CBSE 2001, 2013, 2015, 2016] 


э же 
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ene ne We know that the tangents drawn from an external point to a circle are equal. 
erefore, 


AD = AF = x, say 
BD = BE = y, say 
and, СЕ = CF = z, say 


Now, 
AB = 12cm, BC = 8cm and, CA = 10cm 
=> x+y=12,y+z=8andz+x=10 
> (x+y)+(y+z)+(z4+x)=12+8+410 
= 2(x+y+z)=30 
= x+y+z=15 
Now, 
x+y=12andx+y+z=15 => 12+z=15 > 3. 
y+z=8andx+y+z=15 > х+8 = 15 > х= 
and, 2+х=10апіх+у+== 15 = y+10=15.> У = 5. 


Hence, Ар = х= 7 ст, ВЕ = у= 5 стапа СЕ = z = Зі. 
EXAMPLE 34. Find the locus of the centres of circles which touch a given line at а given point. 
SOLUTION Let APB be the given line, and let a circle with centre О touch APB at P. Then, 


ZOPB = 90°. Let there be another circle with centre O’ which touches the line APB at P. 
Then, ZO'PB -90*. 


A B 


P 
Fig. 8.47 


This is possible only when O and O' lie on the same line O'OP. Hence, the required locus 
is a line perpendicular to the given line at the point of contact. 


EXAMPLE 3$ In Fig. 8.48, circles C (O, r) and C (O' r/2) touch internally at a point A and AB isa 
chord of the circie (О, ғ) intersecting C(O’, r/2) at C. Prove that AC = CB. 


SOLUTION Join OA, OC and OB. Clearly, ZOCA is the angle in a semi-circle. 


Fig. 8.48 


MATHEMATICS. x 


ST. Sorby RHS-criterion of congruence, we get 
d _____ AOCA = AOCB 
T Ac 
Н EXAMPLE 36 In two concentric circles, prove that all chords of the outer circle which touch the inver 
! 


M. are of equal length. 
| SOLUTION Let AB and CD be two chords of the circle which touch the inner circle at M and 


Nrespectively. 8 


Fg.49 
Then, we have to prove that AB=CD | 
Since AB and CD are tangents to the smaller circle. 
; ОМ = ON = Radius of the smaller circle. 
Thus, AB and CD are two chords of the larger circle such that they are equidistant from 
the centre. & є 
Hence, АВ = p=, — 
7 Fin the locus of centres of circles which touch two intersecting lines, 
SOLUTION Let Ii and hz be two intersecting lines which intersect at point P. Let O be the 
centre ofthe circle which touches both I, and ii. 


“у, 
a 4^» ч 
2 ү, 


In triangles ОАР and OBP, we obtain 
OA = OB [Each equal to radius] 


— — 
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PA = PB [ Tangents drawn from an external point to a circle are equal | 
and. Ж [Common] 
So, by SSS-congruence criterion, we obtain 
AOAP = AOBP 
= ZAPO = ZBPO 
E OP is the bisector of ZAPB 
=> O lies on the bisector of the angle between /, and l. 


Hence, the required locus is the line bisecting the angle between the given lines. 


EXAMPLE zs Let A be one point of intersection of two intersecting circles with centres O and О. The 
tangents at A to the two circles meet the circles again at Band C, respectively. Let the point P be located 
so that AOPQ isa parallelogram. Prove that P is the circumcentre of the triangle ABC, 


SOLUTION In order to prove that P is the circumcentre of A ABC, itis sufficient to show that 
P is the point of intersection of perpendicular bisectors of the sides of 


Fig. 8.51 


AABC, i.e. OP and PQ areperpendicular bisectors of sides AB and AC respectively. Now, 
AC is tangent at A to the circle with centre at О and OA is its radius. 


OA 1 AG 
> РО AC [^ ОЛОР is a parallelogram ~. OA || PQ] 
=> PQ is the perpendicular bisector of AC. [г Q is the centre of the circle | 
Similarly, BA is the tangent to the circle at A and AQ is its radius through A. 

BA L AQ 

BA L OP [> ДОРО is parallelogram г. OP || AQ] 
=> OP is the perpendicular bisector of AB. 


Thus, P is the point of intersection of perpendicular bisectors РО and PO of sides AC and AB 
respectively 


Hence, P is the circumcentre of A ABC. 


EXAMPLE 39 Twocircles with centres A and B of radii 3 cm and 4 cm respectively intersect at two 
points C and D such that AC and BC are tangents to the two circles. Find the length of the common 


chord CD. INCERT EXEMPLAR] 


“ЖОС: MATHEMATICS. x 


SOLUTION ‘Since tangent at a point to a circle is perpendicular to the radius through the 


rere 


point of contact. Therefore, Z ACB = 90° 


In AACB, we have 


АВ? = AC? + BC? [By Pythagoras Theorem] 
> АВ? = 32 + 42 = 9 +16 = 25 
> AB=5cm 


Since the line joining the centres of two intersecting circles is perpendicular bisector of their 
common chord. 


AP 1 CD and CP = PD 


Let AP = x. Then, BP - 5- x [- AB=5cm] 
Further, let CP = DP = y cm. 
In A APC and A BPC applying Pythagoras theorem, we have 


AC? = AP? + PC?)»BC? = pp? + pc? 


=> 3? = х? and 4 > (5-3)! +y? 

= 4? 3% = {(5-x)? +2) (52 + у?) [On subtracting first from second] 
= 7 =25-10x 

=> 10x=18 = x-18cm 


3!- x +y? = y= - (18)? = 4576 = 24cm 


Hence, CD = 2CP = 2y = 48cm 


EXAMPLE 40 Ifan isosceles triangle ABC in which AB = AC = 6 cm is inscribed in a circle of radius 
9 cm, find the area of the triangle. [NCERT EXEMPLAR] 


SOLUTION LetObethecentre of the circle and let P be the mid-point of BC. Then, OP 1 BC. 
Since A ABC isisosceles and P is the mid-point of BC. Therefore, др | BC as median from 
the vertex in an isosceles triangle is perpendicular to the base. 


Let AP x and РВ= СР=у. 
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Fig. 8.53 
Applying Pythagoras theorem in A's APB and OPB, we have 
АВ? = ВР? + АР? and ОВ? = ОР? + ВР? 


=? 36 = y^ + х? 0) and, 81 = (9- x + y? . (ii) 
81 — 36 = 0 -xy + у? | = ue £x | [Subtracting (i) from (ii)] 
= 45 = 81— 18x 

= х= 201 


Putting x = 2 in (i), we get 
36 = y^ +4 = y =32 > ys 4V¥2em 
BC = 2BP = 2y = 842 cm 
Hence, Area of A ABC = jc х АР = d x 842 x 2cm? = 842 cm? 


LE 41 AB isa diameter of a circle. P is a point on the semi-circle АРВ. AH and BK are 
perpendiculars from A and B respectively to the tangent at Р, Prove that AH + BK = AB. 


SOLUTION Clearly, Z MPO - 90* 


Fig. 8.54 


Since BK 1 HM, AH 1 HM and OP 1 HM. Therefore, AH || OP || ВК. 
Let AH = х, BK = y and OP =r. Further, let BM - z. 


— a —À qued „=, as - f 
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[Common] 
m cud Š MB у = = 2 

CC, i 
In AMKB and A MPO, we have 

2 MKB = Z MPO = 90° 

ZBMK = ZOMP 4 [Common] 
So, by AA criterion of similarity, we obtain А 

А MKB ~ AMPO 

BK_ BM 20 2 = 
p ОР ТОМ — prx; Ute 2 ЭЩ ИЕ gm ...(ii) 
From (i) and (ii), we get 


уух fa, May — ABS AH K 
т-у x-y e 


EXAMPLE 42 From an external point P,a tangent PTanda line segment PAB is drawn toa circle 


with centre O. ON ie perpendicular oe chorda E: Prove that 
) PA.PB = PN? — AN? (i) EN Ale = OP? - ОТ? 
а Му — INCERT EXEMPLAR] 


SOLUTION (i) PA.PB U AN)(PN + BN) 697. 45 
= (PN - 00 (PN + AN) . Nis the mid-point of AB 
=> AN = BN 


ts: P PN? - 
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(ii) Applying Pythagoras theorem in right triangle PNO , we obtain 
ОР? = ON? + PN? = PN? = op? ON 
PN? — AN? = (OP? - ON?) - AN? 
= OP? — (ON? + AN?) 
= ОР? – ОА? [Using Pythagoras theorem in AONA | 
= Op? - ОТ? [^ OA = ОТ = radius] 


(iii) From (i) and (ii), we obtain 

PA - РВ = PN? - AN? and PN? - AN? = ОР? - ОТ? 
=> PA PB = OP? - OT? 
Applying Pythagoras theorem in A OTP, we obtain 


ОР? = OT? + PT? 2 OP? - OT? = PT? 
Thus, we obtain 


PA. PB OP? - ОТ? and OP? - OT? «PT? 
Hence, PA . PB = PT?. 


EXERCISE 8.2 


LEVEL-1 
1. If PT is a tangent at T to a circle whose centre is О and OP = 17 cm, OT = em, Find the 1 
length of the tangent segment P. 


2. Find the length of a tangent drawn to a circle with radius 5 cm, from a point 
13 cm from the centre of the circle. 


3. A point P is 26 m away from the centre О of a circle and the length PT of the tangent 
drawn from P to the circle is 10 cm. Find the radius of the circle. 

4. If from any pointon the common chord of two intersecting circles, tangents be drawn to 
thecircles, prove that they are equal. 


5, If the sides of a quadrilateral touch a circle, prove that the sum of a pair of opposite sides 
is equal to the sum of the other pair. 


- — 


6. Out of the two concentric circles, the radius of the outer circle is 5 em and the chord AC 
of length 8 cm is a tangent to the inner circle. Find the radius of the inner circle. 4 


[NCERT EXEMPLAR] 
7. A chord PQ ofa circle is parallel to the tangent drawn at a point R of the circle. Prove that 
R bisects the arc PRQ. [NCERT EXEMPLAR] 
8. Prove that a diameter AB of a circle bisects all those chords which are parallel to the 
tangent at the point A. [NCERT EXEMPLAR] 

9. If AB, AC, PQ are tangents in Fig. 8.56 and AB =5 cm, find the perimeter of A. 
| CBSE 2000] 
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ep Fig. 8.56 
10, Prove that the intercept of a tangent between two parallel tangents to a circle subtends a 
au right angleat the centre. 
n ч if 11. In Fig. 8.57, PQ is tangent at a point R of the circle with centre О. If ZTRQ = 30°, find 
mZPRS, 


) Fig. 8.57 


12. If PA and PB are tangents from an outside point P. such that-PA = 10 cm and 
ZAPB = 60°, Find the length of chord AB. [CBSE 2016] 


B. In a right triangle ABC in which ZB = 90°, a circle is drawn with AB as diameter 
intersecting the hypotenuse AC at P. Prove that the tangent to the cirdle at P bisects 
BC. i [NCERT EXEMPLAR] 

14. Fromanexternal point P, tangents PA and PB are drawn toa circle with centre O. At one 
point E on the circle tangent is drawn, which intersects PA and PB at C and D 
respectively. If PA = 14 cm, find the perimeter of A PCD. 


DESSEN TS 22 
* 


— — 


— 
Chr 


[NCERT EXEMPLAR] 


15. In Fig. 8.58, ABC isa right triangle right-angled at B such that BC 2 em and AB =8 cm. 
Find the radius of its incircle. [CBSE 2002] 
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A 
R 
в 0 . C 
Fig. 8.58 
16, Prove that the tangent drawn at the mid-point of an arc of a circle is parallel to the chord 
joining the end points of the arc. [NCERT EXEMPLAR] 


17. From a point P, two tangents PA and PB are drawn to a circle with centre O. If 
OP = diameter of the circle, show that A APB is equilateral. 


18. Two tangent segments РА and РВ are drawn to а circle; with centre O such that 
“АРВ = 120° . Prove that OP 22 AP. [CBSE 2014] 


19. If A АВС is isosceles with AB = AC and C (O, г) is the incircle of the A ABC touching BC 
at L, prove that L bisects BC. 


B is a diameter and AC isa chord of a circle with centre О such that “BAC = 30°. The 
tangent at C intersects AB ata point D. Prove that BC=BD. 


[NCERT EXEMPLAR] 
21. In Fig. 8.59, a circle touches all the four sides of a quadrilateral ABCD with 
AB = бст, BC =7 cm and CD - 4 ст. Find AD. [CBSE 2002] 
D я —— 
y | 
S 
N. | 
А Р B 
Fig. 8.59 


22. Prove that the perpendicular at the point of contact to the tangent to a circle passes 
through the centre of the circle. 


23. Two circles touch externally at a point P. From а point T on the tangent at P, tangents TQ 
and TR are drawn to the circles with points of contact Q and R respectively. Prove that 
TQ=TR. 
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Fig. 8.60 


24. Aisa pointata distance 13 cm from the centre O ofa circle of radius 5 cm. AP and AQ are 
the tangents to the circle at P and Q. If a tangent BC is drawn ata point R lying on the 


minor arc PQ to intersect AP at B and AQ at C, find the perimeter of the A АВС. 
(г z У [NCERT EXEMPLAR] 
25. In Fig. 8.61, a circle is inscribed in a quadrilateral ABCD in which ZB = 90°. If 
AD = 23 cm, АВ = 29 cm and DS = 5 cm, find the radius r of the circle. 


vy 
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үй gf wr 
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| 
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К Fig, 8.61 A Fig. 8.62 
3 1 26. In Fig. 8.62, there are two concentric circles with centre О of radii 5 em and 3 cm. From an 
К E external point P, tangents PA and PB are drawn to these circles. If AP = 12 cm, find the 
7 lengthof Bp. [CBSE 2010, 2012, 2016} 
{ $ 27. In Fig. 8.63, AB isa chord of length 16 cm of a circle of radius 10 cm. The tangents at A and 
$ B Bintersect ata point P. Find the length of PA. [CBSE 2010] 
E Е F 7 7 
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28. In Fig. 8.64, PA and PB are tangents from an external point P toa circle with centre O. LN 
touches the circle at M. Prove that PL + LM = PN + MN. [CBSE 2010] 


Fig. 8.64 
29. In Fig. 8.65, BDC is a tangent to the given circle at point D such that BD = 30.cm and 
™ CD -7cm. The other tangents BE and CF are drawn respectively from B. and C to the 
circle and meet when produced at A making BAC a right angle triangle. 
Calculate (1) AF (i1) radius of the circle. 


B 
30 cm 
D 
" 7 cm 
A P Cc 
Fig. 8.65 


30. If d, de (d, di) be the diameters of two concentric circles and c be the length of a chord 
of a circle which is tangent to the other circle, prove that de = с? + a. 
[NCERT EXEMPLAR] 
31. In Fig. 8.66, tangents PQ and PR are drawn from an external point P toa circle with centre 
O, such that Z RPQ = 30°. A chord RS is drawn parallel to the tangent PQ. Find 2 RQS. 
[CBSE2015, NCERT EXEMPLAR] 


Г 


О Р 


Fig. 8.66 
32. From an external point P, tangents PA = PB are drawn to a circle with centre O. If 
ZPAB = 50°, then find ZAOB. [CBSE 2016] 


8.38 
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33. In Fig. 8.67, two tangents AB and AC are drawn to a circle with centre O such that 
ВАС = 120°. Prove that OA = 2AB. [CBSE 2016] 


Fig. 8.67 
HEN. 34. The lengths of three consecutive sides of a quadrilateral circumscribing a circle are 
LU 4 cm, 5 cm, and 7 cm respectively. Determine the length of the fourth side. 
f í 35. The common tangents AB and CD to two circles with centres O and O' intersect atE 
* between their centres. Prove that the points O, E and Ó' are collinear. 
T3 [NCERT EXEMPLAR] 


36. In Fig. 8.68, common tangents PQ and Rs to two circles intersect at A. Prove that 
PQ-RS. [CBSE2014, NCERT EXEMPLAR] 


— +e 


D= 


— 22 


— . ды 5 


T N .me 


Fig. 8.68 


37. Two concentric circles are of diameters 30 cm and 18 cm. Find the length of the chord of 
the larger circle which touches the smaller circle. [CBSE 2014] 


b 38. AB and CD are common tangents to two circles of equal radii. Prove that AB = CD. 

rH [NCERT EXEMPLAR] 

Eji 39. A triangle POR is drawn to circumscribe a circle of radiys 8 cm such that the segments 
i QT and TR, into which QR is divided by the point of contact T, are of lengths 14 cm and 

m i 16 cm respectively. If area of A PQR is 336 cm’, find the sides PQ and PR. 

+e [CBSE 2014] 


. 
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40. In Fig. 8.69, the tangent ata point C of a circle and a diameter AB when extended intersect 
at P. If ZPCA = 1105, find 7CBA. [NCERT EXEMPLAR] 


[Hint: Join CO.] 


Fig. 8.69 
41. AB is a chord of a circle with centre О, AOC is a diameter and AT is the tangent at A as 
shown in Fig. 8.70. Prove that ZBAT = ZACB. [NCERT EXEMPLAR] 
Cc 


12. In Fig. 8.71, a A ABC is drawn to circumscribe a circle of radius 4 cm such that the 
segments BD and DC are of lengths 8 cm and 6 cm respectively. Find the lengths of 


sides AB and AC, when area of A ABC is 84 cm. [CBSE 2015] 


A 


B 8cm D 6cm С 


＋ 


272 


A Ж 


Fig. 8.71 Fig. 8.72 
43. In Fig. 8.72, AB is a diameter of a circle with centre O and AT is a tangent. If 
Z AOQ = 58°, find Z ATQ. [CBSE 2015] 
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44. In Fig. 873, OQ: PQ =3:4 and perimeter of A POQ = 60 cm. Determine PQ, QR and Op. 
t P rd 


uz 
ie ү 
vg 
“TS 
* 
R 


— 2 
Š B Fig. 8.73 | 
* 45. Equal circles with centres O and Q' touch each other at X. OO' produced to meet a circle 
"Ud with centre O', at A. AC is a tangent to the circle whose centre is O. O'D is 
E 


perpendicular to AC. Find the value of —— 


DO 
GO; 


= 4 
JL > À 
; E ч 
A 
` + 
ыа. 


to the rie with centre O. OE bisects AP. Prove that 
PN : 


75 Fig. 8.76 
C QO. The tangents to the circleat Pand Q intersect at a point T. Prove 

"а erc Шы 

е A 
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18. In Fig. 8.77, O is the centre of the circle and BCD is tangent to it at C. Prove that 
“ВАС + Z ACD = 90°. 


A 
B С D 
Fig. 8.77 
3% Prove that the centre of a circle touching two intersecting lines lies on the angle bisector 
of the lines. [NCERT EXEMPLAR] 


50. In Fig. 8.78, there are two concentric circles with centre О. PRE and POS are tangents to 


the inner circle from a point P lying on the outer circle. If PR #5 cm, find the length of PS. 
[CBSE 2017] Ра 
5 
| Ox 
T 
Fig. 8.78 


In Fig. 8.79, PQ is a tangent from an external point P to a circle with centre O and OP cuts 
the circle at F and QOR is a diameter. If Z POR = 130° and S is a point on the circle, find 
21.2% [CBSE 2017] 
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52. In Fig. 8.80, PA and PB are tangents to the circle from an external point P. CD is another 
tangent touching the circle at Q. If PA = 12 cm, QC = QD = 3 cm, then fing 
РС + PD. [CBSE 2017] 


Fig. 8.80 

—— AA ANSWERS 
1. 15cm 2. 12cm 3. 24cm 6. 3cm 910cm, I. 60° 
12. 10cm 14. 28cm 15. 2cm 21. 3cm 24 24cm. 25. 11. cm 

LI * 40 

| 26. 4/lÜcm 27. з Чї 29. ()5em(i)5cm 31. 75° 32. 100° 

T 34. 6cm 37. 24cm 40. 70 42. 13cm, 15cm 43. 61° 

1 

44. PQ=20cm, QR-30cm,OP-25cm 45. 3 50. 10cm 52. 18cm 


HINTS TO SELECTED PROBLEMS 


r 


1. Since AOTP is a right triangle. Therefore, 
OT? + PT? = O = = ОР? - ОТ? => РТ? =17? -8? > РТ = 15ст. 
9. Wehave, PB = PX, QC « QX and AB = AC 
‘~ Perimeter of AAPQ = AP + РО + AQ 
= АР + (РХ + ХО) + AQ 
= (AP + PX) + (AQ + XQ) 
= (AP + РВ) + (AQ + QC) = AB + АС = 10 ст. 
11. We have, ZTRQ = 30° . Since ST isa diameter and angle in a semi-circle is a right angle. 
Therefore, ZSRT = 90°. 
Now, ZTRQ + ZSRT + ZPRS = 180° = 30° + 90° PRS = 180° = RS = 60° 
12. Tangents from an external point are equal in length. Therefore, 
PA = РВ => APABisisosceles = ZPAB = ZPBA = 60° = АРАВ is equilateral 
Hence, AB = 10 cm. 
15. Wehave, AR = АР = AB- ВР = (8-r)cm and, СК = СО = CB- BQ - (6 — r) cm. 
. AC = AR «CR = (8- r6 – r)cm = (14 - 2r) cm 
Now, AC? = АВ? + ВС? => (14-2r? = 8 +62 => r-2cm 
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17. 


843 


Jom OP. Suppose OP meets the circle at Q. join AQ. 
Now, 


OP = Diameter 

OQ + PQ = Diameter 

PQ = Diameter — Radius [ ОО = radius] 
=> РО = Radius. 

ОО = PQ = Radius. 


Thus, OP is the hypotenuse of right triangle ОАР and Q is the mid-point of OD; The mid- 
point of hypotenuse of a right triangle is equidistant from the vertices 


OA = AQ - OQ 
= AOAQis equilateral 
=> ZAOQ=60° 
So, ZAPO = 30°. 
. ZAPB = 2ZAPO = 60° 
Also, РА = РВ = ZPAB = ZPBA. 
But, “АРВ = 60°. Therefore, AB = ZPBA =60° 


ш 


ш 


Hence, А АРВ is equilateral 


. Inexample 9 on page 8.12, we have proved that if a circle touches all the four sides of 


quadrilateral ABCD. Then, 
AB + CD = АЮ + BC > 6+4= AD +7 = AD = Зст. 


The tangents drawn from an external point to a circle are equal. 


TP = ТО and TP = TR.— TQ = TR 


. Proceed as in Example 16. 


join OA, OB and OP. In AOA, we have 


OP? = ОЙ? Ab ОР? = 5° + 122 => OP =13cm 
In AOBP, we have 


ОР? = OB? + BP? => 132 - 3 + BP? = BP? = 169-9 = 160 => BP = 160 cm = 4410 cm 


We have, AB = 16cm. Therefore, AL = BL = 8cm. 


In AOLB, we have 


OB? = OL + LB? => 10° = OL’ +8? => OL = 100-64 = 36 => OL = бст 
Let PL = x and PB = y. Then, OP = (x + 6) cm. 


In A's PLB and OBP, we have 
PB? = PI? + BE and OP? = OB? + pp? 


= y? =x? +64 and (x +6)" = 100+ y? [Substituting the value of 17 in second equation] 


2 32 
= (x46) = 100 * +64 = 12х = 128 = х = ет 
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2 40 
* 2 +64 a у -(22) +64 = 1000 > у= em 
3 9 3 
Hence, PA = PB = com 
28. Wehave, 
PA = PB [Tangents drawn from Р] 
=> PL+AL=PN+BN => PL + LM = PN MN [^ AL = LM and BN = MN] 
33. In A's OAB and OAC, we have 
ZOBA = “ОСА = 90? and, ОА - OA [Common] 
So, by RHS congruence criterion, we obtain 
ЛОВА = ДОСА = ZOAB- ZOAC = 1 х 120° = 60° 


In AOBA, we have 


cos 60° = АВ l AB 


36. АР= АКапа AS=AQ => AP+AQ=AS+AR = PQ-SR 


39. Since length of tangents drawn from a point to a circle are equal. Therefore, 
QS = AT = 14 cm, RU = RT = 16cm and, Ps - PU = x. 


О 14ст Т — 16cm R 
Fig. 8.81 
Thus, PQ = x + 14, PR = x + 16 and QR = 30 
Now, Area of APQR = Area of AIQR + Area of AIQP + Area of AIPR 


=> 396 = 2 (QRx8)+5(14+2)x8+ 7 (16 3)8 


=> 84=30+14+х+16+х 
=> 24 21 x =12 
Hence, PQ = 26cm and PR = 28cm 
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47. In A's TPOand ТОО, we have 
ZTPO = ZTQO [Eqch equal to 90°] 
So, by RHS congruence criterion, we obtain 
АТРО = АТОО = “РТО = ZQTO 
Also, APTR = AQTR [By SAS congruence criterion] 
РК QR and ZTRP = Z TRQ 
But, ZTRP + ZTRQ = 180° 
ZTRP = ZTRQ = 90° 
Hence, PQand OT are right bisectors of each other. 


48. OA=OC [Each equal to radius] 
= ZOAC = COCA i) 


Clearly, ZOCD = 90° 

= «АСР + ZOCA = 90° 

= ZACD + ZOAC = 90° [From (i)] 
= ZACD+ ZBAC = 90° 


VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 


Answer each of the following questions either in one word or one sentence or as per requirement of the 
questions: 


1. In Fig. 8.82, PA and PB are tangents to the circle drawn from an external point P. CD is a 
third tangent touching the circle at O. If PB = 10cm and CQ =2 cm, whatis the length PC? 


Fig. 8.82 


2. What is the distance between two parallel tangents of a circle of radius 4 cm? 


3. The length of tangent from à point A ata distance of 5 cm from the centre of the circle is 
4 cm. What is the radius of the circle? 

4. Two tangents TP and TQ are drawn from an external point T to a circle with centre O as 
shown in Fig. 8.83. If they are inclined to each other at an angle of 100°, then what is 


the value of ZPOQ? 


MATHEMATICS- x 


i 
UE 
T Fig. 8.83 
- 
LE 5. Whatthedistance between two parallel tangents to a circle of radius 5 cm? 


In Q. No. 1, if PB = 10cm, what is the perimeter of A PCD? 


In Fig. 8.84, CP and CQ are tangents to a circle with centre O. ARB is another tangent 
touching the circle at R. If CP = 11 ст and BC = 7 cm, then find the length 


of BR. [CBSE 2009] 


. - 
—— 


oN а 


Fig. 8.84 
8. In Fig. 8.85, A ABC iscircumscribing a circle. Find the length of BC. [CBSE 2009] 


Fig. 8.85 


9. In Fig. 8.86, CP and CQ are tangents from an external point C to a circle with centre О. AB 
is another tangent which touches the circle at R. If CP = 11 cm and BR = 4 cm, find the 


length of BC. [CBSE 2010] 
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Fig. 8.86 


[Hint: We have, CP = 11 cm 
СР = СО = CQOslicm 
Now, ВК = ВО 
= ВО = 4ст 
ВС = CQ - ВО = (11 - 4)cm = 7 ст 


10. Two concentric circles are of radii 5 cm and 3 ста the length of the chord of the 
larger circle which touches the smaller circle. 


[Tangents drawn from B] 


11. In Fig. 8.87, PA and PB are tangents to the circle with centre O such that ZAPB = 50°. 


Write the measure of ZOAB. [CBSE 2015] 
A 


PS 


B 


Fig. 8.87 
12. In Fig. 8.88, PO is a chord of a circle and PT is the tangent at P such that ФОРТ = 60°. 


Then, find RO INCERT EXEMPLAR] 


Fig. 8.88 

13. In Fig. 8.89, PQLand PRM are tangents to the circle with centre O at the points О and R 
respectively and S is a point on the circle such that ZSQL = 50° and /SRM = 60°. 
Then, find ZOSR. 


INCERT EXEMPLAR] 
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Fig. 8.89 
14. In Fig. 8.90, BOA is a diameter of a circle апа the tangent at a point P meets ВА produced 
at T. If ZPBO = 30°, then find ZPTA . [INCERT EXEMPLAR] 


ANSWERS 
1. 8cm 3. 3cm 4. 80* 5. 10cm 6. 20cm 7, 4ст 8, 10cm 
9. 7cm 10. 8em 11. 25° 12. 120° 13. 70* 14. 30° 


— E O MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 

1. Atangent PQ ata point P of a circle of radius 5 cm meets a line through the centre О at a 
point Qsuch that OQ = 12 cm. Length PQ is 
(a) 12cm (b 13cm (c) 8.5cm (d) V119 cm 

2. From a point Q, the length of the tangent to a circle is 24 cm and the distance of О from the 
centre is 25 cm. The radius of the circle is 
(a) 7cm (b) 12cm (c) 15cm (d) 24.5cm. [NCERT] 

3. The length of the tangent froma point A ata circle, of radius 3 cm, is 4 cm. The distance 
of A from the centre of the circle is 


i (а) H cm (b 7cm (c) 5cm (d) 25 cm 
{ 4. If tangents PA and PB froma point P to acircle with centre О are inclined to each other 
| at an angle of 80° then ZPOA is equal to 

(a) 50* (b) 60* (c) 70* (d) 80* [NCERT] 
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5. If TP and TQ are two tangents to a circle with centre O so that ZPOQ = 110°, then, 
ZPTQ is equal to 
(a) 60° (b) 70* (c) 80° (d) 90* [NCERT] 


6. PQisa tangent toa circle with centre O at the point P. If AOPQ isan isosceles triangle, 
then ZOQP is equal to 


(а) 30° (b) 45° (c) 60° (d) 90* 


. Two equal circles touch each other ex ternally at C and AB is a common tangent to the 
circles. Then, ZACB = 


(a) 60* (b) 45* (c) 30° (d) 90* 

8. ABC is a right angled triangle, right angled at B such that BC = 6 cm and 
AB = 8cm. A circle with centre О is inscribed in A ABC. The radius of the circle is 
(а) 1cm (b) 2cm (c) 3cm (а) 4cm 


9. PQisa tangent drawn froma point P to a circle with centre Oand QOR is a diameter of 
the circle such that ZPOR = 120°, then ZOPQ is 


(a) 60° (b) 45° (c) 30° (d) 90° 
10. If four sides of a quadrilateral ABCD are tangential to a circle, then 

(а) АС + AD = Вр + Ср (D AB+CD=BC + AD 

(c) АВ +Ср = AC + BC (d). AC + AD= BC + DB 


11. The length of the tangent drawn from a point 8 cm away from the centre of a circle of 
radius 6cm is 


(a) 47 cm (b 24/7 cm (c) 10cm (d) 5cm 


12. AB and CD are two common tangents to circles which touch each other at C. If D lies on 
AB such that CD =4 cm, then AB is equal to 


(a) 4cm b) Gem (с) Sem (d) 12cm 


13. In Fig. 8.91, if AD AE and BC are tangents to the circle at D, E and F respectively. 
Then, 


A 
IN 
Fig. 8.91 
(a) AD = AB + BC + CA (b) 2AD = AB + ВС + CA 
(c) ЗАР = АВ + ВС + CA (d) 4AD = АВ + ВС + CA 


14. In Fig. 8.92, КО isa tangent to the circle with centre O. If SQ = 6 cm and QR = 4cm, then 
О — 


(a) 8 ст (b) 3 cm (c) 2.5 cm (d) 5 cm 


$ 5% MATHEMATICS. x 
Q 
| R 
| y 
| К 
( 5 


Fig. 8.92 


15. In Fig. 8.93, the perimeter of A ABC is 
1 (a) 30cm (b) 60cm (c) 45cm (d) 15cm 


БЕ 


B Р 5 % n С 
Fig, 8.93 
16. In Fig. 8.94, AP is a tangent to the circle with centre O such that OP = 4 cm and 
ZOPA = 30°. Then, AP = 


pet 9 — - 


p^ ues 


A P 
Fig. 8.94 
(a) 2/2 cm (b) 2cm (c) 243 ст (d) 342 cm 
17. AP and PQare tangents drawn froma point A to acircle with centre O and radius 9 cm. 
If OA = 15cm, then AP + AQ = 
(a) 12cm (b 18cm (c) 24cm (d) 36cm 
18. Atoneend of a diameter PQ of a circle of radius 5 cm, tangent XPY is drawn to the circle. 
The length of chord AB parallel to XY and at a distance of 8 cm from P is 


(a) 5cm (b) 6cm (c) 7 ст (d) 8 cm 
19. If PTistangent drawn from a point P toa circle touching itat T and O is the centre of the 
circle, then “ОРТ + Z POT = 


(a) 30* (b) 60* (c) 90* (d) 180* 


CIRCLES 8.51 


20. In Fig. 8.95, if AB = 12 ст, BC = 8 em and AC = 10 cm, then AD = 
C 


A D B 
Fig. 8.95 
(a) 5 cm (b) 4 cm (c) 6 cm (d) 7 cm 
21. In Fig. 8.96, if AP = PB, then A 
P Q 
B 
R 
C 
Fig. 8.96 
(а) АС = AB (b) АС = BC (c) AQ = QC (d) АВ = ВС 
22. In Fig. 8.97, if AP = 10 ст, then BP = 
A 
Р imu 
Fig. 8.97 
(а) Hi em (b) 127 em (c) J119cm (d) 109 cm 
23. [n Fig. 8.98, if PR is tangent to the circle at P and Q is the centre of the circle, then 
ZPOQ= 
R 
Q 
Fig. 8.98 


(a) 110° (b) 100° (c) 120° (d) 90° 


nm 3 


E 
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24. In Fig. 8.99, if quadrilateral PQRS circumscribes a circle, then PD + ОВ = 


R 
Fig. 8.99 
(a) PQ (b) QR (с) PR (d) PS 
; 25. In Fig. 8.100, two equal circles touch each other at T, if QP = 4.5 ст, then QR= 
Q Р R 
É 
d 
Fig.8.100 
(a) 9 cm (b) 18 cm (c) 15 cm (d) 13.5 cm 


26. In Fig. 8.101, APB isa tangent toa circle with centre O at point P. If Z OPB = 50°, then the 
measure of Z POQ is 


otym — e 


2 
A P 
Fig. 8.101 
(a) 100° (b) 120° (c) 140° (d) 150° 
27. In Fig. 8.102, if tangents PA and PB are drawn to a circle such that Z АРВ = 30° and 
chord AC is drawn parallel to the tangent РВ, then ZABC = [NCERT EXEMPLAR] 


Fig. 8.102 
(a) 60° (b) 90° (c) 30° (d) None of these 
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28. In Fig. 8.103, PR = 


(a) 20 cm (b) 26 cm 


(c) 24 cm (d) 28 cm 

29. Two circles of same radii r and centres O and O' touch each other at P as shown in 
Fig. 8.104. If OO' is produced to meet the circle C (O', r) at A and AT is a tangent to 
the circle C(O, ғ) such that O'Q L AT. Then AO: AO’ = 


* 
(AY \ 
Fig. 8.104 
(a) 3/2 (b) 2 (c) 3 (d) 1/4 


30. Two concentric circles of radii 3 cm and 5 em are given. Then length of chord BC which 
touches the inner circle at P is equal to [CBSE 2014] 


Fig. 8.105 
(a) 4 cm (b) 6 cm (c) 8 cm 


(d) 10 cm 
31. In Fig. 8.106, there are two concentric circles with centre О. PR and PQS аге tangents to the 
inner circle from point plying on the outer circle. If PR 77.5 cm, then PS is equal to 


Fig. 8.106 


(a) 10 cm (b) 12 cm (c) 15 cm (d) 18 cm 


33. In Fig. 8.108, PQ and PR are tangents drawn from P to a circle with centre О. If 
ZOPQ = 35°, then 


Fig. 8.108 
(a) a =30°,b = 60° (b) a=35°,b = 55° 
(c) а = 40% = 50° (d) а = 45°, b = 45° 
34. In Fig. 8.109, if TP and TQ are tangents drawn from an external point T to a circle with 
centre O such that Z TQP = 60°, then ZOPQ = 


MATHEMATICS- x s 
3 
Fig. 8.107 
(a) 11cm (b) 7cm (c) 5cm (d) 3cm 
| 


Fig. 8.109 
(a) 25° (b) 30° (c) 40* (d) 60* 
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35. In Fig. 8.110, the sides AB, BC and СА of triangle ABC, touch a circle at P, Q and К 
respectively. If PA = 4cm, BP = 3cm and AC = 11cm, then length of BC is 


A 
Р, R 
в Q C 
Fig. 8.110 
(а) 11 ст (b) lo em (c) l4 cm (d) 15cm [CBSE 2012] 


36. In Fig. 8.111, a circle touches the side DF of А ЕРЕ at Hand touches ED and EF produced 
at K and M respectively. If EK =9 cm, then the perimeter of AEDF is 


Fig.8.111 
(a) 18cm (b) 13.5cm (c) 12cm (d) 9cm [CBSE 2012] 


37. InFig. 8.112, DE and DF are tangents from an external point D toa circle with centre A. 
lf DES mand DE L DF , then the radius of the circle is 


(a). 3cm (b) 5cm (с) Jem (d) 6cm [CBSE 2013] 


Fig.8.112 


eee 2 
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38. In Fig. 8.113, a circle with centre О is inscribed in a quadrilateral ABCD such that, it 
touches sides BC, AB, AD and CD at points P, О, К and S respectively. If AB = 29 cm, 


AD =23 cm, ZB- 90° and DS = 5 cm, then the radius of the circle (in cm) is 


(a) 11 (b) 18 (d) 15 [CBSE 2013] 
39, In a right triangle ABC, right angled at B, ВС = 12 cm and AB Sem. The radius of the 

circle inscribed in the triangle (in cm) is 

(a) 4 (b) 3 (c) 2 (d) 1 [CBSE 2014] 
40. Two circles touch each other externally at P, AB is a common tangent to the circle 

touching them at A and B. The value of ZAPB is 

(a) 30* (b) 45° (c) 60° (d) 90* [CBSE 2014] 
41. In Fig. 8.114, PQ and PR are two tangents toa circle with centre O. If ZOPR = 46°, then 


ZQOR equals 
Ј Q 
25 
«С “М. Fig. 8.114 
(a 67% (b) 134° (c) 44° (d) 46° [CBSE 2014] 


42; In Fig, 8.115, QR is a common tangent to the given circles touching externally at 
the point T. The tangent at T meets QR at P. If PT = 3.8 cm, then the length of QR 


(in cm) is 
Q 
ў R 


Fig. 8.115 
(a) 3.8 (b) 7.6 (с) 5.7 (d) 1.9 [CBSE 2014] 
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43. In Fig. 8.116, a quadrilateral ABCD is drawn to circumscribe a circle such that its sides 


AB, BC, CD and AD touch the circle at P, Q, Rand 5 respectively. If AB = x cm, BC =7 cm, 
CR 23cm and AS = 5cm, then х = 


D 


C 
S 
Q 
A Б в 
Fig. 8.116 


(a) 10 (b) 9 (с) 8 (ay 7 [CBSE 2014] 
44. If angle between two radii of a circle is 130°, the angle between the tangents at the ends 
of radii is 
(a) 90° (b) 50° (c) 70° (d) 40° 
[NCERT EXEMPLAR] 


45. If two tangents inclined at an angle of 60° are drawn to a circle of radius 3 cm, then 
length of each tangent is equal to 


3 
(a) em (b) 6cm (c) 3cm (d) 34/3 cm 


[NCERT EXEMPLAR] 
46. If radii of two concentric circles are 4 cm and 5 cm, then the length of each chord of one 
circle which is tangent to the other circle is 


(a) 3cm (b) oem (c) 9 cm (d) 1 cm 
[NCERT EXEMPLAR] 
47. At one end A of a diameter AB of a circle of radius 5 cm, tangent XAY is drawn to the 
circle. The length of the chord CD parallel to XY and at a distance 8 cm from A is 
(a) 4 cm (b) 5cm (c) 6 cm (d) 8 cm 
[NCERT EXEMPLAR] 
48. From a point P which is at a distance 13 cm from the centre O of a circle of radius 
5 cm, the pair of tangents РО and PR to the circle are drawn. Then the area of the 
quadrilateral POOR is 
(a) 60 cm? (b) 65 ст: (c) 30 cm? (d) 32.5 cm? 


INCERT EXEMPLAR] 
49. If PA and PB are tangents to the circle with centre О such that ZAPB = 50°, then ZOAB 
is equal to 
(a) 25° (b) 30* (c) 40° (d) 50* 
50. The pair of tangents AP and AQ drawn from an external point to a circle with centre O 
are prependicular to each other and length of each tangent is 5 cm. The radius of the 
circle is 


(a) 10 cm (b) 7.5 cm (c) 5cm (d) 2.5 cm 


[NCERT EXEMPLAR] 
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51. In Fig. 8.117, if ZAOB = 125°, then “COD is equal to 


Fig. 8.117 
(a) 45° (b) 35° (c) 55° (а) 622% 
[NCERT EXEMPLAR] 
52. In Fig. 8.118, if POR is the tangent to a circle at О whose centre is О, AB is a chord parallel 
to PRand ZBQR = 70°, then ZAQB is equal to 


Fig. 8.118 
(a) 20° (b) 40° (c) 35° (а) 45° 
[NCERT EXEMPLAR] 


ANSWERS 


1. (d) 2. (a) 3. (c) 4. (a) 5. (b) 6. (b) 
7. (d) 8. (b) 9. (c) 10. (b) 11. (b) 12. (c) 
13. (b) 14. (d) 15. (a) 16. (c) 17. (о) 18. (d) 
19. (с) 20. (d) 21. (b) 22. (b) 23. (c) 24. (a) 
25. (a) 26. (a) 27. (c) 28. (b) 29. (c) 30 
31. (Q 32. (c) 33. (b) 34. (b) 35. (b) 36. (a) 
38. (a) 39. (c) 40. (d) 41. (b) 42. (b) 43 

44. (b) 45, (d) 46. (b) 47. (d) 48. (a) 49 

50. (c) 51. (c) 52. (b) 


SUMMARY 


1. Tangent toa circle ata point is perpendicular to the radius through the point of contact. 
2. Froma point, lying outsidea circle, two and only two tangents can be drawn to it. 
3. Thelengths of the two tangents drawn from an external point to a circle are equal. 


9.1 INTRODUCTION 


In class IX, we have done some constructions, namely drawing perpendicular bisector ofa 
line segment, bisecting on angle, construction of some standard angles and construction of 
some triangles. We have used ruler and a pair of compasses in these constructions. We have 
also given their justifications. In this chapter, we shall learn some more constructions by 
using the knowledge of constructions learnt in earlier classes. We will also give their 
justifications by using various concepts of geometry which we have learnt so far. 


CONSTRUCTIONS 


In this section, we will learn the method of dividing a line segment internally in a given 


| 9.2 DIVISION OF A LINE SEGMENT 
ratio. The justification of the method will be given by using the Basic Proportionality 


Theorem and the concept of similar triangles. 
In order to divide a line segment internally in a given ratio m:n, where both m and n are 
positive integers, we follow the following steps: 
Steps of construction 
STEP І Draw a line segement AB of given length by using a ruler. * 
STEPI Draw any ray AX making an acute angle with AB. 
STEP II Along AX mark off (ur +1) points Аз, Az, , Ane Am ү, ro Ами Such that 

AA, E AA a An un A,, n* 
STEP IV Join B А, 
STEPV Through the point A,, draw a line parallel to A,,,,, В by making an angle equal to 

A Auen B at An Suppose this line meets AB at a point P. 

X . 
/ 
Fig. 9.1 А 


The point P so obtained is the required point which divides AB internally in the ratio m:n. 


9.1 


SC 


MATHEMATICS. » 


Justification: In A ABA, п We observe that A, P is parallel to A,,.,, B. Therefore, by basic 
proportionality theorem, we have 


AA,, AP 
la As. Т РВ 
| АР т x AA, _ a (By construction) | 
n PR n An Ay “н п ` 
5 AP: PB = min 


Hence, P divides AB in the ratio m: it. 
ILLUSTRATION | 


Divide а line segment of length 10 ст internally in the ratio 3:2. 
SOLUTION 


We follow the following steps of construction, 
Steps of construction 
гү! 


Draw a line segment АВ = 10cm by using a ruler. 
SIV 


Draw any ray making an acute angle ZBAX 
with AB. 


long AX, mark-off5(=3 +2) points 
Ap Ay, Ay, Ay and A, such that 
AA, = A, A; = АА; = A,A, = A, A; А 
SUPIN Join ВА. 
STENA 


Fig.9.2 
Through A, draw a line A; P parallelto. A- B by making an angle equal to ZAA; В 
at A; intersecting AB at a point P. 


The point P so obtained is the re 
ratio 3 é 2. 


quired point, which divides AB internally in the 


ALTERNATIVE METHOD FOR DIVISION OF.A LINE SEGMENT INTERNALLY IN A GIVEN RATIO 


We may use the following stepsto divide а given line segment AB internally in a given ratio 
m m, where mand mare natural numbers. 

Steps of construction 

ит Draw linesegment AB of given length. 

Draw an ray AX making anacute angle ZBAX with AB. 


A X 
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«mri Draw a ray BY, on opposite side of AX, parallel to AX by making an angle ZABY 
equal to АВАХ, 


«priv Mark off m points A,,A,,..., А, 


that AA, = A, A, =... = A, 1 Aw 
= BB, = ВВ, =...=B,., B. 


on AX and n points Bj, В, ..., B, on BY such 


spv Join A/ B, Suppose it intersects AB at P. 
The point P is the required point dividing AB in the ratio m : n. 


Justification: In triangles AA, P and B B, P, we have 


ZA,, AP = ZPBB, [- ХАВ ZABY] 
and, ZAPA,, = ZBPB, [Vertically opposite angles] 
So, by AA similarity criterion, we obtain 

AA A- AB B,P 

AA, AP AP m Ex 
" BB, BP ВР п BB, n 


n 


ILLUSTRATION 2 Divide a line segment of length 8 cm intternallyin the ratio 3: 4. 
SOLUTION We follow the following steps: 
Steps of construction 

STEPI Draw the line segment AB of length S em. 


sepi Draw any ray AX making an acute angle /ВАХ with AB. 


sepi Draw aray BY parallel to AX by making AH equal to AX. 
stepiv Mark of three point Ау, A Ау өп AX and 4 points Bj, Bj, B, B, on BY such that 


X 


Fig. 9.4 


SIEPY join Ay B. Suppose it intersects AB at a point P. 


Then, P is the point dividing AB internally in the ratio 3: 4. 
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EXERCISE 9.1 


| 


» Determine a point which divides a line segment of length 12 cm internally in the ratio 
9.. 


2:3. Also, justify your construction. 


Dividea line segment of length 9 cm internally in the 
the construction. 


һә 


ratio 4; 3. Also, give justification of 


. Divide a line segment of len 


gth 14 cm internally in the ratio 2 : 5. Also, justify your 
construction, 


Draw a line segment of length 8 em and divide it internally in the ratio 4: 5. 
ICBSE 2017] 


9.3 CONSTRUCTION OF A TRIANGLE SIMILAR TO A GIVEN TRIANGLE 
In this section, we willlearn about the construction of 
rhe triangle to be constructed may be smaller or | 
the following term. 

SCALE FACTOR Tite ratio of the sides of the triangle 
Hie given triangle is known as their scale factor, 


a triangle similar to the given triangle. 
arger than the given triangle. So, we define 


со ————— 
——' — — — — 


to be constructed with t corresponding sides of 
Suppose we are given a triangle ABC and we have to construct atriangle POR similar to 


| . , 3 " 
factor is A lt the sides of АРОК are 1 of the corresponding sides of AABC , then we say 


5 
that the scale factor is . 


Let ABC be the given triangle and we want to constructa triangle similar to AABC such that 


NI 


© 4 ENT 
AABC whose sides are т of the corresponding sidesof AH, Then, we say that the scale 


"n | ш”. ; ; ' 
each of its sides is | a | of the corresponding sides of AABC. We follow the following steps 


to construct the same. 
= О - 


Steps of construction when mx n: 


STi Constructthe given triangle ABC by using the given data. 
C 


CONSTRUCTIONS o5 


sp — Take any one of the three sides of the given triangle as base. Let AB be the base of the 
given triangle. 
«rri Atone end, say A, of base AB construct an acute angle ZBAX below the base AB. 
stEP IV Along AX markoffi points Ai, А, Ay, ..., А, such that 
AA, = А, А» =... = А 
spEP V join A, B. 
SILP VI Start from A and reach to point A,, on AX. Draw А„В' parallel to A, B which meets 
Ah at В". 


STEP VI From B' draw B'C' || CB meeting AC at C. 


п-1 Ак 


ll 
Triangle AB'C' is the required triangle, each of whose sides is C of the 
m T 

corresponding sides of AABC. 


Justification: We shall now see how this construction gives the triangle similar to the given 
triangle. 
Since А,„В' || А,В. Therefore, 


т 


АВ АА, 
BB АА [By basic proportionality theorem ] 
4 m n 
AB' n 
- ВВ п-т 
BB п-т 
=> — = — 
AB’ n 
T AB _ AB' + B'B 
м A АВ' 
АВ В'В пт m 
=> — = 1 + — = 1 z-— 
AB' AB' т т 
АВ т 
=> — Б —— 
АВ n 


In triangles ABC and AB'C', we have 
ZBAC = ZB'AC' 


and, ZABC = ZAB'C' [> BC ll BC] 
So, by AA Similarity criterion, we obtain 
ЛАВ'С' ~ AABC 
4 Ax. BC AC 
AB BC AC 
AB' B'C' AC' т [ : AB' m | 
> —=———©—=———=— 3 
AB | BC AC п AN й 


LEVEL-1 

Construct а ААВС in which AB = 4 cm, BC = 5 cm and AC = 6 cm. Now, 
similar to AABC such that each of its sides is two-third of the 
Iso, prove your assertion. f 


ILLUSTRATION 1 
construct a triangle 
corresponding sides of AABC. A 


k — E — 
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SOLUTION — Stepsof construction 
SILPI Ora a line segment AB —4 cm. 
STEP Il With A as centre and radius = AC = 6cm, draw an arc. 


SIEP I With B as centre and radius = BC =5 cm, draw another arc, intersecting the arc 
drawn in step Il at C. 


Fig. 9.6 
STEP IV Join AC and BC to obtain ААВС. 


SIEPV Below AB, make an acute angle /BAX. 


STEP VI Along AX, mark off three points (greater of 2 and 3 in $) А\, A5, A4 such that 
AA, = A,A; = А,А;. 
STEP VII. Join A, В. 


STEP VIII Since we have to construct a triangle each of whose sides is two-third of the 
corresponding sides of HC. So, take two parts out of three equal parts on AX 
i.e. from point A, draw A,B" || A,B, meeting ABat В”. 


STEP ІХ From B', draw B'C' || BC, meeting AC at С”. AB'C' is the required triangle, each of 
the whose sides is two-third of the corresponding sides of AABC. 
Justification: Since B'C' || BC. So, AABC ~ ЛАВ'С' 
BC AC AB 2 [48 - | 
ВС АС АВ 3 AB 3| 


Let ABC be the given triangle and we want to construct a triangle similar to AABC such that 


lp 


th 
each of its sides is | 2 | of the corresponding sides of AABC such that m <n. We follow the 
п 


following steps to construct the same. 


Steps of construction when m >п: 


STEPI — Construct the given triangle by using the given data. 


CONSTRUCTIONS 7 


РИ Take any of the three sides of the given triangle and consider it as the base 
Let AB be the base of the given triangle. 
STEP HI At oneend, say A, of base AB construct an acute angle <BAX below base AB i.e. on 
theopposite side of the vertex C. 
С, 


Fig. 9.7 


SIEPIV Along AX, mark-off m (large of m and) points A, A, An on АХ such that 
AA, = A, A; = $us A,, 1 А.» 
STEPV join A, to Band draw a line through A parallel to A, B, intersecting the extended 
line segment AB at H. 
STEP VI Draw a line through H parallel to BC intersecting the extended line segment AC at 
C, 
STEP VII AAB'C' so obtainethis the required triangle, 
Justification: For justification of the above construction consider triangles ABC and ABC". 
In these two triangles;we have 
“ВАС. = «В АС 
LARG = ZABT Г В'С' || BC] 
50, by AA similarity criterion, we have 
NABC.- AAB'C' 
AB) BC АС NT 
AB’ ВС AC 
In ^ A A, В', А,В Il A,B'. 


=> 


CONSTRUCTIONS 99 


~“ 


13. 


14. 


р EXERCISE 9.2 


LEVEL-1 
. Construct a triangle of sides 4 cm, 5 em and 6 cm and then a triangle similar to it whose 
sides are (2/3) of the corresponding sides of it. ICBSE 2013, 2017] 


. Construct a triangle similar to a given A ABC such that each of its sides is (5/7)" of the 


corresponding sides of A ABC. It is given that AB = 5cm, BC = 7 cm and ZABC = 50°. 


. Construct a triangle similar to a given A ABC such that each of its sides is (2/3)! of the 


corresponding sides of A ABC. It is given that BC = 6cm, ZB = 50° and ZC =60°. 


. Draw a A ABC in which BC = бст, AB = 4cm and AC = 5cm. Draw a triangle similar to 


А АВС with its sides equal to (3/4)"^ of the corresponding sides of A ABC. 


. Construct a triangle with sides 5 cm, 6 cm and 7 cm and then another triangle whose 


sides are 7/5 of the corresponding sides of the first triangle. 


. Draw a right triangle ABC in which AC = AB = 4.5 стапа ZA = 90°. Draw a triangle 


similar to A ABC with its sides equal to (5/4)th of the corresponding sides of A ABC. 


Draw aright triangle in which the sides (other than hypotenuse) are of lengths 5 em and 


4 cm. Then construct another triangle whose sides are 5/3 times the corresponding 
sides of the given triangle. [CBSE 2008] 


. Construct an isosceles triangle whose base is 8 cm and altitude 4 cm and then another 


triangle whose sides are 3/2 times the corresponding sides of the isosceles triangle. 
[CBSE 2014, 2015, 2017] 


Draw a AABC with side BC =6cm, AB = 5em and. / АВС = 60°. Then, construct a triangle 


whose sides аге (3/4)" of the corresponding sides of the KAC. 
[CBSE 2009, 2013, 2016] 


- Construct a triangle similar to AABC in which AB —4.6 cm, BC = 5.1 cm, ZA = 60° with 


scale factor 4 : 5. 


. Construct a triangle similar to a given A XYZ with its sides equal to (3/4)"" of the 


corresponding sides of AXYZ. Write the steps of construction. 


Draw aright triangle in which sides (other than the hypotenuse) are of lengths 8 cm and 


6 cm. Then construct another triangle whose sides are 3/4 times the corresponding 
sides of the first triangle. [CBSE 2009, 2012, 2016] 
Construct a triangle with sides 5 cm, 5.5 cm and 6.5 cm. Now, construct another triangle 
whose sides are 3/5 times the corresponding sides of the given triangle. 

[CBSE 2014, 2016] 
Construct a triangle POR with side ОК = 7 ст, РО = 6 cm and ZPQR = 60°. Then 
construct another triangle whose sides are 3/5 of the corresponding sides of APOR. 

[CBSE 2014, 2015] 


. Draw a л АВС in which base BC = ост, AB S em and Z ABC = 60°. Then construct 


y - Е 
another triangle whose sides are 1 of the corresponding sides of A ABC. 
[CBSE 2017, 2018] 


Draw a right triangle in which the sides (other than the hypotenuse) are of lengths 


3 
4 cm and 3 cm. Now, construct another triangle whose sides are = times the 


corresponding sides of the given triangle. |CBSE 2017] 
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17. Construct a AABC in which AB=5em. ZB = 60° altitude CD =3 cm. Constructa AAQR 


similar to ААВС such that side of AAQR is 1.5 times that of the corresponding sides of 
AACB. 
9.4 CONSTRUCTION OF TANGENTS TO A CIRCLE 


In the previous chapter, we have studied that ifa point lies inside a circle, there cannot be a 
tangent to the circle through this point. However, if a point lies on the circle, then there is 
only one tangent to the circle at this point and itis perpendicular to the radius through this 


point. We have also learnt that if the point lies outside the circle there will be two tangentsito 
the circle from this point. 


In this section, we shall learn the construction of tangent(s) to a circle when the centte is 
known and also when its centre is not known. 


9.4.1 CONSTRUCTION OF A TANGENT TO A CIRCLE AT A GIVEN POINT 


Type I CONSTRUCTION OF A TANGENT TO A CIRCLE WHEN ITS CENTRE IS KNOWN 
Steps of construction 


SIEI — Take a point O on the plane of the paper and draw a circle of given radius. 
SIPIL Take a point P on the circle. 


Fig. 9.9 
эш Join OP. 
siriy Construct ZOPT = 90°. 
SIENY Produce TPto T. to get TPT’ as the required tangent. 


ILLUSTRATION 1 Take a point O on the plane of the paper. With O as centre, drawa circle of radius 
3 cm. Take a poil P on this circle and draw a tangent at P. 


SOLUTION We follow the following steps: 
1 


T 
Fig. 9.10 


CONSTRUCTIONS iis 


Steps of construction 


gu) Seay on O on the plane of the paper and draw a circle of given radius 3 cm. 
lake a point Pon the circle and join OP. 

с ul Construct ФОРТ = 90°. 

үр Produce TP to T’ to obtain the required tangent TPT’. 


ILLUSTRATION? Draw a circle of radius 4 cm with centre O. Draw a diameter POQ. Through P or 
Q draw tangent to the circle, 


SOLUTION We follow the following steps: 
Steps of construction 
stir) Taking О as centre and radius equal to 4 cm draw a circle. 


Fig. 9.11 
STEP п Draw diameter of РОО. 
STEP Ш Construct ZPQT = 90°. 
produce TQ to T’ to obtain the required tangent TOT". 
Type П CONSTRUCTION OF A TANGENT TO A CIRCLE AT A GIVEN POINT WHEN ITS CENTRE 
IS NOT KNOWN 
Steps of construction 
Draw any chord PQ through the given point P on the circle. 
Join P and Qtoa point Reither in the major arc or in the minor arc. 


Fig. 9.12 
to O and on the opposite side of the chord РО. 


"rin Construct ZQPY equa i 
SEP Iv Produce YP to X to get YPX as the required tangent. 


* 
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11 
' „ Wi sing the ce? 
ILLUSTRATION 3 Draw а circle of radius 4 cm. Take a point P on it. Without using 


circle, drawa tangent to the circle at point P. 


SOLUTION We follow the steps of constructions: 
Steps of construction 


SIEPI Draw any chord PQ through the given point P on the circle. 
STEP Take a point on the circle and join P and О to a point К. 


STEP Ut Construct ZQPY = ZPRQ andon the opposite side of the chord PQ. 
SIEP IY Produce YP to x to get YPX as the required tangent. 


"P 
Fig. 9.13 


9.4.2 CONSTRUCTION OF TANGENTS TO A\CIRCLE FROM AN EXTERNAL POINT 


In this section, we shall study the construction of tan 
when its centre is (i) known (ii) unknown. 


Type I CONSTRUCTION OF TANGENTS TO A CIRCLE FROM AN EXTERNAL POINT WHEN 
CENTRE IS KNOWN 


Steps of construction 


gents to a circle from an external 


SIEPI — Join the centre Oof the circle to the given external point P i.e. Join ОР. 


Fig. 9.14 
STEP П Draw right bisector of OP, intersecting OP at Q. 


STEP Ш Taking О as centre and OQ = PQ as radius, q . | 
circle at T and T". raw à circle to interse 


STEP ІУ Join PT and РТ' to get the required tangents as PT and PT’ 


ct the & 
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ILLUSTRATION 1 Drawa circle of radius ; 
: | 15 3 cm. Take a poi Д centre 0, 
the circle. From point P, draw two гй fo (ue di point at a distance of 5.5 cm from the f 


SOLUTION In order to construct the re 
Stepsof construction 


STEPI Take a point O in the plane of the paper and draw a circle of radius 3 ст. 


STEP I! Marka point Pata distance of 5,5 cm from thecentre O and join OP. 
STEP Ш Draw the right bisector of OP, intersecting OP at Q. 


quired tangents, we follow the following steps: 


Fig. 9.15 

SEP IV Taking О as centre and OQ = PQ as radius, draw a circle to intersect the given 

circle at T and I 
SIEPV Join PT and PT" to get the required tangents. 
ILLUSTRATION 2 Construct a tangent to a circle of radius 4 cm from a point on the concentric circle 
of radius 6 ст and measure its length. Also verify the measurement by actual calculation. 
SOLUTION In order to do the desired construction, we follow the following steps: 
Steps of construction 


SIEPI Take a point О on the plane of the paper and draw a circle of radius OA = 4 cm. 
Also, draw a concentric circle of radius OB = 6 cm. 


Fig. 9.16 


STEP р Find the mid-point C of OB and draw acircle of radius OC = BC. Suppose this circle 


intersects the circle of radius 4 cm 3 P and - — 
STEP 11 i BQ to get the desired tangents from a point B on the circle of radius 
jpeg eet маанаг т we find the ВР = ВО = 4.5 ст 


. С 
SS ee 


_-— -- 
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Justification: Ina BPO, we have 
OB = 6 cm and OP = 4cm 

Applying Pythagoras theorem in BPO, we obtain 
ОВ? = pp? + op? 


=> BP = JOB! - op? = B= 16 = J20 cm = 447cm = Sem 


Similarly, BQ = 447 cm = 45cm. 


ON CONSTRUCTIONS OF TANGENTS TO A CIRCLE FROM AN EXTERNALPOINT WHEN 
ITS CENTRE IS KNOWN 


ILLUSTRATIONS 
at an angle of 60°, 


I ype H 


f » . other 
Draw a pair of tangents to a circle of radius 5 cm which are is i” — 3] 


SOLUTION In order to draw the pair of tangents, we follow the following steps. 


Steps of construction 
SIILI Take a point O onthe plane of the paper and draw a circle of radius OA = 5 cm. 


SIEP U Produce ОА to BsuchthatOA = AB =5 cm. 


Fig. 9.17 
labing A as the centre draw a circle of radius AO = AB=5cm. Suppose it cuts the 
circle drawn in step lat P and О, 
Join BP and BQ to get the desired tangents. 
Justification: In OA, we have 
OA = OP = 5cm (= Radius) 


Also, AP = Scm (= Radius of circle with centre A) 


ЛОАР is equilateral. = рдо = 60° 
In ABAP, we have 

BA = AP and ZBAP = 120° 
: ZABP = ZAPB = 30° 
=> ZPBQ = 60° 


= “ВАР = 120° 


LITER 
Steps of construction 


її Take a point Oon the plane of the 
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Alt O construct radii OA and OB : 

— such that t 1120° i.e. supple-ment of 
the angle between the Tiii o ZAOB equa i.e. supp 

Draw perpendiculars to OA and OB at Aa 


i these 
perpendiculars intersect at P. Then, eS ee Bi a 


PA and PB are required tangents. 


Justification: In quadrilateral OAPB, we have 
ZOAP = ZOBP = 90° and ZAOB = 120° 


$5 ZOAP + ZOBP + ZAOB + ZAPB = 360° 

зе 90° + 90° + 120° + ZAPB = 360° 

5 ZAPB = 360° — (90° + 90° + 120°) = 60° 

ILLUSTRATION 4 Let ABC bea right triangle inwhich AB n cm, BC 2 4 cmand ZB = 90°. BD is 
the perpendicular from B on AC. The circle through B, C, D is drawn. Construct the tangents from A 


to this circle. 
SOLUTION We follow the following steps. 


Steps of construction 


Draw AAC and perpendicular BD from Bon AC. 
Draw a circle with BC as a diameter. This circle will pass through D. 


Fig. 9.19 


STEP UT id-point of BC. Join AO. 
— On о oii i ^s AD as diameter. This circle cuts the circle drawn in step ILat B 
SEED IV raw a 


STEP ү erige Р. AP and AB are desired tangents drawn from A to the circle passing 
| оїп АР. 


through B, Cand D. 


ATI 
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AN EXETERNAL POINT 
Type Ш CONSTRUCTION or TANGENTS TO A CIRCLE FROM 

ITS CENTRE IS NOT KNOWN 
Steps of construction 


iven 
wn to the give 
SILPI Let P be the external point from where the tangents oi oe a. 
Through P drawa secant PAB to intersect the circle at 


Fig. 9.20 
STEP 1 Produce AP toa pointC such that AP = PC; 
SIEP u} Drawasemi-circle with BC as diameter. 
ГЕР iv Draw PD 1 CB, intersecting the semi-circle at D. 
УРУ With Pas centre and PD as radius draw arcs to intersect the given circle at T anc 
SIEP vı Join PTand PT’. Then PT and PT’ are the 


required tangents. 
ILLUSTRATION 5 Drama circle of radius 4 cm. Take a point P out 
centre of the circle, draw two tangen 


ts to the circle from point P. 
SOLUTION — Sfepsof construction 
эп}. Draw a line segment 4cm. 


е, P is the mid-point of AC. 


side the circle. Without using 
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STEP II rcm point P outside the circle and draw a secant PAB, intersecting the circle at A 


STEP Ш Produce AP to C such that Ap = CP, 
5ТЕР IV Draw asemi-circle with CB as diameter. 
5ТЕРУ Draw PD 1 CB, intersecting the semi-circle at D. 


STEP VI With Pascentre and PD as radius draw arcs to intersect the given circle at T and T". 
STEP VII. Join PT and PT’. Then, PT and PT’ are the required tangents. 


ILLUSTRATION 6 Drawa circle of radius 6 cm. Drawa tangent to this circle making an angle of 30° 
witha line passing through the centre. 


SOLUTION Steps of construction ; 
STEP! Draw a circle with centre О and radius 3 cm. 


Fig. 9.22 
STEP П Draw a radius OA of this circle and produce it to B. 
STEP Ш Constructanangle /АОр equal to the complement of 30° i.e. equal to 60°. 
STEP IV Draw perpendicular to OP at P which intersects OA produced at Q 


Clearly, PQ is the desired tangentsuch that ZOQP = 30° 


* 


EXERCISE 9.3 


1. Draw a circle of radius 6 cm. From a point 10 cm away from its centre, construct the pair á 
of tangents to the circle and measure their lengths. 
Ў " i d Q on one of its extended diameter 
2. D of radius 3 cm. Take two points Рап 
cac kr uu of 7 cm from its centre. Draw tangents to the circle from these two 
ints P and Q. : н 
i xà > Q ment AB of length 8 cm. Taking A as centre, draw a circle of radius 
` : € pie es B as centre, draw another circle of radius 3 cm. Construct tangents to 


each circle from the centre of the other circle. [CBSE 2015] 


К adius 3.5 cm from a point Pat a distance of 6.2 cm from 
4. Draw two tangents toa circle of radius P [CBSE 2013] 


its centre. ; incli 
- є i f radius 4.5 cm, which are inclined to each other at an 
5. Draw а pair of tangents to à circle o [CBSE 2013] 


angle of 45°. 


MATHEMATICS 


6. Draw a right triangle ABC in which AB = 6 cm, BC = 8 cm and ZB = 90°. Draw BD 
perpendicular from B on AC and draw a circle passing through the points B, Cand D. 
Construct tangents from A to this circle. [CBSE 2014] 

7. Draw two concentric circles of radii 3 cm and 5 cm. Construct a tangent to the smaller 
circle froma point on the larger circle. Also, measure its length. 

[CBSE 2016] 


ANSWERS 


1. 8cm. 7. 4cm 


SUMMARY 
In this chapter, we have done the following constructions: 
1. To divide a line segment ina given ratio. 


2. Io constuct a triangle similar to a given triangle as per given scale factor which may be 
less than or may be greater than 1. 


з. To construct tangent at a point on a given circle. 
4. To construct the pair of tangents from an external point to a circle. 


TRIGONOMETRIC RATIOS 


10.1 INTRODUCTION 


In this chapter, we intend to study an important branch of mathematics called 
“Trigonometry”. The word ‘Tri gonometry is derived from the Greek words: (i) trigonon and, 
(ii) metron. The word trigonon means a triangle and the word metron means a measure. 
Hence, trigonometry means the science of measuring triangles. In broader sense it is that 
branch of mathematics which deals with the measurement of the sides and the angles of a 
triangle and the problems allied with angles. 


10.2 ANGLE 
Consider a ray OA. If this ray rotates about its end point O and takes the position OB, then we 
say that the angle ZAOB has been generated. 
Thus, an angle is considered as the figure obtained by rotating а given ray about its end-point. 
B 


о А 
Fig. 10.1 


The revolving ray is called the generating line of the angle. The initial position OA is 
called the initial side and the final position OB is called the terminal side of the angle. The 
end point O about which the ray rotates is called the vertex of the angle. 

MEASURE OF AN ANGLE Themeasure of an angle is the amount of rotation from the initial side to 
the terminal side. 


10.3 FRIGONQ@MEMRIC RATIOS 


The most important task of trigonometry is to find the remaining sides and angles of a 

triangle when some of its sides and angles are given. This problem is solved by using 
у K PAS { spe its acute angles. Thes i 

some ratios of the sides of a triangle with respect to its ieu gle ese ratios of acute 


Fig. 10.2 
10.1 
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гі 
rious t 
angles are 


. va 
sw define 
` A T Fus now d 
called trigonometric ratios of angles. Let t 
ratios, 


EN 
inal side A ¥ 


ith initial side AX and term ther 
Consider an acute angle ZYAX = 0 withinitial side AX a t 


2 to ge 
m Pon AX 
point on the terminal side AY, Draw PM perpendicular fro 
triangle AMP in which АРАМ = 0, 


- ү, Perpendicular = 
In the right angled triangle AMP, Base = AM = x, Perg 
Hypotenuse = AP =, 


pM 


We define the following six trigonometric ratios: 


'erpendic € t 
(ih Sin 9 Perpendicular (y 


= =, and is written as sin 0 
Hypotenuse y 
ii . Base X um 5 
(i) Cosine o and is written as cos @ 
Hypotenuse r 
" * 


Tm Perpendicular — y 
(iii) Tangent 9 = —“TPenetcular 


= —, and is written as tan Ө 
Base x 


Hypotenuse r 
(iv) Cosecant Ө = 2 


= —, and is ritten as cossec Ө 
Perpendicular /“ 
! 
Hypotenuse p ‚_ ae 
(v) Secant 0 = UM = —, and is.written as sec 0 
ase * 


(vi) Cotangent 0 = Bage == =, and is written as cot Ө 
Perpendicular y 
NOIL should be noted tut sin 


O Van abbre: 
sin and 0. Similar is the case for other trigonomy 
REMARK | The above trig 


REMARK? The aboge trigonometric ratios depe 
the position of the int an the terminal side 
choose P somewhere else on AY, then the li 
ratios dull n same 


"lation for "sine ofangle 0" 
‘tric ratios, 
Onometric ratios are defined 


, it is not the 


foran acute angle 0. 


"d onlyon the value ofangle Oand are inde 
AY of the acute angle ZXAY. This Mear: 
'ngths PM, AM and AP will change but the trig 
as proved in the following theorem. 

THEOREM The trigonometric ratios are 

lior Let MAY o bean acute 
and Q be two points, both different from A, on the 
M and & from P and Q respectively on AX. 


ratios of angle 0 are same in both the triangles viz 


same for the same angle. 


angle with initial side AX and termin 
terminal side 4 Yi 


e have to prove th 
- ААМР and 
Y 


al side , 
Draw Prper 
at the trigo 
AANQ. 


» 9 


A 


MN x 
Fig. 10.3 
In AAMP and AN, we have 


Z MAP = ZXAY = ZNAQ 


and, Z AMP = Z ANQ - One right angle. 
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Thus, the corresponding angles of tri 
similarity criterion, we have angles AMP and ANQ are equal and, therefore by AAA 


AP ч РМ _ АМ 

АО QN AN 

PM _ QN 
+ АР AQ (i) 
In AAMP, we have 

sin 0 = PM 

AP 

op. SON | 

=> sin 0 = AQ [Using (i)] 


This shows that the value of sin 0 is independent of the position of point h. 
Similarly, 


it can be proved that the other trigonometric ratios are independentof the position 
of point P. 


Q.E.D. 
10.4 RELATIONS BETWEEN TRIGONOMETRIC RATIOS 
The trigonometric ratios sin 0, cos 0 and tan Ө of an angle 0 are very closely connected by a 


relation. If any one of them is known, the other two can be easily calculated. 
From Fig. 10.2, we have 


Sin = EM. ооб - ae wel tan = Ec 
AP 
Now, tang = ^M и 
РМ 
АР 
=> = 
tan 0 AM 
AP 
> tano - e S. 
cos Ө 
REMARK Jt is clear from the definitions of the trigonometric ratios that for any acute angle & we have 
1 1 
1) We 0 =—— or, sin Ө = 
( ) оѕес din Ө cosec 0 


(ii) secO = ] or, cos0 = — 
cos 


ѕес Ө 

m" у 0 = 

(iii) cot ss tan cotó 
(iv) coto = aa 
sin Ө 


(v) tan @.cot0=1 


LA 


MATHEMATICS- X 


EXAMPLE | Ina A ABC, right angled at A, if AB = 12, AC = 5 and BC = 13, find all the six 
trigonometric ratios of angle B. 


SOLUTION With referenceto 2 B, wehave 


Base = AB = 12, Perpendicular = AC = 5 and, Hypotenuse = BC = 13 
Using the definitions of trigonometric ratios, we have 


sin B AC „> 2 
BC 13 
cosB = АВ _ 12 
BC 13 13 5 
AC 3 
(ап В = — = — 
— 
совесВ = ЭС. _ 13 B 12 A 
AE S Fig. 10.4 
secB = PC „19 is 
AB 12 
AB 12 
tB =— = 
im, Mass 
EXAMPLE 2 Ina A ABC, rightangled at A, 


if AB=5, AC= 12 and BC = 13, find sin В, cos C and 
lan B. 
SOLUTION With reference to ZB, wehave 
Base = AB = 5, Perpendicular = AC = 12 and, Hypotenuse = BC = 13 
FE 
BC 13 


B 
AC 412 
B = — з — 
апа, tan AB ЧЕ " 
5 
With reference to , We have 
Base = AC = 12, Perpendicular = AB =5 and, 
Hypotenuse = BC = 13 
2 WC 12 © 12 А 
D cosC = 


BC 13 
IXAMPLE 4 Ina AABC, right angled at B, if AB=4 and BC = 3, fi 
ratios of ZA. 
SOLUTION We have, AB = 4 and BC = 3, © 
By Pythagoras theorem, we have 


Fig. 10.5 


ndall the six trigonometric 


AC? = AB? + BC? 
3 
> AC = VAB? + BC 
E AC = 44 + 3 = 05-5 


Рід. 10.6 
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10.5 

When we consider the t- ratios of ZA, we have 

Base = AB = 4, Perpendicular = BC 2 3and, Hypotenuse = AC = 5. 

BC 3 AB 
sin A = ==, cos4 АВ 4 PC 3 
AC 5 AC p! AS = 
AC 5 AC 5 
cosecA = =, sec A= AC 5 _ АВ 4 
BC 3 AB 4 and, cot A BC ^3 

EXAMPLE 4 [na A ABC, rightangledat B, if AB = 12 and BC —5, find: 
(i) sin A and tan A (ii) cos C and cot C c 
SOLUTION Ву Pythagoras theorem, we have | 

AC? = AB? + BC? 13 8 , 
=> АС? = 122 +5? 
=> АС? = 169 

A 12 B 

=> AC z 13 Fig. 10.7 
(i) When we consider f-ratios of ZA, we have m 

Base = AB = 12, Perpendicular = BC =5 and, Hypotenuse AC = 13 

А Perpendicular 5 Perpendicular 5 
А = — = — tan A = s 

= Hypotenuse 13 у Вазе 1 
(ii) When we consider t-ratios of ZC, we have 

Base = BC = 5, Perpendicular = AB = 12and, Hypotenuse = AC = 13 Wow 

Base 5 Base 5 
— —— ͥ ON cot C = —————— = — 
= Hypotenuse 13 aN Perpendicular 1 


Dampies If sin A=, findeos Amid tan A. 


SOLUTION We have, 
Perpendicular 3 

Hypotenuse 5 5 
So, we draw a triangle ABC, right angled at B such that Perpendicular = BC = 3 units and, 
Hypotenuse Ac = 5units. 


sin A = 


By Pythagoras theorem, we have C 
AC? = АВ? + BC? Р 
* 5? = АВ? + 3? А 
> АВ? = 52 - 3? 
> AB? = 16 | = ^ ! | 
Е { 


АВ = 4 Fig. 10.8 


MATHEMATIC 
10.6 


When we consider the t-ratios of ZA, wehave — 
Base = AB = 4, Perpendicular = BC =3, Hypotenuse лаа 
Ваѕе 4 Perpendicular 3 
cos A = 


=— and, tan А=————=— 
Hypotenuse 5 Base 4 


EXAMPLE 6 If cosB = 2 find the other five trigonometric ratios. 
SOLUTION We have, 
Base om | 
Hypotenuse 3 
So, we draw a triangle ABC, right angled at C such that 


Base = BC = 1 unit and, Hypotenuse = АВ = 3 units; 
By Pythagoras theorem, we have 


AB? = BC? + AC? 


cos B = 


3 
=> 3? = 12 + AC? 
Ех AC? =9-1=8 
ав B 1 
= AC = V8 = 242 Fig. 10.9 
When we consider the t-ratiosof ZB, wehave 


Base = BC = 1, Perpendicular = AC = 24/5 and, Hypotenuse = AB = 3 
sing = Ребе. . S Petpendicular 2/5 
Hypotenuse g ? U TERES aM 


— = 242 

Ваѕе 
= Hypotenuse 3 Hypotenuse 3 
сасе а [* em s . 3 1 


Base 3 
Base 1 
tB — u—„— —g—ö—ꝛuf = — 
= Perpendicular 2J5 


8 
EXAMPLE 7 If cos0 = p' find theother five trigonometric ratios. 
SOLUTION We have, 


Base 18 


Hypotenuse 17 


So, we draw a triangle ABC right-angled at A such that 
Base = АВ = 8 units, Hypotenuse =AC = TF units and ZBAC = ө 
By Pythagoras theorem, we have : = 


AC? = AB? + pc? 


cos 0 = 


=> 17? = 8? + ВС? 
=» ВС? = 172 – 82 
=> BC? = 289 - 64 = 225 
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10.7 
? BC = у225 = 15 


Vhen we consider the t-ratios of <BAC = 0, wehave 
Base = AB = 8, Perpendicular = BC = 15, an 
Perpendicular 15 
— — _ 10 
Hypotenuse 17 
Perpendicular _ 15 
Вазе a i E 
Hypotenuse _17 
Perpendicular 15 | 
Hypotenuse _ 17 А ч P 


Base 8 Fig. 10.10 


Base 
rd, cot 0 = ———— —— „ә 
Perpendicular 15 


d Hypotenuse = AC = 17 
ѕіпӨ = 


о 


tan Ө = 
cosec Ө = 


sec 0 = 


“AMPLE 8 lf cosec A = V10, find other five trigonometric ratios, 
)LUTION We have, 


tenuse 10 
cosec A — —— = ed 

» we draw a right triangle ABC, right-angled at B such that 
Perpendicular = BC = 1 unit and, Hypotenuse = AC = 4/10 units. С 

ү Pythagoras theorem, we have d 
AC? = AB? + BC? Лб 

: (V10)? = АВ? +1? 
АВ? =10-1=9 
АВ = 49 =3 

hen we consider the trigonometric ratios of ZA, we have 


> 


3 
Fig. 10.11 


Base = AB =3, Perpendicular = BC = and, Hypotenuse = АС = 10 


i Base 3 
Perpendicular 1 A= E 
sit = Hypotenuse JN oe Hypotenuse 10 
T Perpendicular 1 NET Hypotenuse „ vio 
new Base 3 
Base Зад 
5 atts Perpendicular 1 


TP 3 T" 
AMPL In a right triangle ABC right angled at B if sin A = s' find all the six trigonometric 
Е 9 | 
tios of 2С. | 


qe EE scc — cx 
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SOLUTION Ме have, 


[o 
iiA a Perpendicular 23 
Hypotenuse 5 


So, we draw a right triangle right angled at B such that 


5 
Perpendicular = BC = З and, Hypotenuse = AC = 5 3 
By Pythagoras theorem, we have 
АС? = AB? + BC? : 
= 52 = АВ? +3? A М 
ig. 10.12 
=> АВ? =25-9=16 Fig. 10 
=> AB NH = 4 
When we consider the trigonometric ratios of ZC, we have 
i Base = BC = 3, Perpendicular = AB = 4 and, Hypotenuse =AC = 4. 
| " sin c — Perpendicular 2$ qc. Deed 3 
| Hypotenuse 5 Hypotenuse 5 
| 


Perpendicular 4 Hypotenuse 5 
=—————с=— co С = = — 

" uns Base det Perpendicular 4 
sec C z Чуроепше = i and, cot С = h Bae 3 


| EXAMPLE 10 [f sin A= I evaluate cos A cosec А * tan A sec А. 


3 
| SOLUTION We have, 
| sin A = Perpendicular =Y 
| Hypotenuse —.3 
І So, we draw а right triangle, right angled at B such that Perpendicular = BC = 1 unit 
Hypotenuse = АС=3 units. i 
By Pythagoras theorem, we have 
АС? = АВ? + BC? 7 
> 32 = AB? 1? 
2$ 9-1- АВ? : 1 
> АВ = 48 = 2/2 
AB 22 AC 3 
ow, cos А = — = ——, А = —. =-= 
Now 3 /©озес it 3, A 2/2 B 
AC з Fig. 10.13 
ПА = — = апа — 2 — 
| AP pA 


сов А созесА + tan есд „232 3, 1 3. 
3 2V2 2/2 
cos A cosec A + tan А secA = 2/2 3 _ 16/2 +3 


8 


SN Se ee 
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1 Р sinA 
tan A 1+ cos A 


EXAMPLE 11 If cosec A =2, find the value of 
SOLUTION We have, 


— а Hypotenuse 
Perpendicular 


& 
1 


" ; C 
So, we draw a right triangle, right angled at B such that 
Perpendicular =BC= 1, Hypotenuse =AC= 2: 
By Pythagoras theorem, we have 2 ^ 
AC? = AB? + BC? | i 
5 2? = 12 + АВ? | 
> 4-1= АВ? A 3 B к 
=> AB = 43 Fig. 10.14 
Now, 
tan А = E =- sin = P = — and, cos A = 1 2 
1 sin A 1 1/2 
———=—+ 
tan A 1l+cosA 1 14 УЗ 
v3 2 
1 sina V3. 1/2 Җ 9 
— — ee Sy —" ala 
5 tan A 1+cosA 1 2449" * 3 А 
i 95 
= 1 sinA - 5e ы : 5 
tan A 1+ cos A Ne 
1 sin Am A _ _ fie 
—— 4 —S Ain NEC. .- =2 
tan А Ic 4 2° - (Jay 4-3 
; * 
l 1 tan A= V2 -1 show that sin A cos A = "3 A 
SOLUTION, We have, 
„ _ Perpendicular _ /2-1 
ta Base 1 = 
So, wedraw а right triangle ABC, right angled at В such that 
Base = AB = 1 and, Perpendicular = BC = 42-1 
By Pythagoras theorem, we have и 
АС? = АВ? + ВС? 
S AC? = 12 + (4/2 – 1)? 1 f = Ё 
Fig. 10.15 


> АС? =1+2+1-2/2 


10.10 ** * 


2 AC? = 4-242 
5 АС = 44 - 242 
BC — 42-1 AB 1 
; inA = — = ——— — and, cos A = —— =————= 
Now sin AC "ET: an AC "NEW. 


4-1 1 42-1 42-1 1 v2 
sin A cosA = ———— 


4-42 T a-32 MAN- 22 4 


EXAMPLE 13 [n a right triangle ABC, right angled at C, if tan A = 1, then verify that 
2sin A cos A - 1. 


[NCERT] 
SOLUTION In A ABC, we have " 
tanA-1 
BC _, 
т АС " 
= BC = х and АС = х 
By Pythagoras theorem, we have 
2_ ar? 2 
ed = AC* + BC Я - С 
=> АВ = х? + х? Fig. 10.16 
> АВ = 2х 
ВС X AC X 1 1 1 
sin A = — = apt tts ЛЕ... — x — = 1 
AB Mx NV AB J2x 42 "A42" N 
EXAMPLE 14 If tan A = Land tan B H, evaluate cos A cos B -sin A sin B. 
SOLUTION We have, 
{ап A z Perpendicular = : 
50, we draw a rightangled triangle ABC, right angled at C such that Base — AB = 1 and, 
Perpendicular =BC = 1 
By Pythagoras theorem, we have 
AC* = AB? + BC? 
=> Re? = 12 + 12 c 
=> AC = 42 & 
AB 1 А BC 1 
cos A = — = — апа, ѕіпА =~ . !. 
AC 42 AC N 
We have, 
tan g Perpendicular _ УЗ А 1 "d 
Base 1 Fig. 10.17 


So, we draw a right triangle ABC, right angled at A such that 
Base = AB = 1 and Perpendicular = AC — B 
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By Pythagoras theorem, we have б 
ВС? = АВ? + АС? 
> BC? = Y ( = 4 J8 
=> ВС = 2 
: АС 
sin В = BC = R AB е9. 
2 ВС 2 B 1 A 
| 1 1 1 4d3 1-43  Fig.10.18 
Hence, cosA cos B- sin А sinB = R K — = pons 
А Bs] s р 
EXAMPLE is Ina AAC right angled at C, if tan A = Jz find the value of | 
sin А cos В + cos A sin B. ` [СВ5Е 2008] ' 
SOLUTION Let us draw a A ABC, right angled at C in which tan A= ch 
Now, tan А = 5 
so „ Е tana = л в 
АС 43 АС 
> ВС = x and АС = H exi) 
By Pythagoras theorem, we have 
AB? = AC? + BC? . = 
2 A | C 
= АВ? (x) +x’ Fig. 10.19 
> АВ? = Зх? + х? 
= АВ? = 4x? 
ы АВ = 2х 
To find the t-ratiosof ZA, we have 
Base AC = x, Perpendicular = BC = x and Hypotenuse = AB = 2x 
3i BC x 1 „л = AC. УЗ* _ УЗ 
sin A= sa" 5 and, cos / АВ 22 2 
When we consider the t-ratios of ZB, we have 
Base = BC = x, Perpendicular = AC = ux and, Hypotenuse = AB = 2x 
: 10 Mx 3 
cosB = Pe ac a 1 and, sin = ss = Уз 
АВ 2х 2 AB 2x 2 
| ї 1 49 81,3, 
sin А cos ; + cos A sin B 2х5 2 2 734 г" ` 
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5 l- tana 
EXAMPLE 16 If sec a = >, evaluate — 


+ tana 
SOLUTION Wehave, 
— Hypotenuse I 
Base 4 
So, we draw a right triangle ABC, right angled at B such that 
Hypotenuse = AC = 5 units, Base = AB = 4 units, апа BAC = a. 
Applying Pythagoras theorem in A ABC, we obtain 


AC? = АВ? + pc? 


|) 


52 = 42 + ВС? 
BC? = 52 -48 =9 


=» ВС=/9=3 


y 


Now, 


1 1 
EXAMPLE 17. If sinB = 3 show that Зсоѕ В ~ 4соѕ В = 0. 
SOLUTION Wehave, 


a, Perpendicular 
Hypotenuse 


Wa 
2 


So, we draw a right triangle ABC, right angled at C such that 


Perpendicular =AC = unit, Hypotenuse = AB = 2 units. 
Applying Pythagoras theorem in BCA, we obtain 


NOTE It should be noted that: sin? 0 = (sin6)*, sin? Ө = (sin 9) ‚сов? Ө = (cos 0) etc. | 


A 
АВ? ВС? + AC? 
=> 2 C 1 2 1 
=> всё = 3 
= ВС = V3 | 
B JS с 
соѕ В = = = УЗ Fi 
A 2 ig. 10.21 
Now, 


Z — — ——X 2 


3 
3cosB - de! g -a| 8) „ 343 3V3 
2 8 
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EXAMPLE 18 If tan A = 2, evaluate sec A sin A + tan? A — cosec A. 
sOLUTION We have, 
P 2 ic € 
ШАА „ erpendi ilar _2 
Ваѕе 1 
So, we draw a right triangle ABC, right angled at C such that 
Perpendicular = BC = 2 unit and Base = AB = 1 unit. 


By Pythagoras theorem, we have 
AC? = АВ? + BC? 


=> АС? = 27 + 12 =5 $—1 : 
э АС = V Fig. 10.22 
AC Be я C 2 
cA = = = уб HHA = ==2^— mim. 
AB AB 1 A e 5 
апа, cosec А = АС Е EE] 


BC 2 
Sb e BS 
2, CSS RN 


Now, sec А sin А + tan? А – cosec A = JB x +(2)? E 
5 2 


EXAMPLE 19 Given AACB right angled at C in which AB = 29 units, BC = 21 units and 
Z ABC = 0. Determine the values of 
(i) cos* 0 + sin? 0 (ii) cos* 0 = sin? 0 INCERT] 
SOLUTION In AACB, we have 
AB? = AC? + BC? 


> AC = VAB? - BC? = V29? 2212 = (2921) (29-21) = V400 = 20 units 


AC 20 ВС 21 
8 O= ^25 M AB 29 A 


(i) Using the values of sin Qand cos O, we obtain 


: йү (20) к 
coo + sino = (25) (25) 
~ 441 + 400 -— 
841 B 21 © 
(ii) Using the values of sin Ө and cos 0, we obtain Fig. 10.23 
Uv tn (DY 2y 220" „оюна и) „а 
— e- (5) 45 ~~ 29 841 841 


EXAMPLE 20 cot B= =, prove that tan? B — sin? В = sin! В sec? B. 


SOLUTION We have, 
Base _ 12 
Perpendicular 5 
So, we draw a right triangle ABC, right angled at C such that 


Base = BC = 12 units and, Perpendicular = AC = 5 units. 


cot B = 


pue — eee E 


10.14 


Applying Pythagoras Theorem in ABCA, we obtain 
АВ? = ВС? + AC? 


= АВ? = 12? + 5? = 169 
=> AB = 4169 = 13 
AC 5 C 5 AB 
В = —— =, tanB = — =— and, — 
AB 13 ВС 12 and, see B = т 
Now, LHS = tan? B - sin? B 
> LHS = (tan B} - (sin By? 
SY PET Б % 
Б, us -() 5B 14 169 
“ uis as.) 20145100 B 
144 169 144 x 169 
2 2 
=» LHS-25«— 2 _ 25х25 5 
144x169 144x169 12? „132 
and, RHS = sin’ B sec? В 
4 * 2 
= RHS = (sin В)! весв =( 5) (3) d. À 
13 12. 13* x 12? 
From (i) and (ii), we have 
tan? B - sin? B = sin! В sec? В. 
9 £ tana sina 
EXAMPLE 21 If seca = —, verify that — = 
/ + * 17 tan? а seca 
SOLUTION We have, 
seca = Hypotenuse i ua 5 
Base 4 


So, we draw a right triangle ABC, right angled at B such that 


4BAC = а, Base = AB = 4and Hypotenuse = AC = 5. 


By Pythagoras theorem, we have 

ACs АВ? + BC? 
E» 52 42 C 
> ВС? = 25-16 = 9 
= ВС = 3 

tana = — = and s «=Э© „3 А 

АС 5 
3 3 3 

Now, = -— — Ж 
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13 
12 A 
13 
5 
12 
Fig. 10.24 
(i) 
z 54 = 52 x5? 
132 х122 13? x12? 
С 
© 
3 
4 B 
Fig. 10.25 
6 12 : 
- 25 830 
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sina 3/5 3 4 12 T 
and, ет 574 p pU (ii) 
From (i) and (ii), we obtain 
tana sind 
1 tanz c seca 
EXAMPLE 22 If sin 0 = — =, find the value of 4tanü-5cosQ 
sec 0 Acot 9 
SOLUTION Wehave, 
? C 
"A 4 - Perpendicular _4 
5 Hypotenuse 5 
So, we construct a right triangle ABC, right angled at B such that 
ZBAC = 0, Perpendicular = BC = 4 and, Hypotenuse = AC = 5. 5 4 
Applying Pythagoras theorem in А АВС, we obtain 
AC? = AB? + BC? 
2 22 
2 5° = AB^ +4 A 3 B 
=> АВ? = 25-16 = 9 Fig. 10.26 
> AB = v9 => АВ = 3 
AB 3 BC 4 BAB 3 _АС .5 
= —— = — = — =—, СОЕ = = — and, seco = — = > 
со5Ө = C^ s' 0 AB 35 co BC ; nd, sec 5 3 
3 16 16-9 
secO+4cotO - та. 5,3 5+9 14 2 
3 


EXAMPLE 23 In arighttriangle ABC, right angled at B, the ratio of AB to AC is 1. . Find the 
values of 


2tanA 
] 2tan A - 
(i) 1+ A and, (ii "uU УН ET y" 
SOLUTION Wehave, 
Mil uo 
"TA. AD = 1: AC 5 | 
АВ = хапа АС = Ax, for some x. 
Applying Pythagores theorem in 4 ABC, we obtain 
AC? = АВ? + ВС? 5 " 
T (2x)? = x? + ВС? 
> BC? = 2x? 127 х? = x : - | 
Ы ме» Fig. 10.27 


10.16 MATHEMATICS - X 
un = X 4 
B x 
(i) 2tan A _ 2х] „ыз 
1+{ап?А 1+12 2 
2{ 
(ii) ES. a 2x) s. йө undefined, 
l-tan-A 1-1 0 
EXAMPLE 


м dm а right triangle ABC right angled at В, ZACB=0,AB=2cm and 
A 


BC = 1 ст. Find the value of sin? 0 + tan? Ө. 
SOLUTION We have, 
AB = 2 cm and BC = 1 cm. 
Applying Pythagoras theorem in A ABC, we obtain 


АС? = АВ? + BC? 


=> AC? = 22 +1 5 / 

Cc 1 B 
=> AC = V5 Fig. 10.28 
Thus, 


Base = ВС = cm, Perpendicular = AB=2cm and, Hypotenuse = AC = 4/5 cm 


; АВ 2 AB 2m 
; Ө = —— = and, {апб=——=2-— 
х РАС Е BC 1 
Now, 
= ; NY 24 
in^ Ө + tan? 0 = (sino)? + tan 90) -[ | + 2 * =—+4=— 
5 (sin Ө)” + (кат) Js (2) > 5 
Inu a A ABC, rightangled at C and ZA = ZB, 
(i) Is cos A = cos B? (ii) Is tan A = tan B? 
What about the other trigonometric ratios for ZA and ZB? Will they be equal? 
SOLUTION We have, 
CAN B 
=> BC = AG [^ Sides opposite to equal angles are equal] 
=> ВО AC = х (ѕау) 
Using Pythagoras theorem іп A АСВ, we obtain 
| А 
AB! = AC? + BC? 
= АВ? = x? + х? 
5 АВ = x 
(i) Wehave, 
AC: s 1 BC * 1 
А. = 2 ‚= жое NR 
cos AB Nr Vi and, cos B АВ Es Z 
85 cos A = cos B 8 29 ^ 
(ii) We have, ды 
BC- су АС x 
= — = —– =] ta =— = 7 _ 
tan A 8 7 and, tan B == 


—— oe .. ЭИУ 


TRIGONOMETRIC RATIOS 10.17 


tan A = tanB 
, BC x 1 í 
sin A = — = — = Wn. ЛС 44 —1 
NOW, AB Jax Ууз and, sin В = * T - X 
sin A = sin B 
AC x BC 
cot A = — = > =] 8 
BC x and cot B Ac ^x 1 
cot A = cot B 
AB 42x AB Nx 
A2——2—- 2 sec = — = ——_ = 
ec AC x and sec B BC = /2 
sec A = sec B 
diua АЁ LEE. n and КӨНҮҮ = (B „ E _ ' 
BC x AC x 


cosec A = cosec B 


EXAMPLE 26 In AABC, right angled at B, if tan A = 5. find the value of 


(i) sin A cos C + cos A sin C (ii) cos A cos C sin A sin C INCERT] 
SOLUTION We have, 
1 
tan А = Wi " 
BC 1 
=> AB J 
= BC = x and AB = Зх 5 o ow 


Using Pythagoras theorem in A ABC, wehave 
AC? = AB? + BC? 


A B 

> AC? = 4x? 
= AC = 2х 

И ЭМ 005 A = 22,3 
Now, вА Ae N 2 

| АВ Эх _ V3 ,BC х 1 

om e a 27 sig and, cos C a ЫС 
i E 1 И 4 1 
(i) sin A cos C cos AsinC = 2 ae ar 

' dat T ма. 

(ii) cos A cos C - sin AsinC = 2 2 2 0 


А T е sin Å + cos A 
EXAMPLE 27 Given that 16 cot A= 12; find the value of nA- esa 


— 


{А = = => cot A = 
SOLUTION We have, 16cot A = 12 = cot ^ 16 


[Dividing Numerator and Denominator by sin A] 


10.18 
sinA + cos A 
sinA+cosA = sinA — 
Now, nA —  SiMA-cosA 
sin A= cos А = E 
sin А 
УЛА cos A 
- SinA sinA 
sin А | cosA 
sin A sin A 
1 12 
I cot A б 16 
l-cotA . _12 
16 
3. 
32427 
тз d 
4 4 
5sina – 3 cosa 
EXAMPLE 28. If Stand = 4, show tn! 


sina + 2 cosa 
SOLUTION Ме һауе, 


Sana = 4 = tana = 2 


5sina.—3cosa 
Now, Ssina -3cosa — cosa 


Ssina+2cosa — 5sina + 2cosa 
cosa 


Ssina 83 cos a 


4 
cos a cos u б Stana-3 53 
Sige | wesc Stana+2° „4. 
cos a COS а 5 
453 1 
= Жу 
4+2 6 


EXAMPLE 9 If tan = 12, evaluate Ang co 
13 cos” Ө ~ sin? 0 


SOLUTION We have, tan = 12 
2sin@ соб 
sin cosð m cos? 0 
Now, cos? 0 — sin? 0 cos* 6- sin? 0 


cos? 0 


MATHEMATICS - Ҳ 


12 


d 


=12> tA = 


Ф 
6 


Dividing Numerator and 
Denominator by cos а 


| | 


TE 
[s — 


[Dividing Ni and D' by cos? 0] 
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10.19 
12 24 24 
28 = 
е ieee _ 132—139. 13 24 169 _ 312 
l - tan? 0 1-(2) 1-24 Б в 235 % 
13 169 169 


i 1 
А „ 
EXAMPLE 30 If sin Ө = , find the values of other five trigonometric ratios. 
а? +b? a 


SOLUTION We have, 


Perpendicular а? - p? 
Hypotenuse 42 +b? 
So, draw a right triangle right angled at B such that ч 


Perpendicular = а? – b^, Hypotenuse = a? + b? and, ZBAC = 0 
By Pythagoras theorem, we have 


AC? = AB? + BC? 
(а + Ь?)? = АВ? + (а? -bY 


АВ? = (а? 62у (0 =F А 2ab B 
Fig. 10.31 


sin 0 = 


AB? = (a5 +b* + 242 I?) - (a! +b" – 242 b?) 
АВ? = 4a^b? = (2aby 
> AB = 2ab 


When we consider the trigonometric ratios of ZBAC = 0, we have 
Base = AB = 2ab, Perpendicular = BC =a+—b*and, Hypotenuse = AC = a? + b? 


Uu vu y 


media Base _ Е 4 | „ти Perpendicular _ а? * 
Hypotenuse a +b’ Base 2ab 
Hypotenuse а? +12 Hypotenuse а? +b? 
0 = —— — 55-5, sech = — = 
- т Perpendicular a^ — p ** Base 2ab 
2ab 
and, cot = _ fe» -— sae, mu 
Perpendicular а” – b 
EXAMPLE 31. From Fig. 10.32, write the values of: 
(i) sin A (ii) cot A (iii) tan B (iv) sin? В + cos? В 
SOLUTION In AACD, we have 
АС AD? + CD? с 
> AC? = 32 + 4? 
= АС? = 25 
> АС = 425 = 5 
In A BCD, we have е D : 8 
BC? = BD? + CD” eet 
= BC? = 62 +4 Fig. 10.32 
ag * 


phen 


„Ө 
e ot 
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10.20 
=> BC? = 36 + 16 
= BC? = 52 
> ВС = /52 = J13x4 = 2/13 
4 _AD 3 
Now, sinA АС" 5 Ass 
CD « 2 CD 4 2 
= 252 28 e-. Баа, 
= 6 3˙ BC 7 JB 


DB 
and, cosB = BD б 3 
BC 


2 2 
sn? B + cos" = 2) J; Ed i LP LM on 
Мз ЛЗ 13 13 p 


EXAMPLE 32 In Fig. 10.33, AD DBand ZB isa right angle Determine: 


(i) sino (i) cosQ (iii) tang (i) sin^0 + cos? Ө 
SOLUTION үе һауе, 
АВ = а 

> AD + DB = а [> АГУ m DB] 
=> AD+AD=a 
=> 2AD=a 

a 
=> AD = 2 


Thus, | AD-DB-7 
By Pythagoras theorem, we have 


AC? = AB» ВС? 
= b? = ates BC? 
=> B = N д2 Fig. 10.33 
> BC = Vb? ~ a? um 


Thus, in A BCD, we have 
Base = BC = Vb? — a? and Perpendicular = 


BD = 2 
Applying Pythagoras theorem in А BCD, we have 
— BC? + BD? = cp? 
2 2 

= (Jp - a?) 4102] =CD* 

E a? 
— CD* = b a Dei 
Е CD! = 4b? — 442 + д? 

4 


«Е 
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(ii) 


(iii) 


(iv) 


EXAMPLE 33 In AOPQ right angled at P, OP — em, OQ - PQ = 1 cm. Determine d 


NCERT 


ч рр — л ИИИ 
cp? . 4° – За? 
4 
А, 2 2 
CD = YA - За“ 
2 
sin 0 BP scii Bx 
-— inĝ = 
CD Jap 307 . AT 
_ BC Wa: 2402 – а? 
cos® = — => С050 = ————— 
CD Keg da 
BD E: 
tan0 = — ШЫР же шә ж». 
TA тыи: 
2 
2% 2 | а | 2vb? – а? 
sin“ Ө + cos 8 = | ———— | +| -——— 
Jab? — за? JAb? — за? 
"S ni Ш 4b? — 3a* 
 Ab!-3a 42 -30? = ge. 


sin Q and cos О. 
SOLUTION In AOPQ, we have 


and, 


EXAMPLE за In АРОК, right angled at Q, PR + Q 
values of sin P, cos P and tan P. 


ОО? = OP? + РО? 


(PQ + 1)? = OP? + РО? 
PQ? + 2PQ +1 = OP2.« РО? 
2PQ+1=49 
2PQ = 48 
PQ = 24 ст 
OQ - PQ = Гем 
OQ =(PQ%1)cm = 25 ст о 
S ed 
OQ 25 
osQ = 26 = 25 


SOLUTION In APQR, we have 


> 


R? = PQ? + ОК? 
(25 - ОК)? = 52 + ОК? 


—— W$ = 1 


Fig. 10.34 


10.21 


I OQ- PQ - 1-5 OQ - 1« PQ] 


Q 


К = 25cm and PQ = 5 cm. Determine the 
[NCERT] 


[^ РК + ОК = 25cm => PR = 25 — QR] 


um MATHEMATICS- X 


R 
= 625 - 50 QR + QR? = 25 + QR? 
=> 600 - 50 OR = 0 
=> QR = FP = 120m 
Now, PR + QR = 25 
= РК = 25 - QR = (25 - 12) = 13cm 
Р ОК 12 PQ 5 OR 12 
P = , = — = — ot Р =~ = — 
mi 13 РЕ i = ро = P Smo 
1 Fig. 10.35 
EXAMPLE 35 H tan + —— = 2, find the value of tan? 0 + =: 
tan 0 tan“ Ө 
SOLUTION Wehave, 
tan 0 =з 
tan 0 
1 № 
=> (eno 1) 222 
tan 0 
=> tan? 6 + : +2 х tan@ x | = 4 
tan? 0 tano 
=> tan? 0 + 8 17224 
ап 0 
" 1 | 
> tan* Ө + T = 2 
tan? 0 
ALITER We have, 
tan 0 + L 2 
tan 0 
=> tan? 0 24 = 2 tan 0 
=> tan? O- 2 tan 0 1 0 
=> (tan 0 1? =0 


n' 6 112 


EXAMPLE 36 If ZBand ZQ are acute 


angles such ; — 
95 Ин А des such that sin В = sin Q, then jn that 
SOLUTION Consider two right triangles ABC and P ; CERT] 
Wehave, QR such that sin В = 


sin О. 
EO >, PR 
sin B = AB and, enge 


sin B = sin Q 


„ 


——: ⁰˙ w-w 
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C B R Q 
Fig. 10.36 

AC PR 
=> -——— — 

АВ PQ 

АС AB 
=> PR PO = k, (say) 0 
=> AC =k PR апа АВ = КРО (ii) 


Using Pythagoras theorem in triangles ABC and POR, we obtain 
AB? = AC? + BC? and РО? = PR? + QR? 


=> BC = VAB? Aci and QR = PQ? – PR? 
BC МАВ – AC? _ Je po? - к?рк? 3 
Й Ок ро -рк2 РО? PR. [Using (ii)] 
3 BC kJPQ'-PR' | ' = 
OR = т D PR —À „ (iii) 


From (i) and (iii), we have 


AC AB BC 

РК PQ QR 
9 AACB ~ APRQ 
> ГВ = 20 


EXERCISE 10.1 


— — 


1. In each of the following, one of the six trigonometric ratios is given. Find the values of the 


other trigonometric ratios. / 
4 T Ex xw 8 
(i) sin A = 2 (ii) cosA = 5 (ii) tano = 11 (iv) sin 0 = T 
s 43 д DZ - _ 8 
(у) tana = = (vi) sin0 = s (vii) cos = 25 (viii) tano 75 
13 Р 12 
(ix) coto = 12 (х) ѕес0 = 5 (xi) созесӨ = 10 (xii) cos0 = x 
2. Ina AABC, right angled at B, AB = 24 cm, BC - 7 cm. Determine 
(i) sin A, cosA (ii) sin C, cos C [NCERT] 
: stan P = cot R? [NCERT] 


3. In Fig, 10.37, find tan P and cot R.I 


10.24 MIATHEMAT 


Р 
of 5 

R Q 
Fig. 10.37 


lk sin A= rt compute cos A and tan A. 


5. Given 15cot A =8, find sin A and sec A. INCERTI 
^. In A POR, right angled at Q, PQ = 4 cm and RQ = 3 cm; Find thè values of 
sin P, sin R, sec P and sec R. 


7 
If cot 0 = * evaluate: 


(1 + sin 0) (1 — sin 0) Ө | a 
(1 + cos 0) (1 — cos 0) (ii) сөө INCERTI 


М If 3cot A = 4, check whether 1-tan’ A 
1+ tan ФА 


9. If tano = , find the value of cos gaia б 

b cos@ – sinf 
4cos8 = sind 
2cogp + sind 
AsinO – 3cos0 
2sin0 + 6cosó 
asinü-bcosü a-p 
sin + bcosð Fa" 


EV 3. 2sin8 -3cos0 — 
13. If sec = Asho that 4sin0 —9cos0 - 


cos? A sin? A ornot. [INCERTI 


10. If 3tan0 = 4, find the value of 


11. If 3cot® = 2, find the value of 


12. It tano = j Prove that 


14. If.cos®= z, show that sin (1 – tan 8) = 2 


1 1 - cos? 0 3 
12 ) ==—=, h th t — 
If cot o 5 show tha 2-48 5 


1 соѕес? Ө — sec? 0 3 
Ө = —,show that —+——— = 
16. If tan 5 dn — i" 1 


E. sin - 2cos6 
" = —, find the value of 
17. If seco E tan Ө ~ coto 


2sinÜ cos 


E 
1%. If (апд = — 3 find the value of e can 
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1 


: Bv sin - 
19. If cos0 = =, find the value of _ — tan 
5 
2tan 0 
3 cos — 
20. If sin0 = =, evaluate tano 
5 2cot 


24 
21. If {ало = 7 find that sin 0 + cos@ 


Р 1 2. : 
e If sin = г find ѕес0 tano in terms of a and b. 
) 


23. If 8tan A = 15, find sin A - cos A 


2 1-sinó«cosÓ 3 
24. If апо = 57, ОРЕ eS 


2 1+ sin0 + соѕ0 Е: 
1 5ш А 


- ^ E | а 7 » CEDAT b eR 
25. If cosec А = 2, find the value of mad 1434 


10.25 


. If ZA and h are acute angles such that cos A = cos Б, thenshow that ZA = ZB. 


[INCERTI 


77. Ina D ABC, rightangled at A, if tan C = , find the value of sin В cos C + cos B sin C. 


28. State whether the following are true or false. Justify your answer. 


(i) The valueof tan A is always less than 1. 


A 12 
(ii) sec A = for some value of angle А. 


(iii) cos A is the abbreviation used for the cosecant of angle A. 
(iv) cot A is the product of cotand A. 


: 4 
(v) sin 0 = 3 for some angle 0 . 


(9 2 
sin” 0 — cos 0 1 


: 12 
29, If sin ð = — , fi › val f 2 
a етеме а 2sin 0 cos tan” 0 


3 3 
sin” 0 — cos” Ө Е 1 


30, If н _ М i TEF > S 
соз) find the value of FAT ит 


m 


5 
Wr coma —... = : 
pit seca’ =, verify that 4 N- Ze — 1-3tan^A 


3 29 cot' Ө /7 
A sing = 2 prove — "Ug. 
sind 1' prove that aac 0 — 1 3 


3-4sin'A  3- tan? A 


33. If sec 12 eriftvthat == = ————5— 
е 8." verity ive 4соѕ А-З 1-3tan* A 


ТҮЛҮГҮ 


3sinA – 4sin A Itan A tan A 


[CBSE 2008] 


* 


m С . ee С. 
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. : 
sect) + cosec 0 


1 


(45 


55. If 3cos0 ~ И in = 2cos0 + sin, find tan 0. 
Soult ZA and ZP are acute angles such that tan A = tan Р, then show that Z А = Z p. 


MATHEMATICS— X 


— ANSWERS 
; V5 2 3 3 45 
l. () cos A , tan A = , sec А = AA, соѕесА = =, cot A = №. 
3 5 45 2 2 
ii sin A ten A E di Au 4 2 
(ii) B mig =v 35 3 
Em a 11 1 J/122 pm | 
1 < =— = =—— = 2 0 а че 
(ui) sin 0 45:59 Joco i1 Sec Ө = 4122, cot 11 
| 2426 11 15 2426 15 
(iv) cos 0 = ——, (ап Ө = ——, Seco . cot = , cgsee o = — 
15 2426 2426 11 11 
(v) dina cias i atas l E o. sec йн” 
13! 13’ ў 5 19 
i 
(vi) met tan 0 = 5, sec 0 = 2, cosec 0 = - 4 MES 
2 B 4 | 
- 
(vii) бла 22; tan 0 = —, sec = 25, Соѕес 0 $^ ete 4 
25 y 24 24 
; 8 1 5 
(viii) sna oi cos = 2, cote =, seco = T, sec = 17 
| $ 5 27» Т 13 13 
0-—, 0 = —4 h wm = — == 
(ix) tan 12 Sin 13 meh 7 cosec Ө 5” sec Ө 15 
: 12 & 9.7 12 13 5 
sin 0 = , cos = , tanb = =, ө = —, => 
(X) s T 13 5 cosec 7 cot 8 2 
1 Y 
(xi) M cos 0 = A tan 0 = , seco , cot 0 - 3 
= 9 15 12 15 
^ ы tan 0 = «сери ^ Ө = , = eed 
(xii) sim AS 12 cosec 9 cot 0 95 sec 6 i 
: "жа 7 — 5 5 
2. (Of x E (1 2525 3, tan 2 · tR 8 Yes. 
" ( 9 
4 en = pte 45 5. sin A= L7 sec A = g 
5 5 4 
in Р = —,secP A, sec R= sin R 4 Z u 9 
6. Si | 1 : 5 7. (i) 64 (ii) 64 5. Yes 
bea а ы 12 3 
9. с 10. 5 11. 5 17 7 18, * 19. 160 
= m m bta . 7 
20 5 25 ‹ Был 17 . 2 27. 1 
28. (i) False (ii) True (iii) False (iv) False (v) False 
29. 30. 3456 15. 5 
3156 s а 
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10.5 TRIGONOMETRIC RATIOS OF SOME SPECIFIC ANGLES 

In this section we shall find the trigonometric ratios of some standard angles by using some 
elementary knowledge of geometry. For other angles, we can make use of the trigonometric 
tables. 

10.5.1 TRIGONOMETRIC RATIOS OF 0° AND 90 

Let ZXAY = 0 be an acute angle and let P be a point on its terminal side AY. Draw 
perpendicular PM from P on AX. 


Y 
Р 
А M X 
Fig. 10.38 
In AAMP, we have 
2] 
sind = 415. cos0 = AM and {апӨ = 431 


It is evident from А АМР that as 0 becomes smaller and. smaller, line segment PM also 
becomes smaller and smaller; and finally when 0 becomes 0°; the point P will coincide 


with M. Consequently, we have 
PM = 0 and AP = АМ 


PM 0 AM AP 
ino = 20 = —— = 0, cos 0° = ame m = 2 
oe ee agp ee 
PM 0 
and, tan 0° = —— = — = 0 
a UAP AP 


Thus, we have 

sin 0° = 0, cos 0° = Land tano + 0 
From AAMP, it is evident that as 0 increase, line segment AM becomes smaller and 
smaller and finally hen becomes 90° the point M will coincide with A. Consequently, 
we have 

AM = 0, AP = PM 

PM PM „АМ 0 

si = — — = і‹ 590° = — = — = 0) 

sin 90° = PM 1 and cos АР AP 
Thus, we have 


sin 90% 1 and cos 90° = 0 
PM 


REMAR It is @oident from the above discussion that tan 90° = aa 
Similarly, sec 90°, cosec 0°, col 0? are not defined. 


is not. defined. 


10.5.2 TRIGONOMETRIC RATIOS OF 30° AND 60 
Consider an equilateral triangle ABC with each side of length 2a. Since each angle of an 


equilateral triangle is of 60°. Therefore, each angle of A ABC is of 60°. Let AD be 
Perpendicular from A on BC. Since the triangle is equilateral. Therefore, AD is the bisector of 
ZA and Dis the mid-point of BC. 

BD = DC = a and ZBAD = 30° 


Thus, in A ABD, ZD is aright angle, hypotenuse AB = 2a and BD = а. 


— re 
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So, by Pythagoras theorem, we have 
АВ? = AD? + Bp? 


> (2а)? = AD? + @ 
= Ар? — 4а? — а? 
> AD = 43a 


Trigonometric ratios of 30°: 
In right triangle ADB, we have 


[CBSE 
Base = AD = Ha, Perpendicular = BD = a, Hypotenuse = AB = 2а апа ZDAB 


AB 2a 2 
' AD BA V3 
> 30° = — = ——— = — 
cos E t 
BD a 1 
tait 30 s mo з= 
AD Уза 43 
1 
30° = =2 
À * sin 30° С 
í 2 Fig. 10.39 
undi mm фен 
Trigonometric ratios of 60°: [CBSE 2009, 2010] 
In right triangle ADB, we have 


Base = BD =a, Perpendicular = АЁ 
"D 


RATIOS OF 45° 


t triangle ABC with right angle at B such that ZA = 45°. Then, 
A+ ZB+ ZC = 180° 


45° + 90° + ZC = 180° 


C 
= ZC = 45° 

LA= 2С a 
=> AB = BC Ја ‘ 
Let AB = BC =a. Then, by Pythagoras theorem, we have 

AC? = АВ? + ВС? 
E AC? E a + а? A) 
= AC? = 20° A А В 
x AC = {За Fig. 10.40 


ЧМ оссо чь — cem 
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Thus, in A ABC, we have 
ZA = 45°, Base = AB =a, Perpendicular = BC =a, and Hypotenuse = AC = Aa 


| BC й l 15 

sin 45° = — = —— = —, C dir. AE a Tj 
AC was 43; Ж 9a 4H 
BC a 1 

tan 45° = —— = — = 1, соѕес 45° = = 2 
AB a sin 45* v2 

o 1 Ci 

sec 45° = = V2 and, cot 45° = 1 = : =] 

cos 45° tan 45° 1 


Following table gives the values of various trigonometric ratios of 0°, 30°, 45°, 60° and 90° for 
ready reference, 


Following examples will illustrate the use of the values of various trigonometric Е given 


in the above table to find the v alues of trigonometric expressions. 


EXAMPLE 1 Evaluate each of the following in the simplest form: 
(ii) sin 60° cos45° + cos60° sin 45° 


(i) sin 60° соѕ30° + cos 60° sin 30° 
(iii) cos60° cos 30° + sin 60° sin 30° [INCERT] (iv) cos60° cos 30° Sin 60° sin 30° 
SOLUTION (i) We have, з J3 

N 


Я ` 3.1.1 1 
sin 60° cos 30° + cos 60" Sin 230° = T x ся + ^ x 7 = { 4 " =] 
(ii) Wehave 
e, 3 1 1 B 1 B 4 1 


C 1 
sin 60° cos 45°+ cos 60° sin 45° = 2 55 


_ a oe e+ 
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(in) We have, 


COS 60* cos 30° + sin 60° sin 30° = 2 x = * EN ^ C ы тш Я \ 4 ) 1 
(iv) We have, 
13 81 38 3 
£0860" cos 30° = sin60°sin 30° , — xi aE NA ag 
cos 60" cos 30° sin 60° sin 30 ТЕ Nub dé ar 
EXAMPLE 2 Evaluate each of the following in the simplest form: 
(i) cosee30° + cot 45° (ii) cos 30° cos45° — sin 30° sin 45° 
(iii) tan 30° sec 45° + tan 60° sec 30° (v) sin 30° cos 45° + cos 30° sin 45° 
SOLUTION (i) Wehave, 
1 cosec 30° + cot45° = 2 + 1 - 3 
(ii) We have, 
5118 @ 1 _ 3-1 
cos 30° cos 45° - sin30° sin 45° = ХУ x— 2 Curs = 
$ 2 р 2 W 25° N2 
(iii) We have, 


1 С d. F \/2 + 2./3 
id tan 30° sec 45? + tan 60° sec 30° = x2 O/B — -———É 
‚З N 3 УЗ 
(iv) We have, 
; | eS 7 3 1 1 B Sel 
sin 30° cos 45° + cos 30° si N S 90 4 4.0.7. 1 + — = — 
| y v2 2 7 N 227 25 
' ENAMPLE 3 Evaluate the following expressions: 
(i) 2sin? 30° tan 60° — 3cos? 60° sec? 30% (ii) cosec? 305 sin? 45? — sec? 60° 
(iii) tan 60° cosec* 45° + sec! 60° tan45° (iv) 4cot 45° — sec? 60° + sin? 60° + соз? 90° 
(V) 3cos? 30° + sec? 30? Y 2cos 0° + 3sin 90° tan: 60° 
SOLUTION (1) We have, 


2,sin? 30" t60? — 3cos? 60° sec? 30° 


2 Ein 30 F tan 60° — 3 (cos 60°)? (sec 30°)? 


2 M- ZIV. , 48-2 
oe a 


(ii) Wehave, 
cosec? 30° sin? 45° — sec? 60° 


> 


= (cosec 30°)? (sin 45°)? - (sec 60°)? = (2): «( j ~(2) «2-459 


(iii) We have, 


Sl- 


tan 60° cosec? 45° + sec? 60° tan 45° 


c N K?L— ̃ m m 


j)QNOMETRIC КИ ) 
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= tan 60° (cosec 459)? + (sec 60°)? tan 45° 

= V3 x (4/2) + (2)? x12 43x244- 44 248 
(iv) We have, 

4 cot? 45° sec: 60° + sin? 60° + cos? 90° 

= 4 (cot 45°)? — (sec 60°)” + (sin 60°)” + (cos 90°)? 


2 
аха? -e $) "PNE E, E 
2 4 4 
(v) Wehave, | 
3cos? 30° + sec” 30° + 2cos 0° + 3sin 90° — tan? 60° di 


= 3(cos30°)* + (sec 30*)* + 2cos 0° + 3sin 90° — (tan 60°)? 


V3 ? (2 . » 9 4 67 
#3 2x143x1-(G/3) K = g- 
«| * Е xlt5x (УЗ) arate 273 3 12 


cos 30 sin 60e 43 
EXAMPLE 4 ^ that: = = = 
page Hs 1 + cos60° + sin 30° 2 


S * Е КА N 
cos30° + sin60° _  — 
1 + cos 60? + sin 30° wn em" 
X 
EXAMPLE 5 Evaluate each of the following: 


SOLUTION Wehave, 


2 


ü sin? 45? + cos? 45° (i) sin 30° — sin 90° + 2cos 0° 
dis 8 i tan 30° tan 60° 
( ак 60° " 5sin? 30° + cos! 45° ~ 4tan? 30° 
ii) p P Neos oy V) 7773 sin 30° cos 30° + tan 45° 
SON (i) We have, 
1 ^1 

sin? 45° Cos 45° _ (sin 45°)" + Ces. _ (1/ V2)" + (17020 272 1 

: = mdi a 

aoe (man 605) (v3)? з 3 
(ii) We have, 

1 1 
„ = i Ede 

sin30° - sin90° + 2855 C. 2 1*7" 2 — 
| {ап 30° tan 60° 1 х V3 1 2 
(iii) We have, v3 . 

5 | 


sin 60° o ; , н» "= 3 +15х0=\/3-/3+0= 
cot 30* + 15cos 90 ТҮНДҮ р 0 


п 
соз” 45° 
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(iv) We have, 


5sin^ 30° + cos? 45% 4 tan 30° 
ЭЗШ” ЭУ + сов 45 —4tan 30° 
2sin 30° cos 30° + tan 45° 


_ 5x (1/2)? + (1/42y - Ax (1/43) 


zx! з, 
2 2 
5,1_4 5 
„Ж 2-9. 17] E РЕРНИ S ү. 
B į ЧЗ+2 D 43.2 D 6 
2 2 


FXAMPLE 6 Show that: 


(i) 2 (cos^ 45° + tan? 60°) — 6 (sin? 45° — tan? 30°) = 6 С) 


(ii) 2(cos* 60° + sin* 30°) — (tan? 60° + cot? 45°) a378 we 1 
SOLUTION (i) We have, 


2 (cos? 45° + tan? 60°) — 6 (sin? 45° 2 30° 


Q 


in? 30°) - (tan? 60° + cot? 45°) + 3sec? 30° 


a) “La | (oP +t на) 
COM TW 
401616 eon ge 


EXAMPLE 7 Find the value of H in each of the following: 


il 


(i) 2sin20 = V3 (ii) 20630-1 
SOLUTION (i) We have, 
2sin 20 = V3 


E sin20- = = sin 20 = sing» => 20 = 60° = 0 = 30° 


eee Бы 2. мй 
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(ii) We have, 
2cos30 = 1 


1 
e Sata = с053 0 = cos60° => 30 = 60° = 0 = 20° 
(iii) We have, 
43 tan20-3-0 


E “З іал20 = 3 


= tan20 = = V8 э tan2 0 = tan 60“ => 20 = 60° = 0 = 30° 
EXAMPLE § Find the value of x in each of the following: 
(i) tan3x = sin 45° cos 45° + sin 30° (i) cosx = cos60° cos 30° + sin 60?sin 30° 
(iii) sin 2х = sin 60° cos 30° — cos 60° sin 30° 
SOLUTION (i) We have, 
tan3x = sin 45°cos45° + sin 30° 


tan 3x = aS x 25. + 4 
7 "409: x42 2 
= tan 3x -— 
2 4 
> tan3x=1 > tan3x = tan45° — @x = 298 x = 15° 
(ii) We have, Е 
cos x = cos 60? cos 30° + sin 60°sin 30° 
=> NEM 1 
^2 2 % © 
- cosx = Уз + Уз 
` 4 4 
=> cosx = уч cos x cos 30° — x = 30° 


(iii) We have, 
sin 2x. sin 60®со5 30° — cos 60° sin 30° 


B 3 1,1 
> WNas^ » 22 
; s 12 1 
6; mera 2 
* ein 21 = sin30° 21 = 30° => 15 
EXAMPLE 9 Solve each of the following equations when 0° < 0 < 90°. 
1 AT 2 2 1 
i ii 29 = 2 Sin 0 = — 
(i) 2cos0 = 1 (ii) 2cos^0 = 2 (iii) 25іл Ө А 


liv) 3tanà?0- 1-0 


10.34 MATHEMATICS- X 
SOLUTION (i) We have, 


2cos0 = 1 050-2 0 = 60° 
(ii) We have, 


2cos 0 - 3 
2 
cos” Ө = 1 
- "TN 
| | 
= cos 0) = j [: cos 0 > 0 for 0? < 0 < 905 
> 0 = 60° 
(iii) We have, 
2sin^0 = i 
2 
5 sin? 0 = і 
4 
; 1 á 
= инет [i sina > 0 for 0° < 0 < 90°] 
=> 0 = 30° 
(iv) We have, 
Ztan 0 = 1 
=> tan“ 0 = 1 
3 
1 o o d 
= EP". [5 tan0 > 0 for 0° < 0 « 90°] 
б 0 = 30° 
EXAMPLE 10 Solve eachiof the following equations for 0° < ө < 90°, 
(i) 2cos30 1 (i) 28in 20 = (iii) tan 50 = 1 
SOLUTION. (i) We have, 
29030 = 1 = c0s30 = = = 30 = 60° 6 = 29° 
(п) We have, 
2420 = /5 = eng- 2060 = 0° = 30° 


(iii) We have, 
tan 50 12350 45% 9 = 9 
EXAMPLE 11 Ifx = 30°, verify that 
(i) sin3x = 3sinx - 4sin^ x 


(ii) cos 3x 4cos! x - 3cosx 
2tanx 


{у ае 2517.7: (iv) sinx = [ - cos 2r 
i 2 


tA 
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(i) Wehave, 
x = 30° = 3x = 90° 


sin 3x = sin90° = 1 


SOLUTION 


and, 


: Sin Zu = 3sinx - 45іп x 

(i) We have, 

x = 30° => 3x = 90° 

cos3x = cos 90° = 0 

4cos! x- 3cosx = 4с05 30° - 


3 
4cos x — 3cosx = (3 -3| 


and, 


cos Зх = 4 cos? x — 3 cosx 
(iii) We have, 

x = 30° => 2x = 60° 

tan 2x = tan60° = V3 


2tanx 2tan 30° 
l—tan*x 1- tan^ 30° | 
1 55 
2tanx 


tan2x = ———5— 
1 — tan“ x 


(iv) We have, 
x = 30° => 2х= 


posse "ee 
A X 
— 55 


EXAMPLE 12 Verify Мм 


(i) sin 60 >F 
1 + Хап” 30° 


— 


(iii) cos60= cos? 30° — sin? 30° = Ж 


(iv) 4 (sin* 30° cos 60°) —3 (cos? 45° - sin 


SOLUTION (i) We have, 
3 


— 


LHS = sin 60° = 2 


3 
3sinx – 4 sin? x = 3sin30* 4 sin? 30° = 54% -5- 


а" 

| ws 
— 
| 

QJ — 


666 
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3cos 30° 


JE 343 


4x $8 9,25 ig B 


2 2 2 


we 


1 


—2 = = за siti йз? = > 
2 2 


1 — tan? 30° 


1 
1+ #ап230° 2 


2 90°) #3 


. 1 
I Y 2 i, um 
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1 
вн = 2tn3^ | oe UAE R0, > „а „ЫЗ 
1 - tn; 30 1 (/ NY 1—3 4/3 V3 4 
* 3 
LHS = RHS ie, sing 2 0. УЗ, 
17 tan 30 2 
(ii) We have, 
jus 
RHS = 1—!ап°30° 1 V3)? _ a Tec 
1+tan?30° 14 (1/3)? 1 4/3 2 


3 

А 1 ап2 30° 1 

^ LHS - 1.е., соѕ60° = = 

' RES 1+tan?30° 2 
(iii) We have, 


2 2 
RHS = cos? 30° - sin? 30° = КА -(5) efi „2 „1 
2 2 2 4 4 2 


$ and, LHS = cos60° = р 
АА LHS = RHS i.e, С0560° = cos? 309 sin? 30° = 5 
(iv) We have, 
| LHS = 4 (sin 30° tos 60°} - 3 cos? 45° _ sin? 99°) 


АЛУ) o} 


| «B 1 
=a(4 15 2 — 2 1 
i$ 16) ? 2 ) =тс=д 2 


4 SOLUTION We have, 
{ \ tan 0 + cot 6 = 2 


0 
: 
| 


(tan@-—1) =9 


uuu JU 
3. 
T 
5 
= 
Е 
LU 
e 


tan 10 an0=1 tan = tan 450 7 05 45 


i 
aiii + > А 


„ ж» ъъ ъз =. 
^ . 
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tan U+cot 0 = (ап 15 * vol 


£XAMPLE 14 Find an acute angle Ө. wh 


SOLUTION We have 
cos Ө sin | ч 1 
cos 0 + sind [ 4-53 
(cos sin 0) + (cost + sin 0) 
(cos Ө — sin 0) - (cos 0 + sin 0) 
2cos0 2 
2sin 0 243 
| * 
cot {апт Ө = «3 
5 
ALITER. Me һауе 
cost — sint 1293 
соѕ 9 4 sint 1 4 JA 
cost «inti 
cos t 1 V3 
E cos B + sint) 1493 
соз) 


1 - tan | J3 


1 + tan 14938 
tan Ө V3 

tan Ө tan 60 

Ө = 60 


EXAMPLE is sin (A B) 
and B 
SOLUTION We Rave, 


sin (A+ BY = 1 


sin (A + В) = sin 9 
> A+ B = 90 
4 
* 
and, cos (A-) z 
cos (A B) cos 30 


4 В M) 
Adding (i) and (ii), we ge! 
(A B) «(A- B) = 9 4 


1 and cos (А 


037 


cos (7 sin | JJ 
ost) + sint | 1 
\) + ( y) Applying compone 
! 
13 (1+ 433 endo and dividendo 
tan tan 60 ü 0) 
Dividing Numerator and 
Denominator by cos 0 
On comparing two sides] 
, М \ 
В) ü ҢҮ 90° A > RH find A 
` 
(4) 
(u) 
24 120 » А 60 


——  —püÓ 
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Putting A = 60° in (i), we get 

60° + B = 90° => В = 30° 
Hence, A = 60° and B = 30° 
FNAMPLE 15. ois an acute angle and sin h = соѕ0, find the value of 2tan* 0 + sin? 0 — 1. 
SOLUTION We have, 


sinÜ = cos 
sin 0) _ «ost 


= oa [Dividing both sides by cos 0] 
cos cos ) 
=> tano = 1 > tano = lan 45° => 0 = 45° 
2tan* 0 + sin? 9 1 
2tan? 45° + sin? 45° — 1 = 2 (1)2 LY ҮН, 194 
= Sm 45° – 1 = 2 — ы = 2 — — = — — =A 
(0 + z) 2 2 2 
dunn Given that sin (A + B) = sin A cos B + cos A sin B, find the value of sin 75°. 
SOLUTION Putting A = 45° and В = 30° in sin (A + B ) = sin A.cos В + cos A sin B, 
we get 


sin (45° + 30°) = sin 45° cos30* + cos 45° sin 30° 


EL T E. 1.1 i ee 
= Sin m — X oup =——-+ 4-33" 4 
22 422 x5 Ж 2/2 


ХАМ" 1s ABC isa right triangle, right angled at C A =30%and AB = 40 units, find the 
remaining two sidesand ZB of А ABC. 


SOLUTION We have, 
ZA + ZB + ZC = 180° 
=> 30° + ZB + 90° = 180° 


[ ZA = 30° and ZC = 90°] 
=> ZB = 180° – 120° = 60 
Now, cos A = AC 
AB B 
AC 
cos 30? = 
T W 40 
РЯ . Ag 
2 a40 
i É:e- 
25 Age Ау 40 => AC = 2045 units A c 
y5 10.41 
И ВС * 
am, 45 
=> sin 30° = ВС 
1. ee D „кейе 
= 2 40 2 i 


Hence, АС = 20/3 units, BC = 20 units and 2B = 60°. 
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ixaMPLE 19. Ina rectangle ABCD, AB = 20 ст, “ВАС = 60°. Calculate side BC. 
SOLUTION In A ABC, we have D с 
АВ = 20, ZBAC = 60° 
tan ZBAC = BC 
AB 
BC 
tan 60? = — 
* 20 
BC 
V3 TAT AN 
Ы 20 А 20cm В 
ш BC = 2043 cm Fig. 10.42 


EXAMPLE 20 A rhombus of side 20 ст has two angles of 60° each. Find the length of the diagonals. 
SOLUTION Let ABCD be arhombus of side 20 cm and ZBAD = ZBCD = 60% 

Note that the diagonals of a rhombus are perpendicular bisector of each other and diagonals 
AC and BD are bisectors of ZBAD and ZABC respectively. 

So, A AOB is a right triangle such that ZBAO = 30°, ZAOB = 90? and AB 2 20 cm. 


cos ZBAO = ОЛ 
АВ 


> OA = 3 x 20 = 10% 
Also, sin ZBAO = OB 2 


AB 
me ВО A 200m В 
* W Fig. 10.43 
1 BO 
— — = — 
2 2 
= Bo = 2 = 10 


AC = 2 AO х 104/3 = 2043 cm, BD = 2 BO = 2x10 = 20cm 


EXAMPLE 24^. Tue altitude AD of a A ABC, in which ZA obtuse and, AD = 10 cm. If 


BD - 10 cm and CD = 1043 cm, determine ZA. 
SOLUTION „А ABC is a right triangle, right angled at D such that AD = 10 cm and 


BD = 10cm. 
tan Z BAD = BD 


+ 


AD 
= tan ZBAD = 10 1 
10 
= tan ZBAD = tan 45° 


— 1X € 
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5 ZBAD = 45 ^ 
^ ACD is a right triangle right angled at D such 
that AD = 10 cm and DC = 1043 cm. 
| ^D 
tan 4CAD = oe 
AD 
А 10% 5 
= tan CD > = 3 Ё 
10 
в 10 cm D 10/3 cm С 
» n <. " )- an ou? 
> tan ZCAI tan 6t Fig. 10.44 
ZCAD = 60° 


From (i) and (ii), we have 


ZBAC = ZBAD + ZCAD = 45° + 60° = 105° 
EXAMPLE 22 Ли equilateral triangle is inscribed ina circle of radius 6 ст. Find Hs side. 
SOLUTION Let ABC be an equilateral triangle inscribed in a circle of radius 6 cm. Let O be 
the centre of the circle, Then, 

OA = OB = OC = 6cm. 


Let OD be perpendicular from O on side BC. Then, D is the 
are bisectors of ZB and 2с respe 


ZOBD = 30° 


mid-point of BC and OB and OC 
ctively. 
In AOBD, right angled at D, we have 


ZOBD = XY and OB = 6 cm. 


BD 
s ZOBD = — 
cos ОВ 


) 

=> cas 30° = BO 

= BD = 6cos 30° = eX. 3/3 cm 

| 2 Fig. 10.45 
E BC = 2 ВО = 2083). = 6/3 cm 


Hence, the side of the equilateral triangle is 6/3 cm. 


EXAMPLE 23 euch of a, and үа positive acute angle such that 
-u 1 1 

siba + fb- y) = 5/008 ( + y-a) = 3 and tan (7 +a — fj) = 1, 

find the values оба. Band y. 

SOLUTION.—W'e have, 


1 1 
sin (a «B. у) = 2 Cos (B+ y-a) = = and tan (у + a- p) = 1, 


=> sin (a+B-y)=sin 30°, cos (+ y cos 60° and tan (y+a—P)=tan 45° 


=> a+B-y = 30° di) 
p + Y — (t = Ar (ii) 
y dx p = 45° 


(iii) 


a E / / ccc 
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Adding (i) to (ii) and (iii) respectively, we get 
2р = 90° and 20 = 75° => B = 45° and a = 37 r 
2 

Putting the values of a and [^ in (i), we get, 


45 7 30 RE 


Hence, a= = 37 ‚В = = 45° апа ы = 27 


EXAMPLE 24 Inanacute angled triangle ABC, if tan (A +B-C)= Land, sec (B+ C-A) = find 
the value of A, Band С. 
SOLUTION Wehave, 


tan (А+ B = land sec (B+ C - А) = 2 


=> tan (A + B С) = tan 45° and sec (B + C — А) = sec 60° 
=> А+В- С = 45° and B+ C - А = 60° 
=> (А+В- С) +(В+С- A) = 45° + 60° 
= 2B = 105° 
= B= 51 
2 
Putting B= 55 in B+ C - A = 60°, we get 
27 +C-A=06° > C-A= 75 li) 
Also, in A ABC, we have * 
A+B+C = 180° 
о 1° 
> А +521 +С =180 EL 25 | 
2 2 
> C+A =1271 Gi) 
Adding and subtracting (i) and (ii), we get 
2С = 135? and 2A * 120° > C= 67 5 and A = 60° 
5 b 2 
Hence; A= 60°, B = 525 and С = 675 А 
— — — EXERCISE 10.2 


Evaluate each of the following (1-19): 
1. sin 45° sin 30? + cos45° cos 30° 2. sin 60 cos 20° + cos 60° sin 30° 


3. cos 60° cos 45° — sin 60° sin 45° 4. sin? 30° + sin? 45° + sin? 60° + sin? 90° 
5. cos: 30° + cos? 45° + cos? 60° + cos” *90° 6. tan? 30° + tan* 60° + tan? 45° 
7. 2sin? 30° — 3cos? 45° + tan” 2 60° 


1 5 > 1 ` 
8. sin? 30° cos? 2 45? + Atan“ 2 30° + 35 290° – 2cos^ 90° ШЕ d 0° 


И =. 


MATHEMATICS 


„ Ein“ 60° + cos? 30°) – 3 (tan* 60° tan? 45°) + 5cos? 45° 


(cosec? 45° sec? 30°) (sin? 30° + 4cot? 45° — sec? 60°) 
cosec ! 30° COS 6" tan 45° sin? 90° sec” 45?cot 30° 


> >| 3 ? ^ 
12. cot" 30° — 2cog? 60° — 75 45° — 4sec^ 30° 


(cos? + sin 45? + sin 30°)(sin 90° — cos 45° + cos 60°) 
T sin 30° — sin 90° + 2cos0° 

| tan 30° tan 60° 
" 4 1 


es 
5 I 45° 
cot X) in' 60° 


4 (sin? 30° + cos? 60°) — 3(cos* 45° — sin? 90°) — sin? 60° 
17 tan 60° + cos: 45° + 3sec? 30° + cos: 90° 
. ——— —— 


cosec 30° + ѕес60° — cot? 30° 


e 

iå sin 30° " tan 45° _ sin60° _ cos 30° 

Sin 45 Sec cot 45° sin 90° 

T. tan 45? " ѕес 60° — 5sin 90° 
i cosec 30°  cot45?  2cos0* 


Find the value of x in each of the following: (20-25) 


: "m. 

20. 2sin 3x = V3 2] 2sin— =] 
2 

N 

22. V3 sinx = cos x 


tanx = sin 45° соѕ 45° + sin 30° 
24. tan zx = соѕ60° + sin 45° cos 45° cos2x = cos 60° cos 30? + sin 60° sin 30° 
p 0 = 30", verify thats 

D ) sin20 = - ET 


(i) tan 20 = 


2 
я ure (ui) cos 30 = 4 cos 0-3 cos Ө 
27. МА = В = 605, verify that 
№ cos — В) = соѕ А соѕ В + sinA sinB 
A sin (A — B) = sin A cos B- cos A sin B 


(ui) cos20 = 


| tan A – tan B 
HD tài(A-B)s-———M» 
Jn) ап 1+{апА tan B 


28. If A = 30* and В = 60°, verify that 
А sin (A + В) = sin AcosB + cos А sin В 
ДИ) cos (A- В) = cos А соѕ В — sin A sin B 


иин... E. 
pamm io sooo NON UE Ge 


a 


«і 


aS 7 %  . Ж 
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39, If sin (A + В) = Тапа cos (A – В) = 1,0 < A В < 90°, A > B find A and B. 
1 " 
10. If tan (A- B) = В and tan (А + B) = V3,0° < A + B < 90°, A > B find A and B. 
INCERT] 
t 1 
4. If sin (A- B) = j; Ml cos(A + B) = 2 00 < A+B< 90°, A < B find A and B. 
INCERT] 
In a A ABC right angled at B, ZA = 4С. Find the values of 
(i) sin A cosC + cosA sin C (ii) sin A sinB+cosA cos В 
2 ns -— КЕ 
Find acute angles A and B, if sin (А + 2B) = = and cos (A + 4B) = 0, A > B 
u. In APOR, right-angled at Q, РО = Зет and PR =6cm. Determine / P and <А. 
К С?” 


LEVEL-2 
If sin (A-) sin А cos B - cos A sin Band cos (A — B) = cos A cos B + sin А sin В, find the 
values of sin 15° and cos 15°. 
^». In a right triangle ABC, right angled at C, if ZB = 60° and Ag = 15 units. Find the 
remaining angles and sides. 
7 If AABC is a right triangle such that <C = 90°, 2 Ачы? 
ZB, AB and AC. 


ìs, Ina rectangle ABCD, A 
BD. 


and BC = 7 units. Find 


B=20cm, /ВАС/= 60%pcaleulate side BC and diagonals AC and 


: 1 1 
W. If A and Bare acute angles such that tan A = 2 tan B = Г апа 
tan A + tanz 
tan (A find A+ B. 
BA S8) 1 - tanA tan B N 


40. prove that (V3 + 2009 cot 300 = tan 60° — 2sin 60°. INCERT EXEMPLARI 


АЧ Б ANSWERS 

l. B+ $» 1 1. 1-43 1 5 5 3 
55 2. 2/2 2 di 

" 

6. - 7:5 в. 2 9.1 1 = 
3 = 3 
-13 7 3 13 

E — 13. — 14. = 5 =» 
8/3 12. —5 4 2 18. 8 

J2 +1- 243 

16. 2 17. 9 18. ESSE == 19. 0 20. 20? 
21. 60° 22. 30° 23. 45° 24, 15° 25. 15° 


29 A=B=45° 30. А= 45°, B=15° 31. Л= 45°, В = 115° 32. () 1, (i) a 


i. 


TET 


3-} 3a 
VW A,B = is «XM = OD, CR W ы Y 


35, sin 15 » €05.15 


He 7 5 units and AC TI + units 


- 


W. АВ = 45", AC «7, AR 7 


v2 38. BC = 2043cm, AC = 40cm, BD = Wem 39. 45 


10 6 TRIGONOMETRIC RATIOS OF COMPLEMENTARY ANGLES 


In this section, we will obtain the trigonometric rati 
ob the trigonometric ratios of the given angles 


COMPLEMENTARY ANGLE Trwanglesare sand tobe complen 


os of complementary angles in terms 


untan if their sum ts 93g 


It follows from the above definition that 0 and (90° - 0) are complementar® angles tor an 
acute angle 0 


THEOREM = If (21< (п acute angle then prove that 
sin (У) ü) = costi, 


cos (9 Sm 


tan (940 - 0) = cott, cot (90° — A) tand 


sec (90° - 0) = сес and, cose (90° – 0) = «x 


WOOL Consider a right triangle OPM, right angled at An chan Fig. 10.46. 
Let МОР = 0, then 2ОРМ = (90° - Ө) 
For the reference angle 8, we have 


U 


PM OM PM 
sin 0 = —,cos Ө = — . tang = —, 
OP OP Gi 
* 
Op ON 2 
cosec h = ӘР cot = ом and sec Ө = al л 
PM РМ OM 


Fig 10.46 


For the reference angle OPM = (90° - 0), we have 


Base = PM. Perpendicular = OM and. Hypotenuse = Op 


= —. 
— — — — U 
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" OM PM OM | 
sin (90° ~ 0) = : 90° — „АЛДЕ E „г 
5 cos ( 0) = Ap tan (90° ~ Ө) = РМ | 
ОР 


oe (ON? OP PM 
cosec (90° — Ө) = ——, sec (90° — 0 5477 d ar a 
7 sec (90 ) РА zand, cot (90° — 0) M. 


m 


From (i) and (ii), we obtain 
sin (90° — Ө) = соѕ0, cos (90° — Ө) = sin 0, tan (90* — 0) = cot h 
cosec (90° — Ө) Seco, sec (90° — Ө) = cosec and cot (90° — 0) = tan Ө 


euere eds ҮП 
(LEVEL-+ 


Ti EVALUATING EXPRESSIONS INVOLVING TRIGONOMETRIC RATIOS OF 
COMPLEMENTARY ANGLES 


EXAMPLE 1 Evaluate the following: 


. €0s37* .. sin4l^ tan 547 cosec 329 
) sin 535 Н) cos49" (ü) cot 36° uim... 
SOLUTION (i) Wehave, 
а? ESO 9) NS ‚ cos (90° - 0) = sin8] 
sin 53° sin 53° sin 53° | 
(п) We have, 
sin41l?^ sin (90° – 49°) cos 49° 
— —⅞— = =1 Sot o _ = 
cos 49° cos 49° cos 49° [^ sin (90° – Ө) cos8] 
(iii) We have, 
tan54^ tan (90° – 36°) cot 30. 
= = — Б 1 >e o. = 
cot 36° cot 36° cot 36* [- tan (90° - 9) cot] 
(iv) We have, | 
cosec32? соѕес (90% 588)  sec58" 
COM De _ L——— 2 — 1 2 B mnc 
sec 58° sec 58° sec 58? [ 2 cosec (90° — Ө) = sec 6] 
EXAMPLE 25. Evaluate the following? 
(i) sin 3° - cos 512 (i) еоѕес 25° – Sec 65 (і) cot 34° — tan 56° 
RES " 
(iv) sin 36° _ sipsti (v) cos? 13° sin 77° 


cos54^ cos 36° 
SOLUTION (i) We have, 
sin 39 cos51° = sin (90° — 51°) - соѕ51° 
= соѕ51° - cos51° = 0 sin (90° – Ө) = cos] 
(ii) We have, 
cosec 25° Sec 65° = cosec (90° — 65°) - sec 65° 
- sec 65° - sec65” = 0 Г cosee (90° — 6) = seco] 
(iii) We have, 
cot 34° - tan 56° = cot (90° — 56°) - tan 56° 


_ tan 56° tan 56° 0 [- cot (90° — Ө) = tan 6] 


10 46 


(iv) We have, 


sin 36^  sin54^ Sin (90° — 54°) sin (90° — 36°) 


со5 54°  cos36? cos 54° cos 36^ 
_ 05 54° с0536° — 120 Ё sin(90* — 0) = cos 0, ] 
ч cos 54° соѕ 36° cos (90° =» 0) = sin 0 | 
(v) We have, 


U è 2 7? А; "7 
cos” 13? sin 77° = cos? (90° — 77°) — sin^ 77° 


= sin’ 77° - sin? 77° = 0 [^ cos (90° — 0) = sin] 
ХАМИ! Evaluate the following: 
à "Os SU? 80 ot 54° 20° 
(i) = co EM cos 59° cosec 31° (ii) cot»4 LLLA 
sin 10° 


tan36? cot 70? 
b] сло 0 
(ш) 2lan 53  cot80 (iv) sec50° sin 40° 4-cos40? cosec 50° 
cot37° tan 10° 
(v) sec70° sin 20° - cos 20° cosec 70° 
SOLUTION (i) Wehave, 
cos 80° 
sin 10° 
_ cos (90° — 10°) 
Г sin 10° 
z sino cos 599 sec 59" = Sin 104 à cos 59° е 
sin 10° Sin 10  co0s59^ 
(ii) We have, 
cot 54° " tan 20* 
tan36°  cot70* 


+ cos 59° cosec 31° 


+ cos59° cosec (90° — 59%) 


ЕЗ 


cot (90° — 36°) tan 20° ә _ tan36° tan 20° = 
= — 8 —. »(— 2 = —— —— 28171220 
tan 36° cot (90° — 20°) tan36° tan 20° 


(iii) We have, 
2tan 53° е cot80° 
сб!37° tan 10° 


2tan53° cot (90° ~ 10°)  2tan53¢ tan 10° 
fan (90-37) tan lor "hnis mip 27171 
(iv) We have, 
sec 50° sin 40° + cos 40° cosec 50° 
= sec (90° — 40°) sin 40° + cos 40° cosec (90° — 40°) 
= cosec 40° sin 40° + cos 40° sec 40° = mae. 482 17122 


vin 40° cos 40° 
Dee have, 
sec 70° sin 20° – cos 20° cosec 70° 


“9 
— 9 м 
—— —- ͤ wmw᷑œk —ęV p 
-———————— Н 


PRION INE TREC RATION 10.47 


sec (90° — 20°) sin 20° — cos20° cosec (90° — 20°) 
la cosec (90^ — 0) = sec 0 | 


= cosec 20° si ? — соѕ20)° s Р 
с 0° sin 20° — cos20" sec 20 and, sec (90° — 0) = cosec D | 


sin 20^ cos 20° 


ат = 1-1 = () 
sin 20°  cos20* 
ixaMPLE 4 Prove that: 
AM) sin 35° sin 55° cos 35° cos55°=0 00) CTP „соз Bain? 30? = 0 
sin 20° sin 31° 


SOLUTION (i) Wehave, 
LHS = sin35° sin 55° cos 35° cos 55° 


=> LHS = sin (90° — 55°) sin (90° — 35°) — cos 35° cos 55° 
= LHS = cos 55° cos 35° — cos 35° cos 55° I sin (90^ — 8). — cos] 
=> LHS = 0 = RHS 


(ii) We have, 
соѕ70° cos59° 


LHS = — EET ва? 30° 
Sin 20° Sin 31“ 
cos (90° — 20° s (90° — 31° 
5 LHS = — + — э) — 8sinf 30° 
sin 20° sin 3!“ 
zn 700 : o 
= pug .Sn20* , МАЛ _ вац? 30° L. cos (90° — 0) = sin 6] 
sin 20° sin 31“ 
ү — 
= =1+1-8{ 5] =2-2=0= 5 sin 300 7 


EXAMPLE 5 Express each of the following in terms of trigonometric ratios of angles between 0° and 
45°: | ж 


(1) sin 85? + cosec 85° (i) tan 68° + sec 68° (iii) cosec 69° + cot 69° 
(iv) sin 81° tan 81° (v). sin72° + cot72° 
SOLUTION (i) Wehave, 
sin 85° + cosec 85° 


= gin (90° 25%) + соѕес (90° - 5°) 

cos 5®+ sec 5° I sin (90° — 0) = соѕ0 and cosec (90° — 0) = sec] 
(ii) We have, 

tan 68° + sec 68° 

= tan (90° — 22°) + sec (90° — 22°) 

= cot 22° + cosec 22° Гг tan (90 - 0) = cot, sec (90 - 0) = cosec 0] 
(її) We have, 

cosec 69° + cot 69° 
соѕес (90° — 21°) + cot (90° - 21°) 
. cosec (90° — 0) = sec and cot (90° — 0) = tan 0] 


Ш 


вес21° + tan 21° 


ESS . ß ß ß 


10.48 MATHEMATICS- X 


(iv) Wehave, 
singl’ + tan 81° 
= sin (90° — 9) + tan (90° — 9°) 


= COS? + со{9° [^ sin (90° — 0°) = cos 0 and, tan (90° — 18°) = cot 90°} 
(v) We have, 


sin 72° + cot72° 
= sin (90° — 18°) + cot (90° — 18°) 


= cos I8? + tan 18? [^ sin (90° —18°) = cos 18°and, tan (90° —18%= cot ТХ 
PXAMPLE o Evaluate the following: 


b | sin 35° | +| cos 55° | E 2cos60° (i) 2cos67* tan 40° к 7 0° 
кє хт КЕ 
sin 47 543° ү? Р 
(iii) | | (SS. - 4cos? 45° 
. cos 43° sin 47? 
SOLUTION (i) We have, 


р) 
- 


ET 
| sin 35° | 


| соѕ 55° | 


соѕ 55° 


——} -2cos60? 
sin 35° see 


cos (90° — 35°) p 


_ [sin (90° — 55°) | » 
„ n 2c0s 60 


Г соѕ 55° 


E | cos 55° J : | sin 35° 
~ \ cos 55° sin 35° 


> ^ "cos(90*—0) sino 7 
CNN P sin (90* — Ө) = сога | 


2 2 


= 17 +1 


һә 


1 
ЕР И ОН 
2 
(ii) We have, 
2cos67? X tan40° 
sin23? cot 50° 
. 2005 (90° 23°) tan (90° — 50°) 
p sin 23* cot 505 
2 in 23° cot 50% Е" cos (90° — 0) = sinO 
sin23* cot 50° and, tan (90° — 0) cot 


= соѕ()° 


= cos? 


[^ cos0? = 1] 
(iii) We have, 


2 2 
2 2 


| sin 47° | " E 
[соѕ 43°) (віп 47° 


- 4cos* 45° 


| sin (90° — 45°) > B [ze (90° — 47^) 2 А 
= oOo — — 2. š 
| cos 43° | sin 47° 4cos 45 


TRIGONE ‘METRIC RATION 10.49 
соѕ43° Y' ү sinare Y „ sin (90° 0) = cos0 : 

= 5 | - Jcos* 45° “cys (90° - = sinl 
cos 43° \ sin 47 and, cos (90 0) = sin | 

2 2 * y ! | 
= | + 1 = 4 — = 0 Es cos 4^ = UL 
\ м2 | /2 
oe. uate each of the following: 

(i) cot12° cot 38° cot 52° cot 60* cot 78* [CBSE 2001 C] 


[CBSE 2001 C] 


(i) tan 5° tan 25° tan 30° tan 65° tan 85° 
angles involved are complementary 


OLUTION (i) Grouping terms in such a way that the 
i.e, their sum is 90°, we have 
cot 12? cot 38° cot 52? cot 60° cot 78° 


= (cot 12° cot 78^) (cot 38^ cot 52°) cot 60° 


= (cot 12° tan 12^) (cot 38° tan 38°) (cot 607) 
[гг сої78° = cot (90° – 12°) = tan 12? cot 52° t (508 - 38°) = tan 38° | 


=1х1х LT A 
/з 43 
(ii) We have, 
tan 5° tan 25° tan 30° tan 65° tan 85° 


= (tan 5° tan 85°) (tan 25° tan 65°) tan 30° 


= (tan 5*cot 5°) (tan 25° cot 25°)tan 30° 
—Ó— ee tan 85° = tan (90° — 5°) = cot 5° 
E Js 43 | tan 65° = tan (90° — 25°) = cot25* 


EXAMPLE $ If A, B, Care the interior angles of a triangle ABC, prove that: tan B+E А 


= cot—. 
2 


= 2 


SOLUTION In A ABC, we have 


A + B + €= 180° 
=> В + @=180° - A 
=> 2 ia ` = 90° – 2 
2 2 
| \ B«C 
=> anf tE) = tan( 90-3) => tan| : )= cots 


Type II ON FINDING THE UNKNOWN VARIABLE 


EXAMPLE 9 Find 0, if sin (0 + 36°) = cos, where 0 + 36° is an acute angle 


SOLUTION We have, 
sin (0 + 36°) = cos0 
= cos [90° — (0 + 36°)} = cos0 
90° – (0 + 36°) = 0 => 20 = 54° — 0 = 27° 


v 


10.50 MATHEMATICS 


ENAMPTEI 10 
of 0. 
SOLUTION We have, 

tan 20 = cot (0 + 6°) 
= cot (90° — 20) = cot (0 + 6°) 


If tan20 = cot (0+ 6° ), where 20 and 0 + 6° are acute angles, find the value 


=> 90° -20=0+6° > 30 – 84° > Q= 28° 
EXAMPLE 11 If sin50 = cos 40, where 50 and 40 are acute angles, find the value of 0. 
SOLUTION We have, 
sin 50 = cos40 
=> sin 50 = sin (90° — 40) 
=> 50 = 90° — 40 
=> Ө = 10° 


EXAMPLE 12 [f tan2A = cot (A- 18°), where 2A is an acute angle, findithe value ofA, 


[NCERT] 
SOLUTION We have, 
tan 2A = cot (A – 18°) 
=> tan 2A = tan 190° — (A - 18°)! 
— tan 2A = tan (108° — A) 
= 


2А = 108°- A = ЗА = 108° ЧА, A = 36° 
EXAMPLE 15. [f tan A = cot B, Prove that A + B = 90° 


INCERTI 
SOLUTION . We have, 
tan A = cot B 
> tan А = tan (90° В) = д = 90° _ В = А+В- 90° 


EXAMPLE 14 If Se = ORAA + 36°), 
SOLUTION Ме have, 


sec 5A = cosee(A + 36°) 


where 5A is an acute angle, find the value of A 


— sec 5Ay= sec ( 90° - (A + 36°)) 
= Sec 5A = sec (54° — A) 
=> 54- 54°-A => 6A = 54° => A29 


INAMPLE 15. If sec 4А = cosec (A- 20°), where 4A is an ac ute angle, find the value of A. 


INCERT, CBSE 2008] 
SOLUTION We have, 
sec 4A = cosec(A — 20°) 


= sec 4A = sec | 90° (A 20°) | 
=> sec 4A = sec (110° — A) 
=> 4А =110°-A > SA=110 5 А 22° 


6% 


TRICONL NIE TRIG FATTO wet 


| LEVEL-2| 


куум» Evaluate each of the following: 
cos” 40° + cos? 50° 


NEC 5 IC BSI 2002] 
sin^ 40° + sin^ 50° 


(i) cos (40° — 0) — sin (50° + 0) + 


gy SO ___ o ИШ [CBSE 2002] 
sin 20^ tan 5° tan 25° tan 45° tan 65° tan 85 
“08 58° ` s 38° cosec 52° 
(iii) 2 = |- 3| 18 ba un 7 IC В5 2008! 
sin 32° tan 15° tan 60° tan 75° 


SOLUTION (i) We have, 
cos? 40° + cos? 50° 
sin^ 40° + sin? 50° 


s^ 40° + cos (999—409). 
= sin [90° — (40° — 0)] - sin (50° + 0) + сов? 40° + cos (gg 
sin? 40° + sin^(90* — 40°) 


cos (40° — 0) — sin (50° + 0) + 


Ко = sin (90° — a)] 


cos? 40° + sul 409 a 
= sin (50° + 0 sin (50° + 0) + —;— — W^. 97121 
n sin? 40 0 
(ii) We have, 
cos 70° cos 55° соѕес 35° 
+ 


p — B— M 
in 20 tan tan 25° tan 45* fan 65° tan 85° 


cas (90° — 20°) cos 55° соѕес (00 — 55°) 
E sin 20° tan 5° tan 25? tan 45° tan (90° – 25°) tan (90° – 5°) 
sin 20° cos 55% sec 55° 
Sm ede 
sin20° tan 5*lan25' tan 45°cot 25^cot5* 
1 ' 
= 1+ ae = RD- 2 [. tan5?cot5? = 1 and tan 255 cot 255 = 1 


(iii) We have, 


cos 58° | cos 38° cosec 52° | 
0 — — К, — — —̃ 
à sin 32° tan 15? tan 60° tan 75° 


4 | cos (90° — 32°) И в! cos 38° cosec (90° — 387) | 


1 


— CORES TEN "шы у _. 
sin 32° tan 15° tan 60° tan (90° — 15°) | 


in 32° соз 38° вес 38° 
‚( 532). gj SS — 
sin 32° tan 15° x J3 x cot 15 


1 
zos 38° х 


1 
5° 3x 
tan 15° x 43 tan 15° 


Ш 


= ds 


А -—-— 
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FNXAMPIE Т Prove that: 
(1) tan 10° tan 15° tan 75° tan 80° = | (ii) tan 1° tan 2° tan 3°... tan 89° = ] 
(ui) cost? cos2^ cos3^.. cos 180° = 0 
SOLUTION (i) We have, 
LHS = tan 10° tan 15° tan 75° tan 80° 
= tan (90° - 80°) tan (90° — 75°) tan 75° tan 80° 
= €OLRÜ* cot 75? tan75? tan 80° & tan (90° — 0) = cot 0] 


= (cot 80° tan 80°) (cot 75* tan75) 141212 RHS [ cott. tan à = 1] 
(п) We have, 


LHS = tanl?^ tan2? tan»... tan 89* 
" = lan (90* — 89°) tan (90° — 88°) tan (90° — S77). 
= COLBU* cot 88° cot 87° ... tan 87° tan 88° tan 89° 
= (cot 89° tan 89°) (cot 88° tan 88^) (cot 87° tan 87°) .. (cot 442 tan H°). tan 45° 


=1х1х1...х1=1=ЁН$ [~ cot tand t and tan 45° = 1] 
(i) We have, 


tan 87° tan 88s tan 89° 


LHS = cosl?^ cos2? cos... cos 180° 
con соз2° со$3°...со589° cos90° Cos] 7.1, cos 180° 


= cos 1° cos 2° cos 3°... x cos 89° x ОЕ cos 91** соѕ180° = 0 = RHS 


* cos 90° = 0] 
PNAMPLE 18. [FA + В = 90°, prove that 


m —— à 
R tan A tan B + tan A cot B sim B e 
UA: E e tA 
sin A sec B cos? A 


SOLUTION Ме have, 
A«B-90^- B= 90% д 


~~, Wee ee 
Sim sin* B 


sin A sec B cos? A 
o 
" Lus tan A tan (90° — - A) + tan Acot (90° — A) Sin“ “(90° - A) 
We sin A sec (90° — A) cos? A 
ek kaa 
z LE ГА | tan = A+tanAtanA _ = A 
2x sin A cosec A COS" A 
— LHS = y1+tan*A-1 = Vtan? A = tan A = RHS 
— — — ——— EXERCISE 10.3 
1. Evaluate the following: 
4, sin20° у cos 19* .... Sin 21^ 
(n) — 
(i) 70 епу (ш) 


cos 69° 


rRIGONOMI PRIC RATHOS 


tan 10° 


iv 
tv) cot 80 


(v) sec 11° 


cosec 79 


2. Evaluate the following: 


1 


^ o 2 n ^d 
sin 49 | «| cos4l1^ | 


(ii) cos 48° sin 42° 


10.53 


М sin 49° / 
cot 40 2 cos 35° | sin 27° | (ee 
Gin) tan50° 2 sin 55* (iv) . cos 63° | sin 27° 
tan 35° cot78* .  sec70* Sin 59 
v) ——*Llu! lei Е 
cot55?^ tan 12 соѕес 20° соѕ31 Я 
(vii) cosec 31° Sec 59* (viii) (sin72° + cos18°) (sin727.— cos 18°) 
© sin 35° sin 55? — cos 35° cos 55° (x) tan 48° tan 23° tan 42™tan 67 


(хі) sec50°sin 40° + cos 40° cosec 50° 
3. Express each one of the 
between 0° and 45° 


(i) sin 59° + cos 56° (ii) tan 63° + cot 49° 
(iv) cos78° + sec78* (v) cosec 54° + sin 72° 
(vii) sin 67° + cos 75° 


4. Express cos75°+cot75° in terms of angles between 0° and 30°. 


оі 


6. IF A, B, C, are the interior angles ofa triangle ABC, prove that 


| B«C 
(i) an (£54 - cot 5 (ii) an ч | = cos 


— 


m 


. Prove that: 
(i) tan 20° tan 35° tan 4e tan 55^ tan70* = 1 
(i) sin 48° sec 429 + соз 48°соѕос 42° = 2 
ee o s, OL)? 
(u) IDs рес 20° — 2cos70? cosec 20° = 0 


cos 20° sec 70° 


со580° sac 31° = 2 
sin 10° 


8. Prove the following: 


(iv) 


(i) sin Ө sin(90° — 0) – соѕ 0соѕ (90° -0) = 0 
cos (90° O) sec (90°%.— 0) tan 0 , ian (90° –0) 


S) cose (90° — 0) sin(90° — 0) cot (90° — 8) со 


= 2 
— 


(iii) sec76° + cosec 52° 


(vi) cot 85° + cos 75° 


. If sin ЗА = cos (A- 26°), where ЗА is an acute angle, find the value of A. 


following in terms of trigonometri€ ratios ot angles lying 


[NCERT] 
[NCERT] 


[NCERT] NS 


[NCERT] 


pe 
10 84 МАЛНЕМ АТС 
tan (90° — A) cot A А 
(11) —; — cos А =0 
созес A 2 
„ Соз(90°— A)sin(99^ e 
(iv) — — —— = sin A 


lan(90* —A) — — 


(v) sin (50° + 0) — cos (40° — 0) + tan 1° tan 10° tan 20° tan 70? tan 80° tan 89° = 1 


— 


[C BST 2007! 
"sS Evaluate: 
А 2 4 4 , , 1 3 
(i) 3 (cos 30° sin! 45°) - 3 (sin? 60° — sec” 45°) + 299 30° ICBSdea001 СЇ 
T 221 4 2 ‚3 РОТЕ 1 3 
(ii) 4 (sin® 30° + cos 60°) – 3 (Ein 60° — cos? 45°) + tan 60° St oon 


in 50  cosec 40° 


iii — — — ~ 4 cos 50° cosec 40° BSF 2001] 
qu) cos 40^ sec 50° TES * | 
(iv) tan 35° tan 40° tan 45° tan 50° tan 55° (CBSE 2000] 

(v) cosec (65° + 0) – sec (25° — 0) tan (55° — Ө) + cot (35° +0) [CBSE 2000] 


(vi) tan 7° tan 23° tan 60° tan 67° tan 83° ICBSE 2000] 


„ Zsin os? 2cotl5® Ztan 45° tan 20° tan 40° tan 508 tan 70° Б 
(уп) соѕ222 5{ап75° 1 ICBSE 2004] 
zcos 55° " 4 (cos 70° cosee 20°) — 
Wil)’ 7 ein 35° 7 (tan 5° tan 25° tan 455 tan 6. tan 85°) C 200 
sin 18° m MT 
Б ете УЗ tan 10° tan 30° tan 40° tan 50° tan 80° | | CBSE 2008 
cos 58° sin 22° cos 38° cosec 52° . "BSE 2009| 
(9 sin 32° ' cos 68° tan 18° tan 35° tan 60° tan 72° tan 55° ^ 4 » - 
It sing = cos (0 - 4559, Where 0 and 0 – 45° are acute angles, find the degree measure of 
0. 


If A, H. C are the interior angles of a A ABC, show that: 


. BØR A d B+C 4 
(i) sin cos (i) cos sin — 


> If is and 30° 0 are acute angles, 


find the degree measure of 0 satisfying 
sin (20 + 45°) = cos (30° — 0) 


It his a positive acute angle such that sec 0 = cosec 60°, find the value of 2 cos? 0 - 1. 
14. If cos 20 = sin 40, where 20 and 4 0 are acute angles, find the 
It sin 30 = cos (0 6°), where 3 0 and 0 — 6° are acute 
i^. If sec 4А = cosec (A - 20°), where 4A is an acute 


value of 0. 
angles, find the value of 0. 
angle, find the value of A. 
If sec 2A = cosec (A - 42°), where 2A is an acute angle, find the value of A. 
[CBSE 2008 
If tan 2a = cot (A – 18°), where 2А is an acute angle, find the value of A. [CBSE 2018] 


FRIGONOMETRIC RATIOS 


— 
———— ——5—————————— 
—— — — ——  — I 
— — ee 


t () 1 (ii) ! (iii) 1 (iv) 1 
2 (i) 2 (ii) 0 (iii) 1/2 (iv) 0 
(v) 1 (vi) 2 (vii) 0 (viii) 0 
(ix) 0 (x) 1 (xi) 2 
3. (i) соѕ21° + sin 34° (ii) cot25° + tan 41° 
(iii) cosec 14° + sec 38° (iv) sin 12° + cosec 12° 
(у) sec 36° + cos18* (vi) tan 5° + sin 15° 
(vii) cos 23° + sin 15° . sin 15° + tan15* 
9, (1) us (i1) H (iii) -2 (iv) 1 
LU M 6 5 
(vi) J3 (vii) 1 (vill) E (ix) 2 
1° 1 
10. 97 2 12. 15° 13 E ]4. 15? 
15. 24° 16. 22° 17. 44° 18. 36° 


Answer each of the following questions either in one word or one sentence atis per requireme 


VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 
nt of the 


questions: 


ә 


ut 


M 


1 
‚ What is the maximum value of s 
sec 0 


4 
‚ If cos0 = y find the value of 


‚ Write the maximum and minimum values of sin 0. 


. Write the maximum and minimum values of cos 0. 


? 


1 


f-——? 


. What is the maximum valueo — 
cosec @ 


cos 0 - sind 


. If ап = =, find the value of узб + sind” 


sec 0-1 
sec 0 +1. 


4 cos 0 ~ - sin 0 0 


(TE 3 cov ча, find the value of 47 y cag 


^ 3 
cosec” 0 — sec” 0 " 


eme 1 i | 

8. * З "A. hat is the value of sw. 3,’ 

Given tan 0 J8' wh соѕес? 0 + sec! 0 
| - 1 - cos? 0 

9. y E, р arite syalueo 2 : 

If cotü = . write the value 2 sin? 0 

о Беда 3 and A+ B= 905, then w. rhat is the value of cot B? 

4 


10.55 
ANSWERS 
(v) 1 
5. 29? 
(v) 0 
ке 
(х) 3 


* 


—€—— — ки 


10 56 


MATHEMATICS 


3 | 
11. If A+ B= 99° and cos B = = What is the value of sin A? 


12. Write the acute angle 0 satisfying J/3 sin O = cos 0. 


13. Write the value of cos 1° cos 2° cos 35...... cos 179° cos 180°, 
14. Write the value of tan 10° tan 15° tan75° tan 80°, 
15. If A+ B= 90° and tan А = 7 What is cot B? 
А 5 
16. If tan A = Dp’ find the value of (sin A + cos A) sec А. [CBSE 2008] 
2 Б — E - ANSWERS 
1 
l. -land1 2. -land 1 3. 1 4. 1 5. 9 
1 "E 18 2 3 3 3 , 
b. 5 7. 11 8 3 9. 5 10 Fi 11. - 12. 30 
3 17 
13. 0 14. 1 15. — 16. — 
4 12 
E — Re CHOICE QUESTIONS (MCQs) 
Mark the correct allernative in each of the following: 
l. It 9 is an acute angle such that cos 0 = then Ө эп 0—1 = 
5 2tan- 0 
16 ] 3 160 
(a) —— 0. ==. ©) = id) == 
625 36 0 160 3 
2. If tan 0 = <, then sno oye is equal to 
b a sin — b cos 0 
а? + b a — he a+b a-b 
Ў mn] (b) ~. WE 9 ер (d) tb 
5sin 0 – 4 cos 0 
3. If 5tan0 —4 =, then the value of =. is 
5sin 0 + 4 cos 0 
В b) 5 () 0 (d) 
(a) 3 ( 6 с) c 
sin X — cos x 
4. If 16 cota = 12, then = ыгы equals 
sin X + cos x 
1 3 2 
ay = b) = (c) = d) 0 
(a) 5 ( 5 ) 7 (d) 
5. If 8tanx = 15, then sin x - cos x is equal to 
8 17 1 7 
€ — (b) T (c) s 1 — 
(а) 15 7 17 OD 
sec^0 Sec: 0 
6. If tan 0 =, then 6090 0 - sec’ 0 _ 
v cosec^Ü  sec^ 0 


on 
ET / 
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5 3 
(a) 7 (b) = ii 2 (d 2 
7 7 12 4 
3 ) . 
7. If tan 0 = 1 then соз 0 - и 0 = 
7 ' 7 4 
a) — (b) 1 + LI € 
(a) 35 ) (с) = (d) 56 
8. If is an acute angle such that (апт 0 = 5 then the value of a TS eR эш?) is 
7 (1 + cos 0) (1 — cos 0) 
108 7 8 7 
| (а) 8 (b) 7 (c) : (4) - ‚ 
t 
RS ; 4 
9. If 3cos 0 = 5sin 0, then the value of — = * — 
5 sin O + 2 ѕес 0 2 cos 0 
271 316 542 | 
(а) 979 (b) 2937 (c) 2937 (d) None of thesc 
10. If tan? 45? cos 30° = x sin 45? cos 45°, then x = 
| 1 
(а) 2 b) -2 G => (ut 
4s) 11. The value of cos? 17° — sin? 73° is 
1 
(а) 1 (b) 3 (c) “0 (d) —1 
cos 20° cos 70° . 
12. The value of —————_,—— is w 
sin 70° sin 20° 
1 1 
(а) 2 (b) 2 (c) 1 (d) 2 
13. If — Te tan 60? -- tan? 30°, then x = 
8 соѕ 45° sin“ 60° 
(a) 1 (b) -1 (c) 2 (d) 0 
14. If Aand Bare complementary angles, then 
(a) sin A = sing (b). cosA = cos B (c) tan A = tanz (d) sec A = cosec B 
15. If x sin (90° £0) cot (90? — 0) = cos (90° — 0), then x = 
(a) 0 (Б) 1 (c) -1 (d) 2 
16. If x tan 45° cos 60° = sin 60° cot 60°, then x is equal to 
1 1 
(a) 1 (b уз (© 5 d) 5 
17. If angles A, B, Cof a A ABC forman increasing AP, then sin В = 
1 J3 - 1 
€ — — (c) 1 (4) == 
А tan? 0 — соѕес20 . 
I8. If o is an acute angle such that see” 0 = 3, then the value of m pem i: 1 


“Il bo 


Р 
(а) : (b) 7 (c) (d) 1 


CS-* 
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19. The M of tan 1° tan2? tan 3°...... tan 89* is 


(a) 1 (b) -1 () 0 (d) None of these 
20, gd value of cos 1? si > cos 3 40 cos . w | — 
21. TI ' value f te 10° t 15° & 75° t 80° i 
(в a 1 8 Bd IT P 1 (4) None of these 
cos (90° — 0) sec (90° — 0) tan 0 tan (90° — Ө) . 
22. Th ral f — — — — — — 
на cosec (90° — 0) sin (90° ) cot (90° — 0) cot 0 
(a) 1 (b) -1 (c) 2 (d) = 


f 0 and 20 ~ 45° areacuteangles such that sin 0 = cos (20 — 45°), then tan 0 is 
equal to 


1 
i (a) 1 (b) -1 (©) J3 (9 25 
24. If 50 and 40 are acute angles satisfying sin 50 = cos 40, then 
2sin30 —J3 tan 30 is equal to 
(a) 1 (b) 0 (с) 21 (d) 1+ уз 
i 
r 25. If A+B=90°, then A tan B + tan A ggap ^ sin’ SEH equal to 
sin A sec B cos? A 
(a) cot?A (b) co B (c) -tan^ A (d) —cot? A 
2 tan 30* T 
26. 1+ tan? 30* is equal to 
К (a) sin 60° (b) cas 60° (c) tan 60° (d) sin 30° [NCERT] 
l- tan? 45° ^һ 
* 1 + tan? 45° aus 
(a) tan 90° (b) 1 (c) sin 45° (d) sin0° [NCERT] 
28. sin 2А =2sin A is true when A = 
(a) 0° (b) 30° (c) 45° (d) 60° [NCERT] 
2 tan30° — T 
29. un Ар is equal to 
E (a) cos 60* (b) sin 60* (с) tan 60* (d) sin 30° [NCERT] 
" 30. If A, B and C are interior angles of a triangle ABC, then sin (27€) = 
{ 
; A А TM 
(a) кас (b) 27 (c) ä (d) cos 
2 ; : 
31. If cos 0 = z then 2sec^ 0 + 2tan? 0 7 is equal to 
(a) 1 (b) 0 (c) 3 (d) 4 
32. tan 5° x tan 30° x tan 85° is equal to 
4 
(а) 55 (b) 4/3 (с) 1 


(4) 4 
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tan 55° 


33. The value of — 4 cot]? © vn 
cot 35° cot I^ cot2 cot 3°... cot 90°, is 


(a) -2 (b) 2 (c) 1 (d) 0 
34. In Fig. 10.47, the value of cos ф is 
5 5 3 4 
(a) 4 b 3 © 5 (d) = 
A 
D 5 4 
90; 
E C 3 8 
Fig. 10.47 
35. In Fig. 10.48, if AD = 4 cm BD = 3cm and СВ = em, then cot 9 = 
A 
D 
IRT] 
С в 
Fig, 10.48 
ЖТ 12 5 l 12 
(а) = (b 42 © 15 (d) 13 
TI [CBSE 2008] 
— — ANSWERS 
1. (с) 2. (а) 3. (с) 4. (a) 5. (4) 6. (d) 
КТІ 7. (а) 8. (a) 9. (a) 10. (d) 1. (c) 12. (c) 
13. (a) 14. (d) 15. (b) 16. (a) 17. (b) 18. (d) 
19. (a) 20. (b) 21. (c) 22. (c) 23. (a) 24. (b) 
25. (b) 26. (a) 27. (d) 28. (a) 29. (c) 30. (b) 
31. (b) 32. (a) 33. (c) 34. (d) 35. (a) 
SUMMARY 


1. An angle is considered as the figure obtained by rotating à given ray about its end-point. 
The revolving ray is called the generating line of the angle. The initial position OA is 
called the initial side and the final position OB is called the terminal side of the angle. 

2. The measure of an angle is the amount of rotation from the initial side to the terminal 


side. 


— 
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3. If ABC isa right trian 


р : angle 8, 
gle right angled at Band. ZBAC = 0, then with reference to ang 
we have 


Base = AB, Perpendicular = BC and, Hypotenuse = AC 
Also, 


А Perpendicular 
sin 0 = Lerpendicular 


Hypotenuse 
, Base 
cos 0 = 
Hypotenuse 
— Perpendicular 
Base 


Hypotenuse 
cosec () = __1уроепиѕе 


Perpendicular 
— Hypotenuse 
Base 
i cot 0 = — 
; Perpendicular 


4. Wehave, cosec 0 = RN sec Ө = ha cot 6 = == 
sin 0 cos 0 tan Ө 
Also, tan 0 = anz cot 0 АЧ 
cos 0 Sin 
. The trigonometric ratios for angles 0°, 30°, 45°, 60° and 90° are given in table given on 
page 10.30. 


6. The values of sin 6 and cos 0 never exceed 1, whereas the values of sec Ө and cosec Ө 
are always greater than or equal to 1. 


7. If is an acute angle, then 
sin (90° — Ө) = соз Ө, cos (90° — 0) = sin Ө 
tan (90° —0) cot 0, cot (90° — 0) = tan 0 
sec (90* — 0) = cosec Ө, cosec (90° — 0) = sec Ө 


TRIGONOMETRIC IDENTITIES 


11.1 INTRODUCTION 

In the previous chapter, we have learnt about various trigonometric ratios and relations 
between them. In this chapter, we will prove some trigonometric identities, and use 
them to prove other useful trigonometric identities. 


11.2 TRIGONOMETRIC IDENTITIES 

We know that an equation is called an identity if it is true for all values of the variable (s) 
involved. For example, 

(х= а) (х - b) r (хе Ы ^) " (x - с) (х - а) “з 
(c-a)(c- by -Masc (b-c) (b — a) 

are algebraic identities as they are satisfied by every value of the variable x. 

In this section, we will discuss some trigonometric identities. We may define the term 
trigonometric identity as follows. 

DEFINITION An equation involving trigonometric ratios of an angle Ө (say) is said to be a 
trigonometric identity if it is satisfied for allvalues of Ө for which the given trigonometric 
ratios are defined. PE 


x? - 9 = (x - 3) (x + 3) and 


: LÍ). А 8 : 
For example, cos? 0 Leos 0 = cos 0 | cos 0 — 2 | is a trigonometric identity, whereas 


cos Ө [cos ө - 3 - is an equation. 


metric identity, because it holds for all values of q except 


Also, sec = is a trigono 


cos 
for which cog @= 0. For cos 0 = 0, sec 0 is not defined. 
In this section, we shall establish some fundamental trigonometric identities and use 
them to obtain some more identities. 
‚2 28 

THEOREM 1 Prove that sin? 0 + cos 0 = 1. 
PROOF The following three cases arise 
CASE] When 020 
In this case, we have | 

sin 0 = sin 0° = O and cos = cos = 1 


sin? 0 + cos” 0 3071 1 
11.1 


LL 
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CASE LH When 0= 90° 
In this case, we have 
sin ð = sin90° = | and cos Ө = cos 90° = 0 
sin’ 0 + cos? 0 = | *0-21 
SASIH When 0 is an acute angle 
Let XAY = be the given acute angle. Let P be any point on 


р У 
the terminal side AY other than A. Draw perpendicular PM 
from Pon the initial side AX. 
In A AMP, we have 
U 
sin 0 = FM and cos 0 = AM A M 1 
AP AP h Y 
x x Fig. 11.1 
"E 2 PMY (АМҮ 
= (sin 0) + (cos 0)7 = | — | +| — 
АР АР 
2 2 : E " j 
> sin^ 0 + cos? Ө = IM + . l~ (sin Ө)” = sin O and (cos)? = cos? 6] 
АР” Ар 
=> sin? 0 +cos?9 = М * AM" 
AP* 
int + cok AP? <A AMP is a right angled triangle | 
E dl ET. Ф PM? + AM? = AP? | 
=> sin? 0 + cos? 0 = 1 


Thus, in all the three cases, we have 
sin? 0 + cos? 0 = 1 
Hence, — sin’ 0 + cos? 0 = 1 for all values of variable Ө. 
REMARKI Note that sin? gig f e square of the sine of angle 0. Similarly cos? Ө is the square of the 
cosine of the angle 0. 
REMARK It followsifrom the above identity that sin? 0 = 1 — cos? 0 and cos? 6 — 1-20 
THEOREM 2 rate that Sec! 0 = 1 + tan? 0 
ROSE. In the rightangled triangle AMP (Fig. 11.1), we have 
AM" MP? = AP? 


[By Pythagoras Theorem] 
АМ? + МР? Ap? 


| АМТ ividi i "АМ? | 

- AM? АМ? | Dis iding both sides by A! | 
AM? МР2 АР? 
= AM? AM? AM? 

: 2 7 , MP . _ AP | 
=> l+ tan 0 = sec 0 [tan o= М? and sec - АМ 
Hence, 1 + tan? @ = sec? 0 

А | ; Q.E.D. 
REMARKI It follows from the above identity that: 


sec? 0 - tan? 0 = land, sec? 0-1 = tan? 0 


eee 
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REMARK 2 sec? 0 – tan? 0 = 1 ec — tano) (sec + tan Ө) = 1 


1 
ѕес 0 + tango) = — — — and, sec 9 ~ tan = —— 
ѕес — tan 0 secl tan 
THEOREM 3. Prove that cosec? 0 = 1+ cot" 0. 
PROOF Inthe right-angled triangle AMP (Fig. 11.1), we have 
АМ? + МР? = AP? [Using Pythagoras Theorem] 
2 AM NON A P [Dividing both sides by MP ] 
мр? МР" | 
AM: MP? АР? 
=> „5 In ME 
MP^ MP MP 
| АМ | | AP | 
2 — | +l=|— 
MP MP 
AM AP | 
2 - 2 © cot = —— and соѕес Ө = 
= cot” 0 + 1 = соѕес 0 | à MP c MP 
Hence, 1+ cot? @ = соѕес? 0 
Q.E.D 
REMARK3 It follows from the above identity that: 
cosec? 0 — cot? 0 = 1 and, cosec Ө ct: 0 
REMARK4 соѕес? 0 – cot? 0 = 1 = ( cosec 8 — cotO)( cosec 0 + cot) = 1 
cosec Ө + cot 0 = - and, cosec 0 — cot 0 = — ey 
cosecÓ - cot cosec 0 + cot 0 
THEOREM 4  Foranyacute angle 0, prove thefollowing identities: 
> i cos 0 
@ вне SR? (i) cot 0 = = 
cos 0 sin 0 
"ROOF From Fig. 11.1, we have 
; PM AM PM AM 
-~ C080 = ——,tan0 = —— and cot 8 = —— 
r АМ РМ 
(i) We have, 
tan 0 = EM 
AM 
> — (PM. AP) [ Dividing Numerator and Denominator by АР | 
( AM; AP) : 
А ' PN 
=> une sin 0 [sino = PM and coso = АУ 
cos Ө AP AP 
" Q.E.D. 
(i) Wehave, 
cot 0 = AM i 
PM 


мүчү е стт 
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ot 9 2 200 / 
— со | РМ | 
‚ АР е 
на etos e 0 
sin 0 
Hence, tan 0 = sno and cot 0 = E 9 
cos 0 sin 0 
The above 


(i) sin? O cos? 0 =1 


(ii) 

(iii) sin? 0 = 1 – cos? (iv) 
(V) sec^0 - tan?8 = 1 (vi) 

(vii) 1+ cot^0 = cosec? 0 (viii) 
(ix) cose 0 - 1 = cot? 0 (x) 


1 
cosec 0 - cot 


(xi) cosec 0 + cot0 = 


identities and some more identities obtained from the above identities by perforining 
algebraic operations like addition, subtraction are listed below for ready reference. 
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| Dividing Numerator and Denominator by АР) 


|: cos 0 = AM and sin 0 = PM | 
АР АР | 


Q.E.D 
simple 
co 0 = 1- sin? 0 

1+ tan? 0 = sec? 0 

sec’ 0 - 1 = tan? @ 

соѕес? 0 – cot? 0 = 1 


1 


ѕесӨ + ањо = k⸗·«““mwꝗ 
: seed — tan Ө 


REMARKS We have proved the above identities foran acute angle 0. But, these identities are true for 
any angle 0 for which the trigonometric ratios are meaningful. 


REMARK о fn this book, we shall deal mainly willtacute angles. 


Provetlie following trigonometric identitides: 
(i) (1- sin? g)sec?g = 1 
1 


EXAMPLE 1 


(ii) cos*6(1+tan? 0) - 1 


1 ә 
= 2 Ф. =1 — = 960—200 
(iit) cosy + ats A ird i-ang с 
(v) eósec 0 + sec? 0 = cosec! 0 sec? 0 (vi) Jsec^ 0 + cosec? 0 = tan 0 + cot 0 

(CBSE 2001] [INCERT EXEMPLAR] 

(vit) (Sin? 0 — cos* 0 + 1) cosec? 0 = 2 [NCERT EXEMPLAR! 

SOLUTION (i) We have, 

LHS = (1 - sin? 0) ѕес 0 
=> LHS = cos? Osec: 0 E 1-sin?0 = cos? ] 
m 1 e 1 

=> LHS = cos? o| = =1= RHS sec Ө = cero = -— >= 

cos" 0, cos 0 cos” 0 
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(ii) We have, „ daa’ d ГАТ е) 


] LHS = сов? 0(1 + tan? 0) 


>» LHS = cos? 0 sec? 0 E 1 + tan? 0 = sec? 0 
| LES «costo | - 1 | 
| - = cos = =1= RHS * весӨ = 
cos 0 cos Ө 
(iii) We have, . 
D LHS = cos? 0 + —— 
le 1+ cot 0 
» LHS s Q4 —— [1 + cot? 0 = обед) | 
cosec 0 
2 ‚. АЛ D e 
> LHS = cos? 0 + sin? 0 = 1 = RHS E 5 adi 
(iv) We have, 
1 1 


LHS = + 
1 sino 1-—sin@ 


_ 1-sin0 +1+sin0 


- LHS = : : [On taking LCM] 
(1 + sino) (1 — sin 0) 
= Lidia A 
1 ѕіп Ө 
= LHS = = * 1— sin? Ө = cos? 0 e 
cos” 0 
IUS 1 
ы LHS = 2sec* 0 = RHS „вес Ө = r 


(v) We have, 
LHS = cosec? Ө + Sec*@ 


1 1 


T LHS A 
sin^0 cos 0 


cos? 0 + sin^ 0. _ 1 P. 
=> ; II— - 


? 3 
md ;— = cosec”0 sec” Ө = RHS 
cos!0sin?0 sin: O cos Ө sin Ө cos 0 


(vi) We have, 


LHS = Vsec? 0 + cosec? 0 


= Ja + tan? Ө) + (1 + cot” 0) 


= Jtan?+ cot? 0 + 2) = tan? 0 + cot? 0 + 2tan 0 cot 0 B tan 0 cot 0 = 1] 
= Man Ө + cot o) = tan 0 + cot 0 = RHS 
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(vii) We have, 
LHS = (sin* 0 — cos* 0 + 1) cosec? 0 
Eine 0 — (cos? Ө)? +1 | cosec? 0 


= | (sin? Ө + cos? 0) (sin? 0 — cos? 0) + 1} cosec? Ө 


= (sin? 0 - cos? 0 + 1) cosec? 0 [^ sin? 0 + cos? Ө = 1] 
= (sin? 0 + sin? 0) cosec? Ө [1 — cos? Ө = sin? 0] 
= 2sin 0 – cosec? 0 = 2sin? 0x - t =2 = RHS 
sin“ Ө 
EXAMPLE 2 Prove that following trigonometric identities : 
1 
b (i) cot?}6-—_—— = -1 
‘ sin? 0 
(ii) (1+ tan? 0)(1 + sin 0) (l- sin 0) - 1 {NCERT EXEMPLAR] 
(ii) (1+ cot? 0) (1— cos 0) (1 + cos 0) = 1 (iv) tan^0 — М = —1 
cos* Ө 
i SOLUTION (1) Wehave, 
* 
LHS = соё 0 — 7 
sin” 0 
= LHS = cot? 0 – cosec? 6 ЕЗ == = cosec Ө .. * М = cosec? 0 
sin 0 sin“ Ө 
' = LHS = -(cosec? 0 “cot? 0) = -P= RHS 


| (ii) Wehave, 
LHS = (1 + tan? 6) (1 ein 0) (1— sin Ө) 


a LHS = (1 + tanze + sin6) (1— sin o) ) 
> LHS = (1. tan* 0) (1 sin? 6) 
=> ILHS = sec? 0 cos? 0 [71 ta^ 0 = sec? and 1 ~ sin? O = cos? 0] 
=> LHS = 1 x cos?@= 1 = RHS 5 ! 

| cos? 0 cos 0 cos? 0 
(iii) We have, 


LHS = (1 + cot? 0) (1 – cos 0) (1 + cos Ө) 


= LHS = (1 + cot? 6) (1- cos? 0) 
= LHS = соѕес? @ sin? 9 L. rene = сове gand 1 сыге = sin?0] 
= LHS = cosec? 0 sin? Ө 
1 а 1 
= LHS = F x sin 0=1=RHS | cosec 0 — 8 2 E 1 
sin^ 0 sing `` COSeC igi o 
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(iv) Wehave, 
LHS = tan? 0 — 


^ 


cos” 0 
2 7 1 2 
=> LHS = tan“ 0 — sec" 0 ut = e ;. = 5ес Ө 
cos0 соѕ 0 
5 LHS = - (sec? 0 - tan? 6) = -1 = RHS 
EXAMPLE з Prove the following trigonometric identities: 
sin 0 г j -— 
(i) 51 c GGSEE SU zog (ii) tan 0 sin 0 А sec0 + 1 
1 – соѕ0 tano - sino ѕес0 – 1 
2с0520 - 1 2sin^0 -1 
(iii) cot0 - (апо = — — — (iv) tan - cotü - 
sin 0 cos sin 0 cos0 


SOLUTION (i) Wehave, 


LHS - sin 0 
1-cos0 
5 LHS = sin Oo (1 cos) 
(I- соѕ0) (1 + соѕ0) 
ж LHS = sin 0 (1 + = 
1- cos“ Ө 
- LHS = sin Ө a + cos Ө) 
sin” 0 
- LHS = 1 — 
sin) 
25 LHS = 3 i ids 
sinð sin 9 
= LHS = cosec 0 cot 0 = RHS 


(ii) We have, 


tan 0 + sin Ü 


= — — 
tan@ – sin 0 


in 0 : 
smd , sino 


5 LHS = cos 8 

я sin Ө 

соѕ0 

sin | 

=> — = 
sin of 


- sind 


cos " 
(iii) We have, 
LHS = cot 0 - tan 0 


+1) i 4d 
cos Ө cos Ө 


Multiplying numerator and 
denominator by (1 + cos 0) 


[^ (L4 cos0) (1 - соѕ0) = 1 — cos? Ө] 


[:1- cos? 0 = sin? 0] 


i x a= = cosec 0 and, 9 = cot 0 
sin 9 sin 0 


sec +1 lis < 


NU sec0 ~ 1 


124 


^ Y 


Rr `2 
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zs LHS =- 2 — sind 
sinÜ cos0 
cos: 0 Sin: 0 cos? 0 - (I- cos? 0) А ә 
= LHS = = —- Sin 9 _ соз @ = (1 ~ cos Ө) [ sin? 0 = 1 — cos? 9] 
sin 0 cos Ө sin 0 cos 
E LHS _ £0" 9 = l + соѕ 0 < — 9-1 - RHS 
sin 0 cos 0) sin 0 cos Ө 


(iv) We have, 
LHS = (ато — coto 
. sing 5 
E LHS An P. Song 
cos0 sino 


LHS - sin? 0 — cos? 0 А sin? 0 - (1 - sin? 0) 
" — Р ~ — — — —є—————— 


i sin Ü cos sin 0 cos 
ee TE we. 3; 20-1 

= LHs Sin O - 1 sin*0 2 тий - RHS 
sin 0 cos Sin 0 cos Ө 


EXAMPLE 4 Prove the following trigonometric identities: 


| (i) iF - = = sect - tano (ii) | - P = СозесӨ + cot 
| + sind \ 


+ 
cos 
SOLUTION (i) Wehave, 


1 sin 0 
LHS = | —— 
l«sinü 
sino I-sin — TE ing 
=> LHS = j———. x — | Multiplying and dividing by (1 — sin 8)] 
1 sino 1250 " 


а 0—5 
ТЕСКЕ 
sing 0 cos” 0 


end .l-sinoó _ 1 sin 0 
Акша cos) sec - tan = RHS 
* LHS y соз ) cos COSÜ cos - е 


4 Н. 1 + cos 
1 - cos 


1+с050 14 cos Multiplying and dividing within the —— 
=> LHS = -y 276089 

1-cos0 I cos Square root sign by (1 + cos 0) 

(1+ соѕ0)2 _ |(1+cos@) 

-HS = үс суг * V 

a | " l - cos“ 0 sin 0 

| 1+ cos 0 j l + cos 0 1 cos 0 
= " 5 = Se EE ——= 9 "- 5 
= н | sin 0 | sin 0 sin ) ^ sind cosec 0 + cot 0 = RHS 


— 


pm" 7 711 22292 
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EXAMPLE 5 Prove the following identities: 
] -sin А n 
у ——— — = (sec0 tan) 1-6050 . А 2 
ш 1+sin0 { ) da (соѕес Ө — cot 0) 
ái) cosÜ n (080 2580 
— —— = sec 
өз Ising 1 sind 
. sin A + cos A x sin A- cos 2 2 
(М) sin A= cos A sinA+cosA sin A c, 2sinA-1 1- 2cos* A 
[CBSE 2000, 2000C] 
(v) (cosec 0 — sin 0) (вес) — cos 0) (tan 0 + cot) = 1 
sin 0 — 2sin* 
gj SRO ZEN D iig [NCERT, CSE 2000] 


2cos O- cos0 
SOLUTION (i) We have, 
1— sin 9 


LHS = - 
1+ sin0 


= LHS= sing 1-SinO {Multiplying numerator and denominator by 1 - sin 9] 


I sino 1-sinO 


> Xm (1 ain ey. 
1-sin* 0 
реа 
os” 0 
- LHS «[ 1 — 
cos 0 


[71 - sin? 6 = cos? 0] 


> LHS -( PR 241 ~ (sec 0 tan 0)? = RHS 


cos “cos 
(ii) We have, 
m 1 - cos0 
1+cos0 


= Wys = Т 50 х 1- cos0 [Multiplying numerator and denominator by 1 — cos 0] 


1«cos0 1- cos 0 


=> LHS= 


1- cos? Ө sin’ 0 

{ан | 1 
> L = —-|———— 
HS | sind . зїп 0 


(iii) We have, 


cos Ө cos 0 
— 


LHS = ——— s 
I sino 1+sin0 


(1-cos0)  (1- cos 0)" 


` 
~ 


} = (cosec 0 — cot 0)? = RHS 


. 1- cos? 0 = sin? 0] 


vv 


11.10 


LHs = £059 (1 + sin 0) + соѕ0 (1— sin0) 


и (1 - sin 0) (1 + sin) 
* ^ е 0 
cos 0 + cos sin 0 + соѕ0 — cos@ sin 
= S 1-sin^0 
* т 
cos* Ө 
* LHS = sech = RHS 
cos 


(iv) We have, 


sin A + cos A sin A- cos A 
Made sin A — cos A denm 


LHS = (sin А + cos А)? + (sin A - cos AY | 
= ein A cos AY (ein A + cos A) 


=> LHS = uA — , 

Е LHS = 0+ 2sinAcos A)4 (1 - 2sin-Acos A) 
sin’ A ~ cos? Д 

=> LHS = 


sin? A ~eos* A sin? A -( - sin? A) 
LHS - _ 2ч 2 
=— $——— 
- 2sin* A -1 2(1 - cos? A) -1 
(v) We have, 


LHS = (cosec6 — sin Ө) (sec® — cos g) (tan o 


cot) 
_ „ м 1 | 1 110 в 
NEM ar -e) A; (= соз 
o sin 0 cosg 80 tud жыз 
1 sin? 0 1 - cos* 0 f sin? i 
Ths =| 1- зіл ө TN 
us -D e | 


=> LHS = sin? 0 cos? @ 


(vi) We have, 
Sin 6 - 25іп? 0 
2cos 0 - cos 9 


sin 6 (1- 2 sin? ө) 
8 = 
* cos 0 (2 cos? 0 — 1) 


(sin? A + cos? A + 2 sin A co A) (sinĝ A + cos? A 


2 
1-2cos? A 


) 


MATHEN 


151 – sin? Ө 


2sin Acos A) 


[-. sin? A + cos: 


= RHS 


[~ sin? 0 + cos? 
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è j a 
& LHS = 511011 2(1 cos )] ing Neos 0 - 
cos0(2cos?0-1)  — 


EXAMPLE 6 Prove the following identities: 


3 = tan = RHS 
cos 0 (2 соѕ 0 — 1) 


(i) (sin0 + cosec Ө)”  (cos0 seco = 7 + tan? 0 + cot? 0 [NCERT, CBSE 2000] 
(ii) (sin + sec)? + (cos0 + соѕес0)2 = (1 + sec cosec 0)? [CBSE 2000C] 
(li) (ёовесе – coto)! = -— 28° [NCERT, CBSE 2000C] 
1 + соѕ0 
(iv) sec’ Ө — sec* - tan* 0 + tan? 0 [NCERT EXEMPLAR] 
(v) 2sec? O- sec* Ө — 2cosec? Ө + cosec Ө = cot’ 0 – tan* 0 [CBSE 2000] 
(vi) Gin o — ѕесӨ)> + (cos0 — cosec 0)? = (1— sec cosec Ө)? 
SOLUTION (i) Wehave, 
LHS = (sin Ө + cosec0)* + (cos + sec)? 
=> LHS = (sin? 0 + cosec? 0 + 2 sin Ө cosec 0) + (cos? Ө + sec? 0 + 2с0&05ес 0) 
5 LHS -[ sin? 0-- cosec? 0+ 2sin9 | +( cos? 04 sec? 04 2 cos : ) 
sin 0 cos ü 
=> LHS = (sin? Ө + cosec? 0 + 2) + (cos? 0 + sec 0 +2) 
=> LHS = sin? 0 + cos? 0 + cosec? Ө + Se Ot 4 
Я Š -* соѕес2 0 = 1 + cot? 9, 
5 LHS = 1 + (1 + cot^ 0) + (1 + Фал 0)+4 sec? 0 = 1+ tan? 0 
> LHS = 7 + tan? 0 + cot” 0 - RHS 


(ii) We have, 


LHS = (sin + sech +(cos0 + cosec Ө)? 


A ү (co Es 1 | 
= i *| cos 
= LHS = [sino + =| sind. 
1 2sin 0 2 1 2cos0 
CX . +i Ge’ Q doe M 
= LHS = sin" 0 + —B 4 80 sin?8 sin 0 
А 5 = 1 218626 
= DHS = (sin? Ө + cos 0) + | соѕ20  sin^0 cos0 sinô 
, А sin? 0 4 cos? Ө 2 (sin? 0 + cos? 0) 
5 LHS = (sin^ Ө + cos 0) + sin? Ө cos: 0 sin Ө cos Ө 


2 
LHS = 1 + sin 0 cos” 0 * sin 0 cos Ө 


vw 


E 


"uw 


oe 


MATHEM 
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2 
=> Иб» 1 = (1+ sec cosec 0)? = RHS 
sin O cos 


(iii) We have, 
LHS = (cosec 0 cot 00 


2 
= Lis (g- 20 
sino sin 


=> LHS = (=) 
5їп 0 
(1-cos0) _(1—со$0)? ARN T ла а 
r riti 
(1 - cos0)? 1 - cos 
LHS = = — А 
- (1 - cos0) (1 + cos0) 1 + cos КНУ 
(iv) We have, 
LHS = sec 0 ~ ѕос2 0 


= LHS = sec? Ө (sec? Ө — 1) 
5 LHS = (1 + tan? Ө) + tan? - 1) [> ѕес20 = 1 +1 
= LAS = (1+ gitur o = an?o tan*6 ви 
(v) Wehave, 
LHS = 2sec* 0 gi 


9 - 2cosec! Ө + cosect g 


= LHS * (coste! - 2 cosec? 9) - (sec* 0 - 2sec2 g) 


=> һ РНИИ 
> LHS = (cosec 0 - 1j - (cee? _ po 
a LHS = (cot? 0)? — (tan? gy 


LHS = cot* 0 - tant = RHS 
(vi) Proceed as in (ii) part. 


KE AMPLE 7 Prove the following identities: 


(i) sin Ө tan Ө 
' 1-cos0 L совр ~ 80 cosecO + coto 


Sin Ө 1 + cosü 
11 Pac G — op 
(ii) locns sind 2 cosec 0 


INCERT EXEMPLAR 
lii) . 9 : CBSE 20 
мыту Созес 0 = tan 0 


8 - cot? 


RIGONOMETRIC IDENTITIES 1115 
(iv) 


sec Ө — tan Ө = Sec6'+ tang 


' ѕесӨ — tan 0 | 
(у) — = 1—2sec6 tano 2 tan? 9 
SOLUTION (i) We have, | 
LHS = sin Ө " tan 0 
1-cos0 1+ cos 
LHS = —Sin@(1+cos@) - , . tan (1- cos) 
(1 + cos) (1— соѕ 0) (U cos) (I- соѕ0) 


я sin 0 (1 + cos) x tan 0 (1 – cos) 


1 – cos? 0 1— cos^ 0 
_ sin Ө(1 cos0) " tan Ө (1— cos) Sin Ө(1 + соѕ0) Е sin 0 (1 —cos 0) 
sin? 0 sin? 0 sin? 0 cos 0 sin? 0 
=~ 1+ с050 | 1-cos0 1 , cos 1 cos Ө 


sind cos sin D Sin 0 sin 9 cos sin 0 D cos 0 sin 0 

1 cos 0 1 1 
= + "c — PP I 1288 
sino sino  cosO0sinO  sinO 


cot + sec Ө cosec Ө = RHS 
(ii) We have, 

Е sin 0 1 + cos0 

~ 1+ cos sin 0 


Sin 0 + (1+ cos0) 


> LHS - 
зїп Ө (1 + cos) 
2 2 2 
sin? 0 + 1+ 2cos 0 + соѕ Ө 
Ы й = sin 0 (1 + соѕ 0) 
(sin? 0 + cos” 0) 4.1 + 2cos® 
= = IL 
UMS sin 0 (1 + cos) 
1+ 1+ 2cos0 [> sin? 0 + cos? 0 = 1] 
> LHS = ————— А = 
? sin 0 (1+ cos 0) 
s чш a Ap. 20:999 „2 cose = RHS 
> sin@(1 + cos) sinO(1- cos) sin 
(iii 
м а ein cosð Sin: @ – cos Ө 
LHS tan O- cot _ cos Sin 9. sin cose 
x: sin Ө соѕ0 Sin 0 cos® cos 0 sin Ө 
<3 2 ix ?0 
sin^ Ө — cos 
= — — — 
in sin? 0 cos” 0 
2 
in? cos” Ө 
sin^ Ө 
йыз. pd . i 2 
~ = sin? Ө cos” 0 sin? 0 cos* 0 


— 
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= 3 
cos 0 sin” 0 | 
=> LHS = sec? 0 — cosec? 0 = (1 + tan? 0) - (1 + cot? 0) = tan? O — cot? 0 = RHS 
(iv) We have, 
Е 1 
sec - tan 
1 sec tan 0 
i * sech - tand secO + tan 
LHS = Sec0+ end зес0 + tand Kuen 
ы sec? 0 - tan? 0 1 г. 
=> LHS = ѕес0 tan = RHS 
(v) Wehave, 


LHS = 580 - tano 
ѕес0 + tan 


Hg Sec tand sech - tano 


= E sech + tano  secO—tanod 
(sec – tan)? _ (sec Ө tan 0}? | 
LH = ——у——у— — 6-34 .. 2 ant 2 = 
=> Ш ег ^ le sec? Ө — tan? Ө = 1] 
= LHS = sec” 0 – 2 Sec tan 0 + tan? 0 
= LHS = (1 + бап? 0)=2secOtan0 + tan? 9 [~ sec? Ө = 1 + tan? 9] 
= LHS = 1 ~2sec@ tan +2tan?6 = RHS 


EXAMPLE 8 Provethe following identities: 
(i) (1+ cotO@=.cosec6) (1^ tano Seco) = 2 


«N [CBSE 2008] 
(i) tan: 9 . cot 0 + P= sec? O cose? 9 
à 2.0 + cósec^ 0 = tan0 + cotQ [NCERT EXEMPLAR] 
SOLUTION (i) We have, 
LHS = (1 cot – cosec6)(1+ tang... sec) 
ы uis = (1+ 280 _ 1 Р 1 
sinÜ sin 9 cos cos 
РЧ LHS e Ses 
sin Ө cos 
: а 44 
- LHS = Eng + cos 6) -1 
sin cos 0 
Е LHS = 5117 O + cos? 0 +2510 cos — 1 
sin 0 cost) 


qus EE r 


o 
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=> 


(ii) We have, 


ALITER 1 


Uu uy у 
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LHS -l*?sin0cos0-1 _ 2singcoso . 
sin 0 cos е 10: RS 


sin 0 cos 0 
LHS = tan? 0 + cot? 6 + 2 

LHS = tan? 0 + cot? @ + 2 tan coto [> tan0 coto = 1] 
LHS = (tan0 + cot)? 

LHS = | sin 0 е соѕ 0 | 


cos sin 


2 ^ 2 
LHS = n 0 + cos* 0 
sin Ө cos 


2 
LHS = — — - — ЕН = cosec? 0 sec^ 0 = RHS 
sin 0 cos sin“ 0cos* Ө 


We have, 
LHS = tan?0 + cot?^0 + 2 = (1 + tan? 0) + (1 + cot? 0) 


> 7 1 E uz sin? 0 + cos? Ө 
LHS = sec* 0 + cosec 0 = oar + ant) 7 у | 
LHS:= — — = соѕес? 0 sec? 0 = RHS 

cos^ Ө sin Ө 


y. 


LHS = tan? 0 + cot? 0 + 2 
LHS = 1+ tan? 0 + cot? 0 #1 
LHS = 1 + tan? 0 + cot®@ * tan? Ocot? Ө 


eet | 


tan? 0 cot^ 0 = 1] 
LHS = (1 tan? Ө) cot^ 0 (1 + tan? 0) 

LHS = (1 + tan? 0) (1 + cot? 0) = sec? 0 соѕес? 0 = RHS 

RHS = sec Ө cosec? 0 

RHS = (1 tan) (1 + cot” 0) 

RHS = b+ tan? 0 + cot” 0 + tan? O cot 0 

RHS = 1 + tan? 0 + cot0 4 1 = tan? 0 + cot? 0 + 2 = LHS 


(iii) We have, 


LHS = Vsec? 0 + cosec’ 0 
3 2 2 
LHS = 4/(1 + tan? 0) + (1 + cot? 0) = N2 + tan^ 0 + cot’ Ө 
LHS = tan? 0 + cot? 0 + 2tan 0 cot 0 [~ tan Ө cot = 1] 
LHS = тап Ө + cot)’ = tan + cot O = RHS 


— e — ШЕ 
MEM ч 


11.16 


EXAMPLE 9 Prove the following identities: 
1 1 1 1 


— — 
5 Бб иту; ea d A 
) cosecA—cotA Sina sin A  cosec A + cot 


IT d " 
SCA + E =cosA+sinA 
I tan A I- cot A 


(ii) 


(m) — E tan As cot A= 1 + sec A cosec А INCEI 
1-coctA I- tan 4 


SOLUTION (i) We have, 


1 1 
iS = — - y 
um cosec A- cotA sin А 
1 (cosec A + cot? 
=> LHS = * e 
(cosecA - cot A) (соѕесл аА 
=> LHS = — eat - cosec A 
cosec^ A- cot" A e 
> LHS = cosec A + cot A — A [^ cosec 
= LHS = cot A 
and, RHS == 
sin 4 
* => RHS 
© osec А + cot A) (cosec A = cot A) 
> cosec A — cot А 
= : Ce — 
sin A cosec? A — cot? A 
S = cosec A (cosec A — cot A) 
l. cosec? 
RHS - cot A 
1) and (ii) we find that LHS=RHS. 
M 1 
LHS =—— i — 
cosec A — cot A sin A 
> LHS = (cosec A + cot A) - cosec A | : 1 
z ae <: ВИННИ = & 
=> LHS = cosec A + (cot A ~ cosec A) 
э LHS = cosec A (cosec A — cot A) 
> LHS = cosec A — с es 
| cosec А + cot A * COSec A cot A = 
COSI 
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E __ T3 —— 
sin A соѕесА + cor д RHS 


We have, 


LHS= 994 , sinA 
tan A 1-cotA 


LHS = A4 ina 
1 in A cosA 


cos А sin A 

cosA — sin A 
LHS = <05А -sinA , Sin A cosA 

cos A sin A 


Se DEA арй 
cos A- sin A sin A- cos A 

S a cos? A _ sin? А 
cos A- sin A cosA-sinA 


2 1.2 — * 
_ cos A -sint A Е (cos А — sin A) (cos A + sin A) FFF 


cos А ~ sin A cos A — sin. A 
We have, 
LHS tan A а cot A M 


8 1 cot A I/ tan A 
1 


tan A tan A 
LHS = 1 * 1 — tan A 


1 = 
tanA 
tan A 1 
LHS tan А —1 ? tan A (1 - tan A) 
tan A 
2 1 
tA 07 _ 
LH m anA- tan A) 
2 1 
soja. MEER m 
LHS = EAT —] tan A (tan AJ) 
3 
tan A-1 [Taki 
—— — aking L 
LHS = tan A (tan A - 1) Stem] 
(tan A- (tan? A+ tan А +1) lab = (a - b) (à? + ab + 02)] , 
HN tan A (tan А-1) 


МАТНЕМА 


ДИ 


5 TI ban tan А +1 
tan A 


5 LHS tan? А tan g | 
Hi LL. + 
tan lan tana 
LHS = tan A + Тз cotA = (1 + tan A + cot A) 


tan A А cot A 
cot A. 1- tan A 


Now, | «tan A cot A 


-]«tan A cot А 


EUM sind E cos А 
cosA sind 
= 14 Sint A+cos*A _, 1 Е 
sin A cos A in A cosa 
From (i) and (ii), we obtain 


tan A А cot A NT * 
I-cotÀ I nA nA + = Ё + соѕес А sec A 


1+ c Aec А 


EXAMPLE 10 Prove the following identities: 
(i) cos! A — cos? A = sin? A si 


(u) cott A -1 = co A — 2 


(ui) sin“ A cos A -1— 
(iv) sin! A cos A = 4 
(v) sin^ A + cos" 
(vi) see A- s 


SOLUTIO [INCERT EXEMP} 


= cos? A (cos? A — 1) 


HS cos A (1- cos? A) 


= LHS = cos" Asin? AU sin? A)sin? 4 . 2 . 
E LHS = sin! A - sin? A = RHS in! A + sind д 
(n) We have, 
LHS = сай A- 1 
" кашы ANE а [s cot? A = COsec? A 71 cot, 
= . СИР = (cosec? 4 _ 1 


A- 2cosec? A — RHS 


„ 


coco — Д 
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(iii) We have, 
LHS = sin* A + cos! A 
= LHS = (sin? A)? + (cos? A)? + 2sin? А cos? A — 2sin? A соз? A 
Adding and subtracting 2 sin?A соз? А] 
Б LHS = (sin? A + cos? A}? — 2sin? A cos? A = 1- 2sin? A cos? А = RHS 
(iv) Wehave, 
LHS = sin? А - cos? A 


> LHS = (sin? A)? - (cos? A)? 

= LHS = (sin? A + cos? A) (sin? A — cos? A) 

- LHS - sin? A - cos? A f. Sin? AA cos” A = 1] 

= LHS = sin? A- (I- sin? A) = 2sin^ А-1 

= LHS = 2(1- cos? A) - 1 = 1- 2с05 A = RHS 

(v) Wehave, 

LHS = sin* A + cos^ A 

E LHS = (sin? А)? + (cos? А)? 

= LHS = (sin? A + cos? A) | (зіп)? + (cos? А)? — sin? A cos? A)} € 
| [ а? +b? = (a b) (à? - ab + b*)] 

=? LHS = {(sin? A) «(cos А)? +2sin? A cos? A—2sin* Acos? A-sin? Acos? A} 

= LHS = ((in A « cos? Ay. — 3sin? A cos? 4 1-3 sin? A cos? A = RHS 


ALITER ІН. (sin? A)* A (cos? A)’ 
- LHS = (sin? A + cos? A) — 3sin? A cos? A (sin? А + cos? A) 
[а b = (а + b)? – 3ab (а + b)] 


E LHS = 1 - 3 sin? A cos? A = RHS 
(vi) We have, 

Ex LHS = sec! A - sec? A = sec? A (sec? A – 1) 

s LHS = (1 + tan? A) (l + tan? A ~1) = (1 + tan? A) tan? A 
че LHS = tan? A + tan! А = RHS 
EXAMPLE 11 Prove the following identities : 

(i) sin? A | cos’ A _ 1 — 

cos!A sin A sin’ A cos A 


„ nn o 


MAT 
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(ii) COM _ + — = sin А + cos А 
1 tan 4 sin A- cos A 
* Ó E. 
(iii) (1 + зїп 0)? * (1 — sin0)* =" 1+ M 
cos: 0) 1- sin^ 0 
[C 
$ 2 2-3 
wy) 22 9 4 2 = 1+ sin0 соѕ0 


tano sin 0 – соѕ0 
sin 0 + cos? 0 JUN [C 
(v) — — — t sin0cos0 = 1 
sin 0 + cos 


SOLUTION (i) We have, 


LHS sin? A соз? A sin! A cos A [Ont 
——— + — = — — — 
cos: A sin? A sin? A cos? A 
(sin? А)? + (cos? А)? + 252 A cós? A sin? A cos? A 
= LHS = 2 2 y M 
sin A cos* A 
i LHS - (sin? А + сов" AY - 2 sin" Acos? A 
sin” A cos” A 
25.8 E 
€ LHS = 1 280 А сов А 
sin” А cos A 
= LHS = — 19) _ Ær A cos? 4 1 


_— =—y r2 = RHS 
sins AA, sin? A cos? A sin” A соз? A 


(ii) We have, 


| co sin? A 
ZF 
15 tan А sin А — cos A 


: int 
=> ч. Sos A += ы 4 
-MA алыс 
cos A 
" COS А sin? A 
е HEB cos A — sin A E m 
COS А 
2 122 
у LHS - cos a " sin* A 
COS А — sin A sin A cos A 
Е LHS = cos? A Е sin? д 
cosA — sin Д COSA — sin A 
2412 
= LHS — £S A sih A 
COS А ~ sin A 


(cos A sin А) (cos A .. sin A 


=> LHS = ) 
— = A 


= cos A 4 Sin A = RHS 


EEE EN smt tnn 
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(iii) We have, 
LHS = (1 + зіл 0)? + (1 = sin 0)? 
S + (1 ~ sino)? 
cos” 0 
= LHS.*2sin0: іп?) + -ein d , sin? 0) 
cos? Ө 
> LHS = 2+ 251п20 _ 2(1+5л20) (1+ ein? — 
c0 — l-sm'9 |1-sm0/ 
(iv) We have, 
cos 0 sin? 6 
l-tanO sino - cos 
= LHS - £089 in 0 
соѕ0 - sino cos — sino 
T LHs cs 0 - sin? 
cos ~ sin Ө 
We 2 RE A 
— LHS - (cos 0 - sin 0) (cos 0 + sin” 0 + cos віл Ө) }.. ein O cos « LHS 
cos ~ sind 
(v) We have, 
* 3 ' 
LHs = Sin Ө+со 9 , 046.0 
sin 0 + cos 0 
(sin Ө + cos) (sin? Ө + cos? 0 - sinücos0) — . 
> LIT НМ Ас + sin cose 
LHS GS SL + sin 0 cos 
„ LHS = 1 sing сов@.+ sin Ө соѕ0 = 1 = RHS 
EXAMPLE 12 Prové the following identities : 
e cos? В cos? A sin? A- sin? B 
. т = TA oB [CBSE 2005] 


? 
cos? B cos? A cos? A cos? B 


(ii) 


SOLUTION We have, 


— (MÀ kJ 

cos? А cos B 
dad 

sin? A cos? B - cos" Asin В 


7 ue cos? A cos’ В 


11.21 


Ex db EE 


y. 
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EJ 2 H) 
LHS (1 сох? A) cos? B — cos? A (1 — cos 
> „HS —— — u- 
cos” A соѕ В 
2 2 A cos? В 
, LHS cos? В cos A cos? B cos? A + cos 
x | cos! A cos? B 
=> LHS = 995 8 cos А 
| cos? A cos? B 
= LHS = (= sin В) -(1-sin^ A) _ sin? A - n 
270 cos! A cos? В cos? A cos? B 
(п) We have, 
' 4 * s LHS = sin A= sin B cos A cos В 


COSA csg sin A Sin B 
(sin A 


~ sin B) (sin A + sin В) + (co 


T cos A- cos B) 
— 4 * ы = 
) 
i => LHS = 
25у LHS = 
=> LHS = 


EXAMPLE 13 Prove 


* =2(1+cos0)(1 ~ sin) [CBS 
SOLUTION 


UE. ect оду ды cies 


hie TE aB cc 
= 2sinO+ 2 c050 - 2 sind cos 


S = 20 -sint) + 2cos6 (1. sing) = *(1 - sin) (1. cos o) = RHS 


Ө co 190 = 1 
LUTON Wehave, ICBSE 2002 C, NC ERT EXE 


мп0 ene =] = sinü -]. 


It. Tf sind + sin? = 1, prove that cos? 


iin? е 
in 0 = Sin = cos? 0 
Now, соз? 0 + cost à = cos? 0 + (cos? 0» . cos? 9 4 sin? 0 i 


Type IT ON PROVING RESULTS INVOLVING pte? р 


! | RA 
EXAMPLE is / tand + sin = mand tano – sing = , show baw 2 
ds т — MC a 4 mi 
= ую, 
ICBs 


C —  .. -^ —^* E 
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SOLUTION We have, m = tan0 + sin 0 and, n= tnd ein 0. 


LHS = т? – 7? = (m  n)(m — n) 


= (tan 0 + sin 0 + tan 0 sin 0) (tan 0 + sin Ө — tan 0 + sin 0) 


= (2 tan 0) (2 sin 0) = tan g sin = 4 flan? Osin? 0 
= 4/tan? 0 (1 – cos? 0) = 4 tan? 0 — tan? 0 cos? 0 


= аап? 0 sin? 0 = 4 (tan 0 + sin 0) (tan 0 — sin 0) = 4/mn = RHS 

EXAMPLE 16 If cos 0 + sin Ө cos 0, show that cos 0 — sin 0 = sin 0 (CBSE 2002 СЇ 

SOLUTION Ме have, 

cos 0 sin Ө = cos 0 

(cos + sin) = 2cos* 0 

cos? 0 + sin? Ө + 2соѕ Ө sin 0 = 2с0520 

cos? 0 — 2cos0 sin = sin? 6 

cos? 0 — 2cos0 sin + sin? 0 = 2sin* Ө 

(cos0 — sin0) = 2sin^ 0 

cos@ - sin D = sin 9 

ALITER We have, = 
cos 0 + sin Ө = cos 0 


у д) uuu 


= (cos Ө + sin 0)? = (V2.c080)* 
* cos? 0 + sin? Ө + 2sin 010050 = 2cos* 0 
> cos? Ө — sin*@= 2sin 0 cos 0 
- (cos Q sin Ө) (cos - sin Ө) = 2 Sin 9 cos 0 
2sin 0 cos 0 | 
> cos Ө = sin Ө = ee dnd | 
> соу sing = 0 [7 cos 0 + sin Ө = Vcos 6] 
Ed cos 0 — sin 0 sin 0 


2 2 
a * 
EXAMPLE 17 If x=a sin Qand y =b tan 0, then prove that X3 y =] 


SOLUTION Wehave, x = @sin® and y = blan 


11.24 MATHEMATICS- x 
a p? TURN D 5€ ; 
= LHS = - 6—5 [^x = a sin, y tan 0] 
asin? 0 02 tan? 0 
> l 
=> Lili ael 
sin 0 (апт 0 
=> LHS = cosec* 0 cot? 0=1=RHS [* I cot? 0 = cosec? Ө +. соѕес20 - cot^ 0 = 1| 


EXAMPLE 18 If x=rsin A cosC, y = rsin A sinC and = = rcos A, prove that = x34 у? А. 
SOLUTION Wehave, 


3 3 ә 3 э 238 "E. ? 2 
x+y" £z = РБП A cost C +r sin” Asin" C + r^ cos" А 


NN. 5 ERI 2 3 
sin A(cos C + sin” C) + r^ cost A 


11 


2. 2 2 2 а > . 
r^sin^ A«r^cos* A cos? C + sin? C = 1] 


2 * 
г? (sin? A + cos? A) = 
Hence, 17 = x7 + у + 2? 
EXAMPLE 19 [f acos0  bsinO = mand a sino — béoso ur prode that à? +b? 2 n? + w^. 


[CBSE 2001 С] 
SOLUTION We have, m = асоѕ 0 + bsinO and: sin 0 — bcosO 


RHS = n? +? 
= (acos0 + bsin 0)? £(asin& – Ptos a) 
= (a^ cos? 0+ b? sinso даь 0 sin 0)  (a^sin^0 + b? соз?Ө +2аЬ sin 0 cos 0) 
= q^ (cos + sin 0) > be (sin? Ө + cos? 00 = а2 «p? = LHS 


EXAMPLE 20 If acaS® —Мып@ = c, prove that à sinQ + bcos0 = + Ja? + b? – с? 


f J. [CBSE 2001 C] 
SOLUTION (26080 — bsin Ө)" + (asin 0 + beos 6) 


- (f eos" 0 I sin?0— 2ab sin 0 cos 0) + (à^sin?0 be ab sin Ө cos 0) 


= a cos? 8 + sin? 0) + b? (sin? Ө + cos?) — eur 


c+ (asin + bcos 0)? =a + р? [= acos 0 — bsin Ө = c] 


E „Sin o h cos = Va + 2 -e 


ALITER We have, 
acosd—bsind = c 


4 


(a cos Ө bsin 0)? = с) 


| [Squaring both sides] 
> (^ cos” 0 + I^ зїп” 0 - 2ab sin Ө cos = e? 
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> a^ (1- sin? 0) + b^( - cos? 0) - 2ab sin 0 соѕ0 = c 
=> a sin? 04 P? cos? 0 Aub sin O соѕ0 = a^ +b? — c 
=> (asin 0 4 рсоѕ 0)? = r+ -c 


m kJ в) 
= a sino + bcos0 = +үа ＋ h - с? 


Type Ш ON PROVING TRIGONOMETRIC IDENTITIES INVOLVING TRIGONOMETRIC RATIOS OF 
COMPLEMENTARY ANGLES 


EXAMPLE 21 Prove the following identities: 
sin (90° — 0) sin 0 
tan 0 


(i) cosOsin (90° — 0) sin O соѕ(90° — 0) - 1 (ii) 1 = ^sin^0 


sin (90° — 0) cos (90° - 0) _ 
tan 0 B 
SOLUTION (i) We know that sin (90° ) = соѕ 0 and cos(90* ~Q) = sin 


LHS = cos 0 sin (90° — 0) + sin 0 cos (90° — 0) 


1 - sin” 0 


(iii) 


= cos0cos0 sin sin = cos? Ө + sin? 0 =4 
(ii) We know that sin (90° — 0) = соѕ0 


— sin (90° — 0) sin 0 Е 
tan Ө 


LHS 1 


z scos@'sin'g -1= 6520 -Ф-= > (1 cos: 0) = –ѕіп? 0 = RHS 


sin 0 / соѕ 0 
(iii) We know that sin (90° — 0) cs and cos (90° - 0) = sin 0 


sin (90% 0) cos (90" — 9) E cos sino = cos” 021- sin? 0 = RHS 


IE tan 0 sin 0 / cos 0 


EXAMPLE 22. Pfove that 

sin 0 cos (90* — 0).cos 0 а cos@ sin (90° – 0) Sing 1 
sin (90° — 0) cos (90° – 0) 

(ii) cosee? (999— Ө) - tan? 0 = cos? (90° — 0) + cos? 0 


(i) 


SOLUTION (i) We know that sin (90° — 0) cos and cos (90° —0) = sin 
sin 0 cos (90° — 0) cos à соѕ 0 sin (90° — 0) sin Ө 
sin d cos (907 — 976950, —— UA 


LHS = - 
sin (90° — 0) соз (90° — Ө) 


31 =} EET “Os "OS 51 ) ^ 3 
sin Ө sin 0 соѕ0 бов созӨ вш = = sin” 0 + соѕ 0 = 1 = RHS 
cos 0 sin 0 


(ii) We have, 
LHS = cosec? (90° - 0) — tan" 0 [^ соѕес (90° — 0) = sec ө] 


2 А] * 
= sec? 0 - tan? 0 = 1 * sec 0 tan 01 


* * 


T 
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and, "Ww 
2 si 90° — 0) = sın 
RHS = cos? (90° — 0) + cos? Ө = sin? 0 + cos? 0 = 1 [- cos ( 
Hence,  LHS- RHS 


EXAMPLE 23 Without using trigonometric tables, evaluate each of the following: 


(i) sin? 20° + sin? 70° , Sin (90° — 0) sing cos (90° — 0) cos [CBSE 2002C 
Sin 20° + зїп 70° ein (90° – 0) sino cos (90° – 0) cos® 
cos? 20° + cos* 70° tan 0 cot 0 | 
GM ete ur BSE 2002 
(ii) cos (40° + 0) — sin (50° — 0) 4 cos“ 40° + cos^ 50° {c 


sin* 40° + sin? 50° 
SOLUTION (i) We have, 


sin? 20° + sin? 70° in (90° — 0) sine cos (90° — 0) cos 0 


cos? 20° + cos? 70° tan o cot) 
sin? 20° + sin? (90° — 20°) , Sin (90° — 0) sin@ ` eos (90° — Ө) cos O 
= —— — — — — — —— —— — 
cos? 20° + cos? (90° — 20°) tan cot o 
sin? 20° + cos? 20° cos sino sin Ө cos 0 sin (90° — Ө) = cos Ө ] 
Е cos? 20° + sin? 20° - sind йй COsÜ. ; and | 
cos 0 fino cos (90° — 0) = sin 0 | 


= i + cos! 0 + sin? 0 = 141=2 
(ii) We have, 


cos (40° + 0) - sid (50s - @) + ČOS 40" + cos? 50° 
sin? 40° + sin? 50° 


= sinto Staa boy) - sin (50° — o) + £08 40 + c0s*(90°— 409) 
sin! 40° + sin? (90° — 40°) 


cos? 40° + sin? 40° 1 
4 sin 0) — sin (50° — 0) + Sas oe m Be an 
N- sin? 40° + cos? 40° E ! 
EXAMPLE 2а Without using trigonometric tables, evaluate each of the following: 


70° 
" on Ч ee Type *2cosec” 58°— ~2cot58°tan 32°—4 tan Ig tan 37° tan 45° tan 53° tan 77° 


[CBSE 2006C] 
sec 39° 2 
— o 3 o t o o 2 5 2 
ц ^ tan 17° tan 38° tan 60° tan 52° tan 73 3 (sin? 31° + sin2 59°) 
[CBSE 2006C] 
44 Stan 0 cot (90° — 0) + sec 0 соѕес (90° — 0) + sin? 35° + sin? 55» 
(ш) tan 10° tan 20° tan 30° tan 70° tan 80° [CBSE 2005] 
sec" 54° - cot? 36° + 2 sin? 38° sec? 52° in? 
5 = sin“ 45° 
(iv) casec? 57° - tan? 33° ICBSE 2005] 


11 
Eere ADER C 


' И A WM = so n TERRE 
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: 2 go ? 5 
 —cosec* 589 o 0 
M 3 3 cot 58° tan 32 E tan 13° tan 37° tan 45° tan 53° tan 77° 
SOLUTION (i) We have, [CBSE 2009] 


cos? 20° +cos? 70° А 5 
sec? 50° — cot? 40° + <cosec” 58° -2cot 58?tan 32? —4 tan 13° tan 37° tan 45° tan 53° tan 77* 


cos* 20° + cos” (90° — 20°) 
sec? 50° — cot? (90° — 50°) 


+ 2 cosec? 58° — 2cot 58° tan (90° — 58°) 
— 4 tan 13° tan 37° tan 45° tan (90° — 37°) tan (90* — 13°) ' 


? $ ?) 
. cos“ 20°+sin* 20° 


= > 3 +2 cosec? 58? ~2cot? 58° — « an 13° t ? tc 5a 37? cot 13° 
sec? 50° — tan? 50° cot^ 58° — 4tan 13° tan 37° tan 459 cot 37? co 


t 


1 
= 1 +2 (cosec? 58° cot? 58°) – 4 (tan 13? cot 13°) (tan 37° cot 37°) tan 45° 


=1+2-4х1х1х1=3-4 = 111 
(п) We have, 
sec 39° 2 


— 


Toa AMEN. 
соѕес 51° 3 


sec 39? 
= — + 2 tan 17? tan 38° tan 60° tan (90°—38°) tan (90* - 17?) 
cosec (90°— 39°) /3 


tan 17? tan 38° tan 60° tan 52° tan 73° -8 (sin? 31° + sin? 59°) 


-3( sin? 31° + sin? (90° — 31°)) 


sec 39° И E 
Sec * ES tan 17? tan 38? x 43 x cot 38° x cot 17° -3 (sin^ 31° + cos~ 31°) 
sec 39? J3 


214-3 x 48-321 4 А Зо 


V3 
(iii) We have, 


tan Ө cot (90° 0) + вес 0 cosec (90° — 0) + sin? 35? + sin? 55? 
tan 10? tan 20? tan 30° tan 70° tan 80° 


-А 0 tan d A sec 6 sec 0 + sin? 35° + sin? (90° — 35°) 
o o 
tan 10? tan 20° tan 30° tan (90° — 20°) tan (90° - 10?) 
—tan? 0 + sec? 0 + sin? 35° + cos? 35° 
=n Ut tee STS Se 
tan 10° tan 20° tan 30° cot 20° cot 10° 


i (sec? 0 — tan? 0) + (cos? 35° + in 35^) а 1+ 1 = 2/3 
(tan 10° cot 10°) (tan 20° cot 20°) х 3 ci om NGI 


(iv) We have, 
2 2 "S. 
sec” 54° cot, 36° 4 2 sin? 38° sec? 52° sin 45° 
D 
cosec? 57? tan? 33? 


ooo — 0 .. T 
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sec? 84e 2400 ggo ein? 45? 
Sec а СОГ (20° 54%). sin? 38° sec? (90° — 38°) – sin? 45 
cosec” (90° — 33°) — tan? 33° 
1 : 4 1 
sec? 54° — tan? 54» "E 2 in2459 1 2—— 27) E 79 
= 38° sin! 45° = — + 
sec! 335 tan? ae * 2 sin* 38° cosec 1 J2 
(v) Wehave, 
= cosec? 58° - Н cot 58° tan 32° – i tan 13° tan 37° tan 45° tan n77 
5 ° 
= i cosec? 58° — 208 58° tan (90° — 58°) — 3 tan 13° tan 37° tan 
3 tan ( n (90° == 1З”) 
= 5 созес? 58 - = cot’ 58 ~ 2 tan 13° tan37° ta t 13» 
= 2 (cosec? 58° - cot? 58°) — 5 tan 13° tan 37° x T - 
3 3 | {ап37° {ап 13° 
-2 
З 
EXAMPLE 25 Prove the followin 
(i) [NCERT EXEMPLAR, CBSE 20t 
(ti) 
(iii) r [CBSE 20¢ 
| 1 
0)sec0-cos0)-— *' —— 
) ) tan + coto INCERT, CBSE 200 


"We have, 
tano + secü - 1 
{ап — seco +1 
(tan Ө + sec0) - 1 
= ———— 
= (tan 0 - Seco + 1 
(зесӨ + tan 0) - (sec? 9 — tan? 0) 
S = е6 yc 
= в tan O- seco +] 
LHS = (ѕес 0 + tan 0) — (sec + tan 0) (sec — 
tan Ө — sec i 


LHS - (ec + tan Ө)[1— (seco — tan Ө)] 
tan = sec + 1 


tan 0) 


Кезге ten 9 


Tr — earn 


2 ^ 
TRIGONOMETRIC IDENTITI ES 11.29 
2 LHS = (sec0 + tano) (1— secg + tan 0) 
(tan – seco + 1) 
- LHS = (sec 0 + tan 0) (tan Ө — sec 0 + 1) 
(tan 0 — sec 0 + 1) 
=> LHS = sec0 tano ,Sin0 _1+sin® Lj 
cosÜü cos cos Ө 
ALITER Wehave, 
g = {ап 0 + sec0 - 1 
tan 0 — sec 0 + 1 
a LHs — {Sec + tan Ө) - 1 
tan 0 - sec Ө + 1 
= ИҢЕ 
=> LHS = Sec tan [seco бапо a — | 
tan Ө — sec 0 + 1 sec6 — tant 
1 - (sec 0 - tan 8) 
- LHS = sec 0 — tan 0 
tan = sec 02 1 
= LHS = 1 5ec0 tan. 1 
tan Ө – ѕесӨ +1  secO0 - tan 0 
= EHIS a ЗИ = sec 0 + tan Ө VLLL = sec 0 + tan Ө 
sec Ө — tan Ө sec Ө – tan Ө 
25 LHS = 1 „ ine _1+sim® puc 
cos0 cos cos Ө 


(ii) We have, 
cot A +cosecA - 1 
cot A —cosec A #1 
(cot A + cosec A) - (cosec? A – cot? A) 


е " E a" 2 2 = 
an (cotA — cosec A) + 1 [.` соѕес" A – cot^ A = 1] 
> Fis = (cosec A + cot A) – (cosec A + cot A) (cosec A cot A) 
cot A ~ cosec A +1 
* brs (ec A + cot II - (cosec A cot 
cot A cosec A +1 
=> LHS = (cosec A + cot A) (cot A — cosec A + 1) 


(cot A cosec A + 1) 
1 к cos А + 1 POA = RHS 
sinA sin A sin A 


=> LHS =cosecA +cotA = 


ALITER Wehave, 


cot A + соѕес А - 1 
8 ——ä— 
cot A cosec A + 1 


1 
— -1 
A — cot A "' cosec A + cot А = 1 
5 jue, oe = — | el 
s cot A – соѕес A + 1 соѕес A — cot A 


—х 
11.30 


l - (cosec A cot A) 
> LHs- cosec A — cot A 
cot A ~ соѕес A +1 
cot A — cose A +1 1 
= LHS w: ee —— 
cot A—cosecA+1 cosec A cot 


1 A 
1 M ——————— = cosec A + cot | 
a аденин | аслана 
1 cos 1+ соѕ А 
=> Ls. = ———— = RHS 
sin A | sin A sin A 
(iii) We have to prove that 
T sinü 5, sino sin Ө 9 = 2 
i T cot + cosec cot ij ~ cosec 0 = cot + cosec Ө 
Ow, 
LHS = sin Ө _ sin Ө 
Со!Ө + cosecÜ соїӨ— cosec 0 
LHS — sind " sin 0 Ф 
! "T соѕес 0 + cot cosec — cot 
* 
| => LHS = 
| 
| » LHS oe 
| = LHS = sino co 
LHS = 
MATER c 0 
1 
—̃ —-— — — 
ES 0 (cosec 0 — cot 0) E : rx" = cosec 0 — cot 9| 


| ne £080 = sin 0 1.9050 
+ КГ] sin 6 
n А LHS = 1 - соѕ Ө 
f ' LHS = 2 - (1 + cos 0) 
t 


LHS - z _ (l+ cos 0) (1 - cos 0) 
1 cos 9 


2258 
© LHS = 2 (5-05 0) 
1 - cos Ө 


sin? 0 
l-cosf 


=> LHS = 2- 
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sin 0 


=% LHS =2--——— -2 sin 0 : sin 0 
es ч =, —— — — 2 — —— Е RHS 
! — 1  cos8 cosec 0 — cot 0 
sin 6 sin sin 6 
(iv) We have, 
LHS = (cosec 0 — sin Ө) (sec0 — cos 0) 
1 
e LHS = | -sino || A -coso | 
sin ð cos 
— sin? ES, 
3 LHS = |- Sin 9, 1-cos'8 
sind cos Ө 
- LHS = = 0 : sin“ 0 
sin 0 cos 0 
ы LHs = 8119 С050 _ эшне — 1 ; 
sin“ Ө + cos* Ө sin 0 + соѕ 8 
sin 0 cos 0 
E — — — €—Q——3 
sin* Ө cos” Ө tan 0 + cot 0 


sin G cos h  sinOcos0 
EXAMPLE 26 Prove the following identities : 
(i) 2(sin* Ө + cos® 0) - З (sin* Ө + cos* Ө) +1= 0 
(ii) sine Ө + cos® 0 + 3sin? Ө соз” Ө = 1 vs! 
(iii) (sinë Ө — cos? Ө) = (sin? Ө – cos? 0) (1 — 2sin? 0 cos" 0) 
SOLUTION (i) We have, 
LHS = 2 (sin? Ө + cos? Ө) — 3(sin' Ө + cos Ө) + 1 


> LHS = 2 Ein: 9) + (cos*0) | - 3(sin* Ө + cos Ө) + 1 
Using a? + b? = (a b – 3ab(a + b) and a^ +b? = (а + by - Aab, we obtain 

LHS — 2 ( (sin? 9 + cos? 0)? — 3sin 0 cos? 0 (sin? 0 + cos? 0) } 

-3 {(sin? 0 + cos? 0)? – 2sin^6 cos* 0+ 1] 

=> LHS-2(1-3sin? 0 cos? 0) - 3(1- 2sin? 0 cos? 0) +1 
=> LHS -2- 6sin?0cos? 0 - 3+ 6sin’ O cos 0 + 1 = 0 = RHS 
(ii) We have, 

LHS = sinf Ө + cos^ 0 + 3sin^0 cos” 0 
= LHS = (sin? 0) + (cos? Ө)? + 3sin? Ocos* 0 
> LHS = (sin? O cos? 9)? - 3sin? 0cos? 0 (sin? 0 +cos? Ө) + 3sin* 8cos? Ө 


[> a + b? = (a + by — Zab (a + b)] 


. md eee 
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LHS = 1 - 3sin" O cos: 0 + 3 sin? 0 cos? 0 = 1 = RHS 


(iii) We have, 


=> 


=> 


= 


=> 


LHS = sin” 6 — cos" 0 = (sin 0)? — (сов? 0}? = (sin? 0 — cos* Ө) (sin* Ө + cos 0) 
LHS = (sin? Ө — cos? Ө) (sin? 0 + cos? 0) (sin* Ө + cos* 0) 

LHS = (sin? cos? 0)| (sin? 0)2 +(соѕ2 0) +2sin? 0cos? 0—2sin? 0cos? 0 
LHS = (sin? 0 — cos? 9) | (sin? 0 + cos? 0)? — 2 sin? 0 cos? 0 


LHS = (sin? 0 — cos? 0) (1 - 2sin? 0 cos? 0) = RHS 


EXAMPLE 27 Prove the following identities: 

(i) (1+ tan A tan BY. + (tan A tan В)? = sec? A sec? В 

(ii) (tan A + cosec B) - (cotB - sec AY. = 2tan A cot B(cosec А + sec B) 
SOLUTION (i) We have, 


= 


=> 


LHS = (1 + tan A tan В) + (tan A - tan В)? 
LHS = 1+ 2 tan A tanB + tan? A tan? В + tan? A tan? B a tan A tan В 


LHS = 1 + tan? A tan? В + tan? A + tan? B. 
LHS = (1 + tan? A) + (tan? В + tan? A tan? B) 

LHS = (1 + tan? A) + tan? B(1 tan? A) 

LHS = (1 + tan? A) (1 + tan?B) 5 sec? A sec? B = RHS 


(ii) We have, 


LHS = (tan A + cos@eB)? à (cot R sec А)? 

LHS = (tan? A+ Cüsec? В + 2tan А cosec B) - (cot? B+ sec? A -2 cot B sec A) 
LHS - (tàn? A sec? A) « (cosec? B-cot? B)+2 tan A cosec B «2 cot B sec A 
LHS € —1 +142 tan A cosec B + 2cot B sec A 


LHS >2 (tàn A cosec B + cot B sec A) 


= cosecB Sec А SN WU 
ВЫ = 2tan A cot B{ оче? B x] [ Dividing and multiplying by tan A cot B] 


1 b. 
sin B cos A 
LHS - 2tan A cot B cos B sin A 
sin B cos А 


1 
LHS = 2tan A сову 


1 
=i +5] = tan А cot B (sec B + cosec д) = 


RHS 
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EXAMPLE 28 Prove the following identities: 
(i) (sin A + sec A)? + (cos A + cosec A)? = (1 + sec A cosec A)* 
sec A - 
(i) cot? A( T- sec? A 85471). 0 
1+sinA 1+secA 
SOLUTION (1) We have, 
LHS = (sin A + sec Ay. 4 (cos A + COSec А)? 
=> LHS = sin? A«sec? A+2 sin A sec A+ cos* А +соѕес? A+2cos A cosec A 
^ LHS = (sin? A«cos? A) (sec? А +cosec? A)+2sin A sec A+2cos A cosec A 
— LHS = 1+ 2 "€ Je (885. а) 
cos*A sin? А cos A Sin A 
. 2 2 1 2 2 
m Ж Шей sin foe A 42 sin“ A+ cos? A 
sin^ А cos? A sin А cos A 
+ wc C 
sin“ A cos А sin A cos А 
=> LHS = 1 + cosec? A sec? A + 2cosec А séc А = (1 sec A cosec А)? = RHS 
(ii) We have, 
E 51 — 1 * * 
LHS = cot? Af T — Jet SOE ) 
1+ sin А l4 sec А 
- Hs. Sot A (sec A 41) (sec AF) + sec? A (sin A – 1) (1 + sin A) 
(1 sin A) (1 + sec A) 
2 а 2 "P EL n 
si LHS = t A (ec: А —1) + sec” A (sin A — 1) 
(1 + sin A)(1 + sec A) 
> цис — 9 ЧА (86 A - 1) - sec? А (1 - sin? A) 
(1 + sin A) (1 + sec A) 
= н< Set А tan? A – вес? А сов? A _ 121 NONU 
E (1 + sin A) (1 + sec A) (1 + sin A) (1 + sec A) 


EXAMPLE 29 Prove the following identities: 


: cos A sin A m sin A cos A 
(i) icena l-ceÁ ~ (1 -sin A) (1 - cos A) 


(i) (1 cot A + tan A) Ein A — cos A) _ dat A das? A 


3 
sec! A- cosec A 
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SOLUTION (i) We have, 


*————— +1 
l-sinA 1-cosA 


_ cos A (1 — cos A) + sin A (1 - sin A) + (1 - sin A) (1 — cos A) 
т ше (1 - sin А) (1 — cos A) 


cos А — cos? A + sin A- sin? A +1 -sin A- cos A + sin А cos A 
1118 
(1 — sin A) (1 — cos A) 


—  LHs (os A * sin A) - (cos? A + sin? A) + 1- (cos A + sin A) 
(1 — sin A) (1 - cos A) 


zs ibe OSA Bind) T1 son sin A) + sin A co 
(1 — sin A) (1 - cos A) 


" sin A cos A z e 
(- sin A) (1- cos A) ** 


(i) We have, 
| (sin 


[+ 


cos A 


sinA 
— + ——— 
sin A 


cos A 


Ein A — cos? A) 


гне. Ein А cosA + 1) (sin A - cos A) sin? A cos? A 
(sin A - cos A) (sin? А + cos? A * sin A cos A) 


[ = a (a — b) (a? +b " ab) ] 
(sin A cos A + 1) sin? A cos? A 


= ie (1 + sin A cos A) = sin? A cos? A = RHS 


NAMME W If 
(sec A + tan A)(sec В + tan B)(secC+tanC)=(sec A tan A 


)(sec В – tan 
Prove that each of the side is equal to +1. B)(secC — tan C) 


111 
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SOLUTION We have, 
(sec А + tan A) (sec B + tan В) (secC + tanC) = (sec A tan A) (sec В — tan B) (secC — tan C) 
Multiplying both sides by (sec A — tan A) (sec B tan B) (вес С – tanC), we get 
(sec A + tan A) (sec B + tan B) (ѕесС + tanC) (sec A — tan A) (sec В tan B) (sec C tan С) 
= (sec A — tan A)? (sec B – tan В)? (secC tan cy 
> (sec? A tan? A) (sec? В — tan? B) (sec? C — tan? C) 
= (sec A – tan А)? (sec B — tan B)? (secC tan CR 
> 1 =[(sec A – tan A) (ѕесВ – tan B) (secC - tanC) |? 
= (sec A tan A) (sec B — tan В) (secC — tanC) = +1 
Similarly, multiplying both sides by (sec A + tan A) (sec B + tan B) (secC + tan C), we get 
(sec A + tan A) (sec B + tan B) (secC + tanC) = +1 


EXAMPLE 31 sin Ө + cos Ө = p and sec 0 + cosec Ө = gi slow that qi - 1) = 2р. 
INCERT EXEMPLAR] 
SOLUTION We have, p = sin 0 + cos апад = sec cosec 
LHS = q (p° - 1) 


(sec 0 + соѕес 0) | (sin Ө + cos ө) -1 | 


cos Ө l 


-| E I sin? 0 % cos? Ө + 2sin 0 cos 0 - 1] ** 
sin 0 


[serm (14 2sin0 cos0 - 1) 


cos sino 


= | eno ps’ |(2sin0 cos) = 2 (sin 0 + cos Ө) = 2p = RHS 
cos 0 sin 0 


We e have, sec 0 + cosec 0 = 0 


1 sin 0 + cos 0 p : p 
=> A^ =q> — = => —— = 9 => sin cosl = — 
coS0 sin 0 sin 0 cos Ө sin 0 cos 0 q 
2p А 2 2p 
=> Lein cna Gm “= 14 2sin0c050 2 14 22 => (sin 0 + cos 0) „ыг 
q q : 
› › 2р 2 
= * 217 2 % qiie = q (p7 —1) = 2р 
q ( 


=p, obtain the values of sec Ө, tan Ө and sin 0 in terms of p. 


EXAMPLE 32 If sec 0 + tan Ө сенгим 
NCE :XEMPLARI] 


SOLUTION We have, 


ѕес Ө + tano = р 


(i) 


EMATICS— X 
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Now, sec: 0 tan: 0 = 1 
=> (secO tano (sec0 tano) = 1 

UO 
= p (sec – tan0)=1 = ЖИ ЩТ ҮЛ: (ii) 


Adding and subtracting (i) and (ii), we get 


1 
(ect + tan) (вес tani) = p+ and, (ѕес0 + tan0) — (весӨ — tan 0) = m 
L 1 
=> aan Bm pS and, epo 


= sco = LET tno ={p-2] 


an 
Now, anos S ua A РЈ p -1 
sec 


EXAMPLE эз If secO + tano = p, show that ICBSE 2004] 


SOLUTION Wehave, 


2tan? 0« 2 tano seco K 2tan0(tan 6 + seco) 
24ес? 0 + 25ес0 tand 2secO(secO+ tan) ^ seco ^ 


ALITER We have, seco tano - p 


NO 
ti NOE ELT kite ИРИ 1 95 
re ii 
Adding (i) and (ii), we obtain р 
2зес@ = h. eb *1 ee 2р 
" Р р? +1 


[RIGONOMETRIC IDENTITIES 


Subtracting (ii) from (i), we obtain 


2tan0 = р ~ 1 
р 
‚2 
=>  tan0 = E 
2p 
z? 2 A 2 
=> UE. = => and „E aida, 
cos 0 2p 2p 2p р? +1 
p +] 
$ ju] 
EXAMPLE 34 [f cosec 0 + cot 0 = p, then prove that cos Ө = E, = 
P + 
SOLUTION We know that cosec - cot 0 = — — 
cosec 0 + cot 0 
cosec 0 + cot 0 = p 
= cosec Ө – coto = 1 
р 
Adding (i) and (ii), we obtain 
е ЧО 2 
2 соѕес Ө = ж = — совебӨ = XS sino = 5 E 
2p po +1 
Subtracting (ii) from (i), we obtain 
1 p] 
2cot ð = p- — => «ot = 
2p 
Now, со5Ө = cot@ x sin Ө 
2. _. 2р 7 —] 
ET m -%— «2-2. 
W р+1 р *1 
EXAMPLE 38 4f posu _ m and bed = n show that (m? + n?) cos? B = п? 
" cosp sin p 
$n NN OU cosa 
SOLUTION We have, т = eeri sin 
LHS = (n? + n°) cos? В 
= cos?a | cos a). 28 "Mp 
LHS = — + ——— | cos’ | cos 
cos? sin’ р, 


— TM LI 
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(ii) шк 


...(iv) 
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, E EL 2 2 
E ins - 595 u sin Exo а cos d 
соз“ [3 sin“ p 


cos? В sin? В 
=> LHS c0˙ — — «нр = rf (eue) ua 
| cos? B sin? В sin?B | sinp 


= and 
cos 
1 1 
=> cosh = —cosa and sin ß = 17 
m 
2 G Ф 
т п 
ай 1 1 
т 


i (Eu) =з 
=> т?п? 
= 
cosa cosa 
as m E „шее m 
8 | 8888 = cosp | 
— 
= land seco — cos® = m, prove that PrP? + m? +3)=1. 
söt re have, I = cosec® - sin@ and m = Sec b — сов 
LHS = Pm? (2 + m? + 3) 
LHS = ( cosec 0— sin Ө )> sec cos 0)" { ( cosec 0 - sin g 
»Á ( y( 7 |(coseco- sing) *(sec0- cos p? + 3} 
E uis 0 0 ! eJ | - Р 1 1 
sind cosó sig sino) Sb ee +3} 
o (1-cos?9 Y 7 
- us -( T 1 meN finat 
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y | sin: O P 
Cos | | 
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- 
соѕ Ө 


=> LHS = 


sind „ | Er ad | 


) 
cos Ө | 


4 "NE 
5 LHS = cos Ө , Sin 0 cos 0 * sin* 0 


12 2 i 2 +3| 
sin“ Ө cos: Ө | sin? Ө cos“ Ө 


| 


^ [ES сай ёа A | cos® Ө + sinf Ө + 3cos? 0 sin? 0 | 

| cos? 05їп? Ө | 
=> LHS = cos” 0 + sinf Ө + 3 cos? 0 sin? 0 ' 
25 LHS = | (cos? Ө)? + (sin? Ө)? | + 3 cos? 0 sin? 0 
=> LHS = | (соз? 0+sin? 0)? —3cos? Osin? 0(cos? 0+ sin? Ө) | +351п^0соз5^ 0 

[а +b? = (а + b)? – Зар (a + b)] 

R LHS = {1 – 3 cos? Өѕіп? 0} + 3 cos? 0 sin? 0 = RHS [ cos? 0 + sin? @ = 1] 
EXAMPLE 37 [f tan A = ntan Band sin A = msin B, prove that cos? A = € ; 


SOLUTION We have to find cos? A in terms of m and п. This means that the angle B is to be 
eliminated from the given relations. 


Now, 
1 t» 
tan A = n tan B => tan B = tan A cotB = 
n tan A 
B= ЭА Bae 
i = msi in B= sin A => соѕес В = — 
and, sin A = m sin B — si = 2-4 


Substituting the values of cot В and cosec В in cosec B — cot” В = 1, we get 


2 2 
т п 
> -Pez 
sin? A tan A 
2 2 
т? n^ соѕ А 
=> — — — =] 
sin^ A sin’ A 
” ? э 
^ — cos А 
55 т = 
sin” A 
— ? ? 2 «2 A 
m^ —n*cos* А sin 
? гу ? 2 
= m^ – п? cos? A = 1 cos А 
2 2 
= m? –1 = п? cos? А cos А 
2 NR A 
d m^ —1- (n^ -1)cos' / 
э 
m^ -1 2 
T 5 = соз” A 
п – 1 
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24y7 =1. 
AMPLE эв If x sin! 0+ y cos? Ө = sin Ө cos Ө and хіп Ө = усоѕ0, prove that x? + y 
SOLUTION Wehave, 


ysin’ 0 + ycos' 0 = in O соѕ0 


> («sin 0) sin? 0 + (ycos0) cos? 0 = sin O соѕ0 
=> X sin 0 (sin? 0) + (x sin 0) cos? 0 = sin Ө cos Ө [x sin Ө = y cos Ө] 
=> x sin 0 (sin? 0 + cos? 0) = Sin O cos 
= Y зїп Ө = sin O cos 
> X = cost 
Now, 
sino = y cos 
=> cos 0 sin Ө = y cos 0 [. x = cos Ө] 
=> у = sin 
Hence, х2 + y? =c0s?0+sin?0=1 
EXAMPLE 39 [f cosec® - ѕіпӨ = m and ѕес0 — cosQ hil Gn + (тп? y? = 1 


SOLUTION  Wehave, 


cosec Ө — sin Ө = mand sech — cos n 


кше" ‚|же me 


sin^0 cos " 
4 = (cos? 0)2/ + (sin? 00275 


sin cos? 8 
7 cos* 0 sin? 0 =] 
2/3 ) 7 1 


ce, 
If cotO+tan0= x and ec - cos0 = у, prove that (yy -(xy* y 21. 
‘ We have, 


ES tang * An 97 xand -= 
1+ tan? 0 1 cos? 6 _ 
= а апа 8880 y 


. 66 ——^—— 
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=> se n — x and sin” Ө = 

tan 0 c 

1 n? 

= : = d = 

cos? 0 зіп Ө C080 y 

cos 0 
: d, 

— M Е 

- cos@sin@ ^ ^" cosa” 
241275 
ey ego. ee amat 
cos“ Өѕіп“ cos 6 


Hence, — (x?yJ?/? – (ху2)2/3 = 


EXAMPLE 41 If sin + sin" 0 = 1, find the value of 


cos"? Ө + 3 cos!’ Ө + 3 cos? Ө + cos* Ө + 26050 +200520 - 2 


SOLUTION Wehave, 


sin 6 + ѕіп20 = 1 > sin0-1-Ssin^0 = sin0 = cos? 0 


cos!? Ө + 3 cos! 0 + 3cos? 0.4cos* Ө + 2 cos! 0 + 2cos* 6 - 2 


1 


fs 1 I» sin 0? 1 si 
cos? 0 cos? 0 cos?0 cos? 0 


sin’ 0 


. х 2 
cos sind cos*6 


= (cos! Ө + 3 cos!” Ө + 3cos* 0 + со5° Ө) + 2 (cos! Ө + cos? 0 - 1) 


= (cos* Ө + cos? 0. 2 (cos* ӨЧЕ cos? 0 – 1) 


E 


Sec 0— tan^0-1 
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= (sin? 0 + cos? 00% + 2 (sin? @ + cos? 0 — 1) [= cos? 0 = sin O cos 0 = sin^8 | 


=1+2(141) = 


EXAMPLE 42 [f a Sec апе + с = O and рѕесӨ + tano + r = 0, prove that 


(br — qc. - (рс – ar)? = (aq — Бр)? 
SOLUTION We have, 
аѕесе b tano +c =0 


and, psec + qtan0  r = 0 
Solving these two equations by the cross- -multiplication for sec Ө and tan Ө, we get 
seco tand «зим жй ES m SOl аз tang = E- 
br-qc p-ar aq — bp aq — bp o» 
sec? 0 - tan^0 = 1 
2 2 2 
> br — cq (255 =1 => (br- eq) - (qp - ат)? = (aq – bp? 
aq — bp aq — bp 


a work es EA 
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EXAMPLE 43 If tan 0 = 1 – «^, prove that secO + tan” Ө cosec Ө = ( 
SOLUTION Wehave, 

| sec 0 + tan' 0 cosec Ө 


3 
= seco | 59 ta d 


sec 0 [Multiplying and dividing by sec 0] 


= 


= seco fı + ano Sh 


sin 9 
= sec0 |1 + tan’ 0x cot 0} 


” = М1 + tan? 0 {1+ tan? 0] 


у? 3 
= {1+ tao] = (1«a- e)? LN tan 0 = 1- 47] 
PYAMPLE ы If біп + sin? 0 + sin? 0 = 1, then prove t "6-4cos*08cos?0 = 4 
SOLUTION . We have, * 


in 0 sin? 0 sin 0 = 1 


=> in + sin’ 0 = 1— sin? 0 

= sin (1 + sin? 0) = cos? 6 

E sin? 0(1 + sin? 0)? = cos* ¢ 

=> (1 ~ cos? 0) {1 ce 510 

E (1 - сов? 0) (2 — cos € 

=> (1 — cos? 0) ( cos* Ө) = cos* 0 

EN 4 - 4cos? 4 cos? 0 + 4 cos* Ө — соз° Ө = cos Ө 

= " PO- 8с0520+4=0 = cos” Ө - 4 cos? 0 + 8cos? 9 = 4 

- in 0 + cos 0 = V2, then prove that tan 0 + cot 0 = 2. 

Nu man INCERT EXEMPLAR] 
Ө + cos = J2 

- (sin Ө + cos Ө)? = (J2y? 

= sin?+ cos? 0 + 2 sin 0cos 0 = 2 

2 1+ 2sin cos 0 = 2 

= 2sin 0cos 0 = 1 

- 2sin 8 cos 0 = sin^0 + cos? 0 


[ 1z sin? 0 + cos? 0 
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25іп Өсо50 sin: 0 + cos? 
má sin O cos in cos 
Ре 5 sin’ Ө cos? Ө 

sinOcos0 sin Ө соѕ Ө => 2 = tan Ө cot 0 
EXAMPLE 46 If 1+sin*@ = 3sin 0 cos 6, prove that tan 0 = 1 wS 
2 
[INCERT EXEMPLAR] 

SOLUTION Wehave, 1 + sin? 0 = 3sin Ө cos Ө 
Dividing both sides by cos* Ө, we obtain 

1+ sin: Ө Е 3 sin 0 cos 0 

cos? 0 cos? 0 
1 in: ЗѕіпӨ 
иі cos^0 cos? 0 cos Ө 
MÀ sec? Ө + tan? 0 = 3tan Ө 
=> 1+ tan? 0 + tan* 6 = 3tan 0 [-: sec? 0 = 1+ tan? 0] 
=> 2tan^0 - 3tan 02 10 
=> 2tan? 6 – 2tan Ө - {ап Ө + 1-0 
= 2 tan Ө (tan Ө - 1) - (tan 8 - 1) = 0 
=> (2tan Ө – I) (tan 0 - 1) =0 
1 

=> 2 tan 0-1 2O or tan 6-120 2 tan 0-1 or tan = 1 tan 94 or tan 01 


— ON = - - — ———,3-. EXERCISE 11.1 


4 € A = 52 2 
"VEL \ et cesec^ A 
Prove the following trigonometric identities: | 
1. (1— cos! A)cosec A = 1 2 (cot: A) sin? A=  V* Хол? § = 
3. tan? O cos Ө = 1 co 0 4. соѕес Ө V1 – соѕ? Ө = 1 
1 
5. (sec? 0 — 1) (cosec? 0 - 1) = 1 6. tan® + ß 8 
з eos 1 + sino 8, cos NL 
os ^b 1l+sin®  cos0 
4 1 
1 in? NE. M— 
2 ™ 10. sin A+ = 
dubii 77 te 1 tan” A 
1 cn 1-cos0 sing 
FA; ici = cosecO — cot o 12. sin Ө 14 cos 


sind 
13. 1-28 = cosecÜ + cot 
(1 + cot? 0) tan 0 
15. — mS = cot 0 
sec” Ө 


(secO + cos) (sec — cos) = tan^ 0 + sin? 0 
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— tan0)? 


16.* tan? 0 — sin? 0 = tan? 0 sin? 0 


18. (cosec Ө + sin Ө) (cosec 0 — sino) = cot? 0 + cos? 0 


19. sec A (1 sin A) (sec A + tan A) - 1 


20. (cosec A — sin A) (sec A — cos A) (tan A + cot A) = 


21. (1+ tan? 0) (1 = sin0) (1 sin0) = 1 


22, sin’ A cot? А + cos? A tàn? A = 1 


20 Ө — 1 
23. (i) cot - tang = 2905 0-1 (ii) tan 0 — cot 0 2590 -1 
sin 0 cos sin 0 cos Ө 
sin A- 25іп A . 
iii — = tan A 
(iii) dom — [CBSE 2018] 
2 
cos” Ө : l = ЕИ zsec? 
5 = ——<6— 7 ѕес А 
24. and соѕес 0 + sing = 0 3 Чо al 
i v Si 2 — 2 NE | 
26. 1+ sin | 295 = 2 sec [NCERT] эт, . ind) +o sin 0) .l*sin 0 
cos Ө 1+ sin 9 | 2 cos* Ө 1- sin: Ө 
1+(ап20 /1-tano l*secO0 — sin?g 
8 (120 Е OINGERT), 29. — NCERT 
1+со Ө \ 1-coté Seco " 1-cos8 l ] 
39, nO , coto - = 1+ tano + coto 31. sec’ Ө = tan* Ө + 3tan? Ө вес? Ө + 1 
l cot 1—{апб 1 


32. cosec"0 = cot" Озь 3co^ 0 coe 0 + 1 33. 


1+ cos Ag NL 35 
* sin? A I- cos A | 
| EL sin A 
A sin ДҮҮ. 
A 
37. (i) nom. SecA*tanA[NCERT] (ii) 


38. Prove that: 
seco ~ 1 
ѕесӨ +1 


r ii 
sec) -1 (ii) 


[CBSE 2001, 2006C] 


E [1 + соѕ0 A i 
(iii) 1-cos0 V¥1+cos6 v) 


(1 + tan? 0) coto 
———— 


= tan 
соѕес? 0 
2 
Sec A — tan 4 cos? A 
secA tan A (1+ sin А)? 


[1 - cos A l*cosA. 

1+cosA ^ 4 = 2cosec A 
l+ ѕіп Ө l- sino 

Mens Weng = 2sec0 


[CBSE 2001] 
алі sing ү 
вес +1“ П) [CBSE 2001 C] 
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ш... А 
9% sec A- tan А)” = — 1-cosA ,. : 2 
1 1 cosA sinA А 
41. ——— + — = 20s — — 7 + EON A 
ЖАТ aude cosec А cotA 42. ния 1-е@@А 5 
43. cosec A » cosec A anu ok 44. tan“ A н cot A 1 


cosecA - 1 cosecA+1 15 tan? A 17 cot' A 


А cot A- cos A _ соѕес А – 1 1 + cos – sin _ : 
' cotA+cosA соѕес А +1 46. i= 
INCERT, CBSE 2008] 
47. @ 1«cos0-sinÜ  1-sinO Gi) sin Ө - соѕ0 «1 1 
| 1 + cos0 — sin Ө C080 sind+cos0—1 seco - tan 


cos 0 — ѕіпӨ + 1 ICBSE 2001, NCERT] 


— — = cosec 8 + соне 
cos0 + ѕіпе – 1 


(iii) 


(iv) (sin 0 + cos 0) (tan 0 + cot 0) = sec 0 + cosec 0 [NCERT EXEMPLAR] 


. = 1 = РАР — [CBSE 2005] 
secA+tanA cosA созА sec A tan A 
1 " " 5 tan А _ tan A 2 A 
49. tan? A + cot? A = sec” A соѕес А-2 NA. Tick i-seA © озес 
INCERT EXEMPLAR] 
51. ME. 2 UT 52. . £os0  . ^ cos8 д 
1 + cosec Ө соѕесӨ +1  cosec0 - 1 
[NCERT EXEMPLAR] 
53 (1+ tan? A) [re Е e - — ЛЕНЕ [CBSE 2006C] 
i an? A sin? A — sin *A 
54. sin? A cos? B cos? A sin? B = sin? A – sin? B 
cot A 4 tan B tan A + tan B 
E — Н) ——— ————- &taünAtanB 
cot B + tan A n dL A AER e) cot A + cot B 
56. cot? A cosec? B – cot? B cosec? A = cot? A - cot? B 
57. tan? A sec? B – sec? A tan? B = tan” A tan? B 
Prove the following identities: (58-75) 
58k. If x = a secO + b tan d and y = à tan + bsec 0, prove that х2 - ў? = а – 


[CBSE 2001, 2002C] 


59. If 3sin Ө + 5cos 0 = 5, prove that 5 sin@ - 3cos0 = +3. 


i> 


— — = 


Ж — 


11.46 
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60. If cosec Ө + сок = mand cosec 0 – cot = п, prove that mn = 1 
61, n” сор 


5 + — > — i 0 
ung I= cog sec 0 cosec 0 — 2sin Ө cos 


OF 7, = sin" 0 + cos" Ө, prove that 23—15 _ 15—17 
Т T, 


2 2 142 
63. 1 | + | anas. _2|1+5ю 0 
0 cos Ө 1-sin’ 9 
1—sin? 0cos? 0 
64. Бате uo азе) rocoso = апарса Й 
sec” Ө cos? 0  cosec! 0 - ѕіп20 2+ sin? Өёоѕ? Ө 
* 1 1+ sec 0 - tan? P- sin 0 
0 sin 0 cos Ө 1+ cos Ө (ii) sech tan) cos 0 
INCERT EXEMPLAR] 


66. (sec A + tan A — 1) (sec A tan А +1) = 2tan A 

67. (1 + cot A ~ cosec A) (1 tan A + sec A) = 2) 

68. (cosecO — sec) (cot — tano) =(@бвес 8% sec 0) (sec Ө cosec 0 — 2) 
69. (вес А - cosec A) (1 + tan 4 «ot A) S tan A sec A cot A cosec A 


cos A cosec A ~ sin A sec A. 
——————— 


cos A + sin A ~ A-secA | 
E sin A cosA 1 
/ o-oo SS 1 ů—5—EBͤ 
ѕес А tan A- соѕесА + cot А-1 
72,7 en Ay cot A 


(1+ n (l«cot Ay — S c 


4 2 
73. Sec A- sin“ A) -2tan? A =1 74. oe ACA - 1) - sec? al 1— sin A 
17 1+secA 


; А 
75. (1 tA + tanA)(sinA – соѕА) = €^ __ Ne 
75. (1 * co ( ) cose A se in A tan A- cotAcosA 


[CBSE 2008] 


76. If — gone РШЕ. — 2 «2 
4 52 


1 ͤ __— 
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3 " 3:2 à 
g. Ifa cos Ө + З асоѕ0 sin^ 0 = m, a sin? 0 + 3a cos? sino = п, prove that 


2/3 2 
(т + ny? + (т - ny? = 209 


. 2/3 2/3 
79, Ifx = a cos? 0, y = b sin? 0, prove that | ы | + | 3 =, 
a ) 


80. If a cos0 + bsinO = mand asin0 — b соѕ0 = n, prove that a+b? = т? +? 


81. If cos A + cos? A = 1, prove that sin? A + sin? A = 1 
If cos O cos? 0 = 1, prove that 


10 


. 2 . * . * * 
sin? 0 + 3sin Ө +3 sin? Ө + ѕіпӨ + 2sin*0 + 25іп20-2 = 1 


(® Given that: (1 cosa) (1 + cosB) (1 + cosy) = (1 - cosa) (1 — cosB) (1 — cos y) 


Show that one of the values of each member of this equality is sin a sin B sin y 


4-3(6 - 1)? 
Du sin + cos 9 = x, prove that sin" 0 + cos" 0 = —— 


ә 2 ә 


x 
85. If x = a seco cos, y = b sech sing and = = c tan 0, show that — + ^ —-1 
gt ШЕ m 


86. If sin Ө + 2cos 0 = 1 prove that 2 sin 0 = cos p 2; [INCERT EXEMPLAR] 
11.3 VALUES OF TRIGONOMETRIG RATIOS IN TERMS OF THE VALUE OF ONE OF 
THEM 


In this section, we will find the remaining trigonometric ratios of an angle when one of the 
trigonometric ratios of the same angle is given. We willalso find the values of trigonometric 


expressions for the given value of one of the trigonometric ratios. 


Finding all other trigonometric ratios of ‘angle Ө when the value of sin Ө is given: 


Let sin Ө =a. Then, 
cos 6 = * — sin? 0 => cos0 = J1 - x? 
1 1-х° 
{ап Ө = nO s tange cot o = a” ; " 
| cos 0 1-x* an x 


| 
Finding all other trigonometric ratios of angle 0 when the value of соѕ Ө is given : 
] 


Let cos0 = x. Then, 
sin 0 = * cos? 0 => sin = J1- x^ 
sint -x 1 X 
tang = ine - МХ со = == 
cos0 * tan 0 1-x 


( 016.5 eee 
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| l | 1 


cosec0 seco 
sind y1 T cos0 x 


Finding all other trigonometric ratios of an angle when the value of is given: 


Let tan 0 = x Then, 


f ; ааа у 
Seco = X1 + tan“ 0 = seco М1 + х 
1 1 1 i 

cot t - ,Cos0 = —— 
tan 0 Y sec 0. „ + х? 


sin 0 M0 = jh l B Á- 1 «aa WE 


2 ; and, соѕесӨ = — = 
1+ х М1 + х sin Ө x 


i If the values of cosec, are given. From the given values we obtain the values of respectively 
and then proceed as discussed above. 


eue eee 


i J - ; - 
А EXAMPLE 1 sino = >, find the values of other trigonometric ratios. 
5 


3 
SOLUTION We have, sino = 


' — 
i p - 9 
| cos = 41 -sin®0 =>c0s0 = (1-2. = [6 4 
| W N25 5 
| l 5 1 5 
соѕес 0 = — =—,sec6 = ə- 
sino 3 cos 4 
sin 0 3/5 
| tan 0 = . = — = 3 and cot = : = 4 
соѕ9 «4/5 $4 {але 3 
y = 
EXAMPLE 2 If cotü.z 2o find the values of cosec 6 and sec 0. 
( 
9 
SOLUTION We have, coto = — 
n} 
{ cosec Ө = y hi F cot? um => соѕес Ө = же, = he 1681 
{ a 100 1600 
E \ We пә. went. | 
Ave А 0 — = € =Z — = a 
i май cotü 9 
meram 7 40 Y 
| ѕесӨ = 4/1 + tan Ө => ѕесӨ = (N E 1681 = 41 
| ‚ 9 81 9 
1 1 2sec0 
І MPLE з [f cos0 = —, find the value of 
i= nas 2° 1+ tan? 1 
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SOLUTION We have, cos = 1 
2 
: 1 
seco = =? 
cos Ө 
2secO 25есӨ 2 


l-tan?0 ѕес20 


1 i; T 
EXAMPLE 4 If tano S el the value of 1+ sind 
5 ^ ]-sin8 


We have, tan0 = 12 


sec 0 = y1 + tan? 0 = seco . H) = -3 


SOLUTION 


со5Ө = => cos0 = EJ 
sec 13 
- 5 ү 1 12 
Now, inĝ = JI “ө 51 um 1- (24 = ,—=— 
sin J cos => sind 13 ie 13 
12 25 
А eins 1713 13 25 
"MU Tesno ү 1 -~ 
13 13 


EXAMPLE 5 [f sino = =, ind the value of (tan + sec)’. 
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SOLUTION We have, sine $ 
2 
зү 9 fié 
2 2 E - aa: | n = 1-— = — = 
cos =4/1 sin Ө => cos0 1 5 25 25 
3 
5 3 d, sec0 = —— => РЕ. 
tene i cos 9 4 
5 
3 Йй ы 
Непсе, (tan «seco? = [2 +7) (4) =4 
| а NS .1-cos0 
EXAMPLE 6 |f tan = I, find the eT eh 


SOLUTION We have, tan0 = 


? sy. -5 
seco = |] + tan Ө = secü = 1+(3) = 1+5=2 


— 2 


EI. 
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1 4 
02 —— > cos0- — 
and, s sec 5 
TE 
1-cos0 _ y ЖИ WC 
1 + cos 4 9 9 
1 ы à 
*s Б 


EXAMPLE 7 If coso = 5, find the value of cot @ + cosec 0. 


e 


SOLUTION We have, cos0 => 
h-(2 4 
sin = V- cos? 0 > sin = ,{1-| > 75 
5 
. созӨ AL е № соѕесӨ = — 
апа, све => 4/5 4 «же зїп Ө 4 


! 1 cosec? 0 sec? Ө 
EXAMPLE з [f tan Ө = , find the оа vf С —.. 
f 5^ ka Р з 29 


SOLUTION We have, tan 0 = 0 


cot 1 А 
tan Ө 


Now, 
2g 28 2 17 1 
ѕес = 1 tan^ Ө — sec IUE) z] 1.9 
| v7 7 7 
and, ‘cosec?@ = 1 +соё Ө => cosec? 0 = 1 + V 214188 
ИИС 8 -— 
Срѕес Osec 0 7.48/7 48 3 
«osec? 0 + sec? 0 348 /7 6 4 
7 


EXAMPLE 9 If cosec A = V, 2, find the value of 2sin? A + 3 cot? A 


4 tan? A- 
SOLUTION We have, cosec A = 4/5 8. 


1 


cos A = J1- — sin mina a 


шша: 
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1 
шй A= A / 
A = tana = „| and, — S же] 
< {ап А 1 
/2 
j Y 1 
in 2 22 на | +3(1)? 4 
нева ай Азы А Lug) T м 3 
4 tan“ A- cos? A TEE Í FC 7/2 7 
2 2 
: 15 i — si 
EXAMPLE 10 If cot@= 8 ten evaluate: . [CBSE 2009] 
(1 + cos 8) (2 — 2cos 0) 
SOLUTION Wehave, 
(2 + 2sin 0) (1 — sin 0) 
(1 + cos Ө) (2 — 2 cos 0) 
= 2 (1 + sin 0) (1 — sin 0) 
2 (1 * cos 0) (1 — cos 0) 
2(1- sin?0 : i 
= ( sn = сов © = . = (cot Ө)? 
2(1—-cos*^0)  sin*0 sin 0 
- 5 25 
E 15 , (2*2sin9)(1 sin 0) s (с ot? = (2 | = _ 225 
8 (1 + cos0) (2 —2cos 0) 8 64 


0 « 9 « 90°, find the values of cos Ө and tan Ө. 


, — a 
EXAMPLE 11 F sin 0 = x 
Ма? + 


SOLUTION We have, .sin 0 = 


b 
h = 99 Ii E — 
cos 0 sin? 0 => cos 7 T E. I [2 BE 


EXAMPLE 12 If sin Ө + cos0 = sin (90° — 0), determine cot 0. 
SOLUTION We have, 
sin 0 + cos 0 = V2 sin (90° — 9) 


=> sin Ө + cos Ө = V2 cos 0 
=> sin Ө = V2 cos Ө cos Ө 
= sin Ө = (V2 – 1) cos 0 


EE 
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0 
зіп Ө (V2 - 1) cos0 [Dividing throughout by cos 
т? cos 0 cos 0 
b tan Ө = (V? – 1) 4 | 
1 E cot 0 = GAD 0 
=> cot 0 = Bi 
1 
=> exon SEED #841 as 


NN) 2-1 
EXAMPLE 13 If tan O + cot 0 = 2, find the value of tan? 0 + cot” Ө. 
SOLUTION We have, 
tan 0 + cot 0 = 2 


=> (tan 0 + cot 0 = 4 [On squaring both sides] 
> tan? O + cot? 0 + 2 tan O cot = 4 

s tan^ 0 + cot^ 0-2 = 4 i tan 0 cot 0 = 1] 
> tan? 0 + со Ө = 2 


EXAMPLE 14 Prove that tan 0 + tan (90° — 0) = sec @se€(90° – Ө). [NCERT EXEMPLAR 
SOLUTION LHS = tan Ө + tan (90° – Ө) 


IN FE 
= tan b + cot = SEO , 050 _sin’@+cos?@_ 1 
cos sin sin o cos 0 sin 6 cos 6 


= sec Ө cosec 0 = sec 0 sec (90° — Ө) = RHS. 
cos? (459 4-0) + cos?(45° — 0) 
EXAMPLE 15 Shot f —————————— 7M _ NCERT EXEMPL 
tan (60° «0)tan(30—8) 1 à; MR 
soürnow 1188 cos? (45? + 0) + cos*(45° — 0) 
: i tan (60° + 0) tan (30° — Ө) 
cos: (45° + Ө) + ѕіп2(90° — (45° _ 8)) 
tan (60° + 0) cot (90° — (30° — 8)) 
_ ©05° (45° + 0) + sin?(45°+ 0) 1 
T + LI — 
tan (60° + Ө) cot (60° + Ө) 1 =1= RHS 


EXAMPLE 16 Given that a +B = 90°, show that vcos a cosec p- cos asin B 


= sin a. 
SOLUTION Wehave, a +B = 90°. Therefore, В = 90° -a | PLAR 
* cose р = cosec (90° — а) = seca and,sin В = sin (99° — o) i 
= cosa 
Now, eos а cosec В — cos a sin f 
= оза sec a - соб асоза = Vi costa n 
= a 


7 sina 


bee — ~ a — 


1 
EXAMPLE 17. If secO = х + 772 prove that : sec 0 + tan 0 = 
ke 


SOLUTION We have, 


—— 3 
4x 


= ano = [| v4 or, tan =-(x- 2) 
4x * 


CASE! When tan 0 = | x- ra : In this case, 
ne 


„„ 
4x 4х 
CASEI When tno = (247 In this case, 
" 
sec 0 tano e (27 )- (x e oet o 
4x 4x Ах 2x 
Hence, sec Dis deni t= гай, ДИ 
2x 
ALITER Let sec Ө + tan Ө = A 
Then, 
> sec? 0 — tan? 0 =1 
> (sec Ө — tan 0) (sec 0 + tan Ө) = 1 
= 2. (вес 0 — tan Ө) = 1 
= e tan 0 = = 
Adding (i) and (ii), we get 
сө A2 
À 
> 1 
4x 7. 
=> TCR NAE УГУ. 
2x A 
= Х = 2x ds Bal 
2x 
1 
= sec 0 + tan 0 = 2x, — 


2x 
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2x ics. [CBSE 2001] 
2x 
6-27 
— E — 
16x" 2 4х 
. (i) 
[Using (i)] 


(ii) 


Ё зесб=х+ x. (Given) | 
4x 


[On comparing two sides] 


[Using (i)] 


M. а — ОС 
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_ EXERCISE 11.2 


'LEVEL-1 


1. If cos 0 = 3 find all other trigonometric ratios of angle Ө 


2. If sin = F find all other trigonometric ratios of angle 0 


c 


5 2 
t ^0 sec Ө 
3. If tan 0 = = find the value of — = 


J2 cosec? 0 + cot? Ө 
4sin0 – cos 0 +1 
4. If 4tan 0 = 3, evaluate AsínU tens 1 [CBSE 2018] 
5 2. 1+sin0 


‚ If tan 0 = 12 find the value of 
5 -sin Ө 


1 1- cos? 0 
5. If cot 0 , find the val ——— 
Б e value o e 


M 


2 2 
‚ If cosec A = V2, find the value of See отне д 
. 4(tan* A- cos? A) 
2 2 
8. If cot 0 = V3, find the value of ee 
соѕес Ө — ѕес Ө 
1:2 2 
9. If 3cos 0 = 1, find the value of 6sin 0 tan 8 
| 4cos Ө 
0. If 3 tan 0 = 3sin Ө, find the value of sin? 0 — cos? Ө 


[CBSE 2001] 
18: <3 | > 2sin 0 — 3cos 0 
11. If cosec Ө = —, find the value f 
12 ee TET ** 
m VEL-2 
12. If sin0 + cos@= cos (90° — 0), find cot 6, 
13. If 2sin? @— cos? 0 = 2, then find the value of ө. INCERT EXEMPLAR] 
1з X5 tan 0 — 1 = 0, find the value of sin? cos? 0. [INCERT EXEMPLAR] 
— E д7 — — — — —— nesses eee ANS ERS 
1. ans, une = 3/4, sec Ө = 5/4, cosec 0 = 5/3, cote = 4/3 M 
1 
7. cos 0 = 7, tan Ө = 1, sec Ө = V2, созес Ө = VZ, cot b = 1 
3 13 3 
T ET 5. 25 6 5 7. 2 в. 21 
à; 8 
9. 10 10. 5 п. 3 12. J2-1 1з. 9g» 


O- | W 1 


Answer each of the following questions either in one word or one sentence or as per requirement of the 


HGONOMETRIC IDEN ТИТЕ 


VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 


questions: 


ә 


‚ Whatis the value of 


‚ If cosec? 0 (1 + cos Ө) (1 ~ cos 0) = 


. If cosec 0 = 2x and cot 0 = 


Define an identity. 
What is the value of (1— cos? 0) cosec? 0? 


What is the value of (1 + cot? Ө) sin? 0? 


В . 2 1 
What is the value of sinn Ө + ————— ? 
1+ tan* Ө 
If ѕесӨ tan o = x, write the value of sec@ tan 0 in terms of x. 


If cosec 0 — cot 0 = a, write the value of cosec 0 + cot a. 


2 


Write the value of cosec^(90* — 0) - tan? Ө. 
Write the value of sin A cos (90? — A) + cos A sin (90° — A). 
1 


7 


sin“ 0 


Write the value of cot? Ө — 


‚ If x= a sind and y = b cos 0, What is the value of 242 4 ^y^? 


| 4 : 
. If sind = ru what is the value of cot Ө + cosec Ө? 


. Whatis the value of 9 со 0 — 9 cosec? 0 ? 


What is the value of 6tan? Ө - р, ? 
cos“ Ө 


tan? 0 = sec 0 , 


9 
cot? 0 — cosec* 0 


What is the value of (1 tan? 0) (1 – sin 0) (1 + sin0)? 


. If cosA = "Y find the value of tan A + cot A. 
If sin 0 3. then find the value of 2 cot? 0 + 2. 
—: 3 А 2 ге 
If cos 0 = ' then find the value of 9 (ап 0 + 9, 


If sec? 0 (1 + sin 0) (1 – sin0) = k, then find the value of k. 


A then find the value of À. 


If sin? 0 cos? 0 (1 + tan? 0) (1 + cot? 0) = A, then find the value of 2.. 


М 5 б cel 2 
‚ If 5x = sec 0 and È = tan 0, find the value of 5| is E ]. 
Y 


; 1 
find the value of 2l AU = * | 


= |м 
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(CBSE 2008] 


(CBSE 2009] 


[CBSE 2009] 


(CBSE 2010] 


[CBSE 2010] 


ew 


Э A Sas 
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24. Write ‘True’ or ‘False’ and justify your answer in each of the following: 


* * A 1 А Ж 
(i) The value of sin Ө is x +—, where ‘x’ isa positive real number. 
* 


(ii) cos 0 2 a 


here a and bare two distinct numbers such that ab > 0. 
(iii) The value of cos? 23 — sin? 67 is positive. 
(iv) The value of the expression sin 80° — cos 80° is negative. 


(v) The value of sin 0 + cos 0 is always greater than 1. 


25. What is the value of cos* 67° — sin? 23°? [CBSE 2018] 
- — ANSWERS 
1 1 
1 ý =< = 1 
2. ЭЛ 4, 1 5. za 6. ü W 8. 1 
9, — 1 10. 4772 12. 2 12. -9 13. -6 14. 1 15. 1 
TE 17. 18 16 1 > i 
168 ; 18. 19. 20 1 21. 1 22. 5 
23. н 24. (i) False (ii) False (iii) False (iv). False (v) False 25. 0 


| i 4L. MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 
1. If sec + (апе = x, then sec = 


х? +1 x Ф Fl * 1 
(а) = (b) 2x e —— ui 
2. If seco + tan 0 = x, themtan = 
№ +1 Sad Y +1 2 1 
(а) — (БА — Carr © == 
| айл — — 
К sind деч © 
(a) sec tan (b) ѕесӨ – апе (с) sec? 0 + tan? 0 (d) sec? 0 — tan? 0 


4. The value of [1 + cos8 is 
1 - cosü 


(а) cot0 – cosec o (b) cosecO+cotO (с) cosec? 0 + cot? 6 (d) (cot h cosec 0)? 


л 


sec’ A – sec? A is equal to 
(a) tan^A-tan! A (b) tan A- tàn A (с) tant A + tan? A (d) tan? А + (ап? A 
6. cos* A - sin“ A is equal to 


(a) 2 cos? A +1 (b) 2cos^ A- 1 (c) 2sin? A -1 (D sant adi 
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(c) sin® cos 


(d) 0 


sine is equal t 
7. 1+ cos 0 TUM 
1+ cos0 1-cos0 
(a) “Sind (ар 
8 sin Ө E is equal to 
I- cot 1- ап q 
(a) 0 (b) 1 
9, The value of (1 + cot0 — cosec0) (1 + tan 0 + sec 0) is 
(a) 1 (b) 2 
tan ð + tang is equal to 
10. sec0-1 5ѕесӨ +1 3 


11. 


13. 


14. 


15. 


16. 


17. 


19. 


(а) 2tan0 (b) 2sec0 


(c) 2 cosecO 


(cosec 0 — sin 0) (sec0 — cos) (tan 0 + cot 0) is equal 


(a) 0 (b) 1 


If x = acos0 and у = b sin, then bx + а?у = 


(a) à Б? (b) ab 


If x = asecOand y = b tan 0, then pa? – a*y= 


(a) ab (b) a? Ф 
cot 0 à tan Ө 

cot h- cot30  tan0 —tan30 

(a) 0 (b) 1 


2 (sinf 0 + cos? 0) – 3 (sin* 0 + cos* 0) is equal to 


(a) 0 (b) 1 


If cos + bsin 0 = 4 and азїп Ө — рсоѕ0 = 3, then а2 +6? = 


(а) 7 (b) 12 


is equal to 


(c) -1 


(c) a’ bt 


(c) а? +b? 


(c) -1 


(c) -1 


(c) 25 


If acoto ſ bcosecü = p and bcot + acosecO = q, then р? - ^ = 


(a) à? —p? (b) p - а? 


The value of sin? 29° + sin? 61° is 


(a) 1 (b) 0 


(с) a? +b? 


(с) 2sin? 29° 


If x = rsin Ө cos, y = r sin 8 sing and 2 = cos, then 


3 
— 


(а) х2 +у2 +2? =г 


[21 


(с) * -y? +22 =r 


(b) х? + y? Е г? 


(4) = +? = х? РА 


(а) sino —cos0 


(d) 2 tan seco 


d) none of these 
(d) à? +b? 


(d) a Б? i 


(d) 2 
(d) none of these 


(d) none of these 
(d) р-а 


(d) 2cos? 61 


Ш 
~ 
m 


t 
n 


20. 


28. 


AL. 


31. 
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к nm MES 49 = 
: y) sin 0 = — 0 + соѕ 0 (c) 0 (d) none of these 
a) - 


7 2 n 
- Ifacos0 sino = mand asin0 - рсоѕ0 = n, then a^ +b” = 


5 ә 
2 2 т? 4 n^ 
(a) m^ -rè (b) m?n? (c) n – т (d) 


If cos А + cos? A = 1, then sin? A + sin’ A = H 
(a) - 1 (b) 0 (c) 1 (d) none of these 


р] ” 
у 
lt x = asecO cosh, y = bsec sin and z = ctan 6, then — + [3 - 
! a 


> 3 э 2 


а) 5 1-2. 21 9122 
(a) E (b) з (с) a (4) 2g 


. If acos0 — bsin® = c, then asin 0 + bcos = 


(а) жуа? «b«c (b) edad +02 - c (c) + үс? - à? = b? (d) none of thes 


- 9sec* A - tan? A is equal to 


(a) 1 (b) 9 (c) 8 (d) O 
INCER" 
- (1+ tan 0 + sec 0) (1 + cot 0 — cosec Ө) = 
(a) 0 (b) 1 (c) 1 (d) -1 
. (sec A + tan А) (1 – sin Aye 
(a) sec A (b) sin A (c) cosec A (d) cos A 
INCER™ 
1 + (ап? A : R ` 
1«cot^ A Se ч 
(a) sec? A (b) -1 (c) cot? A id) dana 
INCER 
. If sin 8 — cos 0 = 0, then the value of sin! 0 + cos! 0 is 
3 
(a) 1 (b) = 1 1 
4 (c) 5 (d) 4 
The value of sin (45° + 0) - cos (45° — 0) is equal to 
(a) 2cos 0 (b) 0 (c) 2sing (d) 1 
If A ABC is right angled at C, then the value of cos (A + В) is 
(a) 0 (b) 1 1 
©) 2 A 


t= JM 


У у 
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32. If cos 90 = sin 0 and 90 < 90° , then the value of tan 6 0 is 


(a) 1/43 (b) уз (c) 1 (d) 0 
33. If cos (« + B) = 0, then sin (о — р) can be reduced to 

(a) cos fl (b) cos 28 (c) sina (d) sin 2a 

— — — = —— ——————— ANSWERS 
1. (b) 2. (d) 3, (à) 4. (b) 5. (c) 6. (b) 
7. (c) 8. (c) 9. (b) 10. (c) 11. (b) 12. (a) 

13. (d) 14. (b) 15. (c) 16. (c) 17. (b) 18. (a) 
19. (a) 20. (b) 21. (d) 22. (c) 23. (d) 244 (b) 


һә 


25. (b) 26. (с) 27. (d) 28. (9) 29. (с) 30. (b) 


SUMMARY 


An equation is called an identity if it is true for all values of the variable (s) involved. 
An equation involving trigonometric ratios of an angle is called a trigonometric identity 


if itis true for all values of the angle. 


. Following are some trigonometric identities: 


(i) sin? 0» cos? 0 = 1 or, 1—- cos? 0 sin 0 or, 1- sin? 0 = cos?0 
(ii) 1+ tan^0 = sec? or, sec? 04 tan?0 =1 


(iii) 1+ cot? Ө = cosec? 0 or, casec?@—cot 0 = 1. 


5 


2 | | 
= HEIGHT AND DISTANCES 


12.1 INTRODUCTION 


In this chapter, we shall be applying the trigonometric results to discuss problems 
regarding heights and distances. We begin by defining some terms which will be used in this 
chapter. 


12.2 ANGLES OF ELEVATION AND DEPRESSION 

Let Oand P be two points such that the point P is at higherlevel. Let OA and PB be horizontal 
lines through O and P respectively. 

If an observer is at O and the point P is the object 
under consideration, then the line OP is called the 
line of sight of the point P and the angle AOP, between 
the line of sight and the horizontal line OA, is known 
as the angle of elevation of point P as seen from O. 

If an observer is at P and the object under consider- 
ation is at O, then the angle BPO is known as the 
angle of depression of О as seen from P. 

Obviously, the angle of elevation of a point P as 
seen from a point O is equal to the angle of 
depression of O as seen from P. Fig, 12.1 


EXAMPLE 1 A totber is 10043 metres high. Find the angle of elevation if its top from a point 
100 metres away from its foot. 


SOLUTION Let AB be the tower of height 1004/3 metres, Е 

and let C be a point at a distance of 100 metres from the 

foot of the tower. 

Let o be the angle of elevation of the top of the tower from 

point C. 

Clearly, in ACAB the lengths of base AC and 10048 m 
perpendicular AB are known. So, we will use the 

trigonometric ratio containing base and perpendicular. 

Such a ratio is tangent. Taking tangent of angle ZACB in A 

ACAB, we have 


AC 12.1 
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=> tano 1004/3 = 43 
100 

> tan 0 = tan 60° 

=> Ө = 60° 


Hence, the angle of elevation of the top of the tower froma point 100 metres away from its foot 
is 60°. 

EXAMPLE 2 The angle of elevation of the top оға tower from a point on the ground, which is 30 m 
away from the foot of the tower is 30°. Find the height of the tower. [NCERT] 
SOLUTION | Let AB be the tower of height / meters and C bea point on the ground such that 
the angle of elevation of the top A of tower AB is of 30°. 

In A ABC, we are given <C = 30° and Base BC = 30 m and we have to find perpendicular 
АВ. 50, we use that trigonometrical ratios which contains base and perpendicular, Clearly, 
such ratio is tangent. So, we take tangent of ZC. 


In A ABC, taking tangent of ZC, wehave, 


AB A 
tan C = — 
C 
= tan 30° = AB 
BC h 
ЇЗ 30 
e) 
=> h= 30 metres = 10% metres c 30m B 
3 Fig. 12.3 


Hence, the height of the tower is 10% metres. 

EXAMPLE 3 A kite is flying ata height of 60 m above the ground. The string attached to the kite is 
temporarily tied to a point on the ground. The inclination of the string with the ground is 60°. Find 
the length of the string assuming that there is no slack in the string. [NCERT] 
SOLUTION Let A be the kite and CA be the string attached to the kite such that its 
one end is tied to a point C on the ground. The inclination of thestring CA with the ground 
is 60°. 

In A ABC, we аге given that ZC = 60° and perpendicular AB = 60 m and we have to find 
hypotenuse AC. So, we use the trigonometric ratio involving 

perpendicular and hypotenuse. Clearly, such ratio is sine. So, we A 

take sine of angle C. 


In A ABC, we have 


5 60 с в 
2 АС Fig. 12.4 


^ 
r 


HEIGHTS AND DISTANCES 12.3 


120 
= AC = — = 40/ 
З 3m. 


Hence, the length of the string is 40/3 m 
EXAMPLE 4 The string of a kite is 100 metres lon ] ?wi i 

: ? ; gand it makes an angle of 60° with the horizontal. 
Find the height of the kite, assumi ng that there is no slack in the stri " j 
SOLUTION Let OA be the horizontal ground, and let K be the position of the kite ata height 
h above the ground. Then, AK - ji. 
Itis given that OK = 100 metres and Z AOK = 60°. 


Thus, in A OAK, we have hypotenuse OK = 100 m and Z АОК = 60° and we wish to find 
the perpendicular AK. So, we use the trigonometric ratio involving perpendicular and 


hypotenuse. Clearly, sine is sucha ratio. So, we take the sine of Z АОК inAOAK. K 
In AAOK, we have 
i AK 
sin 60° = OK 100 m 
h 
=> sin 60° = — 
100 
=> h = 100 sin60° A/N 
J3 о А 
> h= 100-7 = 504/3 — 86.60 metres. Fig. 12.5 


Hence, the height of the kite is 86.60 metres. 


EXAMPLE 5 Acircus artist is climbing from the ground along а rope stretched from the top of a 
vertical pole and tied at the ground. The height of the pole is 12 m and the angle made by the rope with 
ground level is 30°. Calculate the distance covered by the artist in climbing to the top of the pole. 
SOLUTION Clearly, distance covered by the artist is equal to the length of the rope AC. Let 
AB bethe vertical pole of height 12 m. 


A 
Itis given that ZACB = 30°. 
Thus, in right-angled triangle ABC, we have | 


Perpendicular AB = 12 m, Z ACB = 30° and we 9% 
wish to find hypotenuse АС. 12m 
Ar, “АВ 
# Inf 7- 2 
С B 

1 12 
* 2 ae Fig. 12.6 
> AC = 24m 


Hence, the distance covered by the circus artist is 24 m. 
EXAMPLE 6 А circus artist is climbing a 20 m long rope, which is tightly stretched and tied from 
the top of a vertical pole to the ground. Find the height of the pole if the angle made by the rope with 


the ground level is 30°. 
SOLUTION Let AB be the vertical pole and CA be the 20 m long rope such that its one end is 


tied from the top of the vertical pole AB and the other end C is tied to a point C on the ground. 
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A 
pt 
2 
C B 
Fig. 12.7 
In A ABC , we have 
AB 
in30° = — 
* AC 
, 1,48 
2. AC 
=> AB = 10 m. 


Hence, the height of the pole is 10 m. 


EXAMPLE 7 А bridge across a river makes an angle of 45^ witli the river bank as shown in 
Fig. 12.8. If the length of the bridge across the river is 150 m, what is the width of the river? 


SOLUTION Inright triangle ABC, we have 


T = 2. i 
AC ! 
~ 1.BC ö 
2 150 : 
150 у 
=> ВС = — 2 
2 : 
B 
> BC = 754/2 т 


Hence, the width of the river is 75 metres. Fig. 12.8 


EXAMPLE 8 Ап observer 1.5 m tall is 28.5 m away from a tower. The angle of elevation 12 the 1 5 
of the tower from her eyes is 45°. What is the height of the tower? CE 
SOLUTION Let AB be the tower of height h and CD be the observer of height ү ^ mata 
distance of 28.5 m from the tower AB. 


A 
In AAED, we have 
tan 45? „ЖЕ 
DE 
ie 1= AE 
28.5 
= AE = 28.5m 


h = AE + ВЕ = АЕ + ОС 
= (28.5 + 1.5) m = 30m 
Hence, the height of the tower is 30 m. 


NN 
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EXAMPLE 9 An electrician has to r 


to reach the required position? 


12.5 


: epair an electric fault on a pole of height 4 m. He needs to reach 
a point 1.3 m below the top of the pole to undertake [ жүс ips 
ladder that he should use which when inclined at ai 


the repair work. What should be the length of the 
tangle of 60° to the horizontal would enable him 
[NCERT] 


SOLUTION Let AC be the electric pole of height 4 m. Let B bea point 1.3 m below the top A of 


the pole AC. 
Then, BC = AC – AB = (4-133) m = 27m A 
Let BD be the ladder inclined atan angle of 60° to the horizontal. M m 
In ABCD, we have | 
в 
sin 60° = Be 
D 
„ . 22 | 
2 BD [> BC 227m] — 
2x27 5.4 54 x 43 
> BD = т = m 
J8 3 s n 4 | 
=> BD = (1.8) V3 m = m D С 
5 Fig. 12.10 
943 
Hence, the length of the ladder should be —— m, 


EXAMPLE 10 Froma point on the ground 40 maway from the foot of a tower, the angle of elevation 
of the top of the tower is 30°. The angle of elevation of the top of a water tank (on the top of the tower) 


is 45°. Find the (i) height of the tower (ii) the depth of the tank. 


[NCERT] 


Let ВС be the tower of height/i metre and CD be the water tank of height h, metre. 


Let Abea point on the ground at a distance of 40 m away from the foot B of the tower. 


SOLUTION 
In A ABD, wehave 
tan 45° = BO 
AB 
—% E h + hy 
40 
> hh = 40m 
In A ABC, we have 
> 9 BC 
eng = AB 
1 h 
=> 5p ..— 
3 40 
= ho ЖЗ, = Im 
V3 
Substituting the value of h in (i), we have 
23.1 + h, = 40 
=> h, = (40 - 23.1) m = 169 т 


Hence, the height of the tower is /t = 23.1 т 


— 


11 


PA 


A 


| 
d 
| 
| 


qm 


Fig. 12.11 


and the depth of the tank is А, = 16.9 m. 
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EXAMPLE 11. A person, standing on the bank of a river, observes that the angle subtended by a tree 
on the oppostte bank is 60°. When he retreates 20 m from the bank, he finds the angle to be 30°. Find 
the height of the tree and the breadth of the river. 

SOLUTION Let AB be the width of the river and BC be the tree which makes an angle of 60° 
at a point A on the opposite bank. Let D be the position of the person after retreating 20 m 
from the bank. Let AB = x metres and BC = л metres. 

From right angled triangles ABC and DBC, we have 


tan 60° = — and tan 30 aie Б 
DB 
= V3 = LT NE M 
x УЗ x+20 
=> — 2 h 
N 
x + 20 
— * = B 4, № 
> A B 
3x=x+20 — Е 
— х= l0m у 
Fig. 12.12 


Putting x=10inh = J3x, we get 


һ = 1043 = 17.32 т 
Hence, height of the tree is 17.32 m and the breadth of the river is 10 m. 
EXAMPLE 12 A tree 12 m higlt, is broken by the wind in such away that its top touches the ground 
and makes an angle 60? with the ground. At what height from the bottom the tree is broken by the 
wind? 
SOLUTION Let AB bethe tree of height 12 metres. Suppose the tree is broken by the wind at 
point C and the part CB assumes the position CO and meets the ground at O. 


Let AC = x. Then, CO = CB = 12- x, Itis giventhat ZAOC = 60° B 
In A OAC, we have 
AC 
in 60 = AC 
sin OC 12-x 
=> Уз — C 


=> .4123- ЎЗх = 2х 
= 12/3 = х (2 + V3) 


Оз n5 2-43 
— Ma eme V m 22 1. - 
= * 3443 2448 2-48 . 


A 
=> x = 244/3 — 36 = 5.569 metres Fig. 12.13 
Hence, the tree is broken at a height of 5.569 metres from the ground. 


EXAMPLE 13 A tree is broken by the wind. The top struck the ground at an angle of 30° and at a 
distance of 30 metres from the root. Find the whole height of the tree . 

SOLUTION Let AB be the tree broken at a point C such that the broken part CB takes the 
position CO and strikes the ground at O. It is given that OA = 30 metres and 


ZAOC = 30°. 


| 
t | 
: 
| 
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Let AC = x and СВ = y. Then, CO = y. B 
In AOAC, we have 
tan 30° = AC | 
OA y 
„3 NC: | 
УЗ 30 с 
30 
> x =—=10V3 
V y | 
Againin A OAC, we have 7 
OA 
cos 30° = — 
E 27 | 
О 30m A 
2 al Fig. 12.14 
29 =z — = 2043 
yum 
Height of the tree = (x y) metres 


= (104/3 + 205/3) metres 
= 304/3 metres = 30 x 1.732 metres = 51.96 metres. 


EXAMPLE 14 Ata point on level ground, the angle of elevation of a vertical tower is found to be 
such that its tangent is 5/12. On walking 192 metres towards the tower, the tangent of the angle of 
elevation is 3/4. Find the height of the tower. 

SOLUTION Let AB be the tower and let the angle of elevation of its top at C be a. Let Dbea 
pointata distance of 192 metres from C such that the angle of elevation of the top of the tower 
at D be p. Let h be the height of the tower and AD = x. 


Itis given that à \ B 
tana = and tan = = 
= 12 np 4 
In A CAB, we have 
AB h 
tana = — 
апа АС 
- a c (i) 
12 K* +192 JA /N 
In A DAB, we have 1 
AB 
= — Fig. 12.15 
tan f AD g 
h 
= = — 
{ап ß - 
> Заг NT 
4 


x 8 
We have to find h. This means that we have to eliminate x from equations (i) and (ii). From 
equation (ii), we have 
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Ma dl cbe 


Substituting this value of x in equation (i), we get 
5 h 


12 192 4 41/3 


=> 5( 192+ 32) = 12h 
=> 5 (576 + 4h) = 36h 
=> 2880 + 20h = 36h 
=> 16h = 2880 
ә 
=> hz 2880 = 180 
16 


Hence, the height of the tower is 180 metres. 


EXAMPLE 15 The shadow of a vertical tower on level ground increases by 10 metres, when the 
altitude of the sun changes from angle of elevation 45° to 30°. Find the height of the tower, correct to 
one place of decimal. (Take 4/3 = 1.73) 

SOLUTION Let AB bethetower and AC and AD be its shadows when the angles of elevation 
of the sun are 45° and 30° respectively. Then, CD = 10 metres. Let /t be the height of the tower 
and let AC = x metres. 


In A CAB, we have 
tan 45° = AB 
AC 
} B 
= 12 
x 
=> x=h ^i) 
In A DAB, we have h 
AB 
tan 30° = 
AD Fal "di 
1 h D C A 
( - — — n 
Fig. 12. 
Substituting the value of x obtained from equation (i) and (ii), we get 
h+10= 3h 
=> h ( — 1) = 
10 10 4341 341 
= —á—— = ——— x ———— = 10 -5 
= ega B 351) 55 
=> h = 5(1.73 + 1) = 13.65 metres 


Hence, the height of the tower is 13.65 metres. 


AAS т" 
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EXAMPLE 16 From the top ofa hill, the angles of depression of two consecutive kilometre stones due 
east are found to be 30° and 45°. Find the нін the hill. f 


SOLUTION Let AB be the hill of height h km. Let C and D be two stones due east of the hill at 


a distance of 1 km from each other such that the angles of depression of C and D be 45* and 
30° respectively. Let AC = x кт. 


In A CAB, we have 
tan 45° = 28 
АС 
h 
=> 1=—=> =; „і 
= =>h=x (i) 
In A DAB, we have 
tan30° = AB. 
AD 
1 h —-1km-— — rkm ——— 
=> — = 
УЗ x1 М Fig. 12.17 
=> J3h =x+1 i) 
Substituting the value of x from equation (i) in equation (ii), we get 
J3h =h+1 
> h(43-1)21 
43-1 (43-1)(43 +1) 
=> h= Уз +1 = 2.73 = 1.365 
2 2 


Hence, the height of the hill is 1.365 km. 


EXAMPLE 17 Determine théheightof a mountain if the elevation of its top at an unknown distance 
from the base is 30° and ata distance 10 km further off from the mountain, along the same line, the 
angle of elevation is 15°. (Use tan 15° = 0.27) 

SOLUTION Let AB be the mountain of height л kilometres. Let C bea point at a distance of x 
km. from the base of the mountain such that the angle of elevation of the top at C is 30°. Let D 
bea point ata distance of 10 km from C such that the angle of elevation at D is of 15°. 


In А САВ, we have 


AB 

ta Ў = 7c в 

ath 
=> J x 
=> x= J3h .. (i) — 
In A DAB, we have 

ies di a" — 

AD — — — 


> 027 = —! Fig. 12.18 
x 
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=> (0.27) (x + 10) = * 


Substituting x = V3 h obtained from equation (i) in equation (ii), we get 


0.27 (V3 л + 10) - h 


ES 0.27 x10 = h-027x J 
=> h(1-027x43) = 27 
ES h(1- 0.46) = 2.7 
2 
=> h = 27 = 
0. 


Hence, the height of the mountain is 5 km. 


EXAMPLE 18 А person standing on the bank of a river observes that the angle of elevation of the top 
of a tree standing on the opposite bank is 60°. When he moves 40 metres away front the bank, he finds 
the angle of elevation to be 30°. Find the height of the tree and the width of the river. 

SOLUTION Let AB be the tree of height /i metres standing on the bank of a river. Let C be the 
position of man standing on the opposite bank of the river such that BC = x metres. Let D be 
the new position of the man. It is given that CD = 40 metres and the angles of elevation of the 
top of the tree at C and D are 60? and 30° respectively i.e., ZACB = 60° and ZADB = 30°. 


In A CBA, we have 


tan 60° = AB 
BC 
> tan 60° = А А 
х 
= x 
К h 
1 
3 evel 
=> 5 (1) 
In A DBA, we have к — 8 
tan 30° = 22 = — 
BD Fig. 12.19 
P = uc 
- УЗ .x*40 
= H = x+ 40 (ii) 
Substituting x = 5 obtained from equation (i) in equation (ii), we get 
h 
H= — + 40 
“З 
h 
3h-—=40 


3h – h 2h 
5 —=40— = = 40 > h = 2043 = 20 x 1.73 = 34. 
5 5 64 metres 


M ~ A ә 
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Substituting ii in equation (i), we get х = 20V3 = 20 metres 


Hence, the height of the tree is 34.64 metres and width of the river is 20 metres. 


EXAMPLE 19  Anaeroplane at an altitude of 1200 metres finds that two ships are sailing towards it 
in thesame direction. The angles of depression of the ships as observed from the aeroplane are 60? and 
30? respectively. Find the distance between the two ships. 

SOLUTION Let the aeroplane be at B and let the two ships be at C and D such that their 
angles of depression from B are 30° and 60° respectively. 

We have, AB = 1200 metres. Let AC = x and CD = y. 


In ACAB, we have 
tan 60° = 48 в 
СА 
1200 
= а E 
ce 
1200 © 
5 x = —— = 40043 = 
V3 
In A BAD, we have 
tan 30 28. ^ 
AD 
1 1200 
a ла Fig. 12.20 
УЗ x+y j 
> x+y = 1200/3 
= y = 1200/3 - x 
= у = 1200 43 — 400 V3 = 8004/3 = 800 x 1.732 = 1385.6 


Hence, the distance between the two ships is 1385.6 metres. 


EXAMPLE 20 The shadow ofa flag-staff is three times as long as the shadow of the flag-staff when 
the sun rays meet tie ground at an angle of 60°. Find the angle between the sun rays and the ground 
at the time of longer shadow, 

SOLUTION Let AB be the flag-staff and let x = AC be the length of its shadow when the sun 
rays meet the ground at an angle of 60°. Let Ө be the angle between the sun rays and the 
ground when the length of the shadow of the flag-staff is AD = 3x. Let h be the height of the 
flag-staff. 


B 
In A CAB, we have 
AB 
tan 60° = —— 
an 60 AC 
h 
h 
=> tan 60° = — 
x 
=> 48 = В. фија Кай. /N 
x D C 
In A DAB, we have 8, 7 
AB 
Ө = — Fig. 12.21 
tan AD g 
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h 


— tan 0 = — 
3x 

=> tan o = УЗх Гел = V3 x] 
3x 
1 

=> uda iu tan 0 = tan 30° => 0 = 30° 


Thus, the angle between the sun rays and the ground is 30° at the time of longer shadow. 


EXAMPLE 21 An aeroplane at an altitude of 200 metres observes the angles of depression of 
opposite points on the two banks of a river to be 45° and 60°. Find the width of the river; 
SOLUTION Let P be the position of the aeroplane and let A and B be two points on the two 
banks of a river such that the angles of depression at A and B are 60° and 45° respectively. Let 
AM z x metres and BM = y metres. We have to find AB. 


In A AMP, we have 
Р 
tan 60° = PM 
AM 
= 3 = 29 
=> 200 = V3 х * 
200 
= х= == * @ 60, 
13 ) JA) ( N 
B M A 
In ^ BMP, we have — — — 
tan 45 = РМ Fig. 12.22 
BM 
=> . 200 
y 
=> у = 200 (ii) 


From equation (i) and (ii), we get 


Уз V3 
Hence, the width of the river is 315.4 metres. 
EXAMPLE 22 Two pillars of equal height and on either side of a road, which is 100 m wide. The 


angles of elevation of the top of the pillars are 60° and 30° at a point on the road between the pillars. 
Find the position of the point between the pillars and the height of each pillar. 


[NCERT, CBSE 2005, 2013] 
SOLUTION Let AB and CD be two pillars, each of height Л metres. Let P be a point on the 


road such that АР = x metres. Then, CP = (100 ~ x) metres. It is given that “APB = 60° 
and ZCPD - 30*. 


In A PAB, we have 
AB 


60° = — 
adi Ap 


AB + y 200 = 200 +1) = 3154 metres. 


4 


4 u 
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12.13 
> “УЗ = п е D 
E 

> h Mx NO 
In A PCD, we have h h 

tan 30° = CD 

PC 4 

5 | A P C 

43 100 — 7 — =——= МИО Ч 
=> h43 = 100 = <x Js AMD Fig. 12.23 


Eliminating л between equation (i) and (ii), we get 
Зх = 100 - х => 4х = 100 > х = 25 
Substituting x = 25 in equation (i), we get 
h = 2543 = 25x 1.732 = 43.3 
Thus, the required point is at a distance of 25 metres from the first pillar and 75 metres 
from the second pillar. The height of the pillars is 43.3 metres. 


EXAMPLE 23 As observed from the top of a light house, 100 m above sea level, the angle of 
depression of a ship, sailing directly towards it, changes from 30° to 45°. Determine the 
distance travelled by the ship during the period of observation, [CBSE 2004, 2018] 
SOLUTION Let A and B be the two positions of the ship, Let d be the distance travelled by the 
ship during the period of observation i.e. AB = d metres. 


Let the observer be at O, the top of the light house PO. 
It is given that PO = 100 m and the angles of depression from O of A and B are 30° and 45° 
respectively. 

ZOAP = 30° and ZOBP = 45° 


In A OPB, we have 
р 
tan 45° = — 
- BP 
= 110 а 
ВР 
=> ВР = 100 т 
In A OPA, we have 
, OP 
7 Aid AP Fig. 12.24 
=> 1 , 100 
J3 d+BP 
= d + BP = 10043 
= d + 100 = 1004/3 L. BP = 100 m] 
=> d = 100 43 — 100 
=> d = 100 (43 — 1) = 100 (1.732 - 1) = 732m 


Hence, the distance travelled by the ship from A to B is 73.2 m. 


G | Japan ca- 


12.14 MATHEMATICS- X 


EXAMPLE 24 The angle of elevation of the top О of a vertical tower PQ from a point X on the 
ground is 60°. At a point Y, 40 m vertically above X, the angle of elevation is 45°. Find the height of 
the tower PQ and the distance XQ. 


SOLUTION In A YRQ, we have 


Q 
tan 45° = OR 
YR 
= TM oH 
YR xm 
> ҮК =: | 
= XP =x [-ҮК= ХР YO R 
In A XPQ, we have | 
tanéoe = Р 40m n 
PX ^ | 
=> 3-9 [PX = x] X P 
- P WE Fig. 12.25 
ES x (V3 —1) = 40 
> x= 40 
43-1 
40 43 +1 


x 


х= 
€ 43-1 4341 
So, height of the tower PQ = x + 40 = 54.64 + 40 = 94.64 metres 


= 20 (43 +1) 2 54.64 


In A XPQ, we have 
PQ 
60° = = 
sin XO 
УЗ 9464 
-— — — 
2 XQ 
94.64 x 2 
nó XQ = 
“AN 
= хо NZ 109.3 metres 


EXAMPLE 25 From a window 15 metres high above the ground in a street, the an gles of elevation 
and depression of the top and the foot of another house on the opposite side of the street are 30° and 45° 
respectively show that the height of the opposite house is 23.66 metres (Take /3 = 1.732) 

: [CBSE 2006] 
SOLUTION Let the window beat P ata height of 15 metres above the ground and CD be the 
house on the opposite side of the street such that the angles of devation of the top D of house 
CD as seen from P is of 30° and the angle of depression of the foot C of house CD as seen from 
P is of 45°. 
Let h metres be the height of the house CD. 


к г тт, 
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We have, 


QD =CD-CQ=CD-AP = (I1 —15) metres. 
In A PQC, wehave 


QC 15 Q 
tan 45° = —— > 1 =— — ро - 15 У 
РО РО Q metres i 
In A РОР, we have 
tan 30° D 
PQ 
1 h-1 
=» E э» РГИУ. 5 
3 15 V3 Fig. 12.26 
ә h = 15 + 5 х 1.732 = 23.66 metres, 


Hence, the height of the opposite house is 23.66 metres 

EXAMPLE 26 From the top of a building 60 m high the angles of depression of the top and the 
bottom of a tower are observed to be 30° and 60°. Find the height of the tower. (CBSE 2005] 
SOLUTION Let AB be the building and CD be the tower. Let CD = h metres. Let DE be 
horizontal from D. It is given that the angles of depression of the top D and the bottom C 
of the tower CD are 30° and 60° respectively. 


ZEDB = 30° and ZACB = 60° B 
Let AC = DE = x. | 
In A DEB, we have ci h 
BE 
t 30° ZZ e— D 
an DE 8 
1 60 — 
=> B = i : 
=> x = (60 – Һ)%/З ) 
In A CAB, we have A , 
АВ C 7 
tan 60° = TA 
60 Fig. 12.27 
> УЗ = — 
x 
a (ii) 
x = — 
sig J8 
From equations (i) and (ii), we have 
60 
1 T ud 
(60 — Л) 3 B 
=> 3 (60 — h) = 60 
5» 60 - h = 20 
=> h = 40 


Thus, the height of the tower is 40 metres. 
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EXAMPLE 27 А man standing on the deck of a ship, which is 10 m above water level. He observes 
the angle of elevation of the top of a hill as 60° and the angle of depression of the base of the hill as 30°. 
Calculate the distance of the hill from the ship and the height of the hill. 

[CBSE 2004, 2005, 2010] 
SOLUTION Suppose the man is standing on the deck of a ship at point A and let CD be the 
hill. Itis given that the angle of depression of the base C of the hill CD observed from A is 30° 
and the angle of elevation of the top D of the hill CD observed from A is 60*. Then, 
ZEAD = 60°, ZBCA = 30°. 


Also, AB=10m D 
In A AED, we have 
tan 60° = DE 
EA 
=> 3 = h => h = J3x (i) 
x 
In A ABC, we have 
AB 
tan 30° = — 
a Be 
3 x 
Putting x = 1043 in equation (i), we get 
h = 48 x 10/3 = 30 Fig. 12.28 
=> DE = 30m 


CD = CE + ED = 10 + 30 = 40 metres 


Hence, the distance of the hill from the ship is 10% metres and the height of the hill is 
40 metres. 

EXAMPLE 28 The angle of elevation ofa jet plane from a point A on the ground is 60°. After a flight 
of 30 seconds, the angle of elevation changes to 30°. If the jet plane is flying at a constant height of 
360043 m, find the speed of the jet plane. [CBSE 2008, 2014] 
SOLUTION Let P and Q be the two positions of the plane and let A be the point of 
observation. Let ABC be the horizontal line through A. It is given that angles of elevation 
of the plane in two positions P and Q from a point A are 60° and 30° respectively. 


ZPAB = 60°, ZQAB = 30°. It is also given that PB = 360043 metres 
In A ABP, wehave 


BP 
tan60° = — 
AB 
36005 

= ~ = ТЕ 
= АВ = 3600 т 

In A АСО, we have 

CQ 
tan 30° = — 
medie 


Fig. 12.29 


Шу енна 
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=> AC = 3600 x 3 = 10800 m 


N PQ = BC = AC - AB = 10800 – 3600 = 7200m 
Thus, the plane travels 7200 m in 30 seconds. 


7200 24 


Hence, Speed of plane = - = 240 m/sec = d x 60 x 60 = 864 km/hr 
30 1000 


EXAMPLE 29 There isa small island in the middle of a 100 m wide river and a tall tree stands on the 
island. P and Q are points directly opposite to each other on two banks and in line with the tree. If the 


е of elevation of the top of the tree from P and О are respectively 30° and 45°, find the height of 
the tree. i 


SOLUTION Let OA be the tree of height h metre. 
In triangle POA and QOA, we have 


A 
tan30° = D and tan ase = ОА 
1 h h 
=> -= = — and 1 = — 
3 OP О 
Уз Q a N 
=> ОР = J3h and OQ = h P ROW Q 
> ОР «OQ = Fig. 12.30 
= РО = ( 
> 100 = (V3 +1) А [> PQ = 100 m] М 
нА „ 100 m = 10000380) ў 501.732 - 1) m = 36.6 m 
УЗ +1 2 


Hence, the height of the tree is 36.6 m. 
EXAMPLE 30 The horizontal distance between two towers is 140 m. The angle of elevation of the top 
of the first tower when seen from the top of the second tower is 30°. If the height of the second tower is 
60 m, find the height of the first tower. 

SOLUTION. Let AB and CD be two towers of height /r metres and 60 metres respectively such 
that the distance AC between them is 140 m. The angle of elevation of top B of tower AB as 
seen from D (top of tower CD) is 30°. 


In A DEB, we have 8 
BE 
tan 30° = — 
an B 
1 BE 
“fa ian DE = AC = 140m 
J 1 be- ac = 140m) н 
140 140 | 
BE = m ——- m = 80.83 т d. 
dio u^. | 
AB = AE + ВЕ = CD + BE = 60 + 80.83 m = 140.83 m 1 Н 
Hence, the height of the second tower 15 140.83 m. — 08 — 


Fig. 12.31 
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EXAMPLE 31 An aeroplane when flying at a height of 4000 m from the ground passes vertically 
above another aeroplane at an instant when the angles of the elevation of the two planes from the same 
point on the ground are 60° and 45° respectively. Find the vertical distance between the aeroplanes at 
that instant. [CBSE 2008, 2009, 2016] 
SOLUTION Let F and Q be the positions of two aeroplanes when О is vertically below P and 
OP =4000 m. Let the angles of elevation of P and Q ata point A on the ground be 60° and 45° 
respectively. 


In triangles AOP and AOQ, we have Р 
tan 60° = ОР and tan 45° = 90 
ОА ОА 
=> УЗ = = and 1 = 92 а 
ОА ОА 4000 т 
E OA = =~ and OQ = OA 
* 
am 2 
= m E 
ыш. А О 
. Vertical distance PQ between the aeroplanes is given by Fig. 12.32 
PQ = OP - OQ 
4000 (v3 - 1) 
> Р = [4000 - 2°) m = 4000 m = 1690.53m 
z B B 


EXAMPLE 32 A vertical tower stands on a horizontal plane and is surmounted by a vertical 
flag-staff of height h. At a point on the plane, the angles of elevation of the bottom and the top of the 


n tan q 
tanf – tana ` 

[МСЕКТ EXEMPLAR] 
SOLUTION Let AB be the tower and BC be the flag-staff. Let O be a point on the plane 
containing the foot of the tower such that the angles of elevation of the bottom g; and top 
C of the flag-staff at O are d and f respectively. Let OA = x metres, AB = y metres and 
BC =! metres. 


flag-staff are aand В respectively: Prove that the height of the tower is 


In AOAB, we have 
AB ч 
tana = — 
OA | 
E 
> tana = > B 
= 1 (i) | 
tana y 
=> x = ycota A | 
In A OAC, we have A У К 
E : h Fig. 12.33 


.. MN 
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8 y+h 
tan 3 - 

M x = (y + h)cotf —¹ 
On equating the values of x given in equations (i) and (ii), we get 
=> ycota = (y + h)cotB 
=> (y cota — y cotp) = hcoth 
ES у (cot a — cot B) = h cot B 

h 

псов — — tanf . tan d ' 
=> cot co? 1 1  tanf-tana 
tana  tanp 
htana 


Hence, the height of the tower is tan — tana 

EXAMPLE 33 The angles of elevation of the top of a tower from two points at distances a and b 
metres from the base "e in de same strai н line wi * it are complementary. Prove that the height of 
the tower is Jab metres. [NCERT EXEMPLAR, CBSE 2002 C, 2004] 
SOLUTION Let AB be the tower. Let Cand D be two points at distances a and b respectively 
from the base of the tower. Then, AC =a and AD = b. Let ZACB = Ө and ZADB = 90? — Ө. Let 
h be the height of the tower AB. 


In A CAB, we have 
tan 0 = AB 
AC 
> nds” (i) : 
a 
In A DAB, we have 
е AB 
tan (90° – Ө) = AD 
= cot 0 = А (ii) 


From(i) and (ii), we have 


р? Fig. 12.34 
tan Ө x cot® = — 
ab 
2 
= Le = л? = ab = h = Jab metres. 
a 


Hence, the height of the tower is Jab metres 


EXAMPLE 34 Two stations due south of a leaning tower which leans towards the north are at 
distances a and b from its foot. If a, В be the elevations of the + ~ of the tower from these 
stations, prove that its inclination @ to the horizontal is give 
bh cot a - acotf 
b-a 
SOLUTION Let AB be the leaning tower and let C a 
a and b respectively from the foot A of the tower. 


Let AE = xand BE=h 


cot 0 = 


en stations at distances ‘ 
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In A AEB, we have 


{апе = BE 
AE 
=> tano һ 
x 
5 x H cot o (i) 
In А СЕВ, we have 
BE 
tana = — 
CE 
h 
=> tana = 
а+х 
=> a+x=hcota 
=> x=hcota-a 
In A DEB, we have 
up- BE 
DE 
h 
=> tan = 
b+x 
25 b-x-hcotf 
= x=hcotB-b 


On equating the values of x obtained from equations (i) and (ii), we have 
hcot Ө = hcota -a 


= h (cota – cot0) =a 
=> a — 
cot a = cot Ө 


On equating the values of x obtained from equations (i) and (iii), we get 
cot Ө = cot B -b 


=> h (cot B - cot 0) = b 
b 
= h = ———— 
cot B- cot 0 
Equating the values of / from equations (iv) and (v), we get 
— МЕШ 
cota -cotO cot В – cot 0 
= a (cot B - acot Ө) = b (cot a — cot 0) 
25 (b — a) cot 0 = bcot a — acot B 
E ёб bcot a – acot B 


b-a 
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Fig. 12.35 


(ui) 


. (ili) 


(iv) 


.-.(V) 
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EXAMPLE 35 If theangle of elevation of a cloud froma poi 
А : 2 a point h metres above a lake is and the angle 
of depression of its reflection in the lake is p, prove that the height of the cloud is $ 
h(tanB + tana) 
кап В = tana [NCERT EXEMPLAR] 


SOLUTION Let AB be the surface of the lake and let P be a point of observation such that 
AP = h metres. Let C be the position of the cloud and C' be its reflection in the lake. Then, 
CB = C' В. Let PM be perpendicular from P on CB. Then, ZCPM = a and ZMPC' = В. 
Let CM = x. Then, CB = CM + МВ = CM + РА = x Hi. 


In A CPM, we have 
CM , 
tana = —— 
PM 
x 
tana = — s. = 
> m È- PM = AB] 
E AB - xcota (i) 
In A PMC', we have 
PM 
x+2h 
=> аара СМ = СВ+ ВМ = х+ h + А] 
=> AB = (x + 2h) cotB (и) 


From (i) and (ii), we have 


xcota = (x + 2h)cotp 
[On equating the values of AB] 


ъъ 


= cot — cot) = 2 hcoth 
о з 1 — Z) = 2h 
Y tana апу. tanp 
tan f) = tana | 2h 
=> x| ————À|-— 
tana tanf tan p 
2h tan a 
К fan - tana [e 
ssim is ei Fig. 12.36 
Hence, the height CB of the cloud is given by 
СВ = х + һ 
= СВ 2htana Ji 


Е tan — tana 
an tand + htanp – апа Л (tana + (ап) 

Ara: — — 

и M {алп} tan u tan — tana 


i d from a point 60 m above a lake is 30° and the angle . 
EXAMPLE 36 The angle of elevation of a cloud fi a poi g ; 
of depression of the reflection of cloud in the lake is 60°. Find the height of the cloud. 
Fibprespici of heta [CBSE 2010, 2017] 
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SOLUTION Let AB be the surface of the lake and P be the point of observation such that 
AP = 60 metres. Let C be the position of the cloud and C' be its reflection in the lake. Then, 


CB - CB. Let PM be perpendicular from P on CB. Then, ZCPM - 30? and 
ZC'PM = 60°. Let CM = h. Then, CB = h + 60. Consequently, C'B = h + 60. 
In ACMP, we have 


tan 30 = M 
PM 
x oW И 
УЗ PM 
b PM = 43h 
In A PMC’, we have 
tang = СМ 
PM 
= tan 60° = СВ + BM 
РМ 
h 460460 
= 45,5028 
PM 
h +120 T Fig. 12.37 
= РМ = (ii) 9 
a= ( 


From equations (i) and (ii), we get 


n=" — 3h = h 4 120 2½ 120 > h = 60 


Now, CB=CM+MB=h+60= 60460 = 120. 
Hence, the height of the cloud from the surface of the lake is 120 metres. 


EXAMPLE 37 A round balloon of radius r subtends an angle a at the eye of the observer while 
the angle of elevation of its centre is B. Prove that the height of the centre of the balloon is 
r sin В cosec a/2. [NCERT EXEMPLAR] 
SOLUTION Let Obe the centre of the balloon of radius гапа P the eye of the observer. Let PA, 


PB betangents from P to the balloon. Then, ZAPB - a. 
ZAPO = ZBPO = ^ 


Let OL be perpendicular from O on the horizontal 
PX. We are given that the angle of the elevation of 


the centre of the balloon is p i.e, ZOPL = f. 


In A ОАР, we have 
a _OA 
2 OP 
sin © = — 
= 2 ОР 


Fig. 12.38 


aa Ш А 
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i» OP = rcosec 7 (i) 
In A OPL, we have 
OL 
НЕР р 
" OL = OPsinf = rcosec 7 sinf [Using equation (i)] 


Hence, the height of the centre of the balloon is r sin В cosec = 


EXAMPLE 38 The angle of elevation of a cliff from a fixed point is Ө. After going up a distance of k 
metres towards the top of the cliffat an angle of ꝙ it is found that the angle of elevation is a. Show that 
the height of the cliff is 

k (cos — sin ꝙcot d) 

cot – cota 

SOLUTION . Let AB be the cliff and O be the fixed point such that the angle of elevation of the 
cliff from O is Oi. e., / АОВ = 0. Let ZAOC = band OC = k metres. From € draw CD and CE 
perpendiculars on AB and OA respectively. Then, ZDCB = а. Let j be the height of the cliff 
AB. 


metres 


InAOCE, we have 
CE 
sing = — B 
? OC 
А СЕ 
=> sin = 1 
=> CE = К ѕіпф 
=> AD = ksinó "(i L. CE- AD] 
D 
and, созф = —— On 
о Е А 
=> cos $ — oE Fig. 12.39 
> ОЕ = k cos o (ii) 
In AOAB, we have 
AB 
tang = — 
— OA 
} 
> {апӨ = S 
=> OA = h cot 0 ...(iii) 
CD = EA = OA - ОЕ = h cot O- k cos $ (iv) [Using (ii) and (iii)] 
and, BD = AB - AD = AB- СЕ = h - К sin v) [Using (i)] 
In A BCD, we have 
tana = BD 
CD 


“м 


y 


h K sin ф 
tan⸗ aa 
cot — k cos o 

1 h- Кеф 


cota ſicoto – kcos > 
cota -& sinġ cota = h cot - k cos ф 
h (cot 0 — cota) = k (cos - sindcota) 
Е К (cosó - sindcota) 

cot i cota 


h 
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[Using (iv) and (v)] 


EXAMPLE 39 At the foot of a mountain the elevation of its summit is 45°; after ascending 1000 m 


towards the mountain up a slope of 30° inclination, the elevation is found to be 60°. Find the height 
of the mountain. 


SOLUTION Let F be the foot and S be the summit of the mountain FOS. Then, ZOFS = 45° 
and therefore, ZOSF = 45°. Consequently, OF = OS = h km (say). Let FP = 1000 m= 1 km be 
the slope so that ZOFP = 30°. Draw PM 1 OS and PL 1 OF. Join PS. It is given that 
ZMPS = 60°. 


In A FPL, we have 


sin30° = РЕ 
PF 
> PL = PFsin30° = [1+ + km = 3 km 
OM = PL = = km 
> MS = 05-ОМ - (1-3 km 00 
FL 
Also, 30° = — 
«зер 
= FL = PF сойо - [1 Jim = “Bm 
Now, = OS SOF = OL+LF 
=> „ob. 8 
=> oue [1-2 Jim 
= pm =n- Js 
In A SPM, we have 
„ SM 
tan 60° = PM 
4 SM = РМ · tan60° 


Fig. 12.40 


S 


„(ii) 


ЗЕН — — 
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1 УЗ 
ћ-= |=| h- 
- С 2 С 5 * Using (i) and (ii)] 
* TERE A 
2 
- An- 21 
2. 3 
= h (V3 -1) = 
mE УЗ +1 J/3 
hx 2 = УЗ +1 _ 2.732 _ 
= Ba. G-J a g e 


Hence, the height of the mountain is 1.366 km. 
EXAMPLE 40 Theangleofelevation ofthe top ofa tower from a point A duesouth of the tower is aand from 


d 
B due east of the tower is B. If AB =d, show that the height of the tower is [| В` 


cot? + cot? 
SOLUTION Let OP be the tower and let A and B be two points due south and east 
respectively of the tower such that ZOAP = a and ZOBP = f. Let OP =h. 


In AOAP, we have 
h 
tana = — 
OA 
=> OA = hcota odi 
In A OBP, we have une 
h 
ап В = — 
В ОВ 
=> OB = h cot p (ii) 


Since ОАВ is a right-angled triangle. 
АВ? = OA? OB 


= d= = is cot? a + I? соё p 


Fig. 12.41 


= -—— [Using (i) and (ii)] 
cot? a + cot p 

EXAMPLE 41 Tlie elevation of a tower at a station A due north of it is q and at a station B due west 

| , Em Ah sin a sing 

of A is B. Prove that the height of the tower 15 VU PM т > 

SOLUTION Let OP be the tower and let A bea point due north of the tower OP and let B be the 

point due west of A. Such that ZOAP = a and ZOBP = (3. Leth be the height of the tower. 


In right-angled triangle OAP and OBP, we have 


h — 9 


12.26 


=> OA = heota and OB = Асо 
In A OAB, we have 


E 


ОВ? = OA? + АВ? 
=> АВ = ОВ? - ОА? 
z AB? = I cot 6 лсо q 


=$ АВ? = h? | cot? B- cot о | 


Jj 
& 
ЕЈ 


= k? | (соѕес? В – 1) – (cosec? а – 1) | 


— АВ? = h? (cosec? В – cosec? а) S 


2 al * J Fig: 12.42 


sin? asin? p 
ABsina sin 
sin” d- sin” f 


EXAMPLE 42 A 1.2m tall girl spots a balloon moving with the wind ina horizontal line at a height 
of 88.2 m from the ground. The angle of elevation of the balloon from the eyes of the girl at any instant 
is 60°, After some time, the angle of elevation reduces to 30°. Find the distance travelled by the balloon 
during the interval. [NCERT] 
SOLUTION Let P be the position of the balloon when its angle of elevation from the eyes of 
the girl is 60° and Q be the position when angle of elevation is 30°. 


In AOLP, we have 


- = EE -U _ 882-12 


AN 2 8 
87 АР m. Q 


3 = — 
v3 OL 

87 AE. A : 812.2 m 
> OL = s i ае : 

3 E : : 


In AOMQ, we have 


°_ QM _ QM'- MM 
ee ом ON 


Fig. 12.43 


1 882-12 
З OM 


га ъъ 
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ы Aa 
J3 OM 


= ОМ = 87 х 1/3 
Distance travelled by the balloon = PQ = LM = OM ~ OL 


= á 87 
-) m 

atta lee 
-I) - е 
= 28 m = 58/3 m. 


EXAMPLE 43 Astraight highway leads to the foot ofa tower. A man standing at the top of the tower 
observes a car at angle of depression of 30°, which is approaching to the foot of the tower with a 
uniform speed. Six seconds later, the angle of depression of the car is found to be 60°. Find the further 
time taken by the car to reach the foot of the tower. [NCERT, CBSE 2008, 2009, 2017] 


SOLUTION Let P be the foot of the vertical tower PQ of heighth metres. Let the speed of the 
car be v m/sec. At A the angle of depression of the car is 30° and six seconds later it reaches 
to B where the angle of depression is 60°. 
Clearly, car travels distance AB in 6 seconds with speed vm / sec. 

AB = 6v metres 
Suppose car takes t seconds to reach to P from point B. Then, BP = vt metres. 

AP = AB + BP = 6v + vt 


In AAPQ, we have Horizontal (Top of the tower) c. 
tan 30° = PQ 
AP 
м tL 
УЗ 6v+ut 
> B = 6v + vt eae (i) 
In A BPQ, we have 
A 
PQ 
tan 60° = вр Fig. 12.44 
=> 3= 2 
vt 
=> УЗ vt = (ii) 


From (i) and (ii), we have 


J3 x V3 vt = 60 + vt — 3ut=6v+vt > wt = 60 = t = 59 = 3 seconds 


Hence, further time taken by the car to reach the foot of the tower is 3 seconds. 


мм = 
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EXAMPLE 44 A manon a cliff observes a boat at an angle ofdepression of 30° which is approachi 1 
the shore to the point immediately beneath the observer with a uniform speed. Six minutes pi the 
angle of depression of the boat is found to be 60°. Find the time taken by the boat to reach the shore. 
SOLUTION Let OA be the cliff and P be the initial position of the boat when the angle of 
depression is 30*. After 6 minutes the boat reaches to Q such that the angle of depression at 
Qis 607. Let РО = x metres. 


In A's POA and QOA, we have A 
tan 30° = E and tan 60° = Ei 
> в-а 
ca- од = 3.00 
5 о 


= OP = 300 


| 1 
| 2% РО = ОР-ОО = ОР- 2 = 20р 1-00 = ior] 
| Let the speed of the boat be v metre/minute. Then, 
ii PQ = Distance travelled by the boat is 6 minutes 
{ = PQ=6v 
2 
= 50Р) = 60 [o PQ= Zop | 
=> OP = 9v 
; Time taken by the boat to reach at the shore is given by 
OP vi _ Distance 
T= = - Time "sen = | 
90 . х 
= Т = minutes = 9 minutes. 


EXAMPLE as A man onthe top ofa vertical tower observes a car moving at a uniform speed coming 


directly towards it. If it takes. 12 minutes for the angle of depression to change from 30° to 45°, how 
soon after this, ill the car reach the tower? Give your answer to the nearest second. 


[CBSE 2006C] 
nof thecar and 


SOLUTION Let AB be the tower of height metres. Let C be the initial positio 
Itis given that the angles of depression at C and D are 30° 


letafter 12 minutes the car beat D. 
and 45? respectively. 
Let the speed of the car be v metre per minute. Then, 

CD - Distance travelled by the car in 12 minutes. 


> CD = 12 v metres [~ Distance = speed х time] 
Suppose the car takes ¢ minutes to reach the tower AB from D. Then, DA = vt metres. 
In A DAB, we have 
AB 
tan 45° = —— 
AD 


L AN 
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h 
1 = — 
= vt 
— h = vt (i) 
In A CAB, we have 
tan 30° = AB 
AC C A 
D 
. E h —12»— — vt — 
J3 vt + 12v 
Fig. 12.46 
n = vt + 12v (ii) 


Substituting the value of h from equation (i) in equation (ii), we get 
УЗ vt = vt + 12v 


= Bt t«12 
> t(¥3 – 1) = 12 
- pa 12 120. 
43-1 (Зз-1)(/3+1) 
E t = 6(43 +1) = 1639 minutes 
= = 16 minutes 23 seconds [.: 0.39 minutes = 0.39 x 60 seconds] 


Thus, the car will reach the tower from D in 16 minutes and 23 seconds. 


1. A tower stands vertically on the ground. From a point on the ground, 20 m away from the 
foot of the tower, the angle of elevation of the top of the tower is 60°. What is the height of 
the tower? 


2. Theangle of elevation of a ladder leaning against a wall is 60° and the foot of the ladder 
is 9.5 maway from the wall. Find the length of the ladder. 


3. Aladder is placed along a wall of a house such that its upper end is touching the top of 
the wall. The foot of the ladder is 2 m away from the wall and the ladder is making an 
angle of 60° with the level of the ground. Determine the height of the wall. 

4. An eleétric pole is 10 m high. A steel wire tied to top of the pole is affixed at a point on the 
ground to keep the pole up right. If the wire makes an angle of 45° with the horizontal 
through the foot of the pole, find the length of the wire. 

5. A kiteis flying ata height of 75 metres from the ground level, attached to a string inclined 
at 60? to the horizontal. Find the length of thestring to the nearest metre. 


6. A ladder 15 metres long just reaches the top of a vertical wall. If the ladder makes an 
angle of 60° with the wall, find the height of the wall. [NCERT EXEMPLAR] 
7. A vertical tower stands ona horizontal plane and is surmounted by a vertical flag-staff. 
Ata point on the plane 70 metres away from the tower, an observer notices that the 
angles of elevation of the top and the bottom of the flag-staff are respectively 60° and 45°. 
Find the height of the flag-staff and that of the tower. [CBSE 2014] 


EXERCISE 12.1 
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8. A vertically straight tree, 15 m high, is broken by the wind in such a way that its top just 
touches the ground and makes an angle of 60? with the ground. At what height from the 
ground did the tree break? 

9. A vertical tower stands on a horizontal plane and is surmounted by a vertical flag-staff of 
height 5 metres. At a point on the plane, the angles of elevation of the bottom and the top of 
the flag-staff are respectively 30° and 60°. Find the height of the tower. 

[CBSE 2015, 2016] 

10. A person observed the angle of elevation of the top of a tower as 30°. He walked 50 m 
towards the foot of the tower along level ground and found the angle of elevation of the 
top of the tower as 60°. Find the height of the tower. 

11. The shadow of a tower, when the angle of elevation of the sun is 45°, is found to be 
10 m. longer than when it was 60°. Find the height of the tower. 

12. A parachutist is descending vertically and makes angles of elevation of 45° and 60° at 
two observing points 100 m apart from each other on the left side of himself. Find the 
maximum height from which he falls and the distance of the point where he falls on the 
ground from the just observation point. 

13. On the same side of a tower, two objects are located. When observed from the top of the 
tower, their angles of depression are 45° and 60°. If the height of the tower is 
150 m, find the distance between the objects. 

14. The angle of elevation of a tower from a point on the same level as the foot of the tower is 
30°. Onadvancing 150 metres towards the foot of the tower, the angle of elevation of the 
tower becomes 60°. Show that the height of the tower is 129.9 metres (Use J/3 = 1.732). 

[CBSE 2006] 

The angle of elevation of the top of a toweras observed froma point їп а horizontal plane 

through the foot of the tower is 32°. When the observer moves towards the tower a 
distance of 100 m, he finds the angle of elevation of the top to be 63°. Find the height of the 
tower and the distance of the first position from the tower. [Take tan 32° = 0.6248 and tan 
63° = 1.9626] [CBSE 2001C] 
16. The angle of elevation of the top of a tower from a point A on the ground is 30°. On 
moving a distance of 20 metres towards the foot of the tower to a point B the angle of 
elevation increases to 60*. Find the height of the tower and the distance of the tower from 
the point A. [CBSE 2002, 2015, 2017] 
From the top of a building 15 m high the angle of elevation of the top of a tower is found 
to be 30°. From the bottom of the same building, the angle of elevation of the top of the 
tower is found to be 60°. Find the height of the tower and the distance between the tower 
and building. [CBSE 2002] 

18. Ona horizontal plane there is a vertical tower with a flag pole on the top of the tower. At 

a point 9 metres away from the foot of the tower the angle of elevation of the top and 
bottom of the flag pole are 60° and 30° respectively. Find the height of the tower and the 
flag pole mounted on it. [CBSE 2005] 

19. A tree breaks due to storm and the broken part bends so that the top of the tree touches 
the ground making an angle of 30° with the ground. The distance between the foot of the 
tree to the point where the top touches the ground is 8 m. Find the height of the tree. 

20. From a point P on the ground the angle of elevation of a 10 m tall building is 30°. A flag 
is hoisted at the top of the building and the angle of elevation of the top of the flag-staff 
from P is 45*. Find the length of the flag-staff and the distance of the building from the 
point P. (Take V3 = 1.732). 


15. 


щл 


17. 


ч 
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A 1.6 m tall girl stands at a distance of 3.2 m from a lamp-post and casts a shadow of 4.8 


m on the ground. Find the height of the lamp- ing (i) tri ic ratios (ii 
property cl similar Шина жк 8 e lamp-post by using (i) trigonometric ratios (ii) 


22. A 1.5 m tall boy is standing at some distance from a 30 m tall building. The angle of 


24. 


26. 


31. 


32. 


33. 


elevation from his eyes to the top of the building increases from 30° to 60° as he walks 
towards the building. Find the distance he walked towards the building. 
[NCERT, CBSE 2014] 


The shadow of a tower standing оп a level ground is found to be 40 m longer when Sun's 


altitude is 30° than when it was 60°. Find the height of the tower. 

[NCERT EXEMPLAR] 
From a point on the ground the angles of elevation of the bottom and top of a 
transmission tower fixed at the top of 20 m high building are 45° and 60° respectively. 
Find the height of the transimission tower. [NCERT] 


. The angles of depression of the top and bottom of 8 m tall building from the top of a 


multistoried building are 30? and 45° respectively. Find the height of the multistoried 
building and the distance between the two buildings. [NCERT, CBSE 2009] 
A statue 1.6 m tall stands on the top of pedestal. From a point on the ground, the angle of 
elevation of the top of the statue is 60° and from the same point the angle of elevation of 
the top of the pedestal is 45°. Find the height of the pedestal. 

[NCERT, CBSE 2008,2014] 


. A T.V. Tower stands vertically on a bank of a river. From a point on the other bank 


directly opposite the tower, the angle of elevation of the top of the tower is 60*. From a 
point 20 m away this point on the same bank, the angle of elevation of the top of the tower 
is 30°. Find the height of the tower and the width of the river. [NCERT] 


. From the top of a7 m high building, the angle of elevation of the top of a cable tower is 60° 


and the angle of depression of its foot is 45°. Determine the height of the tower. 
[NCERT, CBSE 2014, 2017] 


As observed from the top of a 75 m tall lighthouse, the angles of depression of two ships 


are 30? and 45°. If one ship is exactly behind the other on the same side of the lighthouse, 
find the distance between the two ships. [NCERT] 


‚ The angle of elevation of the top of the building from the foot of the tower is 30° and the 


angle of the top of the tower from the foot of the building is 60°. If the tower is 
50 m high, find the height of the building. [NCERT, CBSE 2012, 2015, 2017] 
From a point on a bridge across a river the angles of depression of the banks on opposite 
side of the river are 30? and 45? respectively. If bridge is at the height of 
30 m from the banks, find the width of the river. [NCERT] 
Two poles of equal heights are standing opposite to each other on either side of the road 
which is 80m wide. From a point between them on the road the angles of elevation of the 
top of the poles are 60° and 30° respectively. Find the height of the poles and the 
distances of the point from the poles. [NCERT] 
A mansitting at a height of 20 mona tall tree on a small island in the middle of a river 
observes two poles directly opposite to each other on the two banks of the river and in 
line with the foot of tree. If the angles of depression of the feet of the poles from a point at 
which the man is sitting on the tree on either side of the river are 60? and 30? respectively. 


Find the width of the river. 


‚ A vertical tower stands on a horizontal plane and is surmounted by a flag-staff of height 


7 m. Froma pointon the plane, the angle of elevation of the bottom of the flag-staff is 30° and 
that of the top of the flag-staff is 45°. Find the height of the tower. [CBSE 2016] 
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35. The length of the shadow of a tower standing on level plane is found to be 2x metres 
longer when the sun s altitude is 30° than when it was 45°. Prove that the height of tower 
is x (43 + 1) metres. 

36. A tree breaks due to the storm and the broken part bends so that the top of the tree 
touches the ground making an angle of 30° with the ground. The distance from the foot 
of the tree to the point where the top touches the ground is 10 metres. Find the height of 
the tree. 

37. A balloon is connected to a meteorological ground station by a cable of length 215 m 
inclined at 60° to the horizontal. Determine the height of the balloon from the 
ground. Assume that there is no slack in the cable. 

38. Two menon either side of the cliff 80 m high observes the angles of elevation of the top of 
the cliff to be 30° and 60° respectively. Find the distance between the two men. 

[CBSE 2016] 

39. Find the angle of elevation of the sun (sun's altitude) when the length of the shadow of 
a vertical pole is equal to its height. 

40. An aeroplane is flying at a height of 210 m. Flying at this height at some instant the angles 

of depression of two points ina line in opposite directions on boththe banks of the river are 
45° and 60°. Find the width of the river. (Use J3 = 1.73) (CBSE 2015] 


41. The angle of elevation of the top of a chimney from the top of a tower is 60? and the angle 
of depression of the foot of the chimney from the top of the tower is 30°. If the height of the 
tower is 40 m, find the height of the chimney. According to pollution control norms, the 
minimum height of a smoke emitting chimney should be 100 m. State if the height of the 
above mentioned chimney meets the polution norms. What value is discussed in this 
question? (CBSE 2014] 

42. Twoshipsare there in the sea on either side ofa light house insuch away that the ships and 
the light house are in the same straight line. The angles of depression of two ships are 
observed from the top of the light house are 60° and 45° respectively. If the height of the light 
house is 200 m, find the distance between the two ships. (Use {/3 = 1.73) 

43. The horizontal distance between two poles is 15 m. The angle of depression of the top of 
the first pole as seen from the top of the second pole is 30°. If the height of the second pole 
is 24 m, find the height of the first pole. (V3 = 1.732) [CBSE 2013] 

44. The angles of depression of twoships from the top of a light house and on the same side 
of itare found to be 45° and 30° respectively. If the ships are 200 m apart, find the hei ght 
of the light house. [CBSE 2012] 

45. The angles of elevation of the top of a tower from two points ata distance of m and 9 m 
from the base of the tower and in the same straight line with it are complementary. Prove 
that the height of the tower is 6m. [NCERT, CBSE 2016] 

46. From the top of a 50 m high tower, the angles of depression of the top and bottom of a pole 
are observed to be 45° and 60° respectively. Find the height of the pole. 

[CBSE 2016] 
47. The horizontal distance between two trees of different heights is 60 m. The angle of 
depression of the top of the first tree when seen from the top of the second tree is 45°. If the 
height of the second tree is 80 m, find the height of the first tree. 

48. A flag-staff stands on the top of a5 mhigh tower. Froma pointon the ground, the angle of 
elevation of the top of the flag-staff is 60° and from the same point, the angle of elevation of the 
top of the tower is 45°. Find the height of the flag-staff. [CBSE 2013] 
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The angle of elevation of the top of a verti 
60*. Ata point Y, 40 m verticall Jueces cu d Qin 
the height of the tower. 


As observed from the top ofa 150 m tall light house, the angles of depression of two ships 


approaching it are 30° and 45°. If one ship is directly behind the other, find the distance 
between the two ships. [CBSE 2013] 


The angles of elevation of the top of a rock from the top and foot of a 100 m high tower are 
respectively 30° and 45°. Find the height of the rock. 


a point X on the ground is 
y above X, the angle of elevation of the top is 45°. Calculate 


‚ Astraight highway leads to the foot of a tower of height 50 т. From the top of the tower, 


the angles of depression of two cars standing on the highway are 30° and 60° 


5 What is the distance between the two cars and how far is each car from the 
tower: 


. From the top of a building AB, 60 m high, the angles of depression of the top and bottom 


of a vertical lamp post CD are observed to be 30? and 60? respectively. Find 
(i) the horizontal distance between AB and CD. 
(ii) the height of the lamp post. 
(iii) the difference between the heights of the building and the lamp post. 
[CBSE 2009] 


. Two boats approach a light house in mid-sea from opposite directions. The angles of 


elevation of the top of the light house from two boats are 30? and 45? respectively. If the 
distance between two boats is 100 m, find theheight of the light house. 
[CBSE 2014] 


The angle of elevation of the top of a hill at the foot of a tower is 60? and the angle of 


elevation of the top of the tower from the foot of the hill is 30°. If the tower is 50 т high, 
what is the height of the hill? [CBSE 2006C, 2013] 


. A moving boat is observed from the top of a 150 m high cliff moving away from the cliff. 


The angle of depression of theboat changes from 60? to 45? in 2 minutes. Find the speed 
of the boat in m/h. ICBSE 2017] 


. From the top of a 120 m high tower, a man observes two cars on the opposite sides of the 


tower and in straight line with the base of tower with angles of depression as 60? and 
45°. Find the distance between the cars. (Take /3 - 1.732.) [CBSE 2017] 


- Two points A and B are on the same side of a tower and in the same straight line with its 


base. The angles of depression of these points from the top of the tower are 60° and 45° 
respectively. If the height of the tower is 15 m, then find the distance between these 
points. [CBSE 2017] 


A fire in a building B is reported on telephone to two fire stations P and Q, 20 km apart 


from each other ona straight road. P observes that the fire is at an angle of 60° to the road 
and Q observes that it is at an angle of 45° to the road. Which station should send its 
team and how much will this team have to travel? 


. Amanon the deck of a ship is 10 m above the water level. He observes that the angle of 


elevation of the top ofa cliff is 45° and the angle of depression of the base is 30°. Calculate 
the distance of the cliff from the ship and the height of the cliff. 

A man standing on the deck of a ship, which is 8 m above water level. He observes the 
angle of elevation of the top of a hill as 60° and the angle of depression of the base of the 
hill as 30°. Calculate the distance of the hill from the ship and the height of the hill. 
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- There are two temples, one on each bank of a river, just opposite to each other. One 


temple is 50 m high. From the top of this temple, the angles of depression of the top and 


the foot of the other temple are 30° and 60° respectively. Find the width of the river and 
the height of the other temple. 


he angle of elevation of an aeroplane from a point on the ground is 45°. After a flight of 


15 seconds, the elevation changes to 30°. If the aeroplane is flying at a height of 3000 
metres, find the speed of the aeroplane. 


An aeroplane flying horizontally 1 km above the ground is observed at an elevation of 


60°. After 10 seconds, its elevation is observed to be 30°. Find the speed of the aeroplane 
in km/ hr. 


A tree standing on a horizontal plane is leaning towards east. At two points situated at 


distances a and b exactly due west on it, the angles of elevation of the top are 
respectively a and f. Prove that the height of the top from the ground is 
(b — а) tana tan 

tand - tan 


- The angle of elevation of a stationery cloud from a point 2500 m above a lake is 15° and 


the angle of depression of its reflection in the lake is 45°. Whatis the height of the cloud 
above the lake level? (Use tan 15° = 0.268) 


lt the angle of elevation of a cloud from a point metres above a lake is a and the angle of 


depression of its reflection in the lake be b, prove that the distance of the cloud from the 
point of observation is 


2h seca 
tan - tana 
From anaeroplane vertically abovea straight horizontal road, the angles of depression 


of two consecutive mile stones on opposite sides of the aeroplane are observed to be a 
and g;. Show that the height in miles of aeroplane above the road is given by 


tana tan p 
tana + tanp 


[CBSE 2004] 


[CBSE 2004] 


: PQisa post of given height a, and AB isa tower at some distance. If a and f are the angles 


of elevation of B, the top of the tower, at P and О respectively. Find the height of the tower 
and its distance from the post. 


A ladder rests against a wall at an angle a to the horizontal. Its foot is pulled away from 
the wall through a distance a, so that it slides a distance b down the wall making an 
angle B with the horizontal. Show that 


a 
b^ sinB-sina [NCERT EXEMPLAR] 


- A tower subtends an angle a at a point A in the plane of its base and the angle of 


depression of the foot of the tower at a point b metres just above A is f. Prove that the 
height of the tower is b tan a cot p. 


An observer, 1.5 m tall, is 28.5 m away from a tower 30 m high. Determine the angle of 


elevation of the top of the tower from his eye. [NCERT EXEMPLAR] 


A carpenter makes stools for electricians with a square top of side 0.5 m and at a height 
of 1.5 m above the ground. Also, each leg is inclined at an angle of 60° to the ground. Find 
the length of each leg and also the lengths of two steps to be put at equal distances. 
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А boy 1S 5 on the ground and flying a kite with 100 m of string at an elevation of 
30°. Another Ta standing on the roof of a 10 m high building and is flying his kite at 
an elevation of 45°. Both the boys are on opposite sides of both the kites. Find the length 
of the string that the second boy must have so that the two kites meet. 


From the top of a light house, the angles of depression of two ships on the opposite sides 


of itare observed to be a and р. If the height of the light house be h metres and the line 
joining the ships passes through the foot of the light house, show that the distance 


between the ship is Reno + tap) metres. 


tana tan p 


. From the top of a tower h metre high, the angles of depression of two objects, which are 


in the line with the foot of the tower are a and В (В > a) . Find the distance between the 
two objects. [NCERBEXEMPLAR] 


‚ A window of a house is h metre above the ground. From the window, the angles of 


elevation and depression of the top and bottom of another house situated on the 
opposite side of the lane are found to be о and В respectively. Prove that the height 
of the house is Л (1 + tan a tan f) metres. INCERT EXEMPLAR] 


. The lower window of a house is at a height of 2 m above the ground and its upper 


window is 4 m vertically above the lower window; At certain instant the angles of 
elevation of a balloon from these windows are observed to be 60° and 30° 
respectively. Find the height of the balloon above the ground. ІМСЕКТ EXEMPLAR] 


———— ANSWERS 


. 204/3 т 2. 19 m 3. 2/3m 4. 141m 


87m 6. 75m 7. 5124m,70m 8. 69m 


„ 25m 10. 4325m 11. 23.66m 


236.6 m, 136.6 m 13. 63.4m 15. 91.65m, 146.7 m 


. Height = 17.3 m, Distance -30m 17, Height = 22.5 m, Distance = 12.975 m 
8 
. 34/3 т, im 19. 8/3m 20. 7.32 m, 17.32 m 21, 4m 


22. 19/3 m 23. 203m 24. 20(43 – 1) m 


403 +1) 


‚ 4(3 43) mÆ (34 3/3) т 26. ^ 
50 
‚ T0f8m,10m 28. 7(/3+1)т 29. 75(/3-1)т 30. ym 


. 30(/3 hm 32. 20/3 m, 20 m, 60m зз. Im 


. 956m 36. 17.3m 37. 186m 38. 184.8m 
. 45? 40. 331.38m 41. 160 т, Yes polution control 


. 315.6m 43. 1534m 44. 273.2m 46. 21.13m 

. 20m 48, 3.65 m 49. 94.64 m 50. 109.5m 

. 236.5 m 52. 57.67m,86.5m, 28.83 m 

‚ (i) 34.64m (ii) 40m. (iii) 20m. 54. 50(43 – 1) т 55. 150m 
1902 m / hr 57. 189.28 m 58. 6.340 m 

Station P, 14.64 km во. Distance = 10% m, Height = 27.32 m 


. Distance = 8V3 m, Height = 32m 62. 28.83m,33.33m 63. 527.04km/hr 


4 
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64. 415.68km/hr 65. 20.87m,33.33m 66. 2500/3 т 
69. Distance = „Heirht —" eno — 72. 45? 

tana - апр 5 tana ~ tanf 


73. 1.732m,1.1077m,1.654m 74. 40J2m 76. h(cota—cotB) 78. 8m 
HINT TO SELECTED PROBLEMS 


22. In A ACB, wehave 


tan 30° = QC 
AC 
= tan 30° = 30-15 
AC 
1 „26.9 
=> — —— 
“З AC 
= АС = 28.5 х m 
In A BCQ, wehave 
tang» = C 
BC 
30 – 1.5 
Ы * BC 
28.5 
= BC = —m 
V3 
285 28.5х2 
AB = AC - BC = 285 x J3 - —— = —— * - 1943 
x m 5 m 
24. Let PQbe the building of height 20 metre and QR be the transmission tower of height h 
metre. R 


Let the angles of elevation of the bottom and top of the 
tower at point O be 45° and 60° respectively. 


т 

Then, in triangles ОРО and OPR, we have À 

PQ PR | 
°=—©апа{ап60° = — i 

ШВ? = op ОР а 

20 20+ U : 

— — d = H 

= lep = 0р ' 
=> OP = 20 mand 43 x OP = 20+h a 
E» 2043 = 20h 
€ WAN | 

= h = (2043 – 20) m = 20 (V3 - 1) m. 


TES ы 
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26. Let OP be the pedestal and PQbe the statue of height 1.6m a — 
In A's AOP and AOQ, we have | 
7 
ten 48e = ОЁ and њаво» = ОО — 
OA OA 4 
OP OP 1.6 | 
Та ara TS 
= Од nd УЗ ОА й 
m ОА = OP and V3 OA = OP +16 
55 V3 OP = OP +1.6 
5 (43 — 1) OP =16 
1.6 2 
=> ОР = ——— = 0.8 (43 
Fez = 08043 +) m " LO) 


Fig. 12.49 


27. Let AB be the tower of height л metre on a bank of the river and D be a point on the 
opposite bank or the river. 


In A's DBA and CBA, we have 
=> tan 30° = АВ and taneo = АВ 
DB BC 
1 h h 
E —— ———— MA Sui mes 
Їз 20+ BC BC 
h 
> J3h = 20+ BC and BC = 
43 
=> B = 20+ кл [On eliminating ВС] 
V3 
=> A - 20 О 2m = с 
3 Fig. 12.50 
=> h = 1043 m 
h 
BC = = = 10 т 
з 


29. Let OA be the light house of height 75 m and P and Q be the positions of two ships. 
In A's AOQ and AOP, we have 


A 
„ _ ОА _ OA 
tan 45° = — and tan30° = 77 | 
Y 
75 1 75 

= 1 = ——апа—== 75m 
оо 5 OP à 
=> OQ = 75 and ОР = 7543 i 
PQ = (75/3 -75)m -75(43-1m Р Q 0 

Fig. 12.51 
o з eie ee 


* 
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30. Let AD be the building of height h metre. 7 
In ^s ABC and ABD, we have 
B 
i tan60° = A and tan 30° = E 
1 ls aui „Ж. 
» => an = 
"C AB ^43 AB 
50 50m 
=> AB = — gd d = ЗА 
Im AB = V3h 
=> n = m у; 
3 
5 4 
= h=— 
3 
EE | Fig. 12.52 
59. Let AB be the building of height h. 
Clearly, Z APB > Z АОВ. B 
=> Z ABP « ZABQ 
> AP < AQ 
=> Station P is nearer to the building. 
So, station P must send its team. 
In A PAB, we have 
AB h h 
tan 60° = —— ËS эмн» AP = — 
jp ANS " М 
In AQAB, we have Q A P 
tan 45° = А2 1. А Эм”, Fig. 12.53 
AQ AQ 
Now, РО = 20 km 
=> AP + AQ = 20 
h ae 
= — +h = 20 5h = —~— -10(3- V3) = 17.32 km N 
3 з +1 


65. Let OP be thetree and A, B be two points such 
that OA =й and OB = b. 


In A's ALP and BLP, we have 


h h 
= t = 
а "e£ юв OL +b 
= OL + а = h cot a and OL + b = h cot 
=> b-a=hcotB-hcota 


_ (b-a) _(ф-а){апа!апВ $ 
cot ß cot a tan d= tan g Fig. 12.54 
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67. Let C’ be the image of clould C in the lake. 
In A's PQC and PQC', we have 


x ' 
tan q = — and ta .Qc 
PQ sh PQ 
x 
= tana = — .X*2h 
pg n Be 
=~ tan В tan & = +2" x 
PQ PQ 
5 tan B. · tan c = 2 
PQ 
2h 


= РО = 


Again, in А РОС, we have 


cos a NS 
CP 
> CP = PQseca 
- CP = 2h sec a 


Е tan В – tan a 


12.39 


68. Let h be the height of aeroplane P above the road and A and B be two consecutive 


milestones. Then, 
AB = 1 mile 


In A*AQP апа ВОР, we have 


tan а = and tan B = рр; 


BQ 
> AQ = i cot a and BQ = h cot p 
> AQ + BQ = h (cot a + cot p) 
tan a + tan p 
id aB = i natant) A 


tan a tan р 
tan a feng 


=> А = 
tana + tan р 


69. Let PQ be the ladder such 
The ladder is pulled away 
takes position Q'. 


Q B 


Fig. 12.56 
[> АВ = 1] 


that its top О is on the wall OQ and bottom Р is on the ground. 
from the wall through a distance a, so that its top Q'slides and 


ew 
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Clearly, PQ = PO. 
In 4* POQand P'OQ', we have 


sree P cose ОР мава ОЕ quiu ОЁ 9 
РО P'Q' P'Q' | 
b 
+y * atx 
sina = ——, —,$ = ,cos p = 
PO cos a РО sin р PO p РО | 
Q 
" Y b+y y ax x 
sin a = —— and x " -5p 
meng Pg наг ИЕ | 
sin a - ар = тап cos - cosa = zr y 
sina-sinB b | 
cosB-cosa a 
а cosa -cosp Кы & МЕЗ е 
sin g- sin d Fig. 12.57 


VERY SHORT ANSWER: TYPE QUESTIONS (VSAQs) 


Answer each of the following questions either in one word or one sentence or as per requirement of the 
questions: 


1. 


2. 


The height of a tower is 10 т. What is the length of its shadow when Sun’s altitude is 
45°? 


If the ratio of the height of a tower and the length of its shadow is J3 : 1, what is the 
angle of elevation of the Sun? [CBSE 2017] 


. Whatis the angle of elevation of the Sun when the length of the shadow of a vertical pole 


is equal to its height? 


. Froma point on the ground, 20 m away from the foot of a vertical tower, the angle of 


elevation of the top of the tower is 60°, what is the height of the tower? 


If the angles of elevation of the top of a tower from two points at a distance of 4 m and 9 
m fromthe base of the tower and in the same straight line with it are complementary, find 
the height of the tower. 


In Fig. 12.58, what are the angles of depression from the observing positions О, and О, 
of the object at A? 
O2 al 04 
2 
A B С 


Fig. 12.58 


“AAS = 
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7. The tops of two towers of height x and y, standing on level ground, subtend angles of 30° 
and 60° respectively at the centre of the line joining their feet, then find x: y. 


[CBSE 2015] 
$. Theangle of elevation of thetop of a tower ata point on the ground is 30*. What will be 
the angle of elevation, if the height of the tower is tripled? [CBSE 2015] 


9. AB is a pole of height 6 m standing at a point Band CD isa ladder inclined at angle of 60° 
to the horizontal and reaches upto a point D of pole. If AD = 2.54 m, find the length of the 
ladder. (Use V3 = 1.73) [CBSE 2016] 

10. An observer, 1.7 m tall, is 20/3 maway from a tower. The angle of elevation fromthe eye 
of an observer to the top of tower is 30°. Find the height of the tower. 


[CBSE 2016] 
11. An observer, 1.5 m tall, is 28.5 m away from a 30 m high tower. Determine the angle of 
elevation of the top of the tower from the eye of the observer. [CBSE 2017] 
— — ̃ ͤ —ë—àp . — — — — — ANSWERS 
1. 10m 2. 60° 3. 45° 4. 20/3 m 5.6m 
6. 30°, 45° 7. 123 8. 60° 9.4m 10. 21.7m 


11. 45° 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 
1. The ratio of the length ofa rod and its shadow is 1 : . The angle of elevation of the sum 
is 
(a) 30° (b) 45° (c) 60° (d) 90° 
2. If the angle of elevation ofa tower froma distance of 100 metres from its foot is 60°, then 
the height of the tower is 
100 
m 
3 


200 
(а) 100/3 m (b 773 (c) 50/3 m Im 


3. If tne altitude of the sum is at 60°, then the height of the vertical tower that will cast a 
shadow of length 30 m is 


30 
(a) 304/3.m (b) 15m © 73" (d) 15/2 m 


4. If the angles of elevation of a tower from two points distant a and b (a > b) from its foot and 
in the same straight line from it are 30° and 60°, then the height of the tower is 
a 
(а) Jaab (b) Jab (c) Ja — b (d) (2 


5. If the angles of elevation of the top of a tower from two points distant a and b from the 
base and in the same straight line withit are complementary, then the height of the tower 


is 


a 
(а) ab (b) Jab 0 5 (a) 5 


* * 
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From a light house the angles of depression of two ships on opposite sides of the light 
house are observed to be 30° and 45°. If the height of the light house is л metres, the 
distance between the ships is 


(a) (43 + 1) л metres (b) (43 — 1) h metres 
(с) J metres (d) 1+ 1 + =) h metres 


7. The angle of elevation of the top of a tower standing on a horizontal plane from a point 
Ais a. After walkinga distance d towards the foot of the tower the angle of elevation is 
found to be B. The height of the tower is 


d d d 
a) ————— ——— — d) а N 
(a) cota + cotp (b) cota ~ coth (c) tan g= tana (d) tan [8 + tana 


5. The tops of two poles of height 20 m and 14 mare connected by a wire. If the wire makes 
an angle of 30° with horizontal, then the length of the wire is 


(а) 12m (b) 10m (c)8m (d)6m 


3. From the top of a cliff 25 m high the angle of elevation of a toweris found to be equal to 
the angle of depression of the foot of the tower. The height of the tower is 


(a) 25 m (b) 50 т (с) 75 т (d) 100 т 


10. The angles of depression of two ships from the top of a light house аге 45° and 30° 
towards east. If the ships are 100 m apart, the height of the light house is 


50 50 
(a) a5" (b) Aa” (С) 50 (43 — 1) m (9) 50 + 1) т 


11. Ifthe angle of elevation of a cloud froma point 200 m above a lake is 30? and the angle of 


depression of its reflection in the lake is 60°, then the height of the cloud above the lake, 
is 


(a) 200m (b) 500 m (c) 30m (d) 400 m 


12. Theheightofa tower is 100 m. When the angle of elevation of the sun changes from 30? 
to 45°, the shadow of the tower becomes x metres less. The value of x is 


(a) 100 m (b) 100% m (с) 100(/3-1)m (d) um 


13. Two persons are a metres apart and the height of one is double that of the other. If from 
the middle point of the linejoining their feet, an observer finds the angular elevation of 
their tops to be complementary, then the height of the shorter post is 


ü a a 
40 4 (b) 75 (c) aJ2 | @ 575 
14. The angle of elevation of a cloud from a point h metre above a lake is 0. The angle of 
depression of its reflection in the lake is 45°. The height of the cloud is 
(a) tan (45° +0) (Ы) hcot(45^-0) (с) htan(45?-0) (d) лсо (45° + 0) 


15. A tower subtends an angle of 30° at a point on the same level as its foot. At a second point 
h metres above the first, the depression of the foot of the tower is 60°. The height of the 


tower is 
h 1 
(а) zm (b) m () =m (4) Em 
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17. 


18. 


19. 


21. 


24. 


25. 


26. 
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It is found that on walking x meters towards a chimney in a horizontal line through its 


^ the elevation of its top changes from 30? to 60*. The height of the chimney 


(а) 3J2x b) 2 УЗ Е РР 

(b) 23x (c) 2 * (d) B 
The length of the shadow of a tower standing on level ground is found to be 2x metres 
longer when the sun’s elevation is 30° than when it was 45°. The height of the tower in 
metres 1S 
(a) (V3 +1)x (b) (V3 -1)x (c) 2./3х (d) 342x 
Two poles are ‘a’ metres apart and the height of one is double of the other. If from the 
middle point of the line joining their feet an observer finds the angular elevations of their 
tops to be complementary, then the height of the smaller is 


(a) M metres (b) —_ metres (c) metres (d) 2a metres 

242 J2 
The tops of two poles of height 16 m and 10 m are connected by a wire of length / metres. 
If the wire makes an angle of 30? with the horizontal, then / = 


(a) 26 (b) 16 (c) 12 (d) 10 


I a 1.5 m tall girl stands at a distance of 3 m from a lamp-post and casts a shadow of 


length 4.5 m on the ground, then the height of the lamp-post is 

(a) 1.5 m (b) 2m (c) 2.5 m (d) 2.8 m 

The length of shadow ofa tower on the plane ground is /3 times the height of the tower. 
The angle of elevation of sun is 

(a) 45° (b) 30° (с) 60° (4) 90° [CBSE 2012] 
The angle of depression of a car, standing on the ground, from the top of a75 m tower, is 
30°. The distance of the car from the base of the tower (in metres) is 


(a) 2543 (b) 5043 (c) 7543 (d) 150 [CBSE 2013] 


. A ladder 15 m long just reaches the top of a vertical wall. If the ladder makes an angle of 


60? with the wall, then the height of the wall is 


1543 15 M 

(а) 225/3 m 8 = n (d 15m . [CBSE 2013 
The angle of depression ofa car parked on the road from the top of a 150 m high tower is 
30°. The distance of the car from the tower (in metres) is 

(a) 5043 (b) 15043 (c) 15042 (d) 75 [CBSE 2014] 
If the height of a vertical pole is J3 times the length of its shadow on the ground, then 
the angle of elevation of the sun at that time is 

(a) 30° (b) 60° (c) 45° (d) 75° [CBSE 2014] 


The angle of elevation of the top of a tower at a point on the ground 50 m away from the 
foot of the tower is 45°. Then the height of the tower (in metres) is 


50 50 RN 
(а) 5043 (b) 50 © NN d) 5 (CBSE 2014] 
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27. A ladder makes an angle of 60? with the ground when placed against a wall. If the foot 
of the ladder is 2 m away from the wall, then the length of the ladder (in metres) is 


4 
(a) B ) 453 (с) 2/2 (d) 4 [CBSE 2014] 


ANSWERS 


1. (a) 2 (b) 3. (a) 4. (b) 5. (b) 6. (a) 
7. @) 8. (a) 9. (b) 10. (d) 11. (d) 12. (c) 
13. (d) 14. (a) 15. (c) 16. (c) 17. (a) 18. (b) 
19. (с) 20. (c) 21. ) 22. (а) 23. (c) 24. (a) 
25. (b) 26. (b) 27. (d) 


SUMMARY 


1. The line drawn from the eye of an observer to a point in the object where the person is 
viewing is called the line of sight. . 


2. The angle formed by the line of sight with the horizontal when the object i$ above the 
horizontal level is called the angle of elevation. 


3. The angle formed by the line of sight with the horizontal when the object is below the 
horizontal level is called the angle of depression. 


4. The height of an object or the distance between distant objects can be determined with 
the help of trigonometric ratios. 


O —Ü — 


13.1 INTRODUCTION 

Inearlier classes, we have studied methods of finding perimeters and areas of simple plane 
figures such as rectangles, squares, parallelograms, triangles and circles. In our daily life, we 
come across many objects which are related to circular shape in some form or the other. For 
example, cycle wheels, wheel arrow, drain cover, bangles, brooches, flower beds, circular 
paths etc. That is why the problem of finding perimeters and areas related to circular figures 
is of great practical importance. In this chapter, we shall discuss problems on finding the 
areas of the two special parts of a circular region known as sector and segment of a circle. We 
shall also discuss problems on finding the areas of some combinations of plane figures 
involving circles or parts of circles. Let us first recall the concepts related to the perimeter and 
area ofa circle. 


13.2 REVIEW OF PERIMETER AND AREA OF A CIRCLE 
A circle is the locus of a point which moves in a plane in sucha way that its distance from a fixed point 
always remains same. 
The fixed point is called the centre and the given constant distance is known as the radius of 
the circle. 
CIRCUMFERENCE The perimeter of a circle is generally known as its circumference. 
We know that circumference of a circle bears a constant ratio with its diameter. This constant 
ratiois denoted by the Greek letter л (read as ‘pi’). 
Thus, if C denotes the circumference of a circle of radius r. Then, 
_ Circumference |, C C a 
Diameter 2r 
Here, x stands fora particular irrational number whose approximate value upto two decimal 


place i$ 3.14 or c The value of л upto four places of decimal is 3.1416 and up to eight 
decimal places its value is 4.14159265. For practical purposes, we generally take the value of 


22 
nas 7 OF 3:14 approximately. 


If ris the radius of a circle, then 
(i) Circumference = 2nr 


Also, Circumference = nd, where d=2ris the diameter of the circle. 
d " се LER d (iii д { vee 1 А 
(ii) Area = nr? , Also Area = л 2 Ei" iii) Area of semi-circle = r 
2 


1 
(iv) Area of a quadrant of a circle 1" r 
13.1 


im 


“1 


UTC 


13.2 MATHEMATICS. x 


AREA ENCLOSED BY TWO CONCENTRIC CIRLES If R and rare radii of two concentric circles, 
then 


Area enclosed by the two circles = gR? — л = д (R – 2) = z (R 4 r)(R — r) 


Fig. 13.1 


Some useful results: 


(i) If two circles touch internally, then the distance between their centres is equal to the 
difference of their radii. 


(i) It to circles touch externally, then the distance between their centres is equal to the sum 
of their radii. 


(iii) Distance moved by a rotating wheel in one revolution is equal to the circumference of the 
wheel. 


(iv) The number of revolutions completed by a rotating wheel in one minute 
Distance moved in one minute 
Circumference 


EXAMPLE 1 Find the circumference and area of a circle of radius 8.4 cm. 

SOLUTION We know thatthe circumference C and area A ofa circle of radius rare given by 
C = 2лғ and A = nr” respectively. 

Here, г - 84 cm. 


С = Circumference = 2лг = 2x x 84cm = 52.8 ст 


А АМ Е = Sx 84x84 cm’ = 22176 cm? 


EXAMPLE 2 Find the area of a circle whose circumference is 22 cm. 

SOLUTION Let r be the radius of the circle. It is given that the circumfernce of the circle 
is 22 cm. 

Now, Circumference = 22 cm 


7 
= dar = 22 > Ix xr=2 gem 


Area of the circle = xr? gem = 38,5 cm? 


EXAMPLE 3 Find the area of a quadrant of a circle whose circumference is 22 cm. 
SOLUTION Let r be the radius of the circle. It is given that the circumference of the circle 
is 22 cm. 


AREAS К LATED TO CIRCLES 13.3 
Now, Circumference = 22 cm 
=> 25 = 22 => 2x xr=2 => т=7ст 
2 
2 
Area of a quadrant = € = B cm? 
4 4 FX 
tt 22 7 7 2 ai 2 
n 7 2e * = 9.625 ст 


EXAMPLE 4 lf the perimeter of а semi-circular protractor is 108 ст, find the diameter of the 
protractor (Take x = 22/7). 


SOLUTION Let the radius of the protractor be r cm. It is given that its perimeter is 108 cm. 
Now, Perimeter = 108 cm ' А 


1 
as 2 (2 zr) + 2r = 108 E Perimeter of a semi-circle = 102) | 


= дт + 2r = 108 => x r+ 2r = 108 => 36r = 108x7 = 03 Te 21 


2. Diameter of the protractor = 2r = (2 x 21) ст = 42cm 
EXAMPLE s Тһе circumference of a circle exceeds the diameter by 16.8 cm. Find the radius of the 
circle. 
SOLUTION Let the radius of the circle be r cm. Then, 
Diameter = 2r cm and, Circumference = A cm 
Itis given that the circumference exceeds the diameter by 16.8 cm. That is, 
Circumference = Diameter + 16.8 


E 2nr = 2r + 16.8 
22 
= 2x xr= 2 +168 ы ve 
= 44r = 14r +16.8x 7 
117.6 
= 44r —14r = 117.6 — 30r = 117.6 > r= 30 = 3.92 


Hence, radius of the circle is 3.92 cm. 
EXAMPLE 6 Find the diameter of the circle whose area is equal to the sum of the areas of two circles 


of diameters 20 cmand 48 cm. [NCERT EXEMPLAR] 
SOLUTION — Letd be the diameter of the circle whose area is equal to the sum of the areas of 


two circles of diameters di = 20cm and d, = 48 cm. Then, 


ORORO 


= 100 + 576 = 676 


=> 
= d? = 676 x 4 = 26° x 

=> d= 26 х 22 52 cm. 

EXAMPLE 7 All the vertices of a rhombus [іе on a circle. Find the area of the rhombus, if area of the 
circle is 1256 cm?. (Use ™ = 3.14) [NCERT EXEMPLAR] 
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SOLUTION Let ABCD bea rhombus whose vertices A, B,C, D lieona 
circle with centre O and radius r. 


It is given that the area of the circle is 1256 cm?, 


лг? = 1256 
=> 3.14r? = 1256 
ES r? = 400 (i) 
We know that the diagonals of a rhombus intersect at right angle. Fig. 13.2 
Therefore, AC and BD are perpendicular and so these two are 
diameters of the circle. 
AC = BD = 2r 


Area of rhombus ABCD = 70 x BD) = 20, х 2r) = 27 = 2 х 400 cm? = 800 em? 


EXAMPLE 8 Acopper wire, when bent in the ‘form of a square, encloses an area of 484 cm?. If the 
same wire is bent in the form of a circle, find the area enclosed by it. (Use x = 22/7 ). 
SOLUTION Itis given that 


Area of the square = 484 cm? 


Side of the square 4/484 cm = 22cm [- Area = (Side)? . Side = Area ] 
So, Perimeter of the square = 4 (Side) = (4 x 22) cm = 88cm 
Let r be the radius of thecircle. Then, 
Circumference of the circle = Perimeter of the square, 
> 2nr = 88 


35 225-88 ээ r= Мап 


Area of the circle = zr? = 2 x DIES = 616 cm? 


EXAMPLE 9 A wire is looped in theform of a circle of radius 28 cm. It is re-bent into a square form. 
Determine the length of the side of the square. 


SOLUTION Let the side of the square be x cm. The wire is in the form of a circle of radius 
28 cm. 


Length of the wire = Circumference of the circle 


= (25 2s] em [Using C = An] 
= 176 cm (i) 
The wire is re· bent in the form of a square of side x cm. 
Perimeter of the square = Length of the wire 
> 4x = 176 [Using (i)] 
=> x = 44cm 
Hence, the length of the side of the square is 44 cm. 
EXAMPLE 10 Arace track is in the form of a ring whose inner circumference is 352 m, and the outer 
circumference is 396 m. Find the width of the track. 
SOLUTION Let the outer and inner radii of the ring be R metres and r metres respectively. 


It is given that the outer and inner circumferences of the ring are 396 m and 352 m 
respectively. 


-—-‹ # a N 
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2nR = 396 and 2лғ = 352 


22 
> 2x — x R = 396 and 2x Zr = 352 
l 
= К = 396х 2 x and r= 352 х2 
> К = 63 т апа г = 56m 
Hence, width of the track = (R — r) metres 
= (63 — 56) metres = 7 metres Fig. 13.3 


EXAMPLE 11 The inner circumference of a circular track is 220 m. The track is 7 т wide 
everywhere. Calculate the cost of putting up a fence along the outer circle at the rute of 2 per 
metre. (Use x = 22/7) 
SOLUTION Let the inner and outer radii of the circular track be r metres and К metres 
respectively. It is given that 

Inner circumference = 220 metres 


— 27r = 220 = 2x kr = 220 m 


The track is 7 metre wide everywhere. Therefore, the outer radius R is given by 
R=r+7=(35+7)m=42m 


у тж. 


us 


Fig. 13.4 


22 
Outer circumference = 2nR = 2x 7 x 42m = 264m 
Rate of fencing = € 2 per metre 
Total cost of fencing = (Circumference x Rate) = X (264 x 2) = & 528 


EXAMPLE 12. A bicycle wheel makes 5000 revolutions in moving 11 km. Find the diameter of the 


wheel. 
SOLUTION Let the radius of the wheel be r cm. We observe that the distance covered by the 


wheel in one revolution is equal to the circumference of the wheel. 
Distance covered by the wheel in one revolution = 25r cm 


5 Distance covered by the wheel in 5000 revolutions = 5000 x 2лғ ст 
= 10000 x = х rcm 


10000 x E T 


100 


Mw 
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? 
10000 x = xr 
BAN: ЭШМ ~ 
100 x 1000 35 
It is given that the bicycle wheel covers 11 km distance in 5000 revolutions. 
11 


5 


Diameter = 2r cm = (2x 35) cm = 70cm 


Hence, the diameter of the wheel is 70 cm. 


EXAMPLE 13 A wheel has diameter 84 cm. Find how many complete revolutions must it take to. 


cover 792 meters. 
SOLUTION Suppose the wheel makes п complete revolutions in covering 792 meters. 
Let r be the radius of the wheel. It is given that the diameter of the wheel is 84 cm. 


2r = 84 > r=42cm 
Circumference of the wheel = 2xr cm = 2x x 42cm = 264 ат = 2.64 m 


Distance covered by the wheel in one revoluton = 2.64 ст 
Distance covered by wheel in п revolutions = (2.64) n metres 
It is given that the wheel covers 792 metres in п revolutions. 


(2.64) n = 792 > n= = = 300 
2.64 


Hence, the wheel takes 300 revolutions in covering 792 meters. 

EXAMPLE 14 A boy is cycling such that the wheels of the cycle are making 140 revolutions per 
minute. If the diameter of the wheel is 60 cm, calculate the speed per hour with which the boy ts 
cycling. 

SOLUTION The speed with which the boy is cycling per hour is the distance covered by the 
wheel in one hour. Clearly, distance covered by the wheel in one revolution is equal to its 
circumference. So, let us first computethe circumference. 

We have, 


Radius of the wheel = r = 5 ет = 30 ст. 


Circumference of the wheel = 2 mr = 2 х = x 30 cm = cm 
; М y 1320 
So, Distance covered by the wheel in one revolution = —— cm 
г ' 1320 
= Distance covered by the wheel in 140 revolutions = x140 cm 


= (1320 20) cm = 26400 cm 


It is given that the wheels are making 140 revolutions per minute. So, distance covered by the 
wheels in one minute is equal to the distance covered by the wheels in 140 revolutions 


gL ³ĩ⁸!•ꝗ c —ʃñ —-.,'.ĩ —ꝛ a nD TS ksL⸗9uTk«ð⁊ —— — / 
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= Distance covered by the wheel in one minute = 264 km 
1000 


x 60 km = 15.84 km 


=> Distance covered by the wheel in one hour i.e. in 60 minutes = € 
1 


Hence, the speed with which the boy is cycling is 15.84 km/hr. 


EXAMPLE 15 The diameter of the driving wheel of a bus is 140 cm. How many revolutions per 
minute must the wheel make in order to keep a speed of 66 km per hour? 

SOLUTION Suppose the driving wheel of the bus makes n revolutions per minute to keep a 
speed of 66 km/hr. Clearly, distance covered by the wheel in one revolution is equal to its 
circumference. It is given that = Radius of the wheel 2 70 cm. 


Circumference of the wheel = 277 = 2 х E x 70 cm = 440 cm 


So, distance covered by the wheel in one revolution = 440 cm 


=> Distance covered by the wheel in i revolutions = (440 x п) cm 
= Distance covered by the wheel in one minute = (440 x м) cm 
=> Distance covered by the wheel in one hour =(440.x п x 60) cm 


We are given that the speed of the bus is 66 km/hr. This means that the wheel covers 66 km 
in one hour. 


So, the wheel covers — = 110000 cm in one minute. 


110000 zi 
440 x n x60 = 110000 4 44060 


Hence, the wheel makes 250 revolutions per minute. 
EXAMPLE 16 A car has wheels thich are 80 ст in diameter. How many complete revolutions does 
each wheel make in 10 Minutes when the car is travelling at a speed of 66 km per hour? |NCERT] 


SOLUTION Suppose each wheel of the car makes п complete revolutions in 10 minutes. This 
means that the distance covered by each wheel in n revolutions is same as the distance 


travelled by the car in 10 minutes. 
It is given that; 
Speed of the car = 66 km/hr 
Distance travelled by the car in 1 hour = 66 km 


А 66 
— Distance travelled by the car in 10 min -( = x 10 | km =11 km =11х 1000 х 100 cm ...(i) 


It is given that : 
Radius of car wheels = 40 cm 


22 
Circumference of the wheels = 2x F x 40 cm 


In a revolution each wheel covers the distance equal to its circumference. 


TT 
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Distance covered by each wheel in one complete revolution = 2x 7 40 cm 


Distance covered by each wheel in n revolutions = (2 x = х 40 xn cm i) 


But, distance covered by each wheel in completing n revoluitions is equal to the distance 
travelled by the car in 10 minutes. 


» 11x1000 x 100 x 7 
2 И NL LLL LN T, 
2x =x 40 хп = 11x 1000 x 100 dis 2x 22 x 40 


Hence, each wheel makes 4375 revolutions in 10 minutes. 


EXAMPLE 17 Find the number of revolutions made by a circular wheel of area 1.54 m? in rolling a 
distance of 176 m. [NCERT EXEMPLAR] 
SOLUTION Let be the radius of the circular wheel. It is given that its area is 1.54 m? 


лг? =154 T = 1.54 > r° = 7 х 0.07 = 0.49 > r = 07 


Suppose the wheel makes п revolutions in rolling a distance of 176 m. 


n x Distance rolled in one revolution = 176 


= n x 2nr = 176 Distance rolled їп one revolution = Circumference] 
22 176 x7 
22 - „ 

* * eee 25 E ETT, 


Hence, the circular wheel makes 40 revolutions. 


EXAMPLE 18 The diameters of front and rear wheels of a tractor are 80 cm and 2 m respectively. 
Find the number of revolutions that rear wheel makes in covering a distance in which the front wheel 
makes 1400 revolutions. [NCERT EXEMPLAR] 
SOLUTION Let л andr, be the radii of front and rear wheels of the tractor. It is given that 
n = 0.40 m and un = Im. 


Distance covered by the front wheel in one revolution = 277 = 21 x 0.4 m = 0.8 лт 


Distance covered by the front wheel in 1400 revolutions = 1400 x 0.8 t m = 1120 x m 
Suppose the rear wheel makes n revolutions to cover this distance. Then, 
(Distance covered by the rear wheel in one revolution) x n = 1120 x 
=> 2nr xn = 1120r > 2лх1хп = 11207 > п = 560 
Hence, the rear wheel makes 560 revolutions. 


EXAMPLE 19 The cost of fencing a circular field at the rate € 24 per metre is © 5280. 
The field is to be ploughed at the rate of & 0.50 per m2. Find the cost of ploughing the field. 
(Take x =22/7) [NCERT] 
SOLUTION Wehave, 


Rate of fencing = X 24 per metre and, Total cost of fencing = & 5280 
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Length of the fence = Total cost AL. metre = 220 metre 


| Rate 24 
25 Circumference of the field = 220 metre 
- 2nr — 220, where r is theradius of the field 
=> 2x E xr-220 
220x7 
ys - 
3 22x32 35 metres 


Area of the field = zr? = 235х357 = 22 x 5 x 35 m? 


Itis given that the field is ploughed at the rate оЁ 0.50 per m? 
x Cost of ploughing the field = € (22 x 5 x 35 x 0.50) =% 1925 
ALITER Let the radius of the circular field be r metres. Then, 

Length of its circular fence = 2zr metres. 


Itis given that the cost of fencing the field at the rate of 1 24 per metre is & 5280. 
Length of the fence x 24 = 5280 
2nr x 24 — 5280 


m 2x x r x24 = 5280 
2 x 22 * 24 


22 
Area of the circular field = лт? = cx 35 х 35 m? 


; 22 
So, the cost of ploughing the field at the rate of 0.50 per square metre is =r ( 2x35%35%0.50 | 


= 1925 


EXAMPLE 20 The difference between the radii of the smaller circle and the larger circle is 
7 cm and the difference between the areas of the two circles is 1078 sq. cm. Find the radius of the 


smaller circle. | [CBSE 2017] 

SOLUTION Let the lengths of the radii of the smaller and larger circles be r cm and Rem 

respectively. 

It is given that | 
R-r-7 (i) 


It is also given that the difference between the areas of two circles is 1078 cm? 
' xR? — nr? =1078 


=> л(К2 -r?)-1078 
Е 22 (R+1)x7 -1078 [Using (i) 
5 Ёз (ii) 
Subtracting (i) from (ii), we get 

2r=42 => т=21 


Hence, the radius of the smaller circle is of length 21 cm. 
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EXAMPLE 21 Two circles touch externally. The sum A their areas is 130 & sq. cm. and the distance 
between their centres is 14 ст. Find the radii of the circles. 


SOLUTION lf two circles touch externally, then the distance between their centres is equal to 
the sum of their radii. Let the radii of the two circles be rj cm and г, cm respectively. Let C, 


and С, be the centres of the given circles. Then, 


Fig. 13.5 
С,С» = n + n 
59 14=„ + [^ CC = 14 em (given)] 
— n E 5 n =14 vij 


It is given that the sum of the areas of two circles is equal to 130 x cm? 


2 2 
nn + л = 130a 


= nn = 130 (ii) 
Now, (n+) f An 
> 14? = 130 + 2 [Using (i) and (ii)] 
= 196 — 130 = 2л» 
=e hh = 33 (iii) 
Now, 

(n -nY = +; -2nn 
> (n -h = 130-2 33 [Using (ii) and (iii 
=> (һ-һ)* = 64 
=> n-5-8 „ (iv) 


Solving (i) and (iv), we get H= 11cm and т, = 3cm. 

Hence, the radii of the two circles are 11 cm and 3 cm. 

EXAMPLE 22 Two circles touch internally. The sum of their areas is 116 x cm? and distance 
between their centres is 6 cm. Find the radii of the circles. 


SOLUTION “Let Rand rbe the radii of the circles having centres at Oand O respectively. It 
is given that the sum of the areas is 1167 cm? and the distance between the centres is 6 cm. 


Eom f 
о 0 
Fig. 13.6 
Now, Sum of areas = 116r cm? 
> nR? + nr? = 116л 
> R? +т? = 116 (5, 


b An — — — 
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Distance between the centres =6 cm 

> OO' = 6cm 

E R-r=6 ...(ii) 

Now, (R*r) + (R~r)? = 2(R? +r?) 

E (К+)? +36 2 2x116 [Using (i) and (ii)] 

= (R + п)? = (2x 116 - 36) = 196 

=> Rr =já (iii) 

Solving (ii) and (iii), we get: R = 10 and p = 4. 

Hence, radii of the given circles are 10cm and 4 cm respectively. 


EXAMPLE 23 Figure 13.7, depicts an archery target marked with its five scoring areas from the 
centre outwards as Gold, Red, Blue Black and white. The diameter of the region representing Gold 
score is 21 cm and each of the other bands is 10.5 cm wide. Find the area of each of the five scoring 
regions. [INCERT] 
SOLUTION We have, 


г = Radius of the region representing Gold score = 10.5 cm 
п = Radius of the region representing Gold and Red scoring areas 
(10.5 + 10.5) ст = 21 ст = 2r cm 


| r, = Radius of the region representing Gold, Red and Blue scoring areas 


“= (21 + 10.5) cm = 31.5 cm = 3r cm 
r, = Radius of the region represing Gold, Red, Blue and Black scoring areas 
= (31.5 + 10.5) cm = 42 cm = 4r cm 


Fig. 13.7 
7, = Radius of the region representing Gold, Red, Blue, Black and white scoring areas 


= (42 + 10.5) cm = 52.5 cm = 5r ст 


Now, 
э? 


2 22 2 = 
A, = Area of the region representing Gold scoring area = nr^ = 7 (10.5) = 7” = 10.5 
= 22 x 1.5 x 10.5 = 346.5 ст? 
A, = Area of the region representing Red scoring area = л (2r) ~ nr“ = 3u^ = 3A, 
5 = 3x 346.5 cm? = 1039.5 cm? 
A, = Area of the region representing Blue scoring area = л (3r)? nf = 9g? AR 
= 5nr? =5A, 5346.5 cm? 
= 1732.5 cm? 
gion representing Black scoring area = л (Ar)? ~ х (3r = 7n? = 7A, 


A, = Area of the re A x 
= 7 х 346.5 ст? = 2425.5 ат? 


p 
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A, = Areaot the region representing White scoring area = n (5r)! - n (4r)! = 9nr* = 9A, 


= 9 x 346.5 cm? = 3118.5 cm? 


— —— EXERCISE 13.1 


1. Find the circumference and area of a circle of radius 4.2 cm. 

Find the circumference of a circle whose area is 301.84 cm?. 

3. Find the area of a circle whose circumference is 44 cm. 

4. Te ‚ршген of a circle exceeds the diameter by 16.8 cm. Find the circum-ference of 
the circle. 

5. A horseis tied toa pole with 28 m long string. Find the area where the horse can graze, 
(Take x = 22/7). 

6. A steel wire when bent in the form of a square encloses an area of 121 cm?. If the same 
wire is bent in the form of a circle, find the area of the circle. 


7. The circumference of two circles are in the ratio 2 : 3. Find the ratio of their areas. 


8. The sum of the radii of two circles is 140 cm and the difference of their circumferences is 
88 cm. Find the diameters of the circles. 


9. Find the radius of a circle whose circumference is equal to the sum of the circumferences 


of two circles of radii 15 cm and 18 cm. INCERT EXEMPLAR] 
10. The radii of two circles are 8 cm and 6 cm respectively. Find the radius of the circle 
having its area equal to the sum of theareas of the two circles. [NCERT] 


11. The radii of two circles are 19 cm and 9 cm respectively. Find the radius and area of the 
circle which has its circumference equal to the sum of the circumferences of the two 


circles. [NCERT] 
12. The area of a circular playground is 22176 m. Find the cost of fencing this ground at the 
rate of X50 per metre. [NCERT EXEMPLAR] 


13. Theside of a square is 10 cm. Find thearea of circumscribed and inscribed circles. 
14. If a square is inscribed in a circle, find the ratio of the areas of the circle and the square. 
15. The area of a circle inscribed in an equilateral triangle is 154 cm?. Find the perimeter of 
the triangle. [Use л = 22/7 and 43 = 1.73] 
16. A field is in the form of a circle. A fence is to be erected around the field. The cost of 
fencing would be X 2640 at the rate of 12 per metre. Then, the field is to be thoroughly 
ploughed at the cost of 0.50 per m^. What is the amount required to plough the field? 
[Take x = 22/7]. 
17. A park is in the form of a rectangle 120 m x 100 m. At the centre of the park there is a 


circular lawn. The area of park excluding lawn is 8700 m?. Find the radius of the circular 
lawn. (Use x = 22/7). 

18. A car travels 1 kilometre distance in which each wheel makes 450 complete revolutions. 
Find the radius of the its wheels. 


19. The area enclosed between the concentric circles is 770 cm?. If the radius of the outer 
circle is 21 cm, find the radius of the inner circle. 

20. Anarchery target has three regions formed by thre concentric circles as shown in Fig. 
13.8. If the diameters of the concentric circles are in the ratio 1: 2:3, then find the ratio of 
the areas of three regions. [NCERT EXEMPLAR] 
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Fig. 13.8 


The wheel of a motor cycle is of radius 35 cm. How many revolutions per minute must 
the wheel make so as to keep a speed of 66 km/hr? [NCERT EXEMPLAR] 


A circular pond is 17.5 m in diameter. It is surrounded by a2 m wide path. Find the cost 
of constructing the path at the rate of & 25 per mẽ. [NCERT EXEMPLAR] 


A circular park is surrounded by а rod 21 m wide. If the radius of the parkis 105 m, find 


the area of the road. [NCERT EXEMPLAR] 


. Asquare of diagonal 8 cmis inscribed ina circle. Find the area of the region lying outside 


the circle and inside the square. [МСЕКТ EXEMPLAR] 


A path of 4 m width runs round a semi-circular grassy plot whose circumference is 163 


: m Find: 

(i) the area of the path 

(ii) the cost of gravelling the path at the rate of X 1.50 per square metre 

(iii) the costof turfing the plot at the rate of 45 paise per т. 
Find the area enclosed between two concentric circles of radii 3.5 стапа 7 cm. A third 
concentric circle is drawn outside the 7 cm circle, such that the area enclosed between it 
and the 7 cm circle is same as that between the two inner circles. Find the radius of the 
third circle correct to one decimal place. 
A path of width 3.5 m runs around a semi-circular grassy plot whose perimeter is 
72 m. Find the area of the path. (Use x = 22/7) (CBSE 2015] 
A circular pond is of diameter 17.5 m. Itis surrounded by a 2 m wide path. Find the cost 
of constructing the path at the rate of X 25 per square metre (Use х= 3.14) [CBSE 2014] 
The outer circumference of a circular race-track is 528 m. The track is everywhere 14 m 
wide. Calculate the cost of levelling the track at the rate of 50 paise per square metre 
(Use л =22/ 7 ). : s 
A road which is 7 m wide surrounds a circular park whose circumference is 352 m. Find 
the area of the road. ; 
Prove that the area of a circular path of uniform width л surrounding a circular region of 
radius ris nh (2r + h). 


- — — ANSWERS 


1. 26.4 cm, 55.44 cm? 2. 61.6cm 3. 154 cm* 4. 24.64 cm 
5. 2464 m? 6. 154cm? 7. 4:9 8. 154 cm, 126 cm 
9. 33 cm 10. 10cm 11. 28 cm, 2464 cm? 

12. € 26400 13. 157 cm?, 78.5 ст? 14. п:2 

15. 72.7 cm 16. € 1925 17. 32.40 т 18. 35.35 ст 

19. 14ст 20. 1:3:5 21. 500 22. € 3061.50 

23. 15246 cm? 24. (16x 32) em 25. (i) 352 m (ii) 7528 (iii) 478 


13.14 MATHEMATICS~ x 
26. 115.5 cm?, 9.26 em 27. 17325 m? 28. * 3061.50 
29, $ 3388 30. 2618 m? 


— — HINT TO SELECTED PROBLEMS 
Length of the string = 28 m. Area over which the horse can graze is the area of a circle of 
radius 28 m. Hence, required area = л (28)? = 2464 m? 


Let i cm be the radius of the circle. Side of the square = 121 cm = 11 ст 
. Perimeter of the square = (4 x 11) ст = 44 cm 
So, length of the wire = 44 cm. 


Now, Circumference of the circle = Length of the wire => 2лг = 44 ст > r= 7 cm 
Hence, Area of the circle = nr? = zx 72 cm? = 154 cm? 


ЕД 


7 


7. Let л and rj be the radii of two given circles and C, and С, be their cireumferences. 
Then, 


Q:C,22:3 
=>  2m:2n» 22:3 
nn = 223 qu =4:9>5 nf = An: > лр 49 
8. Let л and n be the radii of two given circles. Then, 
n +r = 140 and 2r -2an = 88 => 2n (Pr) =88'=— n= = 14 


10. Let r be the radius of the circle whose area is equal to the sum of the areas of circles of 
radii 8 cm and 6 cm. Then, 


ле = дх82 NK >r = 10 5.7 = 10cm 
11. Let the radius of the circle be r cm. Then, 
2nr = 2r x19 + 2r x 9 > rz 28cm 


Area of the circle = zr? = Bx 28 cm? = 2464 cm? 
13. We have, Diameter of the circumscribed circle = Diagonal of the square = 410? + 10? 


= 10/2 cm 
Diameter of the inscribed circle = Length of the side of the square. 
15. Letrbethe radius of the inscribed circle. Then, 
Area- 154 cm? => ar? = 154 > г = 7 ст 
Let hbe the height of the triangle. Then, 


r= = Ез 37 Hen 
If a is the side of the triangle. Then, 


Hence, perimeter = 3a = 3 x 1443 ст = 72.7 cm 


16. Length of the fence = Total ct — 2640 = 220m 


Rate per metre 12 


— —— 
ä — — :ꝛñ ñů—— — 
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2nr = 220m => r=35m 
Area = nr? = n (35)? 
Cost of ploughing the whole field = € [x (35)? х 0.50] 


17. Area of the park = (120 x 100) m? = 12000 m? 
Area of the park excluding the lawn = 8700 m? 
Area of the circular lawn = (12000 — 8700) m? 


= m?5330-:52 3300x Z = 150x7 = r „507 = 32.40 m 
18. Let the radius of each wheel be r metres. Then, 


Circumference of each wheel = 21r = 2x = xr metres 


= Distance covered by the wheels in one revolution = 2 х 2 xr metres 


Distance covered by the wheels in 450 revolutions = 2x Ey rx 450 metres 


It is given that the car travels 1 kilometre i.e. 1000. metres distance when its each 
wheel makes 450 revolutions. 
2x 22 x r x 450 = 1000 > r = — 1000 03535 metres = 35.35 cm 
7 2 x 22 x 450 


19. Let the radius of the inner circle be rcm. Then, 
лх21х21-пхг> = 770 > n(441- 72) =770 >= x(441—1°)=770= 441-1? =245 


= 2 196 ғ = 14 ст 


13.3 SECTOR OF A CIRCLE AND ITS. AREA 

Consider a circle of radius r having its centre at the point O. Let A, B, and C be three points on 
the circle as shown in Fig. 13.9. The area enclosed by the circle is divided into two regions, 
namely, OBA and OBCA. These regions are called sectors of the circle. Each of these two 
sectors has an arc of the circle as a part of its boundary. Thesector OBA has arc AB as a part of 
its boundary whereas the sector OBCA has arc ACB as a part of its boundary. These sectors 
are known as minor and major sectors of the ue as defined below. 


Fig. 13.9 
MINOR SECTOR A sector ofa circle is called a minor sector if the minor arc of the circle is a part of its 
boundary | 

In Fig. 13.9, sector OAB is the minor sector. 


|. 
p. 
Ё 
er 
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MAJOR SECTOR A sector ofa circle is called a major sector if the major arc of the circle is a part of its 
boundary. 


In Fig. 13.9, sector OACB is the major sector. 


Following are some important points to remember: 
(1) A minor sector has an angle 0, (say), subtended at the centre of the circle, whereas a 
major sector has no angle. 
(ii) The sum of the arcs of major and minor sectors of а circle is equal to the circumference of 
the circle. 
(iii) The sum of the areas of major and minor sectors of a circle is equal to the area of thevcircle. 
(iv) The boundary of a sector consists of an arc of the circle and the two radii. 
13.3.1 AREA OF A SECTOR 
Consider a circle of radius r having its centre at O. Let AOB bea sector of thecircle such that 
2 AOB = 8 . If Ө < 180°, then the arc AB is a minor arc of the circle. Now, if 0 increases the 
length of the arc AB also increases and if 0 becomes 180?, then-arc AB becomes the 


circumference of a semi-circle. Thus, if an arc subtends an angle of 180? at the centre, then its 
arclengthis zr. 


Fig. 13.10 


0 
If the arc subtends an angle of 0 at the centre, then its arc length = 180 x nr 


Hence, the arc length Lofa sector of angle @ in a circle of radius r is given by 


1-9 4 i 
180 seski) 


= 1350 5 2nr = -x Circumference of the circle) 


As discussed above, if the arc subtends an angle of 180° then the area of the corresponding 


sector is equal to the area of a semi-circle i.e an 


0 1 20 

^. Ifthe arc subtends an angle Ө, then area of the corresponding sector is 180 2 пг? = a 
Thus, the area A of a sector of angle 0 in a circle of radius r is given by 

A = -5 x nr? = x (Area of the circle) (ii) 


| 
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0 
Also, A=——xnr > 220150 | 23 Using (i)] 
360 2 im rie uim de [ E 
REMARK Area of major sector = xr? — Area of minor segment 
Some useful results to remember: 


(i) | Angle described by minute hand in 60 minutes = 360° 
Angle described by minute hand in one minute — (=) „6 
60 


Thus , minute hand rotates through an angle of 6° in опе minute. 


(ii) Angle described by hour hand in 12 hours = 360° 


Angle described by hour hand in one hour = | E ) E 30? 


= Angle described by hour hand in one minute = 0) = 3 


1 о 
Thus, hour hand rotates through (3) inone minute, 


EXAMPLE 1 Find the area of a sector of a circle of radius 28 cm and central angle 45°. 
[NCERT EXEMPLAR] 


SOLUTION We know that the area A of a sector of a circle of radius rand central angle Ө (in 
degrees) is given by 


x дг? 


360 
Here, r= 28 стапа 0 = 45. 


45 fed 2 28 x 28cm? = 308 cm? 


EXAMPLE 2 Find the difference of the areas of a sector of angle 120? and its corresponding major 
sector of a circle of radius 21 cm. [NCERT EXEMPLAR] 


SOLUTION Let A, and A; be the areas of the given sector and the corresponding major 


sector respectively. We have, 0 = 120 and r = 21cm . 


0 2 120 (21)? = 147 ncm? 
and, A, = Area of the circle — А, 


= A; = [1 * (21)? - 1477) cm? = n (441 - 147) cm? = 294 x cm? 
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2 2 
Required differences = A, — A, = (294r -147 л) em? =147 rcm? 17 Jom? =462cm? 


EXAMPLE 3 Find the area of the sector of a circle with radius 4 cm and of angle 30°. Also, find the 
area of the corresponding major sector. (Use х= 3.14). 


SOLUTION Here, 0 = 30° andr = 4cm. 


AreaofsectorOAPB = 0 x дг? 


~ 


30 


= —x314x4x4em? = 
360 


мыз cm? = 4.153 cm? 


Let A be the area of corresponding major sector. Then, 
A = Area of sector OA QB 


=> A = Area of the circle Area of the corresponding minor sector Q 

= А = пт xa 

=> A= [1 - xx 

еа A=3.14x4x4 (1-25. Jem? 

8 A =314х4х4х1, cm? = ULM cm? - 46.05 cm? Fig. 13.11 


EXAMPLE 4 A sector is cut from a circle of radius 21 cm. The angle of the sector is 150°. Find the 
length of its arc and area. 


SOLUTION Thearc length i and area A of a sector of angle 0 ina circle of radius rare given 


by l= 5555 2nr and A x л? respectively. Here, г=21 стапа Ө = 150 


m 00 2 5 21cm = 55m 
$e 7 
and, An fio x2 x 21) ат = cm? = 5775 cm? 


EXAMPLE 5 The central angles of two sectors of circles of radii 7 cm and 21 cm are respectively 
120° and 40°. Find the areas of the two sectors as well as the length of the corresponding arcs. What 


do you observe? [NCERT EXEMPLAR] 
SOLUTION Sector -I Sector -II 

Radius: n -7cm 5 Alem 

Sector angle: 0, = 120° 0, = 40° 


З 0 
Sector areas: A = de x Th, A, = 260 X 


“ А 
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Sector arc: l PE „ау 1, = 22. x әлә 
We find that - — 
A = іу E. 120 22 2 2 154 2 
! ^ 360 ag y ^m Det 
_ 0 40 22 
ы e = 3607 2 em? =154ста° 
0, 120 22 44 
L* 2ni . = 2 – 
1 360 n 360 7 х7 em B "aue 
0 40 22 44 
l -2—2.x2 = — — = 
2 = 360 л» 366 r BAe = z 


We observe that the arc lengths of two circles of different radii may besame but areas need 
not be equal. 


EXAMPLE 6 A car has two wipers which do not overlap. Each wiper has а blade of length 


25 cm sweeping through an angle of 115°. Find the total area cleaned at each sweep of the 
blades. [NCERT] 


SOLUTION Clearly, each wiper sweeps a sector of a circleof radius 25 cm and sector angle 
115*. Therefore, total area A cleaned at each sweep is given by 


ТИИС TE MT 
360 


> A = 2x È eme #1254 Oe et 

EXAMPLE 7 To warm ships for underwater rocks, a light house throws a red coloured light over a 
sector of 80° angle to a distance of 16.5km. Find the area of the sea over which the ships area warmed. 
(Use x = 3.14) [МСЕКТ] 


SOLUTION Wehave, r = 16.5 km and 0 = 80. 
Let A be the area of the sea over which the ships are warmed. Then, 


Ө › _ 80 2 2 

=— = — x 3.14 x 16.5 x 16.5 кт” = 189.97 km 
a” did Е: 

EXAMPLE 8 In Fig. 13.12, there are shown sectors of two concentric circles of radii 7 cm and 3.5 ст. 


Find thearea of the shaded region. (Use x = 22/7). 


Fig. 13.12 
SOLUTION Let A, and A; betheareas of sectors OAB and OCD respectively. Then, 
A, = Area of a sector of angle 30° ina circle of radius 7 cm 


30 B 2l, 2 e AM 0 
NIAE — 


A, = Area of a sector of angle 30° in a circle of radius 3.5 cm. 
„= 


ум“ 
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Area of the shaded region = A, – А, 


= 27 5 (4-1) em? = Z cm? = 9.625 cm? 
24 8 


EXAMPLE 9 A pendulum swings through an angle of 30° and describes an arc 8.8 cm in length. 
Find the length of the pendulum. Use x = 22/7]. 


SOLUTION Here, 0 = 30°,/ = arc = 8.8 cm 


l= x Zur B56 ae 2 кюу = en = 16.8 ст 
360 360 7 22 
EXAMPLE 10 The perimeter of a sector of a circle of radius 5.2 cm is 16.4 cm. Find the area of the 


sector. 
SOLUTION Let OAB be the given sector. It is given that 
Perimeter of sector OAB = 16.4 cm 


=> ОА + OB + arc АВ = 16.4 cm 
5 5.2 + 5.2 arc АВ = 164 
=> arc АВ = бст = l = 6 cm 


Fig. 13.13 


Area of sector ОАВ = 27 — 1 x6x52 cm? = 156 cm? 


EXAMPLE 11 An arc of a circle is of length 5л ст and the sector it bounds has an area of 
20 zcm?. Find the radius of the circle. 

SOLUTION Let the radius of the circle be r cm and the arc AB of length 5x cm subtends 
angle 0 at the centre O of the circle. Then, 


Arc АВ = 5x cm and, Area of sector ОАВ = 20x cm? 


0 0 B 
=> 360 27 rand, 36 * * = 20x з, 
A 1 
E X0 „2з A x 
Z x2nr ЭТ 
360 
r 
=> —=4 
2 
a r=8cm 
Fig. 13.14 


ALITER We know that Area = 2½ > 20r = 1 х5л хт = т Ben 
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EXAMPLE 12 Area of a sector of a circle 
corresponding are of the sector. 


SOLUTION Let A be the area of t 
the corresponding arc. Then, 


of radius 36 cm is San cm? . Find the length of the 


he sector of a circle of radius r = 36 cm and | be the length of 


A = 
2 
1 
=> San * l А = 54 cm? (given) and r = 36 cm] 
= 1 = 3n ст 


— Lee the central angle (in degrees) be 9 . It is given that r =36 cm and area of the sector 
15 л CM. 


Ө э 
360 * T * 30° = 54x | Using. Area 3% x nr? | 
m ga 220360 35 
x (36)° 


Let / be the length of the corresponding arc. Then, 


f= sar = I = <> x 2n x 36cm Sn ста 


- 


EXAMPLE 13 A piece of wire 20 cm long is bent into the form of an arc of a circle subtending an 


angle of 60° at its centre. Find the radius of the circle. NCERT EXEMPLAR] 
SOLUTION Let be the radius of the circle. Here, 0. — 60 and / = 20 cm. 
[= 5.3 x2nr 
360 
=> 20 = 60 x2nr 
60 


3 А 
_ 60 /^ NN 
=> P IDEST. 


A B 
“20 em — 


60 . 
Hence, the radius of the circle is T cm. Fig. 13.15 


EXAMPLE 144^ The length of minute hand ofa clock is 14 cm. Find the area swept by the minute hand 
in one minute. (Шве x = 22/7) | . | | 

SOLUTION. Clearly, minute hand of a clock describes a circle of radius equal to its length i.e. 
14 cm. Since the minute hand rotates through 6" іп one minute. Therefore, area swept by the 
minute hand in one minute is the area of a sector of angle 6" ina circle of radius 14 cm. Hence, 


required area A is given by 


0 2 
= —— Хх ДҮ 
360 
22 2. 154 2 
=> = 360 x 7 x (14) | em 60 7 15 к 


пше hand of a clock is 10 ст long. Find the area of the face of the clock 


EXAMPLE 15 The mir m9 A.M. and 9.35 А.М. 


described by the minute hand betiwer 


wen” 
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SOLUTION Weknow that: 
Angle described by the minute hand in one minute = 6” 
Angle described by the minute hand in 35 minutes = (6 x 35)° = 210° 
Area swept by the minute hand in 35 minutes 


= Area of a sector of angle 210" ina circle of radius 10 cm 


(210 22 


x — x (10)? | cm? = 183.3ст\? | Using A= wu x nr | 


~ (360° 7 
EXAMPLE 16 The short and long hands ofa clock are 4 cm and 6 cm long respectively. Find the sum 
of distances travelled by their tips in 2 days. (Take x = 22/7) 
SOLUTION  In2 days, the short hand will complete 4 rounds. 
Distance moved by its tip = 4 (Circumference of a circle of radius 4 cm) 
22 704 
= Е Е em 
7 
In 2 days, the long hand will complete 48 rounds. 
Distance moved by its tip = 48 (Circumference of a circle of radius 6 cm) 


d 22 pi 
= 48x{ 2x6 em- E em 


12672 
+ Sum of the distances moved by the tips of two hands of the clock = | P * = | cm 
= 1910.85 cm 
EXAMPLE 17 In a circle with centre O and radius 5 cm, AB isa chord of length 54/3 cm. Find the 
area of sector АОВ. 
SOLUTION It is given that AB =5J/3cm. 
— AL = BL = ne cm 


Let ZAOB = 20. Then) ZAOL = ZBOL = 0. 
In AOLA, we have 


543 
FM t. 2 53 
Dé Е a 
- ай Fig. 13.16 
Е АОВ = 120° 


2 3 5 
Area of sector АОВ = E xzx5 cm? = — 


м 


EXAMPLE 18 Ап umbrella has 8 ribs which are equally spaced. Assuming umbrella to be a flat 


circle of radius 45 cm. Find the area between the two consecutive ribs of the umbrella. 
[NCERT] 


SOLUTION We know that the ribs of an umbrella are equally spaced. 


5 
Angle made by two consecutive ribs at the centre = st 45° 


— — = 


— . ———P Ee a= 


AREAS RELATED TO CIRCLES 13.23 


Fig. 13.17 
Let A be the area between two consecutive ribs. Then, 
A = Area of a sector of a circle of radius 45 cm and sector angle 45° 
45 22 


m 4860 F assas cm? СЕИ 


2 
" A = Sx 45х 45 cm? = 79553 cm? 
EXAMPLE 19 А brooch is made with silver wire in the form of a circlewith diameter 35 mm. The 
wire also used in making 5 diameters which divide the circle into 10 equal sectors as shown in 
Fig. 13.18. Find: (i) the total length of the silver wire required (ii), the area of each sector 1 
the brooch. [N 
SOLUTION (i) Let be the total length of the silver wire. Then, 


Fig. 13.18 


35 ЖЕЕ 
| = Circumference of the circle of radius —- mm + Length of five diameters 
£9 
a FI. 35 +5x35mm = [T TS 175 mm = 285 mm 


=> 


(ii) The circle is divided into 10 equal sectors. Therefore, area A of each sector of the brooch 
is given by 


М 


А х 


1. 22 
— ÓMN o 
7 


| 35 35 
10 2 


1 l 35 P 12 > 385 
A M imos (Area of the circle) = — x NX | — | mm = mm = — mm 
10 10 4 


¿round the rim of a pulley of radius 5 cin. One point on the belt 


EXAMPLE 20 An elastic belt is places Ile | ) 
иесй ' O of the pulley until it is at P, 10 cm from O. Find the length 


is pulle € way from the centre { ; 
. ane e with the rim of the pulley. Also, find the shaded area. [CBSE 2016] 
13.19, let ZAOP = Z BOP = 0. Clearly, portion AB of the belt is not in 


SOLUTION In Figure | 
pulley in right triangle ОАР, we have 


contact with the rim of the 
OA 5 1 0 60 / АОВ = 20 = 120° 


cos 0 = gp 10 2 
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120°x 2x 0x5 10л | m 18 
Arc AB = ——__ om e Using: | = — x2 
Wc АЁ 360 cm 3 cm 8 360 * 2nr 


Fig. 13.19 


Let / be the length of the belt that is in contact with the rim of the pulley Then, 


; 10x 20x 
l = Circumference of the rim - Length of arc AB = 2x x 5cm- — =" 


Now, 
2 2 2 2 А 0 2 
Area of sector OAQB = 30 tx 5° cm* = Sent | Using: Area 7и nr | 


Applying Pythagoras theorem in AOAP, we obtain 


OP? = OA? + AP? = AP = VOP? - OA? = J100 - 25 = 543 ст. 
Area of quadrilateral OAPB = 2(Area of AOAP) 


] А А 
ғо {5x 0Ax АР) = 5х 543 cm? = 2543 cm? 
Hence, Shaded area = Area of quadrilateral OAPB ~ Area of sector OAQB. 


8 


EXERCISE 13.2 


1. Find, in terms of л, the length of the arc that subtends an angle of 30° at the centre of a 
circle of radius 4cm. 

2. Find the angle subtended at the centre of a circle of radius 5 cm by an arc of length 
(51/3) em. 

3. An arc of length 20x cm subtends an angle of 144° at the centre of a circle. Find the radius 


of thecircle. 

4. Anarcof length 15 cm subtends an angle of 45° at the centre of a circle. Find in terms of 
л, the radius of the circle. 

5. Find the angle subtended at the centre of a circle of radius ‘a’ by an arc of length 
(ал/4) cm. 

6. Asector of acircle of radius 4 cm contains an angle of 30°. Find the area of the sector. 

7. A sector ofa circle of radius 8 cm contains an angle of 135°. Find the area of the sector. 
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9. 


10. 


11. 


12. 
13. 


14. 


15. 


16. 


17. 
18. 


19. 


20. 


21. 


24. 


26. 
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The area of a sector of a circle of radius 2 cm is x cm". Find the angle contained by the 
sector. i 
The area of a sector of a circle of radius 5 em is 5 x cm?. Find the angle contained by the 
sector. | р 
we the area of the sector of a circle of radius 5 cm, if the corresponding arc length 
15 3.5 en. [NCERT EXEMPLAR] 
In a circle of radius 35 cm, an arc subtends an angle of 72° at the centre. Find the length 
of the arc and area of the sector. 

The perimeter of a sector of a circle of radius 5.7 m is 27.2 m. Find the area of the sector: 
The perimeter of a certain sector of a circle of radius 5.6 m is 27.2 m. Find the area of the 
sector. 


A sector is cut-off from a circle of radius 21 cm. The angle of the sector is 120*. Find the 
length of its arc and the area. 

The minute hand of a clock is A cm long. Find the area described by the minute hand 
on the face of the clock between 7.00 AM and 7.05 AM. 

The minute hand of a clock is 10 cm long. Find the area of the face of the clock described 
by the minute hand between 8 AM and 8.25 AM. 

A sector of 56° cut out from a circle contains area 4.4 em". Find the radius of the circle. 
Area of a sector of central angle 200° of a eircle is 770 ст. Find the length of the 
corresponding arc of this sector. [NCERT EXEMPLAR] 
The length of minute hand of a clock 185 cm. Find the area swept by the minute hand 
during the time period 6:05 amd and 6: 40 am. [NCERT EXEMPLAR] 
The length of the minute hand of a clock is 14 cm. Find the area swept by the minute 
hand in 5 minutes. [CBSE 2013] 
Inacircle of radius 21 cm, an arc subtends an angle of 60? at the centre. Find (i) the length 
of the arc (ii) area of the sector formed by the arc. ( Use x = 22/7) [CBSE 2013, 2017] 


. From acircular piece of carboard of radius 3 cm two sectors of 90* have been cut off. Find 


the perimeter of the remaining portion nearest hundredth centimeters (Take 
x = 22/7). 
The area ofa sector is one-twelfth that of the complete circle. Find the angle of the sector. 


AB is achord of a circle with centre O and radius 4 cm. AB is of length 4 cm. Find the area 


of the sector of thecircle formed by chord AB. 
Inacircle of radius 6 cm, a chord of length 10 cm makes an angle of 110? at the centre of 


the circle. Find: 


(i) the circumference of the circle, (ii) the area of the circle, 
(iii) the length of the arc AB, (iv) the area of the sector ОАВ. 
Figure 13.20, shows а sector of a circle, centre O, containing an angle 0*. Prove that: 


du s sem ac 10 = 
(i) Perimeter of the shaded regionis r| tan © + sec 488 


-— р? 0 
(ii) Area of the shaded region 15 70 tan 0 - Tm 


13.26 
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A oq) 
rem 
A 
Fig. 13.20 Fig. 13.21 
Figure 13.21 shows а sector of a circle of radius r cm containing an angle 0% The area of 
the sector is А cm? and perimeter of the sector is 50 cm. Prove that 
(i) 9 = 2/21) (ii) А =25r-r? 
& X) 
ANSWERS 
1. ZE em 2. 60° 3. 25cm 4. Sem 
o 4n 2 2 o 

5. 45 6. — cm 7. An cm 8. 90 

9, 72° 10. 8.7cm? 11. 44 cm, 770 cm? 12. 45.03 т> 
13. 44.8 т> 14. 44 ст, 462 ст? 15. 55cm? 

" 220 9..5 

16. 130.95 cm? 17. 3cm Ы ҸҸ 19. 5 cm 
20. 51.30 cm? 21. (i) 22 cm, (ii) 231 cm? 22. 9.428 cm 
23. 30° 24. t cm? 
25. (i) 37.68cm (ii) 113.1 m? (iii) 11.51 cm (iv) 34.5 cm? 


13.4 SEGMENT OF A CIRCLE AND ITS AREA 

Consider a circle of radius rhaving centre at point O. Let PQ be a chord of the circle and let R 
and S be two points on it as shown in Fig. 13.22. The area enclosed by the circle is divided by 
the chord PQ into two segments, viz. PRQ and PSQ. Each of these two segments has an arc of 
the circle as a part of its boundary. Arc PRQ is the minor one and the arc PSQ is the major 
one. 

SEGMENT OFACIRCLE The region enclosed by ana and a chord is called the segment of the circle. 

In Fig. 13.22, the shaded region PRQ is a segment of the circle. The boundary of a segment 
consists of an arc of the circle and the chord determining the segment. 


S 


Р^= Q 
R 
Fig. 13.22 
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MINOR SEGMENT If the b » — | 
зз ү ; boundary of a segment is a minor arc of a circle, then the corresponding 
segment is called a minor segment , А 
ў ; 


In Fig. 13.22, segment PQR isa minor segment. 

MAJOR SEGMENT A segment corresponding a major arc of a circle is known as the major segment. 
In Fig. 13.22, segment PQS isa major segment. 

13.4.1 AREA OF A SEGMENT OF A CIRCLE 


Draw acircle of radius r. Let O be the centre of thecircle and PQ bea chord dividing the circle 
into two segments PRQ and PSQ as shown in Fig. 13.23. Suppose we wish to find thearea 


of the minor segment PRQ (shaded region in Fig. 13.23). Let Z POQ = Ө. 
S 


Fig. 13.23 


It is evident from Fig. 13.23 that 
Area of the sector OPRQ = Area of the segment PRQ + Area of AOPQ 
= Area of the segment PRQ= Area of the sector OPRQ ~ Area of AOPQ * 
0 > 
Clearly, Area of the sector OPRQ= 360 хл,” 


In AOLP, we have 


0 6 PL 
cos 2 E and, sin 7 = OP 
8 eile 
=> OL 2 ОР. cos =r cos z and, PL = OP sin 2 =rsin 2 
0 CAN... 
=> OL r cos and, PQ = 2PL = 27 sin 2 
024 PQ x OL) = 1 (2rsin 2 xr cos 5 | = 1? sin2cos 2 
Hence, 
M res 2 ра sos 
Area of segment РКО = 360 Га?) 360 2 55) 


RE) < Area of the major segment PSQ= пг“ ~ Arca of minor segment РОК. 


NOTE Its , noted that the area of the minor segment of a circle is always less than the area of 
poderi da sector but the area of the major segment of a circle is greater than the area of 


its corresponding sector. 


B. v weil —— UMMDMDnMUnnnnm а 
r1 —. 11] 
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EXAMPLE 1 Find the area of the segment of a circle, given that the angle of the sector is 120° and the 
radius of the circle is 21 cm. (Take x= 22/7) 
SOLUTION The area A of a minor segment of a circle of radius r and the corresponding 
sector angle 0 (in degrees) is given by 
Í N P 0 4 2 
А -1——x0-sinccos—,r^ 
(360 2 24 


` 


Here, r = 21 cmand 0 = 120°. 


ES - GE 
Area of the segment = 265 " 9 n cui. r Q 
„ sin 60° совё0°| (21)? cm? А 
7 360 Fig. 13.24 


- [2-108 ay a 

a2 2 

_4 22 „(оцу оу 2j 2 

[2 (21)° - (21) x Xy 

= ( 462-2 3 Jem? Zl (8 21/8) em? 


EXAMPLE 2 A chord AB ofa circle of radius 10 cm makes a right angle at the centre of the circle. 
Find the area of the major and minor segments (Take x = 3.14) [CBSE 2016] 
SOLUTION We know that the area of a minor segment of angle o (in degrees) in a circle of 
radius ris given by 
79 . ө Q8 
A= E sin T 
Here, г = 10 and. =90° 


D A Min 45* cos 45°| (10) cm? 
360 A B 


314 1 1 NES 

А = = — х — }(10)° ст? 
ы ". mj Fig. 13.25 
x A 2:48.14 x 25 — 50} cm? = (78.5 – 50) cm? = 28.5 cm? m 


Area of the major segment = Area of the circle - Area of the minor segment 
- (314x107 -28.5) cm? =(314—28.5) cm? «285.5 cm? 
EXAMPLE з A chord AB ofa circle of radius 15 cm makes an angle of 60° at the centre of the circle. 
Find the area of the major and minor segment. (Take x 3.14, J3 =1.73) [CBSE 2017] 
SOLUTION We know that the area of a minor segment of angle @ (in degrees) in a circle of 
radius ris given by 
nO 0 


: 0 
=(—— — COS — 
" E "Md d 


2 
Р 


— 
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3.14 x 60 
A = — _ ee Н о о -\2 2 
= | 360 sin 30°со 30 las ст? 
3.14 3] 
ER A= ри - х : 
6 4 f x 225 cm 
EN A = (0.5233 — 0.4330) 225cm? = 225 x 0.902 cm? = 20.295 cm? 


Fig. 13.26 


Area of the major segment = Area of the circle - Area of the minor segment 


= [3.14 x (15)? — 20.295] cm? = (706.5 – 20.295] cm? = 6861205 cm? 
EXAMPLE 4 In a circie of radius 21 cm, an arc subtends an angle of 60? at the centre. Find: 
(i) length of the arc (ii) area of the sector formed by the arc [NCERT] 
(iti) area of the segment formed by the corresponding chord of the arc. 


SOLUTION Let O be the centre of the circle of radius 21 cm such that an arc APB subtends 
60* angle at the centre O. 


(i) Len th of the are APB Sx x аг = 9. x 2x 2 x 21 cm = 22cm iu 
5 360 360 7 
(ii) Area of sector OAPB = М. дт? = D e 21x 21 cm? = 231 cm? 
360 360 7 
0 E 0] 5 
(iii) Area of the segment APB = 250 - sin 7 cos 3 г" 


22 60 и э 
= | х ; sin 30° cos 30° х 21 x 21 em? 


V3 


eB onn om? 
2 


231- 


= {1121-23 x 2121 fem? 


ныз | cm? =(231—- 190.95) cm?- 40.05 cm? 
EXAMPLE 6 A'chordofacirde of radius 10 cm subtends a right angle at the centre. Find: 


(i) area of the minor sector (ii) area of the minor segment 
(iii) area of the major sector (iv) area of the major segment (Use яз 3.34) [CBSE 2016] 
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SOLUNON The area of the minor sector is a circle of radius rand sector angle 0 (in degrees) 
is given by 


Fig. 13.28 


Sin. 


Io 


л 290 
The area ot the corresponding minor segment is given by 300 sing cos 


— 


Here, r= 10 cm and 0 = 90° 


(i) Area ot the minor sector OAPB = 


Ө х ar? = s 3.14 x 10x 10 cm? = 78.5 em? 
3 360 


(ii) Let A be the area of the minor segment APB. Theft, 


A= Е.И. ce Bla 
360 2 2| 
— A= ERT T 0 A 45° сёй й5° 0 x 10 cm? 
i | 360 | 
zs A= Е x 100 em? - [E+ - so Jem: = (78.5 — 50) cm? = 28.5 cm? 


(iii) Let A, be the area of the major sector OAQB. Then, 

A, = Area of the circle - Area of the minor sector OA PB. 
= A, = (3.14 x 10x 10 - 78.5) em? = (314 – 78.5) cm? = 235.5 cm? 
(iv) Let A, be the area of the major segment AQB. Then, 

Аз = Area of the circle - Area of the minor segment APB 


E A; = (3.14 x 10 x 10 - 28.5) cm? = 285.5 cm? 
EVE 


EXAMPLE 6 Figure 13.29 shows two arcs, A and B. Arc A is part of the circle with centre 
O and radius OP. Arc B is part of the circle with centre M and radius PM, where M is the mid-point 


of PQ. Show that the area enclosed by the two arcs is equal 025 | J3 — = em. [CBSE 2016] 
SOLUTION Let A; be the area enclosed by arc B and chord PQ. Then, 


5 


A, = Area of semi«ircle of radius 5 cm = i Б crat a. == -— 


Let ZMOQ - ZMOP - 0 
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In AOMP, wehave 


Е PM 1 
sin Ө = — = — = = 
OP 10 2 
=> 0 = 30° 
=> ZPOQ = 20 = 60° 


Р 


Fig. 13.29 


Let A, be the area enclosed by arc A and chord PQ. Then, 
A, = Area of segment of circle of radius Id em and sector containing angle 60° 


«o2 | KE ANTE ИИ. К 
> Ay = [ZZE - ып 30" cost i en | жс Cages" 


125 50x = 2 
Clearly, Required area= Ap- 4; = | E (= - 2543 ) em 


[55 Jom’ -25 | 48 - E em 


— * J * h 
EXAMPLE / Find the difference of the areas of two segments of a circle formed by a chord of lengt 
5 cm subtending an angle of 90° at the centre. [NCERT EXEMPLAR] 


SOLUTION Let r be the radius of the circle. Using Pythagoras theorem in A AOB, we obtain 
AB? = ОА? + ОВ? 


; > 
= 52 =r +r? 


25 


2 — 
— e 


ы “л 


Let A, and A, be the areas of minor segment ACB and major 
segment ADB respectively. Then, 


nd . 0 7 2 
A, „ sin g cos |" 
E ) 2 


o 5 .. A o 
= А; (30 x 90- 94570645 БЕЗ E 0 = 90* and ғ 


Ü 


n 
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11.25 . 5 (2% 25 2 
-=| x= em" = p - — |ст? 
2 1 


| (5 Y (25л 25\| 2 (25x 25л 25 2 (75r 25) , 
t (Z 1 cm? À— L— [ORI =| em 


As =) nx] — — = 
CIS 8 4) 3 8 4 8 4 
| 75х 2 25л 25 1 
Required difference = A, ~ A, = (Z + = - E — = em? 
E: 2 25 2 
[£82 саг = — (л + 2) ст? 
4 2 4 


EXERCISE 13.3 


- AB is a chord of a circle with centre О and radius 4 cm. AB is of length 4 cm and divides 


the circle into two segments. Find the area of the minor segment. 


A chord PQ of length 12 cm subtends an angle of 120° at the centre of a circle. Find the 
area of the minor segment cut off by the chord PQ. [NCERT] 


A chord ofa circle of radius 14 cm makes a right angle at the centre. Find the areas of the 


minor and major segments of the circle. 


A chord 10 cm long is drawn in a circle whose radius is 5/2 cm. Find area of both the 
segments. (Take л =3.14). 


A chord AB of a circle, of radius Ià em makes an angle of 60° at the centre of the circle. 


Find the area of the minor segment of the circle. (Use x =22/7) 


. Find the area of the minor segment of a circle of radius 14 cm, when the angle of the 


corresponding sector is 60°. [NCERT EXEMPLAR] 


A chord of a circle of radius 20cm subtends an angle of 90° at the centre. Find the area of 


the corresponding major segment of the circle. (Use x =3.14) 
[NCERT EXEMPLAR] 


- Theradius of a circle with centre О is 5 cm (Fig. 13.31). Two radii OA and OB are drawn at 


right angles to each other. Find the areas of the segments made by the chord AB 
(Take л = 3.14). 


Fig. 13.31 
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centre О. C is a point on the circumference such that 
а of the minor segment cut off by AC is equal to twice the area of 
the sector BOC. Prove that sin 9 cos 9 _ il LM =| 

2 2 2 120) 


9. AB is the diameter of a circle 
Z COB = 0. The are 


Fig. 13.32 


10. A chord of a circle subtends an angle of Ө at the centre of the circle. The area of the minor 
segment cut off by the chord is one eighth of the area of the circle. Prove that 


NI: 0 nO 
8 sin — cos — + л = —. 
2 2 45 
ANSWERS 
* | = - 4/3 } cm? 2. 4(4л - 33) cm? 3. 56 cm?, 560 cm? 
308 А 

4 14.25 сп2,142.75 em? 5, 17.80 cm? 6. ( CE 1945 Jem 
7. 285.5 cm? 8. 7.135 cm’, 71.425 cm? 


13.5 AREAS OF COMBINATIONS OF PLANE FIGURES 


In our daily life we come across various plane figures which are combinations of twoor more 
plane figures, For example, window designs, flower beds, drain covers, circular paths etc. In 
this section, we shall discuss problems on calculating areas of such figures by using the 
knowledge of computing areas of different plane figures studied in earlier classes. 


Following examples will illustrate the process of computing areas of plane figures which are 
combinations of two or more plane figures. 


— eee ess 


EXAMPLE 1 /n figure 13.33, find the area of the shaded region [Use x = 3.14] 
SOLUTION Let ids the radius of the circle. Clearly, Diameter of the circle = Diagonal BD of 
rectangle ABCD. 


Applying Pythagoras theorem in ABCD, we obtain 
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BD = NBC? + Ср? = v +82 em = 10cm 
. 2r=BD>2r=105r=5 


Area of rectangle ABCD = АВ x BC = (8 x 6)cm? = 48cm? 


Area of the circle = x? = 3.14 x (5 cn? = 78.50 cm? 


Area of the shaded region = Area of the circle - Area of rectangle ABCD * 
= (78.50 - 48) cm? = 30.50 em? Fd. 
EXAMPLE 2 А paper is in the form of a rectangle ABCD in which AB = 20 cm. and 


BC = 14 cm. A semi-circular portion with BC as diameter is cut off. Find the area of a remaining 
part. 


SOLUTION Wehave, 
Length of the rectangle ABCD = AB = 20 cm 
Breadth of the rectangle ABCD = BC = 14 cm 


Area of rectangle ABCD = (20x 14) cm? = 280 cm? 


Diameter of the semi-circle = BC = 14 cm 
Radius of the semi-circle = 7 cm 


14 cm 


Fig. 13.34 


Let A, be the area of the semi-circular portion cut off from the rectangle ABCD. Then, 
А; = 1 (gr?) = (2 an = 77 cm? 
2 Rm A 
Area of the remaining part = Area of rectangle ABCD ~ Area of semi-circle 


= (280 - 77) cm? = 203 cm? 
3 Find the area of the shaded region in Fig. 13.35, if ABCD is a square of side 
14 cm and APD and BPC are semi-circles. [NCERT] 
SOLUTION Let A be the area of the shaded region. Then, 
B-7cm-«-O'- 7 ст + С 


A — 7ст+- О + em- 
Fig. 13.35 
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A = Area of square ABCD — Area of two semi-circles 
—34 2 1 22 2 2 > ? 
=> As Ren -2( 5227? Jen? = 196cm- 154 em? = 42 em? 


—— я i A horse is placed for grazing inside a rectangular field 70 m by 52 m and is tethered 
to one corner by a rope 21 m long. On how much area can it graze? | 
SOLUTION Shaded portion indicates the area which the horse can graze. Clearly, shaded 
area is the area of a quadrant of a circle of radius r = 21 m. 

Cc 


B 
52m 
| 
О zw P A 
— 70 01 — 
Fig. 13.36 
AES 
Required area = "idi 
— Required area = n x = х (21)? |е? = em? = 346.5 cm? 


EXAMPLE 5 A square park has each side of 100 т. At each corner of the park, there is a flower bed 
in the form of a quadrant of radius 14 m as shown in Fig. 13.37. Find the area of the remaining part 
of the park (Use x = 22/7). 

SOLUTION Let A be the area of each quadrant of a circle of radius 14 m. Then, 


Fig. 13.37 


á 2 
Me 1 (п?) 1, 2, 1414 = 154m? 
4 a 7 


Area of 4 quadrants = 4A = (4x 154) m? = 616 m° 


Area of square park having side 100 m long = (100 х 100) m? = 10,000 т? 


Hence, 
Area of the remaining part of the park = 10,000 — 616 = 9384 m? 


1 cover is made 


air ^11 
EXAMPLE 6 Ай" Пей in it. Find the area of the remaining square plate. 


diameter 1 cm each dri 


from a square metal plate of side 40 cm having 441 holes of 
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SOLUTION Area of square metal plate = 40 x 40 cm? = 1600 cm? 
4 2 ? 
Area of each hole = zr? = 22 * | l | cm? = П 2 
7 


Area of 441 holes = 441 x He = 346.5 cm 
Hence, Area of the remaining square plate = (1600 — 346.5) cm? = 1253.5 cm? 


EXAMPLE 7 Floor of a room is a dimensions 5m x 4m and it is covered with circular tiles of 
diameter 50 cm each as shown in Fig. 13, 38. Find the area of the floor that remains uncovered 


with tiles (Use x 3.14). [NCERT EXEMPLAR] 


Fig. 13.38 
SOLUTION Length of the room =5 m, Breadth of the room - 4 m, 
Diameter of each tile = 50cm 20.5 m 


Number of tiles along the length in a row= t - 10 


Number of tiles along the breadth in a column = = = 


Total number of tiles used to cover the floor = 10 x 8 = 80 
Area of each tile = xr? = 3,14 x (0.25)* m? = 0.19625 m? 
Total area covered by 80 tiles = 80 x 0.19625 m? = 15.7 m? 
Area of the floor of the room = 5 x 4 m? = 20) m? 

Area of the uncovered floor = (20— 15.7) m? = 4.3 m? 


EXAMPLE s. Ona square cardboard sheet of area 784 cm2, four circular plates of maximum size are 
placed such that each circular plate touches the other two plates and each side of the square sheet is 
tangent to circular plates. Find the area of the square sheet not covered by the circular plates. 


[NCERT EXEMPLAR] 
SOLUTION Let the radius of each circular plate be r cm. Then, 


Fig. 13.39 
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Length of each side of the square sheet = 4r cm. 


Area of the square cardboard sheet = (Ar x 4r) cm? = 16 em 
But, thearea of the cardboard sheet is given to be 784 cm? 


16r? = 784 = r? = 49 2 727 


Area of one circular plate = лг? = = x 7? cm? = 154 cm? 


Area of four circular plates = 4 x 154 cm? = 616 cm? 


Uncovered area of the square sheet = (784 — 616) cm? = 168 cm? 


EXAMPLE 9 Onasquare handkerchief, nine circular designs each of radius 7 cm are made. Find the 
area of the remaining portion of the handkerchief See (Fig. 13. = [NCERT] 


ae 
SS 
X ОЎ 2 
б 
S 

O 


Fig. 13.40 
SOLUTION Radius of each circle = 7 cm 
е Diameter of each circle = 14 cm. 
Length of each side of the square = 14 ст + 14 cm + 14 cm = 42 ст 
So, area of the handkerchief = 42 x 42 cm? = 1764 cm? 


Z 


8 
Area of 9 circles each of 7 cm radius = (9x n x 7?) cm? = (9 x S х 72 Jem 


= 1386 cm? 
Hence,  Areaofthe remaining portion of handkerchief = 1764 cm? - 1386 cm? = 378 cm? 
EXAMPLE 10 Four equal circles are described about Ihe four corners of a square so that each touches 
two of the others as shown in Fig. 13.41. Find the area of the shaded region, each side of the 
square measuring 14 cm. [NCERT] 


Fig. 13.41 
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SOLUTION Let ABCD be the given square each side of which is 14 cm long. Clearly, the 
radius of each circle is 7 cm. 


Area of the square of side 14 cm long = (14x 14) cm? = 196 cm? 


' Te Е 
Area of each quadrant of a circle of radius 7 ст = a (nr^) 


E 457 anz 38.5 cm? 
4 7 


Area of 4 quadrants = 4 х 38.5 cm? = 154 cm? 
Hence, 
Area of the shaded region = Area of the square ABCD - Area of 4 quadrants 
= (196 - 154) cm? = 42cm? 
EXAMPLE 11 ABCD is a flower bed. If OA = 21 m and ОС = 14 m, find thé area of the bed. 
(Take x = 22/7). IN 
SOLUTION Wehave, ОА = К 21 mand OC=r=14m 


Fig. 13.42 
Area of the flower bed = Area of a quadrant of a circle of radius R 
- Area of a quadrant of a circle of radius r 


22 
x 7Qr -M')m?  [:R-21m and r - 14m] 


P orna -na) m? = [E22 3537 | m 
-1925m? 


EXAMPLE 12 In Fig. 13.43, AOBCA represents a quadrant of a circle of radius 3.5 cm with centre О. 


Calculate the area of the shaded portion (Take n = 22/7). [CBSE 2014, 2017, NCERT] 
SOLUTION We find that: 


Area of quadrant AOBCA =? = ox 7 655 
.1 2 7 7 2 2 2 
x» - uim 8 ст“ = 9.625 cm 


RR a — o ꝛ— — 


eee 
— — 
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| ' 


3.5m—— 
Fig. 13.43 


1 М 
Areaof AAOD = 2^ Base x Height = = (OA x OB) = © (3.5 x 2) cm? = 3.5 em? 


Hence, 
Area of the shaded portion = Area of quadrant- Area of A AOD 


= (9.625 — 3.5) cm? = 6.125 ст? 


EXAMPLE 13 A circular grassy plot of land, 42 m in diameter, has a path 3.5 m wide running round 
it on the outside. Find the cost of gravelling the path at. & 4 per square metre. 
SOLUTION Radius of the plot = 21 m. 


Radius of the plot including the path = (21 ＋ 3.5) m 24.5 m 
Area of the path = [x (24.5)? - x (21)? } m? 


л { (24.5)? - 213] m? 
x ((24.5 21) (24.5 —21)] m? 


= {т (45.5) x (3.5)} т? , 


2 5 ^ 
d I x 45.5 03.5102 = 5005 m? — 
Fig. 13.44 


Hence, cost of gravelling the path = & (500.5 x 4) = X 2002. 


EXAMPLE 14 ABCP isaquadrant of a circle of radius 14 cm. With AC as diameter, a semi-circle is 
drawn. Find the area of the shaded portion. [NCERT, CBSE 2008, 2014] 


SOLUTION Applying Pythagoras theorem in theright-angled triangle ABC, we obtain 


AC? = ÀB? BC? 


E AC? 234? +14? = 2x 14? 
— AC = М2 14? = 1442 cm 


la 1442 em 7.5 cm 


=> i "== 


2 
Let A be the area of the shaded portion. Then, 
A = Area APCQA 
= A = Area ACQA - Area ACPA Fig. 13.45 
A = Area ACQA - (Area ABCPA — Area of A ABC) 
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- А = (Area of sem-circle with AC as diameter) 


Area of a quadrant of a circle with AB as radius- Area of A ABC] 


1 (22 А > 
a Ачал) (1x Barat Lus 
217 4 7 2 
ээ 
=> A = (5 Fx tool кыхы хма 
2 7 4 7 2 
a A = (154 ~ 154 + 98) cm? = 98 cm? 


EXAMPLE is The inner and outer diameters of ring I of a dartboard are 32 cm and 34cm 


respectively and those of rings II are 19 cm and 21 cm respectively. What is the total area of these two 
rings? 


SOLUTION We find that: 


A, = Area of ring I = (x x 177 - x x 16°) cm? 


2 2 2 2 
А xq = 167) ent 


Fig. 13.46 
A, = Area of ring П = (x x 10.5% x x 9,57) cm? 


=n (10.5? -9.5? ) em? -2, (10.5 +9.5)(10.5 -9.5) cm? = 2, 20 cm? 
Hence, 


Total area of tworings = A, + А, = = x33 + Ie 20 cm? 


Е E x (33 + 20) cm? = 166.57 cm? 


EXAMPLE 16 Find the area of the shaded region in Fig. 13.47, if РО = 24cm PR Ven and O is 


the centre of the circle. [NCERT, CBSE 2009] 
SOLUTION Clearly, ZRPQ is the angle in a semi-circle. Therefore, it is a right angle. 


Using Pythagoras theorem in A RPQ, we obtain 
КО? = ЕР? + РО? 


а = КО? =7? +242 = 625 


> КО = 25cm 


Radius of the circle = 210 = Dem 
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Let A be the area of the shaded region. Then 
A= Area of the semi-circle – Атев, of A RPQ. 


«m TT NE 
=» Hunt -25* PRxPQ 


| 28 


EXAMPLE 17 Find the area of the shaded region in Fig. 13.48, where radii of the twa concentric 
circles with centre O are 7 cm and 14 cm respectively and 2 AOC = 40°. 


11.22 775} 1 2 5 
- A= [24 2] EL = [6875 84 cm? = A m? 


[CBSE2014, NCERT] 
SOLUTION We have, 
Fig. 13.48 
Area of the region ABDC= Area of sector AOC — Area of sector BOD 
' 22 22 : 
(ык Tasa x x77 Jem? | 
360 7 360 7 
Ё 55 1 | > 
=| —x 22x 14x 2-——x22x7x1|cm* 
9 9 | 
2 2 2 
- z х (28 —7)cm* = A en 


Pigs к 
Area of the circular ring = E x14x14- 5 K 7 * 7 | cm? 


-(22x14x2-22x7 x1) cm? = 22x21 cm? = 462 cm? 


154 2. > +: > 15 5 
Hence, Required shaded area = ( - Am cm^ = —— ст? = 410.67 ст“ 


— 


EXAMPLE 18 AB and CD are respectively arcs of two concentric circles of radii 21 ст and 7 cm and 
centre O. If ZAOB = 30°, find the area of the shaded region. [NCERT, CBSE 2012] 


SOLUTION Let A be the area oif the shaded region. Then, 
A = Area of sector ОАВ Area of sector OCD 


3022,52 - 30,7757 om? 


= 3 
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Fig. 13.49 
11 
- 2 0197) 01-7) em? = x 28x 14 em? = 102.67 em? 


EXAMPLE 19 Find the areas of the shaded region in the Fig. 13.50. 
SOLUTION Itis given that the radius of the bigger semi-circle is r= 14 cm 


A, = area of the bigger semi-circle = E = 5х2 2s (44% cm? = 308 cm? 


Fig. 13.50 
Radius of each of Һе smallercircle is j = em 


A, = Area of 2 smaller semi-circles 520281 )=2(2*25х*7°)‹а? = 154 cm? 


Hence, required area = A, + А, = (308 + 154) cm? = 462 cm? 


EXAMPLE 20 In Fig. 13. ABCD isa y grin of side 10 cm. Semi-circles are drawn with each side 
(i 


of square as diameter, Find thearea of te unshaded region (ii) the shaded region 


Sou Let us mark the four unshaded regions as Ri, Ro, Ёз and Ry. 


Р 
10ст 
Fig. 13.51 


[NCERT, CBSE 2016] 
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Clealry, 
Area of Кү + Area of R, 


= Area of square ABCD- Area of two semi-circles having centres at Qand 5 
= 1 2\2 
= (10. D Ae га Jem? [- Radius = AP = 5cm] 


= (100 - 3.14 x 25) cm? = (100 — 78.5) cm? = 21.5 cm? 
Similarly, we have 


Area of R, + Area of К, = 21.5 cm? 
(i) Area of the unshaded region = Area Ri + Area R, + Area К; + Area R. 
= (Area К; + Area R5) + (Area R, + Area R4) 


= 2(21.5) cm? = 43 ст? 
(ii) Area of the shaded region 


= Area of square ABCD - (Area of К; + Area of К, + Area of R5 + Area of К) 
= (100 - 2x 21.5) cm? = 57 cm? 


EXAMPLE 21 In Fig. 13.52, ABC is an equilateral triangle inscribed in a circle of radius 4 cm with 
centre O. Find the area of the shaded region. 


SOLUTION Leth be the height of А АВС and R be the radius of the circumcircle. Then, 


GA НЕТКЕ. a 
3 2 
= к = 2handh =~! = R = A = а= дй а = 44 


Let the length of each side of equilateral A ABC be a. 
We find that: Z AOC = 2ZABC = 260° =120° 


Required area = i (Areaof the circle - Area of A ABC) 


м 


at 30 КА – v3 x side | 


3 2 


Fig. 13.52 


(an- 343) cm? 


- 1 16x , (43)? Lem? 
3 4 | 
4 
3 


5 (167 -1243) cm? = 
EXAMPLE 22 PQRS isa diameter ofa circle of radius 6 cm. The lengths PO, QR and RS are equal. 
Semi-circles are drawn on PQ and QS as diameters as shown in Fig. 13.53. F ind tlie perimeter 
and area of the shaded region. 


SOLUTION PS = Diameter of a circle of radius 6 cm = 12 cm 


9 
PQ = QR = RS = = 4cm, QS = ОК+ RS = (4+ 4)cm = Bem 


and Abe the area of the shaded region. 
leofradius6cm + Arc of semi-circle of radius 4 cm 
+ Arc of semi-circle of radius 2 cm 


Let P be the perimeter 
P = Arc of semi-circ 
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Fig. 13.53 


=> P=(nx6+nx44+2x2)cm=122cm 
and, 
A = Area of semi-circle with PS as diameter + Area of semi-circle with PQ as diameter 
Area of semi-circle with QS as diameter. 


1.22 1 22 


=> A= x (6 + 5x - x (AP 


i 
2 


— 


=> A= x 


7 

y; NR 5 

22 (6? PB) ad pH og e = 37.71cm? 
7 2 7 7 


EXAMPLE 23 Find to the three places of decimals the radius of the circle whosearea is the sum of the 
areas of two triangles whose sides are 35, 53, 66 and 33; 56, 65 measured in centimetres 
(Use л = 22/7). 


SOLUTION For the first triangle, we have a = 35, b 53 and c= 66. 


_a+b+c 35453466 
2 2 


Let A, be thearea of the first triangle. Then, 
A, = Js (s — a) (s - D) (s ^ c) 
= А, = 477 (77 - 35) (77 253) (77 – 66 = 477 x 42x 24 x 11 


= Ay = V7 x 19X76 x 6% 4x11 = 472 x1 x6? x2? =7 «11x 6x2 = 924 cm? 
..«(i) 


s 


= 77 cm 


For the second triangle, we have a = 33, b = 56,c = 65 


a+b+o 33456465 
md) MEE EE 


Let A, bethearea of the second triangle. Then, 
А, = Js(s- a)(s — b) (s - c) 
=> A, = 4[77 (77 – 33) (77 – 56) (77 – 65) 
b A; = 77x 44x 21х12 = J7 xlix 4x llx3x7x 3x4 = 4/72 x 1? x 4^ x 3? 


= A, =7х11х 4х3 = 924cm? Gi) 


Let r be the radius of the circle. Then, 
Area of the circle Sum of the areas of two triangles 


AREAS RELATED TO CIRCLES 


13.45 
" 

— Tr = Ai + A> 
= x = 924 + 924 [Using: (i) & (ii)] 
- — xr? = 1848 

7 

2 7 
— $ =1848%--=3х4х747 — r= 43х22 x7? = 2х7х 4/3 = 144/3 cm 


EXAMPLE 24 In an equilateral triangle of side 24 cm, a circle is inscribed touching its sides. Find 
the area of the remaining portion of the triangle (Take J3 = 1.732). 


SOLUTION Let ABC be an equilateral triangle of side 24 cm, and let AD be perpendicular 
from A on BC. Since the triangle is equilateral, so D bisects BC. 


BD = CD = 12cm j 


B 12cm D 42cm C 


Fig. 13.54 
The centre of the inscribed circle will coincide with the centroid of A ABC. 
Ор t AD “= 
3 
In AABD, we have 
AB? = AD? + BN [Using Pythagoras Theorem] 


=> 242 = АР? #422 


^ AD = M - 12. = J24 – 12) Q4 + 12) = V36 x 12 = 124/3 cm 


OD = 145 c 1243 Jom = 44/3 cm 
3 : 


+ 22 35 | > | 22 5 " 
Now, Aréa of theincircle = л (OD) 7 x (4/3) үст = i2 х 48! cm? = 150.85 cm 
i 
V3 С, B 2 , 
and, Area of the triangle ABC = 73 (Side) - E (24)? = 249.4 cm? 


Area of the remaining portion of the triangle = (249.4 — 150.85) cm? = 98.55 ст? 


: TT " id region in Fig. 13.55, where a circular arc of radius 6 ст has 
EXAMPLE 25 Find the area of the shade 1 ч " ) : (s 
been drawn with vertex O ofan equilateral triangle ОАВ of side 12 cm as centre. {NCERT] 


SOLUTION Let A be the area of the shaded region. Then, 
A = Area of A ОАВ + Area of the circle — Area of a sector of a circle of radius 6 cm and of angle 60° 


p 
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A 12 cm В 
Fig. 13.55 
= A= | Bart se- S ле an 
т A = (365 + 36r — бк) em? | 3643 +30х Jem? = ( $6 es Re 
Z 


EXAMPLE 26 Hie area of an equilateral triangle is 49% cm’. Taking ech angular point as centre, 
a circle is described with radius equal to half the length of the side of the triangle as shown in 
Fig. 13.56. Find the area of the triangle not included in the circle. [CBSE 2009] 
SOLUTION Let each side of the triangle be acm. Then, 


Area of A ABC = 494/3 cm? 


25 e = 49453 | Area зба) 
=> ?249x4 => а= 14ст 
Thus, the radius of each circle is r 2 7 cm Fig. 13.56 


Let A be the required area. Then, 


A = Area of A ABC — 3x (Area of a sector of angle 60° ina circle of radius 7 cm) 


360 7 


EXAMPLE 27 The area of an equilateral triangle is 1732.05 cm?. About each angular point as 
centre, a circle is described with radius equal to half the length of the side of the triangle. Find the area 
of the triangle not included in the circles. (Use x = 3.14). [NCERT] 
SOLUTION Let each side of the equilateral triangle be a cm. It is given that its area is 
1732.05 cm? 


25 Ac 4948. ( Sr mo? em? - (494377 em? =(49%1.73~77 em? . 


Da = 1732.05 
2 2 
a? 1732.05 a 1732.05 . 
= — = 1 = m (i) 
4 43 | 4 43 


ü 
Clearly, radius of each circle is und 


Fig. 13.57 


KN 
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a 
Let A be the area of three sectors each of angle 60° in a circle of radius $n Then, 


= ay 1 4 1732.05 е 
А =3 — х 3.14 (2) — a -1 - = 2 
le 2) fom’ 2 eee 1570.05 cm 


Let A, be the required area. Then, 


A = Area of A ABC ~ А, 


> A = (1732.05 — 1570.04) cm? = 162.01 cm? 


EXAMPLE 28  Anatliletic track 14 m wide consists of two straight sections 120 m longjoiningsemi- 
circular ends whose inner radius is 35 m. Calculate the area of the shaded region. 


SOLUTION Let A be the area of the shaded region. 
Wehave, OB = O'C = 35m and AB=CD=14m 


OA = O'D = (35 + 14) m = 49m 


Fig, 13.58 


The area A of the shaded region is given by 
A = Area of rectangle ABCD + Area of rectangle EFGH + 2 {Area of the semi- 
circle with radius 49 m] - [Area of the semi-circle with radius 35 m] 


2 А 
1,2 оу? 2% 6% 
2 7 2 7 | 


A = (14 x 120) + (14 x 120) + 2 


22 ” 2 ? P 22 | 2 

=> А ё |1680 +1680 + 7209 – 35 | m^ = |3360 + 7 9 + 35) (49 – ш m 
22 | m? = {3360 + 44 x 84) m? = 7056 m? 
E A >| 3360 + = 84 14} m = {3300 + 44 x 84; m 56m 


Hence, the area of the shaded region is 7056 m? 
EXAMPLE 29 II is proposed to add toa square lawn measuring 58 cm on a side, two circular ends. 
The centre of each circle being the point of intersection of the diagonals of the square, Find the area of 


the whole lawn. 

SOLUTION The length of e 
х Length of the diagonal of the square = J58? + 582 = 58/2 cm | 

So, radius of the circle having centre at the point of intersection of diagonals is 294/2 cm. 
of the circular ends. Then, 


ach side of a square lawn is 58 cm. 


Let A be the area of one 
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Fig. 13.59 
A= Area of a segment of angle 90" in a circle of radius 29/2 cm 
22 2 ” лө . 0 0 2 
=> A= I x A — sin 45° cos 5 х (294/27 em? be Area -|Z sing cos $] "| 
=> д = [i-i |x 29x29x2em! = 29x29 2x4 em? = 965 off? 
14 2) 14 7 
Area of the whole lawn = Area of the square + 2 (Area of a circular end) 
= [58% 58 +2 x | cm? = [336192 at em? 


= 33641 ZI. = 3364 « Sem = 4325.14 cm? 


EXAMPLE 30 In Fig. 13.60, two circular flower beds have been shown on tivo sides ofa square lawn ABCD 
of side 56 m. If the centre of each circular flower bed is tlie point of intersection of the diagonals of the square 
lawn, find the sum of the arens of the lawns and the flower beds, [CBSE 2014] 
SOLUTION Using Pythagoras theoremin A ABD, we obtain 


BD? = АВ? + Ар? = 562 + 56? = 2 (56)? 
=> BD = 5642 
AC = BD = 5642. m 


56m 56m 


Fig. 13.60 
OA = OB = АС = 28V3 m 


So, the radius of the circle having centre at the point of intersection of diagonals is 284/2 m. 
Let A be the area of one of the circular ends. Then, 
А = Area of a segment of angle 90° in a circle of radius 28/2 m. 
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-[2. 90 . m Substituting r = 28/2 and 0 = 90° 
- [=- sin 45° cos 45° ^m? \,2 
7 360 5 45° [x(28/2)* m in -( 30h —ein = cos f 
360 2 2 
1 2 4 
25 = "TUNE: "28282 m. = 28x28x 2x — cm? = 448 m? 


Area of two flower beds 2A = 2 x 448 m? = 896 m? 
Area of the square lawn = 56x 56 m? = 3136 m? 


Hence, Total area = (3136 + 896) m? = 4032 m? 


EXAMPLE 31 A round table cover has six equal designs as shown in Fig. 13.61. If the radius of the 
cover is 28 cm, find the cost of making the designs at the rate of 93.50 per ent. ( = 1.7) 

[NCERT] 
SOLUTION We observe that the designs form six segments of a circle of radius г = 28 cm and 
each of angle 0 = 60°. 


Fig. 13.61 
Let A be the area of the six designs. Then, 


A= 6| Ө x mr = sin eos 902 | em? 
360 2 2 


=> A=6 EE sin 30°соѕ 30° x (28)? Jem? [^ r = 28cm and 0 = 60°] 
0 


E- х — 


a foti 22 , 99x 28-1 x8 28x28 em 


э A = (88 x 28 — 6 x V3 х7 х 28) cm’ = (2464 – 1999.2) ст? = 464.8 cm? 
Hence, Cost of making the designs at the rate of 3.50 per cm? = X 464.8 x 3.50 = 1 1626.80 


EXAMPLE 32 In Figure 13.62, ABC is a right angled triangle at A. Find the area of the shaded 
region, if AB =6 cm. BC = 10 cm and Lis the centre of incircle of AC. [CBSE 2009] 


SOLUTION Applying Pythagoras theorem in AABC, we obtain 


BC? = АВ? + АС? 
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13 5) 
25 AC? = ВС? – АВ? 
=> AC? = 100-36 = 64 
= AC = 8cm 


Area of A АВС = : x AB x AC = 1. 6x8cm? = 24cm? 


B 10 cm c 
Fig. 13.62 
Let r cm be the radius of the incircle. (circle inscribed іп A ABC). We observe that : 


Area of A ABC - Area of A IBC + Area of A ICA + Area of A IAB 


Е" 24 = 5 (BC x1) +2 (Ахт) +5 (AB) A 

- 24 = „(ВС +CA+ AB) 

- 24 = Sx rx(10+8+6) 

~ 24 = 12r ` 
> r=2 Fig. 13.63 


Let A be the area of the shaded region. Then, 
A=Area of AABC Area of the incircle 


= A = 4f nrs at Tua jen? = Dem? 


EXAMPLE 33 ABCD is a field in the shape of a trapezium. AB|| DC and ZABC = 90°, 
ZDAB = 60% Four sectors are formed with centres A, B, C and D (See Fig. 13.64). The radius 
of each sector is 17.5 m. Find the 

(1) total area of the four sectors. 

(ii) area of remaining portion given that AB = 75 m and CD = 50 m. 


SOLUTION Since AB || CD and ZABC = 90°. Therefore ZBCD = 90°. Also, ZBAD = 60°. 


8 ZCDA = 180° — 60° = 120° [Co-interior angles] 
(i) Let A be the total area of the four sectors. Then, 
A = Area of sector at A + Area of sector at В + Area of sector at C + Area of sector at D. 


з 90 90 | 
А -£ x nx (175 30 * (17.5)? + agg (755 50 nx (17.5)? 


eT —v— — 
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" Fig. 13.64 
(ii) Let DL be perpendicular drawn from D on AB. Then, 


AL = АВ — BL = AB- С” = (75 – 50) т = 25 m 
In AALD, we have 


DL DL 
tan 60° = — > 43-2 — = 
af = => DL=25/3m 


Area of trapezium ABCD = 5 (AB + CD) х DL 


- (7550) 254/3 m? 21562.5x1.732 m? = 2706.25 m? 


Let A be the area of the remaining portion, Then, 
A = Area of trapezium ABCD = Area of 4 sectors 
= А = 2706.25 m^ - 962.5 m^ = 1743.75 m? 


EXAMPLE 34 Onacircular table cover of radius 32 cm, a design is formed leaving an э йе era 
triangle АВС in the middle as shown in Fig. 13.65. Find the area of the design (shaded region). 


[NCERT] 


Fig. 13.65 


SOLUTION In А ОВР, we have 


OD " o 
o — and sin 60 SE xU 
cos 60 OB 
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=> OD = lo and BD = 1643 

=> ВС = 2 BD = 32/3 

Let A be the area of the shaded region. Then, 


A= Area of the circle- Area of A ABC = |^ x 32? - у х (3243) | ст? 


| 22 


> А = |х 32 х 32 - 768y3 — 


cm? =| - 76843 | em? 

EXAMPLE 35 In Fig. 13.66, AB and CDare two diameters ofa circle (with centre О) perpendicular 
to each other and OD is the diameter of the smaller circle. If OA = 7 cm, find the area of the shaded 
region. [NCERT, CBSE 2010, 2013] 
SOLUTION beta be the area of the shaded region. Then, 


Fig. 13.66 
A = (Area of circle with OD ( - 7 cm)as diameter) 


+ Area of semi-circle with AB as diameter – Areaof A ABC 


= A=nx(Z) HSA = (249 + 2549-2 14%7| em? 
8 A - (A59 49 Jani =( $22 x 49-49 Jem? = 29198 cm? = 66.5 em- 


EXAMPLE 36 Calculate the area of the designed region in Fig. 13.67 common between two 
quadrants of circles of radius 8 cm each. [ 


A 8 cm B 


Fig. 13.67 
SOLUTION Let A bethearea of theshaded region. Then, 


A = 2( Area of quadrant ABPD ~ Area of ^ ABD) 


N 2 1 2 
d = —x(8) —-—x8x8,;cm* 
=i A 2 {= 00 2 
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_ ай. 1 
я 20 Tisi aalen 


22x1 
_ 42 Э a2) em? = 2( 282-224) m? 1256 em? 
7 7 


EXAMPLE 37 In Fig. 13.68, a crescent is formed by two circles which touch at A. C is the centre of the 


larger circle. The width of the crescent at BD is 9 cm and at EF it is 5cm. Find (i) the radii of two circles 
(ii) the area of the shaded region. 


SOLUTION (i) Let the radii of the larger and smaller circles be R and r respectively. Then, 
BD = 9ст => 2R-2r=9 > R-r-45 00 


Join AE and DE. Let ZCAE = 0 Then, ZAEC = 90° – 0. 
Now, Z AED = 90° => Z АЕС + ZDEC = 90° => Z DEC = 90? — (90° – 9) = 0. 
Thus, in A’s ACE and DCE, we have 


&САЕ = /СЕР and Z ACE = ZECD = 90° 
So, by AA similarity criterion, we obtain 


AACE ~ AECD 
AC СЕ 
=> — — 
KC Єр 
AC CF-EF 
= F ВС-Вр 
R | R-5 
5 R R-9 
=> R(R—9) = (R- > 0 RN D > К = 25 ст Fig. 13.68 


Substituting the value of R in (i), we get 
25-r245-r-205cm 

Hence, the radii of two cireles are r= 20.5 cm and К = 25 cm. 
(ii) Let A be the area of theshaded region. Then, 

A = RR? = nr? = a (R) - 12) = (К+) (К v) 

= 3.14 (25 + 20.5) (25 – 20.5) cm? = 3.14 x 455 x 4.5 ст? = 642.915 cm? 

EXAMPLE 38 In Fig. 13.69, three circles of radius 2 cm touch one another externally. These circle are 
circumscribed by a circle of radius К cm. Find the value of Rand the area of the shaded region in terms 
of x and 43. | | 
SOLUTION Clearly, A ABC is an equilateral triangle of side 4 cm. 
In A BDO, we have 


BD 
cos ZOBD = OB 
2 " 
— 3 „+ ZOBD = 30°] 
= сов 30° i | | 
45 2 vi: 1 
ы 2 ОВ - 


Fig. 13.69 
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|) 
Q 
ч 
Ш 


4 
Р = + = =| -= 
OP = OB + BP R | $ + 2) cm 

Let A be the area of the shaded region. Then, 
A = Area of the larger circle of radius R -3 x Area of a smaller circle of radius 2 cm 

+3 (Area of a sector of angle 60° in a circle of radius 2 cm) 

Area of AABC -3 (Area of sector of angle 60° ina circle of radius 2 m) 
A Area of the larger circle of radius Rn x Area of a smaller circle of radius2cm 


li 


+ 6 x Area of a sector of angle 60° in a circle of radius 2 cm - Area of A ABC 
- U- Sax eer Senat) -S lem’ 
16 16 
= A= [s (Bea e) 122+ 4n~ 416 ene 


Il 


A- [s (335 ]- Jen = [E48 «0 - 448] em? 


EXAMPLE 39 In Fig. 13.70, ABCD isa trapezium with AB || DCand Z ВС” = 60? . If BFEC is a 
sector of a circle with centre C and AB = BC =7 cm and DE = 4 cm, then find the area of the shaded 


22 
region (Use x = 7 and 4/3 = 1.732). [CBSE 2010] 


DAD Е L C 
Fig. 13.70 
SOLUTION Clearly, CE CB = 7ст. 


CD =CE+ ED = (7 + 4) cm = 11 cm 


In ACLB, wehave 
= BL V3 BL 743 
sin 60° = — 5 BL = —— 
BC я 2 7 = 2 em 
1 
Areaoftrapezium = 5(AB +CD) x 21 20 +11) ene _ ci cm? 
and, 
60° 22 2 2 77 
— — 7 = — 2 
Area of sector BFEC 360° x 7" cm 3 cm 
Let A be the area of the shaded region. Then, 


63/3 7 
A -(&8 -7) a = (54.58 - 25 666) cn - 28.89 cm? 
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EXAMPLE 40 With vertices A, B and С ofa triangle ABC as centres, arcs are drawn with radii 5 cm 
each as shown in Fig. 13.71. If AB = 14 cm, BC = 48 cm and CA = 50 cm, then find the area of the 
shaded region. (Use п = 3.14). 


48 cm 
Fig. 13.71 


SOLUTION In A ABC, we have 


а = ВС = 48cm, b = CA = 50cmandc = AB = 14cm 
Let s be the semi-perimeter of A ABC . Then, 


Let A be the area of A ABC. Then, by Heron's formula 


A = 4/5 (5 – а)(ѕ – Б) (5-с = 4/56 х 8x 6x 42 cm? = 336 cm? 


Let A,, А, and A, be the areas of sectors with sector angles A, B and C respectively and 
sector radius r = 5 cm. Then, 


А, ee e e 


360 360 360 


B 2. 8 y. 2. В 2 
А, 3 x mr 7. e cm 360 п em 


2 


A3 300 = ox * оп 300 25 nem? 


A B C 2 
Av Ay edgy (300 258. 30h 25 n+ 300 x 25 я em 


25 
=(A+B+C)x 300 m 


180 


= i" «25cm? = DE P = 3x54 | 
360 2 


m? = 3925 cm? 
Let A be the area of the shaded region. Then, 
A = Area of A ABC - (A + А, + Аз) = (336 - 39.25) cm? = 296.75 cm? 


REMARK  Theabove solution is the general solution. In this case, ^ ABC isa right triangle right 
angled at B. So, its area can also be computed as follows: 


^ = l(BCx AB) = 248 14 cm? = 336 cm? 
2 
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EXERCISE 13.4 


1 


1. A plot is in the form of a rectangle ABCD having semi-circle on BC as shown in 
Fig. 13.72. If AB = 60 m and BC = 28 m, find the area of the plot. 


Fig. 13.72 


2. A play ground has the shape of a rectangle, with two semi-circles on its smaller sides as 
diameters, added to its outside. If the sides of the rectangle are 36 m and 24.5 m, find the 
area of the playground. (Take л = 22/7). 

3. Find the area of the circle in which а square of area 64 cm? is inscribed. [Use л = 3.14] 

4. A rectangular piece is 20 m long and 15 m wide. From its four corners, quadrants of radii 
3.5 m have been cut. Find the area of the remaining part. 
5. In Fig. 13.73, PORS is a square of side 4 cm. Find the area of the shaded square. 
[NCERT] 


— 25 5 — 25 m«— 


Fig. 13.73 Fig. 13.74 


6. Four cows are tethered at four corners of a square plot of side 50 m, so that they just 
cannot reach one another. What area will be left ungrazed? (Fig. 13.74) [CBSE 2018] 


A cow is tied with a rope of length 14 m at the corner of a rectangular field of dimensions 
20m x 16 m, find the area of the field in which the cow can graze. 
[NCERT EXEMPLAR] 


8. A calf is tied with a rope of length 6 m at the corner of a square grassy lawn of side 
20 m. If the length of the rope is increased by 5.5 m, find the increase in area of the 
grassy lawn in which the calf can graze. [NCERT EXEMPLAR] 


9. A square water tank has its side equal to 40 m. There are four semi-circular grassy plots 
all round it. Find the cost of turfing the plot at & 1.25 per square metre (Take л = 3.14). 


10. A rectangular park is 100 m by 50 m. It is surrounded by semi-circular flower beds all 
round. Find the cost of levelling the semi-circular flower beds at 60 paise per square 
metre (Use л = 3.14). 


11. The inside perimeter of a running track (shown in Fig. 13.75) is 400 m. The length of each 
of the straight portion is 90 m and the ends are semi-circles. If the track is everywhere 14 
m wide, find the area of the track. Also, find the length of the outer running track. 


м 
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Fig. 13.75 Fig. 13.76 
12. Find the area of Fig. 13.76, insquarecm, correct to one place of decimal. (Take л = 22/7). 
13. In Fig. 13.77, from a rectangular region ABCD with AB = 20 cm, a right triangle 
AED with AE = 9 cm and DE = 12 cm, is cut off. On the other end, taking BC as 


diameter, a semicircle is added on outside the region. Find the area of the shaded region. 
(Use x= 22/7). [CBSE 2014] 


Fig. 13.77 
14. From each of the two opposite corners of a square of side8 cm, a quadrant of a circle of 
radius 1.4 cm is cut. Another circle of radius4.2 cm is also cut from the centre as shown 
in Fig. 13.78. Find the area of the remaining (shaded) portion of the square. 
(Use x = 22/7). [CBSE 2010] 


Fig. 13.78 


15. In Fig. 13.79, ABCD а rectangle with AB = 14 cm and BC =7 cm. Taking DC, BC and AD 
as diameters, three semi-circles are drawn as shown in the figure. Find the area of the 


shaded region. 


Fig. 13.79 
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16. In Fig. 13.80, ABCD is a rectangle, having AB = 20 cm and BC = 14 cm. Two sectors of 
180° have been cut off. Calculate: 
(i) thearea of the shadded region. 
(ii) the length of the boundary of the shaded region. 
D C 


22 cm : 


Fig. 13.80 Fig. 13.81 


17. In Fig. 13.81, the square ABCD is divided into five equal parts, all having same area. The 
central part is circular and the lines AE, GC, BF and HD lie along the diagonals AC and 
BD of the square. If AB = 22 cm, find: 


(i) the circumference of the central part. (ii) the perimeter of the part ABEF. 
18. In Fig. 13.82, find the area of the shaded region. (Use x = 3.14). [CBSE 2015] 


wo pt 


14cm 
Fig. 13.82 Fig. 13.83 
19. In Fig. 13.83, OACB is a quadrant of a circle with centre О and radius 3.5 cm. If 
OD -2 cm, find the area of the (i) quadrant OACB (ii) shaded region. 
20. In Fig. 13.84, a square OABC is inscribed in a quadrant OPBQ of a circle. If 
ОА -21 cm, find the area of the shaded region. [CBSE 2013, 2014] 
Q 


A 
Fig. 13.84 
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21. In Fig. 13.85, OABC isas 


ойына, quare of side 7 cm. If OAPC is a quadrant of a circle with centre 


he shaded region. (Use x =22/7) [CBSE 2012] 


и 


[e] E T 
| Fig. 13.85 Fig. 13.86 
22. In Fig. 13.86, ОЕ = 20 cm. Insector OSFT, square OEFG is inscribed. Find the area of the 
shaded region. [CBSE 2013, 2014] 
23. Find the area of the shaded region in Fig. 13.87, if AC = 24 cm, BC 2» 10 em and О is the 
centre of the circle. (Use x =3.14) [CBSE 2010] 


Fig. 13.87 


24. A circle is inscribed in an equilateral triangle ABC is side 12 cm, touching its sides 
(Fig. 13.88). Find the radius of the inscribed circle and the area of the shaded part. 
[CBSE 2014] 


Fig. 13.8 Fig. 13.89 

?5. In Fig. 13.89, an equilateral triangle ABC of side 6 cm has been inscribed in a circle. Find 
the area of the shaded region. (Take x= 3.14). 

26. A circular field has a perimeter of 650 m. A square plot having its vertices on the 
circumference of the field is marked in the field. Calculate the area of the square 
plot. 

27. Find thearea o 
been drawn w 
(Use n= 22/7 and 43 = 1.73) 


f a shaded region in the Fig. 13.90, where a circular arc of radius 7 cm has 
ith vertex A of an equilateral triangle ABC of side 14 cm as centre. 


[CBSE 2015, 2016] 
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Fig. 13.90 
28. A regular hexagon is inscribed in a circle. If the area of hexagon is 24/3 cm”, find the 
area of the circle. (Use x = 3.14) [CBSE 2015] 


29. ABCDEF is a regular hexagon with centre О (Fig. 13.91). If the area of triangle OAB is 9 
cm’, find the area of: (i) the hexagon and (ii) the circle in which the haxagon is incribed. 
E D 


A B 
Fig. 13.91 Fig. 13.92 
30. Four equalcircles, each of radius5 cm, touch each other as shown in Fig. 13.92. Find the 
area included between them (Take л = 3.14). 


31. Four equal circles, each of radius a, toucheach other. Show that the area between them is 
5а. (Taken = 22/7). 


32. A child makes a poster on a chart paper drawing a square ABCD of side 14 cm. She 
draws four circles with centre A, B, C and D in which she suggests different ways 
to save energy. The circles are drawn in such a way that each circle touches 
externally two of the three remaining circles (Fig. 13.93). In the shaded region she 
write a message “Save Energy’. Find the perimeter and area of the shaded region. 
(Use л = 22/7) [CBSE 2015] 


Fig. 13.93 


[4 A | ^ 4 « =. we. 
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33. The diameter of a coin is 1 cm (Fig. 13.94). If four such coins be placed on a table so that 


115 . ea that of the other two, find the area of the shaded region 


Fig. 13.94 
34. Two circular pieces of equal radii and maximum area, touching each other are cut out 
from a rectangular card board of dimensions 14 cm x 7 em. Find the area of the 
remaining card board. ( Use л = 22/7) [CBSE 2013] 


35. In Fig. 13.95, AB and CD are two diameters of a circle perpendicular to each other and 
OD is the diameter of the smaller circle. If OA = 7 cm, find the area of the shaded region. 
C 


Fig. 13.95 Fig. 13.96 
36. In Fig. 13.96, PSR, RTQ and РАО are three semi-circles of diameters 10 cm, З cm and 7 cm 
respectively. Find the perimeter of the shaded region. [CBSE 2014] 


37. In Fig. 13.97, two circles with centres A and B touch each other at the point C. If 
AC = Вел and AB = em, find the area of the shaded region. 


о > 


ee | 
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38. In Fig. 13.98, ABCD isa square of side 2a. Find the ratio between 
(i) the circumferences 


(ii) the areas of the incircle and the circum-circle of the square. 


Fig. 13.98 
39. In Fig. 13.99, there are three semicircles, A, B and C having diameter 3 cm each, and 
another semicircle E having a circle D with diameter 4.5 cm are shown. Calculate: 
(i) the area of the shaded region 


. (ii) the cost of painting the shaded region at the rate of 25 paise per cm?, to the 
| { nearest rupee. 

fi 

R 

R 

| 
1 Fig. 13.99 

40. In Fig. 13.100, ABC iS a right- angled triangle, ZB = 90°, AB = 28 ст and BC=21cm. With 
1 ACas diameter a semicircle is drawn and with BC as radius a quarter circle is drawn. Find 
i the area of the shaded region correct to two decimal places. 


A 


28 cm 


B 21 cm C 
Fig. 13.100 
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41. In Fig. 13.101, O is the centre of a circular arc and AOB is a straight line. Find the 
perimeter and the area of the shaded region correct to one decimal place. (Take л = 3.142) 
c 


ee 


Fig. 13.101 
42. In Fig. 13.102, the boundary of the shaded region consists of four semi-circular arcs, the 
smallest two being equal. If the diameter of the largest is 14cm and of the smallest is 3.5 


cm, find 
(i) thelength of the boundary. (ii) the area of the shaded region. 


CBSE 2010, 2016] 


Fig. 13.102 


and M is mid-point of AB. Semi-circles are drawn on AB, AM 
C touches all the three circles. Find the 


43. In Fig. 13.103, AB «36cm 
and MB as diameters. A circle with centre 


area of the shaded region. 


M B 
Fig. 13.103 


ht angled triangle in which Z A = 90°, AB = 21cm and 


44. In Fig. 13.104, ABC is a rig i 
e described on AB, BC and AC as diameters. Find the 


AC = 28cm.Semi-circles аг 
area of the shaded region- 
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B C 
Fig. 13.104 


15. Figure 13.105, shows the cross-section of railway tunnel. The radius OA of the circular 
partis2 m.If ZAOB = 90°, calculate: 
(i) the height of the tunnel (ii) the perimeter of the cross-section 
(iii) the area of the cross-section. 


EN e 
Fig. 13.105 Fig. 13.106 
46. Figure 13.106., shows a kite in which BCD is the shape of a quadrant of a circle of radius 
42 cm. ABCD is a square and A СЕР is an isosceles right angled triangle whose equal 
sides are 6 cm long. Find the area of the shaded region. 


47. In Fig. 13.107, ABCD is a trapezium of area 24.5 ст2. In it, AD || BC, ZDAB = 90°, 


AD = 10 cm and BC = 4 cm. If ABE is a quadrant of a circle, find the area of the 
shaded region. (Take л = 22/7). [CBSE 2014] 


E 


D 


| С B 

Fig. 13.107 Fig. 13.108 

48. In Fig. 13.108, ABCD is a trapezium with AB || DC, AB = 18 cm , DC = 32 cm and the 
distance between AB and DC is 14 cm. Circles of equal radii 7 cm with centres A, B, C 
and D have been drawn. Then, find the area of the shaded region of the figure. 
(Use 1 = 22/7). [CBSE 2014] 

49. From a thin metallic piece, in the shape of a trapezium ABCD, in which АВ || CD and 
ZBCD = 90°, a quarter circle BEFC is removed (see Fig. 13.109). Given AB = BC = 3.5 
cm and DE = 2 cm, calculate the area of the remaining piece of the metal sheet. 
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3.5 cm 


D 2 cm . Е C 
Fig. 13.109 
50. In Fig. 13.110, ABC is an equilateral triangle of side 8 cm. A, B and C are the centres of 
circular arcs of radius 4 cm. Find the area of the shaded region correct upto 
2 decimal places. (Take x = 3.142 and 43 = 1.732). 


Fig. 13.110 


51, Sides of a triangular field are 15 m, 16 mand 17 m. With the three corners of the field a 
cow, a buffalo and a horse are tied separately with ropes of length 7 m each to graze in 
the field. Find the area of the field which cannot be grazed by three animals. 


[NCERT EXEMPLAR] Р 
52, Inthe given Fig. 13.111, theside of square is 28 cm, and radius of each circle is half of the 
length of the side of the square where О and O] are centres of the circles. Find the area of 


shaded region. [CBSE 2017] 


Fig. 13.111 


d water is collected in a cylindrical tank of diameter 2 m and height 5 m. 


ital use ict 
53. Ina hospi this water is used to irrigate a park of hospital whose length is 25 m and 


After recycling, 


- 4 
mam sc. аһ 


— т 


| 
] 
| 
| 
| 
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breadth is 20 m. If tank is filled completely then what will be the height of standing water 


used for irrigating the park? [CBSE 2017] 
— —ů — ——— — ANSWERS 
1. 1988 m° | 2. 1353.625 m? 3. 100.48 cm? 4. 261.5 m? 
5. (16 - 2л) env? 6. 535.71 m? 7. 154 т> 8. 75.625 т> 
9. L 3140 10. L 5887.50 11. 6216 m?, 488 m 
12. 115.3 cm? 13. 3343125 cm? 14. 5.48 em? 15. 59.5 cm? 
16. () 126cm^ (ii) Sa em 17. (i) 34.88 cm (ii) 50.64 cm 
18. 154.88 cm? 19. (i) 9.625cm? (ii) 6.482 cm? 20. 252 cm? 
21. 10.5 ст“ 22, 228 cm? 23. 145.33 cm? 24. 243 cm, 24:638 cm? 
25, 22.126 cn? 26. 21387 m? 27. 187.44 cm? 28, 50.24 cm? 
| E E А 6 
29.(i) 54cm (ii) 65.23 cm? 30. 21.5cm? 31. 7 
32. Area = 42 cm?, Perimeter = 44 cm 33. 0.2146 cm* 34. 21 cm? 
35. 115.5 cm? 36. 314 cm 37. 122.57 em? 38. (i) 1: V2 (ii) 1:2 
39. (i) 12.375cm? (ii) €3 40. 428.75 cm? 41. 59.4 cm, 61.1 cm? 
42. (i) 44 cm (ii) 86.625 cm? 43. 45r cm? 44. 294 cm? 
45.0) (2+2) т (ii) (3142/2) m (iii) (3n + 2)m? 46. 1404 cm? 
47.14.875 cm? 48. 196 cm? 49, 6.125 cm? 50. 2.576 cm? 
51. (24421 - 77) т> 52. 3688 cm? 53, лса 


HINTS TO SELECTED PROBLEMS 


17. Letthe radius of the central part bé r cm. Then, 
Area of the central part = 5 x Area of the square 


=> 2 = 2x 2x2 ap Sx? „Ри r = 5,549 = 5.55 cm 


(i) Circumference of central part = 2ar = 2 х E x 5.55 = 34.88 cm 
(ii) LetO be thecentre of the central part. Clearly, O is also the centre of the square. 
AE = BF = OA - ОЕ = 1142 - 5.55 = 15.51- 555 = 9.96 cm 
EF = 4 (Circumference of the circle) = 207) = > (nr) = i x E x 5.55 = 8.72 cm 
^ Perimeter of part ABEF = AB + AE + EF + ВЕ = 22+2x9.96+8.72cm = 50.64 cm 
37. Required area = (n x 8° — л x 5) = 39л cm? = 12257 cm? 
38. AC = 42 х 2a = 242a 
Radius of larger circle = Ya and, Radius of smaller circle =a 


(i) Ratio of circumferences = 2m: 2 V2a = 1: J2 
(ii) Ratio of area's = ха? : x(V2ay. =1:2 


OL Р -.9. 


: 
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41. Area of the shaded region = Area of semi-cricle with AB as diameter — Area of A ABC 
1 
Iac ~ 441216) em? = 61.1 cm? 
Perimeter of the shaded region = (x x 10 + 12+ 16) cm = 59.4 cm 


42, (i) Length of the boundary ={nx7+nxZ+n(Z)+n(Z) hem = 147 cm = 44cm 
2 4 + 

€ us Ж ay л 2] л (2) 

—х7°+—х|—| -—x|— ——x|— 

2 2 2 2 + 2 4 

2 (4-16 16 = 86.625 cm? 


43. Radius of circle with C as centre = ŽAB =6cm 


(ii) Area of the shaded region = 


Area of the shaded region = 75 x18? -2( 5% хх E - 451 cm? 


44. Area of the shaded region = Area of semi-circle with AB as diamater 
+ Area of semi-circle with AC as diameter + Area of A ABC 
Area of semi-circle with BC as diameter 


2 2 2 
== 2 6 + Bi 8 = 294 cm? 
2|\ 2 2 2 z Xe 
46. Area of shaded region = Area of quadrant BCD + Area of A EFC 
= Ls Beat 5 x 6x бат? = 1404 cm? 
50. Area of shaded region = Area of А ABC - Area of 3 sectors of sector angle 60° 


= Area of A ABC - Area of semi-circle of radius 4 cm 


Qe bans Jem’ = (27.712. -25.136) cm? = 2.576 cm? 


VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 
Answer each of the following questions either in one word or one sentence or as per requirement of the 


questions: Р А 
1. What is the ratio of the areas of a circle and an equilateral triangle whose diameter and 


a side are respectively equal? | 
2. Ifthe circumference of two circles are in the ratio 2:3, what is the ratio of their areas? 


3. Write the area of the sector of a circle whose radius is r and length of the arc is |. 

4. What is the length (in terms of 1) of the arc that subtends an angle of 36? at the centre of 
a circle of radius 5 cm? 

5. What is the angle subtended a 
mom? 


t the centre of a circle of radius 6 cm by an arc of length 3 


7 
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е. What is the area of a sector of à circle of radius 5 cm formed by an arc of length 
35cm? 


ma circle of radius 10 em, an arc subtends an angle of 108° at the centre. What is the area 
of the sector in terms of n? 


. If a square is inscribed in a circle, what is the ratio of the areas of the circle and the 
square? 


3. Writethe formula for the area of a sector of angle 0 (in degrees) of a circle of radius r. 


10. Write the formula for the area of a segment ina circle a circle of radius r given that the 
sector angle is 0 (in degrees). 


1^ 11. If theadjoining figure isa sector of a circle of radius 10.5 cm, whatis the perimeter of the 


sector? (Take x = 22/7) 
| А B 
O 
C 
| Fig. 13.112 
12. If the diameter of a semi-circular protractor is 14 cm, then find its perimeter. 
[CBSE 2009] 


13. An arc subtends an angle of 90° at the centre of the circle of radius 14 cm. Write the area 
of minor sector thus formed in terms of x. 


14. Find the area of the largest triangle that can be inscribed in a semi-circle of radius 


runits. [CBSE 2015] 
15. Find the area of a sector of circle of radius 21 cm and central angle 120°. 


16. What is the area of a square inscribed ina circle of diameter pem? 


17. Is it true to say that area of asegment of a circle is less than the area of its corresponding 
sector? Why? 


18. If the numerical value of the area of a circle is equal to the numerical value of its 
circumference, find its radius. 


19. How many revolutions a circular wheel of radius r metres makes in covering a distance 
of s metres? 


20. Find the ratio of the area of the circle circumscribing a square to the area of the circle 
inscribed in the square. 


nen ANSWERS 


1 " 
1. An: V 2, 4:9 3. rid 4 тст 5. 90° 6. 875cm? 7. 30 rcm? 
2 9 L x nr! 10 ERI 32 3 
i 8. 1:2 * 360 . 360 2 2 . cm 12. 36cm 
| э р? 2 
| | 13. 0% m? 14. 2 15. 462 cm? 16. =-ст? 
| 
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17. No; itis only true for minor segment. 18. 2units 19. 5 
ч Ar 


20. 2:1 


—— MULTIPLE CHOICE QUESTIONS (MCQs) 
L If e circumference and the area of a circle are numerically equal, then diameter of the 
circle is 


л 
(a) 2 (b) 2л (c) 2 (d) 4 
2. If the difference between the circumference and radius of a circle is 37 cmi then using 


22 
r= PE the circumference (in cm) of the circle is 
(a) 154 (b) 44 (c) 14 (d) 7 [CBSE 2013] 
3. A wire can be bent in the form of a circle of radius 56 cm. If it is bent in the form of a 
square, then its area will be 
(a) 3520 cm? (b) 6400 cm? (c) 7744 cm? (d) 8800 cm? 
4. If a wire is bent into the shape of a square, then the area of the square is 81 cm?. When 
wire is bent into a semi-circular shape, then the area of the semi-circle will be 
(a) 22 cm? (b) 44 cm? (c) 77 cm? (d) 154 cm? 
5. A circular park has a path of uniform width around it. The difference between the outer 
and inner circumferences of the circular path is 132 m. Its width is 
(a) 20m (b) 21 m (c) 22m (d) 24m 
6. The radius of a wheel is 0.25 m. The number of revolutions it will make to travel a 
distance of 11 km will be 
(a) 2800 (b) 4000 (c) 5500 (d) 7000 
7. The ratio of the outer and inner perimeters of a circular path is 23 : 22. If the path is 5 
metres wide, the diameter of the inner circle is 
(а) 55 т (b) 110 m (c) 220 m (d) 230m 
8. The circumference of a circle is 100 cm. The side of a square inscribed in the circle is 
100 5042 1002 
B — (су) —— d) ———cm 
() so Sem: (b) A em pcs | 4 
9. Thearea of the incircle of an equilateral triangle of side 42 cm is 
(a)22/3cm? (Ы) 231cm* (c) 462cm* (d) 924cm? 
10. Thearea of incircle of an equilateral triangle is 154 cm?, The perimeter of the triangle is 


(a) 71.5cm (b) 71.7 cm (c) 72.3 cm (d) 72.7 cm 
11. Thearea of the largest triangle that can be inscribed in a semi-circle of radius r, is 
(a) P b) 27 (c) P (d) 25 


12. The perimeter of a triangle is 30 cm and the circumference of its incircle is 88 cm. The area 


of the triangle is 


(a) 70 cm? (b) 140 ст? (c) 210 cm? (d) 420 cm? 


e is 220 cm?. The area of a square inscribed in it is 
(b) 70 cm? (c) 140 cm? (d) 150 cm? 


13. The area of a circl 
(a) 49 cm? 
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14. If the circumference of a circle increases from 47 to 87, then its area is 


(a) halved (b) doubled (c) tripled (d) quadrupled 
15. If the radius of a circle is diminished by 10%, then its area is diminished by 
(a) 10% (b) 19% (c) 20% (d) 36% 


16. If the area of a square is same as the area of a circle, then the ratio of their perimeters, in 
terms of л, is 


(а) л: V3 (b 2: ут () 32 (d) x: V2 
17. The area of the largest triangle that can be inscribed in a semi-circle of radius ris 
(a) 2r Ып (© ғ (d) Jr 


18. The ratio of the areas of a circle and an equilateral triangle whose diameter and a side are 
respectively equal, is 


(а) л: 42 (b) x: J (с) 43:2 (d) YR 


19. If the sum of the areas of two circles with radii г, and ғ, is equal to the area of a circle of 
radius г, then r? +r? 


(a) >” (b =r (с) <r (d) None of these 
20. If the perimeter of a semi-circular protractor is 36 cm, then its diameter is 
(a) 10cm (b) 12cm (c) 14cm (d) 16cm 


21. The perimeter of the sector OAB shown in Fig. 13.113, is 


(a) Sem (b) 26cm (c) S am (d) 19 cm 


2 


о А 
Fig. 13.113 
22. Ifthe ренде of asector of a circle of radius е 5 em is 29 cm, men its area is 
(a) 58 cm? (b) 52cm? (c) 25 cm? (d) 56 cm? 


23. If the area of a sector of a circle bounded by an arc of length 5л cm is equal to 20x cm’, 
then its radius is 
(a) 12cm (b) 16cm (c) 8cm (d) 10cm 

24. The area of the circle that can be inscribed in a square of side 10 cm is 


(a) 40cm? (b) 30x cm? (c) 1007 cm? (d) 251 cm? 


25, Ifthe au qe. between the ee and tons of a circle is = cm, then its area is 
(а) 154cm? (b) 160 cm? (c) 200 cm? (d) 150 cm? 


== | 


.,.. 
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. The area of a сі А 
26 ы a circular path of uniform width h surrounding a circular region of radius r 


(а) n(2r*h)r (b) л(2 +) (с) x(h+r)r (d) x(h+r)h 


27. If AB isa chord of length 5/3 cmofa circle with centre О and radius 5 em, then area of 
sector OAB is 
on 2 SR 2 ‘ 
(a) sem (Ы) бетй (е) en d) Sem’ 
28. The area of a circle whose area and circumference are numerically equal, is 
(а) 2xsq.units (b) 4zsq.units (с) бл sq.units (d) 8z sq.units 
29. If diameter of a circle is increased by 40%, then its area increases by 
(a) 9695 (b) 40% (c) 80% (d) 4896 


30. In Fig. 13.114, the shaded area is 


Fig. 13.114 
(a) 50(x—-2)cm? (b) 25(x-2)em? (c) 25(л Dem (d) 5(n-2)cm? 
31. In Fig. 13.115, thearea of thesegment PAQis 


Fig. 13.115 


а? 2 (b) ( 29 (c) И (а) © ean) 
(a) те" ) 4 4 4 


32. In Fig. 13.116, the area of segment ACB is 
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Fig. 13.116 


| (a) E r? (b) & zs 2 (c) & =) r^ (d) None of these 


33. Ifthe area of a sector of acircle bounded by an arc of length n em is equal to 20x cm’, 


then the radius of the circle is 
(a) 12cm (b) 16 cm (c) 8 cm (d) 10 cm 


34. In Fig. 13.117, the ratio of the areas of two sectors S, and S, is 


— 


в 
| с 
i 
ji D 
T A 
Fig. 13.117 
(a) 5:2 (b) 3:5 (c) 5:3 (d) 4:5 
5 
35. If the area of a sector of a circle is = 18 of the area of the circle, then the sector angle is 
equal to 
(a) 60° (b) 90° (c) 100° (d) 120° 
36. If the area of a sector of a circle is 20 ofthe area of the circle, then the sector angle is equal 
to 
(a) 110* (b) 130° (c) 100* (d) 126° 


37. In Fig. 13.118, if ABC is an equilateral triangle, then shaded area is equal to 


(a) Beck ы (= x s (c) (z+ Da « (5 0 
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| | 
Oo 


Fig. 13.118 
38. In Fig. 13.119, thearea of the shaded region is 


C D 


C 


B P—3cm =A 


Fig. 13.119 
(a) Zr em? (b) 6x cm? (c) 9x cm? (d) 7x cm? 


39. If the perimeter of a circle is equal to that of a square, then the ratio of their areas is 
(a) 19:22 (b) 14 : 11 (c) 22 : 13 (d) 11: 14 

40. The radius of a circle is 20 em. It is divided into four parts of equal area by drawing three 
concentric circles inside it. Then, the radius of the largest of three concentric circles 
drawn is 
(a) 104/5-««m (b) 1043 cm (c) 10cm (d) 1042 cm 

41. The area of a sector whose perimeter is four times its radius r units, is 


+ 


2 А n х 
(а) ^ units (b) 27 sq. units (c) ғ sq. units (d) 5 5g MIS 


42. It a chord of a circle of radius 28cm makes an angle of 90° at the centre, then the area of 


the major segment is , : А 
(а) аң em (b) 1456 cm* (c) 1848 cm* (d) 2240 em? 


43. If area ofa circle inscribed in an equilateral triangle is 48x square units, then perimeter 
arei ‹ 


of the triangle is 
(a) 17/8 units (b) 36 unis (e) 72 units (d) 48/3 units 
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44. The hour hand of a clock is 6 cm long. The area swept by it between 11.20 am and 
11.55 am is 


(а) 275 c«m? bb) 5.5 cm? (c) 11 cm? (d) 10 cm? 


45. ABCD is a square of side 4 cm. If Eis a point in the interior of the square such that ACED 
is equilateral, then area of A ACE is 


(а) 2(43- 1) cem? (b) 4(43 - 1) em? 
(с) 6(43 - 1) em? (d) 8(43 – 1) cm? 


16. If the area of a circle is equal to the sum of the areas of two circles of diameters IO em and 
24 cm, then diameter of the larger circle (їп cm) is 


(a) 34 (b) 26 (c) 17 (d) 14 [CBSE 2012] 
47. If x is taken as 22/7, the distance (in metres) covered by a wheel of diameter 35 cm, in 

one revolution, is 

(a 2.2 (b) 1.1 (c) 9.625 (d) 96.25 [CBSE 2013] 


48. ABCD isa rectangle whose three vertices are B (4,0), C (4,3) and D (0, 3). The length of one 
of its diagonals is 


(a) 5 (b) 4 (c) 3 (d) 25 [CBSE 2014] 
49. Area of the largest triangle that can be inscribed in a semi-circle of radius r units is 


(а) r^sq.units (Ы) 775 q- units (с) 27^ sq. units (d) J27? sq. units 


50. If the sum of the areas of two circles with radii ij and j is equal to the area of a circle of 
radius r, then 


(а) г=л+› O nr = Қо) л+»<, (d) n +r? <r? 
51. If the sum of the circumferences of two circles with radii n; andr, is equal to the 
circumference of a circle of radius r, then 
(a) r=, +h b) n4*n»r () Her (d) None of these 
52. If the circumference ofa circle and the perimeter of a square are equal, then 
(a) Area of the circle=Areaofthesquare (b) Area of the circle < Area of the square 


(c) Area of the circle > Area of the square (d) Nothing definite can be said 
53. If the perimeter of a circle is equal to that of a square, then the ratio of their areas is 


(a) 22:7 (b 14:11 (c) 7:22 (d) 11:14 
ANSWERS 

1. (d) 2. ф) 3. (с) 4. (с) 5. (b) 
6. (d) 7. (c) 8. (c) 9. (c) 10. (d) 
11. (a) 12. (с) 13. (c) 14. (d) 15. (b) 
16. (d) 17. (b) 18. (с) 19. (b) 20. (c) 
21. (a) 22. (b) 23. (c) 24. (d) 25. (a) 
26. (b) 27. (d) 28. (b) 29. (a) 30. (b) 


AREAS RELATED TO CIRCLES 


һә 


31. (b) 32. (b) 
36. (d) 37. (a) 
41. (c) 42. (a) 
46. (b) 47. (b) 
51. (a) 52. (c) 


. Foracircle of a radius r, we have 


(i) Circumference = 27r 


2 


is T nr 
(iii) Area of semi-circle = a 


33. (c) 
38. (a) 
43. (d) 
48. (a) 
53. (b) 


SUMMARY 


(ii) Area = zr 


34. (d) 35. (c) 
39. (d) 40. (b) 
44. (b) 45. (b) 
49. (a) 50. (b) 


2 


лг? 


(iv) Area of a quadrant = . 


If Rand rare the radii of two concentric circles such that К > r then. 
Area enclosed by the two circles = nR? — ar? = x(R? – r°) 
If a sector of a circle of radius r contains an angle of 0°. Then, 


(i) Length of the arc of the sector 


(ii) 
(iii) 
(iv) 


— 
360 


- 39 (Circumference of the circle) 
360 


Perimeter of the sector = 2r + а x2nr 


Area of the sector = ES xn" = є. x (Area of the circle) 
360 360 


Area of the segment 
= Area of the corresponding sector — Area of the corresponding triangle 


2 


0 ‚Ф o 
= — х ПГ — sm r cos = 
360 2 


DEI 


nO 
360 


a 0 
= sin a cos ir 


2 
2 


13.75 
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SURFACE AREAS AND VOLUMES 


14.1 INTRODUCTION 


What had been learnt in previous classes regarding surface areas and volumes of solids like 
cuboid, cube, right circular cylinder, right circular cone and sphere has been reviewed in the 


previous chapter. In this chapter, we shall discuss problems on conversion of one of these 
solids in another. 


In our day-to-day life we come across various solids which are combinations of two or more 
such solids. For example, a conical circus tent with cylindrical base is a combination of a 
right circular cylinder and a right circular cone, also an ice-cream cone is a combination of a 
cone and a hemisphere. We shall discuss problems on finding surface areas and volumes of 
such solids. We also come across solids which are a part of a cone. For example, a bucket, a 
glass tumbler, a friction clutch etc. These solids are known as frustums of a cone. In the end of 
the chapter, we shall discuss problems on surface area and volume of frustum of a cone. 


14.2 SOME USEFUL FORMULAE 
CUBOID Let I, band h denote respectively the length, breadth and height of a cuboid. Then, 


(i) Total surface area of the cuboid = 2(Ib + bh + th) square units 
(ii) Volume of the cuboid = Area of the base x Height = Length x Breadth x Height 
= [bh cubic units 


(ui) Diagonal of the cuboid = М? +b? +h? units. 


D 
A 
mmi 
y^ 
B 
Fig. 14.1 


of a room — Ih + Ihi bh + bh = 201+ b)h square units. 


(iv) Area of four walls — 


» SEEN -pran ь > 
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CUBE If the length of each edge of a cube is ‘a’ units, then 
(i) Total surface area of the cube = ба? square units 
(ii) Volume of the cube = a? cubic units 

(iii) Diagonal of the cube = 43 a units 


Fig. 14.2 


RIGHT CIRCULAR CYLINDER Fora right circular cylinder of base radius rand height (or length) h, 
we have 


(i) Area of each end = Area of base = xr? d ED B' 
(ii) Curved surface area =2ттһ 


Ax x Ii 
= Perimeter of the base x Height 
(iii) Totalsurfacearea = Curved surface area + Area of circular ends 


= 2nrh + 2nr? 


= 2ar(h +r) A a> в 


(iv) Volume = дг? 
= Area of the base x Height Fig. 14.3 
RIGHT CIRCULAR HOLLOW CYLINDER Let R and r be the external and internal radii of a hollow 
cylinder of height h. Then, 
(i) Area of each end = п(К? =r’) 


(ii) Curved surface area of hollow cylinder 
= External surface area + Internal surface area 


= 2nRh+2arh 
= 2nh(R +r) 
(iii) Total surface area = 2x Rh + 2nrh + 2(nR? – nr?) 
= 2nli(R 4 r) + 2n(R Y) (К - r) 
= 2n(R * r) (R - h - р) 
(iv) Volume of material = External volume — Internal volume 
nR?h — nr?h 
лк? — г?) 


[ЛУ S 
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— CIRCULAR CONE For a right circular cone of height h, slant height | and radius of base т, we 
tave 


() Ê =r? + А? 
(ii) Curved surface area = nrl 50. units 
(iii) Total surface area = Curved surface area + Area of the base 


= nrl + nr? 


= nr (I + r) sq. units 


(iv) Volume = jar h А & 


Fig. 14.5 


1 
“з (Area of the base) x Height 


SPHERE Fora sphere of radius т, we have 


Bb 
(i) Surface area = 4лт? EQ. 
(ii) Volume = ынк. — — 
3 B A 
For a hemisphere of radius r, we have 
(i) Surface area = An 559 
ә — 


(i) Total surfacearea = 2nr? + пт? = 3A 


Fig. 14.6 


(iii) Volume = iar 


SPHERICAL SHELL I Rand rare respectively the outer and inner radii of a spherical shell, then 


(i) Outer surface aren ANR 
[JA 
4 
(ii) Volume of material = 370 -n) 


Fig. 14.7 


14.3 CONVERSION OF SOLIDS a | 
In this section, we shall discuss problems pertaining to conversion of a solid (discussed in 
the previous classes) into another solid of different shape. For example, a metallic sphere is 
melted and recast intoa cylindrical wire, the earth taken out by digging a well and spreading 
it uniformly around the well to form an embankment in the form of a cylindrical shell from its 
original shape of right circular cylinder, etc. The computation of surface areas and volumes 


in such cases are illustrated below. 


" 00°; үгүтү р 
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EXAMPLE Tuo cubes each of 10 ст edge are joined end to end. Find the surface area of the 
resulting cuboid. 
SOLUTION It two cubes are joined end to end, we get a cuboid such that 

l = Length of the resulting cuboid = 10 cm + 10 ст = 20 cm 

b = Breadth of the resulting cuboid = 10 ст 

h = Height of the resulting cuboid = 10 cm 

Surface area of the cuboid = 2 (ib + bh + Ih) 


Surface area of the cuboid = 2(20 x 10 + 10x 10 + 20x 10) cm? = 1000 cm? 


EXAMPLE 2. Three cubes whose edges measure 3 cm, 4 cm and 5 cm respectively to form a single 
cube. Find its edge. Also, find the surface area of the new cube. 


SOLUTION Let x cmbethe edge of the new cube. Then, 
Volume of the new cube = Sum of the volumes of three cubes. 


— 
Е 


=> х? = 39 +49 +5? = 27 +64 + 125 
= х? = 216 
=> х? =6 = х= бст 


Edge of the new cube is 6 cm long. 
Surface area of the new cube = 6x7»= 6 x (6)! em? = 216 cm? 


EXAMPLE з Three cubes each of side 5 cm fre joined end to end. Find the surface area of the 
resulting cuboid. 


SOLUTION The dimensions of the cuboid so formed are as under: 


AX I 
jy 
| 5cm | 5 cm | 5cm | 


Fig. 14.8 


l = Length = 15 cm, b= Breadth = 5 cm, and л = Height = 5 cm 
Surface area of the cuboid = 2 (15 x 5 + 5x 5 + 15 x 5) cm? 


| => Surface area of the cuboid = 2(75 + 25 4 75) cm? = 350 cm? 
EXAMPLE 4 Two cubes each of volume 64 cm? are joined end to end. Find the surface area and 
volume of the resulting cuboid. [NCERT, NCERT EXEMPLAR] 


SOLUTION Let the length of each edge of the cube of volume 64 cm? be x cm. Then, 
| Volume = 64cm? 

| x =64 

xy = 4) 

х= 4ст 
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i 
/ 


—*4cm-4— — 4cm=— 
Fig. 14.9 
The dimensions of the cuboid so formed are: 
L = Length = (4 + 4)cm = 8 cm, b = Breadth = 4cmand, h = Height = 4cm 
Surface area of the cuboid = 2 (Ib + bh + ІА) 
= 2(8х4+4х4+8х em- leo cm: 
Volume of the cuboid = Ibh = 8x 4 x 4 cm? = 128 cm? 


EXAMPLE 5 The dimensions of a metallic cuboid are: 100 ст х 80 cm & cm. It is melted and 
recast intoa cube. Find the surface area of the cube. 
SOLUTION Let the length of each edge of the recasted cube be acm. 
Volume of the metallic cuboid = 100 x 80 x 64 em? = 512000 cm? 
The metallic cuboid is melted and is recasted into a cube. 
Volume of the cube = Volume of the metallic cuboid 


E a? = 512000 
=> а? 85 „10 = (8x10) 
55 а= 8 x 10 ст = 80cm 


Surface area of the cube = ба cm? = 6 х (80) cm? = 38400 cm? 


EXAMPLE 6 Three metallic solid cubes whose edges are 3 cm, 4 cm and 5 cm, are melted and formed 
into a single cube. Find theedge of the cube so formed. [NCERT EXEMPLAR] 


SOLUTION Let the length of the edge of the new cube formed be x cm. Then, 
Volume of the new cube = Sum of the volumes of three metallic cubes 


= хэ = 32 44.5 
> x? =27 + 64 + 125 
> x? 4216 

=> xr=6° 

> x=6 


Hence, the length of anedge of the new cube is 6 cm. 

EXAMPLE 7 A solid iron rectangular block of dimensions 44 m,2.6 m and 1 m is cast intoa hollow 
lindrical pi internal radius 30 cm and thickness 5 cm. Find the length of the pipe. 

cylindrical pipe of in [NCERT EXEMPLAR] 


SOLUTION Let the length of the pipe be ſi cm. Then, volume of iron in the pipe is equal to the 
volume of iron in the block 
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Volume of the block = (4.4 x 2.6 x 1) m? = (440 x 260 x 100) m? 
Wehave, 

r = Internal radius of the pipe = 30 ст 

R = External radius of the pipe = (30 + 5) cm = 35 cm 

Volume of ironin the pipe = (External Volume) - (Internal Volume) 
= nR*h 2 = a(R? – r° )h 
(RTT) (R-) 
= mx (35 + 30) x (35 – 30) x h cm? 
-nx65x5xl cm? 


Now, Volume ot iron in the pipe = Volume of iron in the block 


=> mx 65x 5x h = 440 x 260 х 100 
22 
=> 7 *65х5х = 440 x 260х100 
78 1.4 
= h = ( 440x 260 x 100x Z aE xÈ em = 11200 em = 112m. 
22 Wo 2 


Hence, the length of the pipe is 112 m. 


EXAMPLE 8 The radii of the bases of two right circular solid cones of same height are 
r, and r, respectively. The cones are melted and recast into а solid sphere of radius R. Show that the 


4R? 


2 


height ofeach cone is given by h = 5 
à +7, 


SOLUTION Leth be the height of each cone. Then, 
Sum of the volumes of two cones = Volume of the sphere 


1 2 "C" & 3 
—nn h-e—nzrh--—nzR 
=> 321 348 2" 
= (n? + ry )h = 463 
= h= AR 
n +2 


EXAMPLE 9 Two solid right circular cones have the same height. The radii of their bases are 
r, and h. Theyare melted and recast into a cylinder of same height. Show that the radius of the base of 


2. 2 
n +h 


3 


the cylinder is 


07 А ы = 
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cim a 125 the height of two given cones of base radii ri and r, respectively. 
wi ht et ^ be the radius of the cylinder. It is given that the cylinder is also of 
eight Л. 


Volume of the cylinder = Sum of the Volumes of two cones 


v NONE 1 2 1 
=> TR h= zun па лп 
d. 1 2 2 


2 2 
=> R= n +h 
| 3 


EXAMPLE 10 The diameter of a metallic sphere is 6 cm. It is melted and drawn into a wire having 
diameter of the cross-section as 0.2 cm. Find the length of the wire. 
SOLUTION Wehave, 
Diameter of metallic sphere = 6 cm 
Radius of metallic sphere = 3 cm 
Also, we have 
Diameter of cross-section of cylindrical wire = 0.2 cm 
Radius of cross-section of cylindrical wire = 0.1 cm 
Let the length of the wire be h cm. Since metallic sphere is converted into a cylindrical 
shaped wire of length h cm. 
Y Volume of the metal used in wire = Volume of the sphere 


> nx (0.1)? xh = ка 9? 

2 
- ZR r 

10 3 
> пх „. 
100 

> н 367 X100 om = 3600 ст = 36 metres 

n 
EXAMPLE 11 The diameter of a metallic sphere is 6 ст. The sphere is melted and drawn into a wire 
of uniform cross-section. If the length of the wire is 36 m, find its radius. [CBSE 2013] 


SOLUTION We have, 
Diameter of the sphere = 6 cm 


6 
Radius of the sphere = 2 cm = З ст 


4 C a 3 | EN 
= Volume of the sphere S WEES ст“ = 36ncm | Using V E id | 


ТҮзҮҮ ШШ 


r [| . 1 c eL 
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Let the radius of cross-section of wire be rem. Itis given that the length of the cylindrical 
shaped wire is 36 m. 
Volume of the wire = (zr? x 3600) cm? [ Using У = лг? | 


Since metallic sphere is converted into cylindrical shaped wire. Therefore, 
Volume of the wire = Volume of the sphere 


> xr? x 3600 = 36x 
oa Fe 36n "MA 
3600л 100 


1 
r = — cm = 1 тт 
10 


EXAMPLE 12 How many shots each having diameter 3 em can be made from a cuboidal lead solid of 
dimensions 9 cm x 11 cm x 12 ст? [NCERT EXEMPLAR] 
SOLUTION Volume of the lead in cubical solid = (9 x 11 x 12) cm? = 1188 ст? 
Suppose x shots can be made from the cubical solid. Then 

Volume of lead in x spherical shots = Volume of the solid 


"j 
—nx|- x = 1188 
= E «(5 
„(ун 
= х= 1188х3х7х8 4 
4х 22 x 27 


Hence, 84 shots can be made from the cubical solid. 


EXAMPLE 13 A right circular cone of radius 3 cm had a curved surface area of 47.1 cm?. Find the 
volume of the cone. (Use п = 3.14) [CBSE 2016] 


SOLUTION Let the height and the slant height of the cone be Л cm and | em respectively. It is 
given that the radius of the base is г =3 cm. It is also given that the curved surface area of the 
cone is47.1 cm? 


ў nrl = 47.1 
> 3.14 x3 x 1 = 47.1 
it em- Sem 
Thus, we obtain / = 5cm and = 3cm 
Р = р? +h 
= 25 = 9+? 
= h? = 16 
=> h=4cm Fig. 14.10 


Let V be the volume of the cone. Then, 
Ys 1 Ча, 
3 


es 2 
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1 
— V = 5х 3.14 х 3? x 4em? = 37.68 cm? 


Hence, the volume of the cone is 37.68 cm?. 


EXAMPLE 14 A right circular cone is of height 8.4 ст and the radius of its base is 2.1 cm. It is 
melted and recast into a sphere. Find the radius of the sphere. 


SOLUTION Wehave, 
r = Radius of the base of the cone = 2.1 cm, h = Height of the cone = 8.4 cm 
Volume of the cone = jar - i x mx (2.1)? x 84 cm? 
Let R cm be the radius of the sphere obtained by recasting the melted cone. Then, 
Volume of the sphere = 2 nR? 
3 
Since the volume of the material in the form of cone and sphere remains the same. 


тл? 3 (21) x (84) 


_ (2.1)? x84 
4 


25 R? = (2.1)? 

=> К = 2.1 

Hence, the radius of the sphere is 2.1 cm. 

EXAMPLE 15 А metallic sphere of radius 4,26m is melted and recast into the shape of a cylinder of 
radius 6 cm. Find the height of the cylinder. [NCERT] 


SOLUTION Leet the height of the cylinder be ſi cm. Then, 
Volume of the cylinder = Volume of the sphere 


= nx 6 xh 3x a (42) 
-— jy = 4x 42942 67 
3x6x6 
=> h =4 x 0.7 x 0.7 x 1.4 cm 
EXAMPLE 16 Metallic spheres of radii 6 ст, 8 cm and 10 cm respectively, are melted to form a 
single solid spliere, Find the radius of the resulting sphere. [NCERT] 


SOLUTION Let the radius of the resulting sphere be r cm. Then, 
Volume of the resulting sphere = Sum of the volumes of three spheres of radii 6 cm, 
8 cm and 10 cm 


=» „ә 4 6 n + п х10 
3 3 

э r? = 216 + 512 + 1000 

=> г? = 1728 

=> г? ai? 

=> г = 12cm. 


Se 
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EXAMPLE 17 A solid sphere of radius q cm is melted and then cast into small spherical balls each of 
diameter 0.6 em. Find the number of balls thus obtained. 


SOLUTION Let the total number of balls be x. 


Volume of the solid sphere — 15; - А. x 3! cm? = 36 n cm? 
3 


o2 


Radius of spherical ball = ES cm = 0.3 em 


Volume of a spherical ball O3 cm? E INCUN g 3 


cm 
3 10 10 10 1000 


Volume of x spherical balls = = x cm? 
1000 
Clearly, Volume of the solid sphere = Volume of x spherical balls. 
=> Sipe ОЕ A х = 1000 
1000 


Hence, 1000 spherical balls are obtained by melting the given solid sphere. 


EXAMPLE 18 Find the number of coins, 1.5 ст in diameter and b. cn thick, to be melted to form a 
right circular cylinder of height 10 cm and diameter 4.5 cm. 


SOLUTION Let the total number of coins be x. Clearly, each coin is a cylinder of radius 
r= 0.75cm and heighth= 0.2 cm. 


Volume of a coin = [л x (0.75)? х 0.2)cm* [Using: V = zr?h] 


Volume of x coins = [л x (0.75)? x 0.2] x cm? 


: 4.5 = 
Volume of the cylinder = [л x (2.25)* х 10]cm? Ё Radius = m = 2:25 cm | 


Clearly, Volume of metal in x coins = Volume of the cylinder 


E (x x (0.75)? x 0.2)x = {л x (225)? x 10] cm? 
NUUS a. gy 5050 480 
= л (0.75 x 0.75 x 0.2) 


EXAMPLE 19... How тапу spherical bullets can be made out of a solid cube of lead whose edge 
measures 44 cm, each bullet being 4 cm in diameter. 


SOLUTION Let the total number of bullets be x. 


Radius of a spherical bullet = i cm = 2cm 
Now, Volume of aspherical bullet = 35 x (2)! cm? = | 3A 8 | cm? 


Volume of x spherical bullets = (+ x = x8xx ) ont 


Volume of the solid cube = (44)3 cm? 
Clearly, Volume of x spherical bullets = Volume of cube 
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4 22 
= ыы ay 
5 2 
=> 3 77 8хх=44х 44х44 


4x22x8 4 
Hence, total number of spherical bullets = 2541 
EXAMPLE 20 How many spherical lead shots each 4.2 cm in diameter can be obtained from a 
rectangular solid of lead with dimensions 66 cm, 42 cm, 21 cm. (Use x = 22/7). 
SOLUTION Let the number of lead shots be x 
Volume of lead in the rectangular solid = (66 x 42 x 21) cm? 


Radius of a lead shot = == cm = 2.1 cm 


Volume of a spherical lead shot = A (2.1? cm? 
3 7 
| : 4 22 3 
Volume of x spherical lead shots = z7 x(2.1) хх (ст 


Volume of x spherical lead shots = Volume of lead in rectangular solid 
E 22 
— х — 
Z: 
66x42x21x3x7 _ 66x42 х 21x 21 x 1000 
> х= Oe IL „ 1500 
4 x 22 x (2.1) 4x22 x 21x 21x 21 
Hence, the number of spherical lead shots is 1500. 

EXAMPLE 21 The radii of the internal and external surfaces of a metallic spherical shell are 3 cm 


x (2.1) ка| = 66 x 42x 21 


: xi» d : А А 2 
and 5 cm respectively. Itis nelle and recast into a solid right circular cylinder of height 10 Jen. 


Find the diameter of tlie use of the cylinder. 
SOLUTION Let the radius of the base of the cylinder be r cm. Then, 


А 2 
Volume of the metallic solid cylinder of height 10 30m 


= Volume of the metal in the spherical shell 


=> 9 3 
- 32 2 _ 4 (125 27 
3" 8g 
з 4 
2 ае 9б 
= r 32 3 
- ‚ 49 
y^ = — 
4 


„ «ß 0 
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^ ғ = em 
Hence, diameter ot the base of the cylinder = 7 em 
EXAMPLE 22 A hemispherical bow! 0 
te filled in cylindrical bottles of radius 
the bowl? 
SOLUTION We have, 


internal diameter 36 ст contains a liquid. This liquid is to 
Som and height 6cm. How man y bottles are required to empty 


Radius of hemispherical bow] = 18 cm 


— 2 2 
Volume of hemispherical bowl = 2л х (18) cm? “V= ТМ | 
and, Radius of a cylindrical bottle 23cm 
Height of a cylindrical bottle = 6 cm 


4 Volume of a cylindrical bottle = (х x 32 x 6) cm? [^w 3 xr^h | 
Suppose x bottles are required to empty the bowl. 

Volume of x cylindrical bottles = (tx 9x 6x x) cm? 
Clearly, Volume of liquid in x bottles = Volume of bowl 


> лх9хёхх = TE x (18) 


3 
=> — 1 
| Зхдх9х6 


Hence, 72 bottles are required to empty the bowl. 


EXAMPLE 23 A right circular cone is 3.6 cm high and radius of its base is 1.6 cm. It is melted and 
і recast intoa right circular cone with radius of its baseas 1.2 cm. Find its height. 
i H SOLUTION Wehave, 


First cone Second cone 
Radii n = 1.6ет 2 = 12cm 
Heights I; =3.6 cm h, =? 
Volumes V V, 
Clearly, two cones have the same volume. 
АГУ; 
12 2 
=> 375 in = hy, 
— nli = г, hy 
2 
2 
1 1.6 x 1.6 x 3.6 16 x 16 x 36 
о on 64 
" me ae 12x12x10 7%" 


Hence, the height of new cone is 6.4 cm. 


EXAMPLE 24 Solid cylinder of brass & m high and 4 m diameter is melted and recast into a cone of 
diameter 3 m. Find the height of the cone. 
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SOLUTION Wehave, 


Cylinder Cone 
Radii n =2m = 1.5 т 
Heights h =8m h, =? 
Volumes 2 V, 
Clearly, Volume of the cone = Volume of the cylinder 
ie., V = V, 
1 а 2 
=> Inn = nn h 
3 
= n h, = 3n? hy 
Зк ^h z 
> hoe EO E E SS ee hc es GSM 
n (1.5) T 225 


Hence, the height of the cone is 42.66 m. 


EXAMPLE 25 A sphere of diameter 6 cm is dropped in a right circular cylindrical vessel partly 
filled with water. The diameter of the cylindrical vessel is 12 cm. If the sphere is completely submerged 
in water, by how much will the level of water rise in the cylindrical vessel? 


SOLUTION We have, Radius of the sphere =3cm 
4 
Volume of the sphere = 35 x (3f? cm? = 36cm? Ё У = 5 zr? | 


Radius of the cylindrical vessel = 6em 
Suppose water level rises by h cm in the cylindrical vessel. Then, 


Volume of the cylinder of height ист and radius 6 cm 

= (nx 62 emꝰ = 36ahem? [ V = nn] 
This is the volume of water displaced by the sphere. Clearly, volume of water displaced by 
the sphere is equal to the volume of the sphere. 

36nh = 36x — =] ст 

Hence, water level rises by 1 cm. 
EXAMPLE 26- A conical vessel whose internal radius is 5 cm and height 24 cm is full of water. The 
water is emptied into a cylindrical vessel with internal radius 10 cms. Find the height to which the 
water rises. 
SOLUTION We have, 


inf radius of the conical vessel = 5 cm, h = height of the conical vessel = 24 cm 


and, ғ, = radius of the cylindrical vessel = 10 cm 
: e height of / cm in the cylindrical vessel. 


Suppose water rises upto th 
2i n conical vessel = Volume of water in cylindrical vessel 


Clearly, Volume of water i 


1. 2 2 
nnda u 
= 3 


2 2 
nh = 3% 
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= 9x 5x 24 = 3x 10x 10x hh, 
9 
E „ 
3 * 10 * 10 


Hence, the height of water in the cylindrical vessel is 2 cm. 
EXAMPLE 27 A glass cylinder with diameter 20 cm has water toa height of 9cm. A metal cube of 
Sem edge is immersed in it completely. Calculate the height by which water will rise in the cylinder. 
(Take л = 3.142) 
SOLUTION Suppose the water rises by / cm. Clearly, water in the cylinder forms a cylinder 
of height / em and radius 10 cm. 

; Volume of the water displaced = Volume of the cube of edge 8 cm 


=> mh = 83 
> 3.142 x 107 хл =8x8x8 be r=10cm] 
=> „ы. cm = 1.6cm 


"= 32x 10x10 
EXAMPLE 28 500 persons are taking a dip into a cuboidal pond which is 80 m long and 50 m broad. 
What is the rise of water level in the pond, if the average displacement of thewater by a person is 
0.04 nr’? [NCERT EXEMPLAR] 
SOLUTION Suppose level of water rises by hı metres in the pond. Then, clearly, water risen 
in the pond forms a cuboidal of dimensions 80 m x 80 mx im. 

80 x 50 хл = Volume of water displaced by 500 persons 


E 80 x 50 x It = 500 х 0.04 
= 4000/1 = 20 

1 
=> = 200 m = 5 em 


EXAMPLE 29 The barrel of a fountain pen, cylindrical in shape, is 7 cm long and 5 mm in diameter. 
A full barrel of ink in the pen will be used up on writing 330 words on an average. How many words 
would use up a bottle of ink containing one fifth of a litre ? 


SOLUTION We have, 
Volume of a barrel = (2 x 0.25 x 0.25 x 7 | em’ = 1.375 cm? 
охь M. in the bottle = = litre а a en? = 200 cm? 


Total number of barrels that can be filled from the given volume of ink — = 
200 ` 


So, required number of words = = х 330 = 48000 


EXAMPLE zo The cost of painting the total outside surface of a closed cylindrical oil tank at 60 
paise per sq. dm is & 237.60. The height of the tank is 6 times the radius of the base of the tank. Find its 
volume correct to two decimal places. 

SOLUTION Letrdm be the radius of the base and л dm be the height of the cylindrical tank. 
Then, = 6r (given) 
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Total surface area = 2nr(r + h) = 2nr(r+ 6r) = 14 nr? 
= Cost of painting =% (ide?) xe. eo r 
100 5 
It is given that the cost of painting is € 237.60 


42 2 
ru d = 237.60 


=> Sx Sx = 23760 
=> Pelox dre idm 
42 22 
h = 6r = 18 dm 


Hence, Volume of the cylinder = лг? li- (1x3x3x18) dm? = Е 9х 18 am = 509.14 dm? 


EXAMPLE 31 A well with 10 m inside diameter is dug 14 m deep. Earth taken out of it is spread all 
a round to a width of 5 m to form an embankment. Find theheight of embankment. 


SOLUTION We have, 
Volume of the earth dugout = (x 7% m? 


=> Volume of the earth dugout = = х5 x 5x14 т? = 1100 m? 


Fig. 14.11 


; 8 2.820222 2 
Area of the embankment (shaded region) -n(R'-r')-n(10" -5")m =н 


Volume of the earth dugout 1100 7x1100 
» =———————= = 
Height of the embankment-7 Area of the embankment 22 x75 22х75 
7 


=4.66m. 


EXAMPLE 32 A 20 m deep well with diameter 7 m is dug and the earth from digging is evenly 
spread out to forma platform 22 m by 14 m. Find the height of the platform. 
spre | INCERT, CBSE 2015] 
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SOLUTION We have, 
Volume of the earth taken out of the well 


"E. ; 
= Volume of a cylinder of radius zm and height 20m 


“SJR 


x | - | x20 m? = 770 m? 
«2 
Let the height raised of 22 m x 14 т platform be equal to i metres. Then, 
Volume of the earth in platform = Volume of the earth taken out of the well 
= 22 x 14x л = 770 


770 5 
m>h=—=m=25m. 
22 x 14 2 
EXAMPLE 33 An agriculture field is in the form of a rectangle of length 20 m width IA. A 10 m 
deep well of diameter 7m is dug in a corner of the field and the earth taken out of the well is spread 
evenly over the remaining part of the field. Find the rise in its level. 
SOLUTION We have, 


E д = 


Radius of the well = 3 Depth of the well = 10 m 


Volume of the earth dug = ) x 10 m? = 2257, 10 m? = 358 m? 


Also, we have 
Length of the field = 14 m, Breadth of the field = 14 m 


Area of the field = 20x 14 m? = 280 m? 


2 
Area of the base of the well = x x B m? = 2. С. ANE е E d 
2 7 2 2 2 
Area of the remaining part of the field = Area of the field — Area of the base of the field 
- { 280 - J me (e m? Ans 
Let the rise in the level of the field be h metres. 


Volume of the raised field = Area of the base x Height = | =з xh | m? 


But, Volume of the raised field = Volume of the earth dugout 
= x h = 385 
2x 385 770 
h= = —— = 1.594 
"983483 B 


Hence, rise in the level of the field = 1.594 m. 
EXAMPLE 34 А cylindrical pipe has inner diameter of 7 cm and water flows through it at 
192.5 litres per minute. Find the rate of flow in kilometres per hour, [CBSE 2013] 
SOLUTION Wehave, 
Volume of water that flows per hour = (192.50 x 60) litres 
= (192.50 x 60 x 1000) cm? ...(i) 
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Inner diameter of the pipe =7 cm 
i Inner radius of the pipe T a - 3.5cm 


Let ст be the length of the column of water that flows in one hour. 
Clearly, water column forms a cylinder of radius 3.5 cm and length h cm. 


Volume of water that flows in one hour = Volume of the cylinder of radius 3.5 cm and 
length Л cm 


= { Ж (3.5)? «it Jem? (ü) 
From (i) and (ii), we have 
22 
7 * 3.5 х 35x h = 192.50 x 60 x 1000 


1 192.50 x 60 x 1000 x 7 
22 х 3.5 x 3.5 

Hence, the rate of flow of water is 3 km per hour. 

EXAMPLE 35 Water is being pumped out through a circular pipe whose internal diameter is 


7 cm. If the flow of water is 72 cm per second, how many litresofwater are being pumped out in one 
hour? 


= cm = 300000 cm = 3 km 


SOLUTION We have, Radius of the circular pipe = р cm 


7 — 
Clearly, water column forms a cylinder of radius > cm. Itis given that the water flows out at 


the rate of 72 cm/sec. 
7 Length of the water column flowing out in one second = 72 cm. 


Volume of the water flowing out per second 


= Volume of the cylinder of radius 4 cm and length 72 cm. 


А Z 4 2 7 7 
-xx(2) em л хх m ** 7 x72 ст? = 2772 cm? 


Volume of the water flowing out in one hour = (2772 x 3600) cm? [~ 1hr - 3600 sec.] 


= 9979200 cm? 
_ 9979200 


1000 litres = 9979.2 litres 


Hence, 99792 litres of water flows out per hour. 


EXAMPLE 36 Water is flowing at the rate of 3 km/ hr through a circular pipe of 20 cm internal 
diameter into a circular cistern of diameter 10 m and depth 2 т, In how much time will the cistern be 
filled ? [CBSE 2008] 


SOLUTION Suppose the cistern is filled in x hours. Since water is flowing at the rate of 


3km/hr. Therefore, 
Length of the water column in x hours = 3x km = 3000x metres. 


Clearly, the water column forms a cylinder of radius 


— 20 cm = 10cm = 5 m and h = height (length) = 3000x metres 
2 


— 3 T 
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Volume of the water that flows in the cistern in x hours 
2 22 1 1 3 
= дур =| Sx x= 3000x m: 
7 10 10 


, А Р 22 
Also, Volume of the cistern = | x5x5x2 |m? l.. r=5m,h=2m] 
7 


Since the cistern is filled in x hours. 
8 Volume of the water that flows in the cistern in x hours = Volume of the cistern. 


22 1 1 22 
= Z x-—x--x3000r = 22 2 
ea oe ee 
^B 
= 00 nts = 3 hours = 1 hour 40 minutes. 


EXAMPLE 37 Water is flowing at the rate of 7 metres per second through a circular pipe whose 
internal diameter is 2 cm into a cylindrical tank the radius of whose base is 40 cm. Determine the 
increase in the water level in 1/2 hour. [CBSE 2006C, 2013] 
SOLUTION Wehave, 

Rate of flow of water = 7 m/sec = 700 cm/sec. 


Length of the water column in i hours = (700 x 30 x 60) cm 


Internal radius of circular pipe =1 cm. 
Clearly, water column forms a cylinder of radius Jem and length = (700 х 30 x 60) cm. 


Volume of the water that flows in the tank in Ph 


= (Z x 141700 «30x 60 Jem? Using: V = ar7h] NT 
Let /t cm be the rise in the level of water in the tank. Then, 


Volume of the water in thetank = E x 40 x 40 x h cm? (ii) 


From (i) and (ii), we obtain 


40x dx = E 1 1700 x 30 60 


Р 700 x 30 x 60 


cm = 787.5 cm 
40 x 40 


1 
Hence, the rise in the level of water in the tank in 2 hr is 787.5 cm. 


EXAMPLE 38 Water is flowing at the rate of 5 km/hr through a pipe of diameter 14 cm into a 
rectangular tank which is 50 m long and 44 m wide. Determine the time in which the level of 
the water in the tank will rise by 7 ст. [CBSE 2017] 
SOLUTION  Supposethe levelof the water in the tank will rise by 7 cm in x hours. 
Since the water is flowing at the rate of 5 km/hr. Therefore, 

Length of the water column in x hours = 5x km = 5000 x metres 


Clearly, the water column forms a cylinder whose radius r = > Oe m 


100 
and, Length = А = 5000 x metres 
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Volume of the water flowing through the cylindrical pipe in x hours 
E 22 7 
= дүр = 7 (150 x 5000x m? = So! ЖТИ m? = 77x m? 


100 
Also, 7 100 100 


Volume of the water that falls into the tankin x hours = 50 x 44 x е d m? = 154m? 
100 


But, Volume of the water flowing through the cylindrical pipe in x hours 
= Volume of the water that falls in the tank in x hours 


=> 77x = 154 
154 
ы ш: йш 


Hence, the level of the water in the tank will rise by 7 cm in 2 hours. 


EXAMPLE 39 The rain water from a roof of 22 m x 20 m drains into a cylindrical vessel having 
diameter of base 2 m and height 3.5 m. If the vessel is just full, find the rain fall in em. 
[CBSE 2010] 


SOLUTION Ме have, 
r= Radius of cylindrical vessel = 1 m, h= Height of cylindrical vessel = 3.5 m 


3, 22 
Volume of cylindrical vessel = лг = 2 1235 m = Пт" 


Let the rain fall be x m. Then, 
Volume of the water = Volume of a cuboid of base 22 m. 20 m and height x metres 
-(22x20xx)n? 
Since the vessel is just full of the water that drains out of the roof into the vessel. 
Volume of the water = Volume of the cylindrical vessel 
=> 22x 20x x x11 


11 1 100 _ 
EXAMPLE 40 Waterin a canal, 30 dm wide and 12 dm deep is flowing with velocity of 10 km/hr. 
How much area toill it irrigate in 30 minutes, if 8 cm of standing water is required for irrigation? 
[CBSE 2014] 
SOLUTION Wehave, 
Widthof the canal = 30dm = 300cm = 3m 


Depth of the canal = 12 dm = 120 cm = 1.2 m. 
It is given that the water is flowing with velocity 10 km/hr. Therefore, 


NN: 
Length of the water column formed in 2 hour = 5km = 5000 m 


_ A 
Volume of the water flowing їп 5 hour = Volume of the cuboid of length 5000 m, 
width 3 m and depth 1.2 m 
> Volume of the water following in 5 hour = 5000 x 3 х 1.2 m? = 18000 m? 


1 
Suppose x т? area is irrigated in a hour. Then, 
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5 18000 3 E 
\х 10^ 18000 => x = — m^ => x = 225000 m- 


Hence, the canal irrigates 225000 m? area in : hour. 


EXAMPLE 31. Water flowsat the rate of 10 metre per minute through a cylindrical pipe having its 


diameter as 5 тт, How much time will it take to fill a conical vessel whose diameter of base is 40 ст 
and depth 24 cm? 


SOLUTION Wehave, 
Volume of the water that flows out in one minute 
= Volume of the cylinder of diameter 5 mm and length 10 metre 


; 5 1 
= Volume of the cylinder of radius = mm (= - | cm and length 1000 cm 


2 + 
x 1000 cm? 
2 — Ne 
гач 
7 < ^ 1 22, 2 3 
Volume of a conical vessel of base radius 20 cm and depth 24cm = 2 x x (20) x 24cm 


Suppose the conical vessel is filled in x minutes. 


Volume of the water that flows out in x minutes = Volume of the conical vessel 


2 А 
=> 22 1,1, 1000 K х 2290204 
T 4 d 3 7 
1 400x24x4x4 512 
=> X = х — = —— minutes 
3 1000 10 


= x = 51 minutes 12 seconds. 


EXAMPLE 42 A hemispherical tank of radius 1.75 m is full of water. It is connected with a pipe 
which empties it at the rate of 7 litres per second. How much time will it take to empty the tank 
completely? 
SOLUTION Suppose the pipe takes x seconds to empty the tank. Then, 
Volume of the water that flows out of the tank in x seconds 
- Volume of the hemispherical tank. 
= Volume of the water that flows out of the tank x in seconds 
= Volume of the hemispherical shell of radius 175 cm 


=> 7000 x $ x= % 175 x 175x175 

ый x= + х 22 х 175х175х 175 = 1604.16 seconds 
з 7 7000 

=> xe а minutes = 26.73 minutes 


; , ; E 
EXAMPLE 43 A hemispherical tank full of water is emptied by a pipe at the rate of 3 7 litres per 


second. How much time will it take to make the tank half-empty, if tlie tank is 3 m in diameter? 
[CBSE 2016] 


* 
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SOLUTION We have, Radius of hemispherical tank = : m 
2 
^ Volume ofthe tank = 2 „ 22 x ВЕ = 99 n? 
3 7 2 14 
Volume of the water to be emptied = 1„99 iia m = 99 x 1000 litres = 22000 Titres 
2м V 28 В 
— M 
Since 7 litres of water is emptied in one second. Therefore, 
Total time taken to empty half the tank i.e = litres of water = = + = seconds 
99000 7 
— x — seconds 
28» “25 
99000 7 1 
= хх minutes 
2 25 60 


= 16.5 minutes 


EXAMPLE 44 Die largest sphere is carved out of a cube of aside 7 cm. Find the volume of the sphere. 
SOLUTION The diameter of the largest sphere which can be carved out of a cube of side 7 cm 


15 7 cm. 


^ 
Radius of the sphere = " = 2 cm 


Hence, 


1 
Volume of the sphere = = лг? 


3 
37 (2 cm? = ILI = 179.66 cm? 
EXAMPLE 45  Deterntirte the ratio of the volume of a cube to that of a sphere which will exactl y fit 
inside the cube, 

SOLUTION” Let the radius of the sphere which fits exactly into a cube be r units. Then, 
Length of each edge of the cube = 2runits 

Let V, and V, be the volumes of thecube and sphere respectively. Then, 


4 
= (2r and V, = rd 


= 


3 
Vi 8r $ 5 И: eim 
л 


radius т. 


башто 
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SOLUTION Clearly, 


Radius of the base of cone = Radius of the hemisphere =r 
and, Height of the cone = Radius of the hemisphere =r 


11— 


V 


Fig. 14.12 


Volume of the cone = jan хү = ja cubic units 


EXAMPLE 47 The radius of a solid iron sphere is 8 cm. Eight rings of iron plate of external radius 


? 
6 = cm and thickness 3 ст are made by melting this sphere. Find the internal diameter of each ring. 


SOLUTION Wehave, 


4 
Volume of solid iron sphere = 21 x85 cm? — rcm? 


External radius of each iron ring = M cm = = cm 


Let the internal radius of each ringbe r cm. Since each ring forms a hollow cylindrical shell 


of external and internal radii em and r cm respectively and height 3 cm. 


= [20Y a r 
Volume of each ring = л си ^f x3cm 


Volume of & such rings = ss( S -r }хзст = 24n( 00 - г? Jem’ 


Clearly, Volume of 8 rings = Volume of the sphere 


00 2 2048 
- al 
400 2 2048 1 
= зот US C 2x 
„ 400 256 144 
— 2 y^ =—————=—=16 
9 9 9 
= r- 4cm 


Hence, internal radius of each ring is 4 cm. 
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EXAMPLE 48 А conical vessel of radius 6 cm and height 8 cm is completely filled with water. A 


518 sred i = и aoe ler | 
sphere is lowered into the water and its size is such that when it touches the sides, it is just immersed as 
shown in Fig.14.13. What fraction of water over flows? 


SOLUTION Let the radius of the sphere be rcm. 


In AVO'A, we have a бст o i 
ten ds sin 0 8 3 ; f 
А. 5 Р Q 
In AVPO, We have Е 
e 
sin 8 «= 
О 
3 r ү 
=> — = 
2 Ret Fig. 14.13 
= 24-3r=5r 
> 8r = 24 
= r=3cm 


V4 Volume of the sphere = 5л х 3° em? = 36x cm? 


1 2 
V, = Volume of the water = Volume о the cone = 7 62 x8cm? = 96x cm? 


Clearly, volume of the water that flows out of the cone is same as the volume of the 
sphere i.e., V. 


Fraction of the water that flows out = Vj : V; = 361:961 = 3 : 8 
ALITER. In AVO'A, we have 
VA? = VQ? ОФ 


= VA? = 82 + 6° = 100 

> VA =10cm. 

Now, 40 AP [7 Tangents drawn from A to the circle are equal] 
25 AP 6 [5 AO' = бст] 


VP = VA — АР = (10 - 6)ст = 4 ст 
Now, УО = VO' - OO' = (8- т) ст 
In AVPO, we have 

VO? = VP? + ОР? 
— (8-ry 216«r 


7 64 torere 16% => 167 = 48 > Га Зав. 


Now, proceed as in the previous solution. 
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EXAMPLE 49 Selvi’s house has an overhead tank in the shape of a cylinder. This is filled by 
pumping water from a sump (underground tank). Which is in the shape of a cuboid. The sump 
has dimensions 1.57 m x 1.44 m x 0.95 m. The overhead tank has its radius of 60 cm and its 
height is 95 ст. Find the height of the water, left in the sump after the overhead tank has been 
completely filled with water from a sump Which had been full. Compare the capacity of the tank with 
that of the sump. (Use т= 3.14). \ [NCERT] 


SOLUTION Clearly, the volume of the water in the overhead tank is equal to the volume of 
the water removed from the sump. 


Now, 
Volume of water in the overhead tank = 3.14 x 0.6 x 0.6 x 0.95 m? | Using: = | 
= 3.14 x 0.36 x 0.95 m? 
Volume of water in the sump when it is full of water = 1.57 x 1.44 x 0.95 m? 
= 1.57 х 4х 0.36* 0.95 m? 
= 2х 3.14 х 0.36 0.95 m? 
Volume of water left in the sump after filling the tank 


= (2x 3.14 x 0,36x 0.95 — 3,14 x 0.36 x 0.95) m? 
= 3.14 x 0.36 0.95 (2 - 1) m? = 3.14 x 0.36 x 0.95 т? 
Area of the base of the sump = 1.57x1.44 m? 2 1.57 x 4x0.36m? -2x3.14x 0.36 m? 


Height of water in the sump = oS m= — = 0.475m = 47.5 cm 


Capacity of tank 3.14 x 0.36 x 0.95 1 


ee 
— 


Capacity of sump 2 3.14 х 0.36 х 0.95 2 


Hence, the capacity of the tank is half the capacity of the sump. 


EXAMPLE 50 Jf thediameterof cross-section of a wire is decreased by 5% how much percent will the 
length be increased so that the volume remains the same ? 


SOLUTION Let r be the radius of cross-section of wire and Бе its length. Then, 


Volume = zr? h NU 
5% of diameter of cross-section = — 27 = L 
100 10 
New diameter = 2, - 7. = 19" 
10 10 
19r 
=> New radius = — 
ewr = 


Let the new length be h. Then, 
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f 19r Y 
Volume е (2 h 00 


From (i) and (ii), we obtain 


А 19r Y 
ИНЕ PME 4 
mrt | =| h => h= 400 > h= ah 


61 
Increase in length = |, — = . һ = 39h 
361 361 
=> Percentage increase іп length = h-h -h x100 = 39h x100 = 3900 _ 10.8% 
h h 361 j 


Hence, the length of the wire increases by 10.8% 


EXAMPLE 51 А well, whose diameter is 7m, has been dug 22.5 m deep and theearth dugout is used 
to form an embankment around it. If the height of the embankment is 1.5 m, find the width of the 
embankment. 


SOLUTION We have, Radius of the well = 5 m = 35 mand, Depth of the well = 22.5 m 


Volume of the earth dugout 2nx(3.5y. x 225 m? xxx » x ; x T m? 
Let the width of the embankment be r metres. Clearly, embankment forms a cylindrical 
shell whose inner and outer radii are 3.5 m and (r + 3.5) m respectively and height 1.5 m. 


ә > 3 
Volume of the embankment = x{(r 43.5) -(3.5) | x15m? =л(г +7)гх 5 т> 


But, Volume of the embankment = Volume of the earth dugout 
+ 
= nr (r+ 7)x d= nx ox one 
=> ( *7)* = х 15 
= 4r? + 28r 735 
> ay? 28, - 735 = 0 Àe 
Е 60 
= [e ipe m Fig. 14.14 
2s „29821. „12528 _ 28 +112 _ 84 108 [. r>0] 
r= 8 8 8 


Hence, the width of the embankment is 10.5 m. 


i is inder of wood with a solid cylinder of graphite filled 

A lead pencil consists of a cylin solid cy of graphite 
into it The diameter of the pencil is 7 тт, the diameter of the graphite is I mm and the length of the 
pencil is 10 ст. Calculate the weight of the whole pencil, if the specific gravity of the wood is 0.7 gm/ 


cm? and that of the graphite is 2.1 gm/cm”. 
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SOLUTION We have, Diameter of the graphite cylinder = 1 mm = E cm 


Radius = A, cm 
20 


Length of the graphite cylinder = 10 cm 
Volume of the graphite cylinder = E d x 10) 
] 7 20 20 
Weight of graphite = Volume x Specific gravity 
22 PE. ) 
“| == 10 x 2.1 0.165 
| N N eee 


Diameter of pencil = 7 mm = Zem 


Radius of pencil = = cm and, Length of pencil = 10 cm 


2 
Volume of pencil = 2 х LE" La — x 10cm? 


7 20 20 
22 2249989 1 

Volume of wood = (2.7 =~ х —x 10 - Sx — x Еу 1 | 3 
7 20 20 No 0 Jem 


1.4 ib 1 
Bn * 24x10 х em = — x — ? 
E wd (7 x cm 7 20 em 


Weight of wood = (Tg 802 )am = (Za 15 em = 264 gm 


Hence, Total weight = (2.64 + 0.165) gm = 2.805 gm. 


EXAMPLE 53 A copper wire um in diameter is ереп y wound about a cylinder whose 
cm and diameter 20 cm so as to cover the whole surface. Find the len 
assuming the specific gravity to be 8.88 gm/cm?. 


length is 24 
gth and weight of the wire 


SOLUTION Clearly, one round of wire covers 4mm | = 10 cm 


| in thickness of the surface of 
the cylinder and length of the cylinder is 24 cm. 


5 
Number of rounds to cover 24cm = E = 24х10 
4/10 4 


Diameter of the cylinder = 20 ст 

Radius of the cylinder = 10 cm 

Length of the wire in completing one round =2 x; = 2nx10cm=20ncm. 

Length of the wire in covering the whole surface 
= Length of the wire in completing 60 rounds 
= (201 x 60) cm = 1200 x cm 


i 


—Ó M 
—— — —ü0ä4 
А —— — lꝗñꝗ 3 
ͤ— V. 
. 
— D 


SURFACE AREAS AND VOLUMES 14.27 


. E — 2 
Radius of copper wire 2 mm = — cm 
10 


. 2 i 
Volume of wire = | TX 16 х 2 x 1200 x | cm? = 48z^ cm? 
10 


So, Weight of wire = (48z? x 8.88) gm = 426.24 nem 


EXAMPLE 54 A copper wire 3 mm in diameter is wound about a cylinder whose length ts 
1.2 m, and diameter 10 cm, so as to cover the curved surface of the cylinder. Find the length and 
mass of the wire, assuming the density of the copper wire to be 8.88 gram per ст. [NCERT] 


А 3 
SOLUTION We have, d=Diameter of copper wire =3 mm = ip 


and, h = Height (length) of the cylinder = 1.2 m = 120 cm. 


Fig. 14.15 


Number of rounds taken by the wire to cover the curved surface of the cylinder = 1 


120 
z- = 400 
10 


Length of wiretsed in taking one round = 2лг = (2 x 3.14 x 5) em = 31.4 ст 


ering the curved surface of the cylinder — (31.4 x 400) cm 


Total lengthof wire used іп cox 
= 12560 cm = 125.6 m 


Mass of thé wire = Length x Density = 12560 x 8.88 gram = 111532.8 gm = 111.533 kg 


EXERCISE 14.1 


— 
| 1. How many balls, each of radius em, can be made from a solid sphere of lead of radius 
| 8cm? 5 cm in diameter c adt 
| EP ; spherical bullets each of 5 cm in diameter can be cast from a rectangular 
| * block 1 dm х1 т х5 т? 

€ г “Acti ә т ү 
| us 3cm is melted and recast into three spherical balls. The radii 


3. Aspherical ball of radi 
of the two of the balls are 


the third ball. | 
4. 22 cubic dm of brass is to be 


length of the wire. 


— 


1.5 em and 2 cm respectively. Determine the diameter of 


drawn into a cylindrical wire 0.25 cm in diameter. Find the 


1425 


5. 


6. 


10. 


11. 


13. 


14. 


19. 


20. 
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What length of a solid cylinder 2 cm in diameter must be taken to recast into a hollow 
evlinder of length 16 ст, external diameter 20 cm and thickness 2.5 mm? 


A cylindrical vessel having diameter equal to its height is full of water which is poured 
into two identical cylindrical vessels with diameter 42 cm and height 21 cm which are 
filled completely. Find the diameter of the cylindrical vessel 


circular plates each of diameter 14 cm and thickness 0.5 cm are placed one above the 


other to form à right circular cylinder. Find its total surface area. 


B circular plates, each of radius 10.5 cmand thickness 1.6 ст, are placed one above the 


other to forma solid circular cylinder. Find the curved surface area and the volume of the 
cylinder so formed. 


. Find the number of metallic circular discs with 1.5 cm base diameter and of height0.2 cm 


to be melted to form a right circular cylinder of height 10 cm and diameter 
15cm. INCERT EXEMPLAR] 


How many spherical lead shots each of diameter 4.2 cm can be obtained from a solid 
rectangular lead piece with dimensions 6 cm x 42 cm x 21 cm. 


[NCERT EXEMPLAR] 
How many spherical lead shots of diameter 4 cm can be made out of a solid cube of lead 
whose edge measures 44 cm. [NCERT EXEMPLAR] 


. Three cubes of a metal whose edges are in the ratio3: 4:5 are melted and converted into 


a single cube whose diagonal is 12 cm. Find the edges of the three cubes. 
[NCERT EXEMPLAR] 
A solid metallic sphere of radius 10.5 cm is melted and recast into a number of smaller 
cones, each of radius 3.5 cm and height 3 em. Find the number of cones so formed. 
[CBSE 2017, NCERT EXEMPLAR] 


The diameter of a metallic sphere is equal to Jem. It is melted and drawn into a long wire 
of diameter 2 mm having uniform cross-section. Find the length of the wire. 


. Aniron spherical ball has been melted and recast into smaller balls of equal size. If the 


radius of each of the smaller balls is 1/4 of the radius of the original ball, how many such 
balls are made? Compare the surface area, of all the smaller balls combined together 
with that of the original ball. 


. A copper sphereof radius3 cm is melted and recast into a right circular cone of height 3 


cm. Find the radius of thé base of the cone. 


A copper rod of diameter 1 cm and length 8cm is drawn into a wire of length 18 m of 


uniform thickness. Find the thickness of the wire. [NCERT] 


. Thediametersof internal and external surfaces of a hollow spherical shell are 10 cm and 


6 cm respectively. If it is melted and recast into a solid Cylinder of length of 


2 i cm, find the diameter of the cylinder. 
How many coins 1.75 cm in diameter and 2 mm thick must be melted to form a cuboid 
11 cm x 10cm x 7 cm? [NCERT] 


The surface area of a solid metallic sphere is 616 cm?. It is melted and recast 
into a cone of height 28 cm. Find the diameter of the base of the cone so formed. (Use 


z = 22/7). [CBSE 2010] 


«q——————— ÀÀÀ 
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ben l мее, > cm high апа with radius of base 18 cm, is filled with sand. This 
Fixe ёо in ut on the ground and a conical heap of sand is formed. If the height 

of the conical heap is 24 cm, find the radius and slant height of the heap. 
[CBSE 2012, 2014] 


22. A solid metallic sphere of radius 5.6 cm is melted and solid cones each of radius 2.8 cm 


and height 3.2 cm are made. Find the number of such cones formed. [CBSE 2014, 2017] 


A solid cuboid of iron with dimensions 53 cm x 40 cm х 15cm is melted and recast into 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


a cylindrical pipe. The outer and inner diameters of pipe are 8 cm and 7 cm respectively. 
Find the length of pipe. [CBSE 2015] 
The diameters of the internal and external surfaces of a hollow spherical shell are 
6 cm and 10 cm respectively. If it is melted and recast into a solid cylinder of 
diameter 14 cm, find the height of the cylinder. [CBSE 2001 C] 
A hollow sphere of internal and external diameters 4 cm and 8 cm respectively is melted 
into a cone of base diameter 8 cm. Calculate the height of the сопе, 
A hollow sphere of internal and external radii 2 cm and 4 cm respectively is melted into 
a cone of base radius 4 cm. Find the height and slant height of the сопе: 
A spherical ball of radius 3 cm is melted and recast into three spherical balls. The radii 
of two of the balls are 1.5 cm and 2 cm. Find the diameter of the third ball. 
A path2 m wide surroundsa circular pond of diameter 40 m. How many cubic metres of 
gravel are required to grave the path toa depth of 20cm? 
A 16m deep well with diameter 3.5 mis dug up and the earth from itis spread evenly to 
form a platform 27.5 m by 7 m. Find the height of the platform. 
A well of diameter 2 m is dug 14 m deep. The earth taken out of it is spread evenly 
all around it to form an embankment of height 40 cm. Find the width of the embankment. 
[CBSE 2015] 

A well with inner radius 4 m is dug 14 m deep. Earth taken out of it has been spread 
evenly all around a width of 3 m it to form an embankment. Find the height of the 
embankment. [CBSE 2016] 
A well of diameter 3 mis dug 14m deep. Theearth taken out of it has beenspread evenly 
all around it to a width of 4 m to form an embankment. Find the height of the 
embankment. [CBSE 2016] 
Find the volume of the largest right circular cone that can be cut out of a cube whose edge 
is9 cm. 
A cylindrical bucket, 32cm high and 18 cm of radius of the base, is filled with sand. This 
bucket isemptied on the ground and a conical heap of sand is formed. If the height of the 
conical heap is 24 cm, find the radius and slant height of the heap. 
Rain water, which falls on a flat rectangular surface of length 6 m and breadth 
4 m is transferred into à cylindrical vessel of internal radius 20 cm. What will 
be the height of water in the cylindrical vessel if a rainfall of 1 cm has fallen ? 

[Use x = 22/7] 


The rain water from a roof of dimensions 22 m x 20 m drains into a cylindrical vessel 
having diameter of base 2 m and height 3.5 m. If the rain water collected from the roof 
just fills the cylindrical vessel, then find the rain fall in cm. [NCERT EXEMPLAR] 
A conical flask is full of water. The flask has base-radius rand height h. The water is 
poured into à cylindrical flask of base-radius mr. Find the height of water in the 


cylindrical flask. 
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38. A rectangular tank 15m long and 11 m broad is re 


10. 


41. 


43. 


47. 


48. 


49. 


51. 
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quired to receive entire liquid contents 
trom a full cylindrical tank of internal diameter 21 m and length 5 m. Find the least 
height of the tank that will serve the purpose. 


- A hemispherical bowl of internal radius 9 em is full of liquid. This liquid is to be filled 


into cylindrical shaped small bottles each of diameter 3 cm and height 4 cm. How 
many bottles are necessary to empty the bow]? 


A cylindrical tub of radius 12cm contains water toa depth of 20cm. A spherical ball is 


dropped into the tub and the level of the water is raised by 6.75 cm. Find the radius of the 
ball. 


500 persons have to dip ina rectangular tank which is 80 m long and 50 m broad. What 
is the rise in the level of water in the tank, if the average displacement of water bya 
person is 0.04 m3? [NCERT EXEMPLAR] 


A cylindrical jar of radius 6 cm contains oil. Iron spheres each of radius 1.5 em are 


immersed in the oil. How many spheres are necessary to raise the level of the oil by two 
centimetres? 


A cylindrical tub of radius 12 cm contains water to a depth of 20 cm. A spherical form 


ball of radius 9 cm is dropped into the tub and thus the level of water is raised by л cm. 
What is the value of h? 


Metal spheres, each of radius 2 cm, are packed into a rectangular box of internal 
dimension 16 cm x 8 cm x 8 cm when 16 spheres are packed the box is filled with 
preservative liquid. Find the volume of this liquid. [Use x 2 669/213] 


A vessel in the shape of a cuboid contains some water. If three indentical spheres are 


immersed in the water, the level of water is increased by 2cm. If the area of the base of the 
cuboid is 160 ст? and its height 12 cm, determine the radius of any of the spheres. 


. 150 spherical marbles, each of diameter 1.4 €m are dropped in a cylindrical vessel of 


diameter 7 cm containing some water, which are completely immersed in water. Find the 
rise in the level of waterin the vessel. [CBSE 2014] 


Sushant has a vessel, of the form ofan inverted сопе, open at the top, of height 11 cm and 
radius of top as 2.5 cm and is full of water. Metallic spherical balls each of diameter 
th 


. 2 
0.5 cmare put in thevessel due to which | 5 ol the water in the vessel flows out. Find 
how many balls were put in the vessel. Sushant made the arrangement so that the water 
that flows out irrigates the flower beds. What value has been s own by Sushant? 
[CBSE 2014] 
16 glass spheres each of radius 2 cm are packed into a cuboidal box of internal 
dimensions 16¢m x 8cm x 8 em and then the box is filled with water. Find the volume of 
water filled in the box. [NCERT EXEMPLAR] 
Water flows through a cylindrical pipe, whose inner radius is 1 cm, at the rate of 


80 cm/sec in an empty cylindrical tank, the radius of whose base is 40 cm. What is the 
rise of water level in tank in half an hour? INCERT EXEMPLAR] 


Water ina canal 1.5 m wide and 6m deep is flowing with a speed of 10 km/hr. How much 


area will it irrigate in 30 minutes if 8 cm of standing water is desired? [NCERT] 


A farmer runsa pipe of internal diameter 20 cm from the canal into a cylindrical tank in his 
field which is 10 m in diameter and 2 m deep. If water flows through the pipe at the rate of 3 
km/h, in how much time will the tank be filled? [CBSE2014, NCERT] 
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52. 


53. 


55. 


56. 


57. 


60. 


61. 


62. 


63. 


65. 


67. 


A cylindrical tank full of water is emptied by a pipe at the rate of 225 litres per minute. 
How much time willit take to empty half the tank, if the diameter of its base is 3 mand its 
height is 3.5 m? [Use m= 22/7] [CBSE 2014] 
Water is flowing at the rate of 2.52 km/h through a cylinderical pipe into a cylindrical 
tank, the radius of the base is 40 cm. If the increase in the level of water in the tank, in 
half an hour is 3.15 m, find the internal diameter of the pipe. [CBSE 2015] 


. Water flows at the rate of 15 km/hr through a pipe of diameter 14 cm into a cuboidal 


pond which is 50 m long and 44 m wide. In what time will the level of water in the pond 
rise by 21 cm? [NCERT EXEMPLAR] 
A canalis 300 cm wide and 120 cm deep. The water in the canal is flowing with a speed 
of 20 km/h. How much area will it irrigate in 20 minutes if 8 cm of standing water is 
desired? [NCERT EXEMPLAR] 
The sum of the radius of base and height of a solid right circular cylinder is 37 em. If the 
total surface area of the solid cylinder is 1628 cm’, find the volume of cylinder. 
(Use л =22/7) [CBSE 2016] 
A tent of height 77 dm is in the form a right circular cylinder of diameter 36 m and height 
44 dm surmounted by a right circular cone. Find the cost of the canvas at 
€ 3.50 per m*. [Use z= 22/7] 


. The largest sphere is to be curved out of a right circular cylinder of radius 7 cm. and 


height 14 cm. Find the volume of the sphere. 


. Aright angled triangle whose sides are 3 cm, 4 cm and 5 em is revolved about the sides 


containing the right angle in two ways. Find the difference in volumes of the two cones 
so formed. Also, find their curved surfaces, 
A 5 m wide cloth is used to make a conical tent of base diameter 14 m and height 
24 m. Find the cost of cloth used at the rate of X25 per metre. [Use x -22/7] 

[CBSE 2014] 


1 
The volume of a hemi-sphere is 2425, cm>. Find its curved surface area. (Use x = 22/7) 


[CBSE 2012] 
The difference between the outer and inner curved surface areas of a hollow 
right circular cylinder 14 em long is 88 cm’. If the volume of metal used in making the 
cylinder is 176 cm', find the outer and inner diameters of the cylinder. (Use x = 22/7) 
[CBSE 2010] 
The internal and external diameters of a hollow hemispherical vessel are 21 cm and 
25.2 cm respectively. The cost of painting 1 cm? of the surface is 10 paise. Find the 
total cost to paint the vessel all over. 
Prove that the surface area of a sphere is equal to the curved surface area of the 
circumscribed cylinder. 
If the total surface area of a solid hemisphere is 462 cm’, find its volume (Take л = 22/7 ) 
[CBSE 2014] 


. Water flows at the rate of 10 m/minute through a cylindrical pipe 5 mm in diameter. 


How long would it take to filla conical vessel whose diameter at the base is 40 cm and 
depth 24 cm? | [МСЕКТ EXEMPLAR] 
A solid right circular cone of height 120 cm and radius 60 cm is placed in a right circular 
cylinder full of water of height 180 cm such that it touches the bottom. Find the volume 
of water left in the cylinder, if the radius of the cylinder is equal to the radius of the cone. 
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68. A heap of rice in the form of 
rice. How much canvas cloth is required to cove 


69. A cylindrical bucket of height 32 
bucket is emptied on the ground 
conical heap is 24 cm, find the 


70. 


A hemispherical bowl of internal radius 9 en 
into cylindrical shaped bottles e 


are needed to empty the bowl? 


A factory manufactures 120,0 
of length25 cm and circumference of base 
curved surfaces of the pencils m 


ach of radius 1.5 cm 


r the heap? 
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a cone of diameter 9 m and height3.5 m. Find the volume of 


INCERT EXEMPLAR, CBSE 2018] 


00 pencils daily The pencils 


ст and base radius 18 cm is filled with sand. This 
and a conical heap of sand is form 


ed. If the height of the 
radius and slant height of the hea 


Р. 


INCERT EXEMPLAR] 


1is full of liquid. The liquid is to be filled 
and height 4 cm. How many bottles 


[NCERT EXEMPLAR] 


are cylindrical in shape each 
as 1.5 ст. Determine the cost of colouring the 
anufactured in one day at & 0.05 per dm?. 


INCERT EXEMPLAR] 


The 2 th part of a conical vessel of internal radius 5 ст and height 24 cmis full of water. 


The water is emptied into a cylindrical v 


essel with internal radius 10 cm; Find the height 


of water in cylindrical vessel. [CBSE 2017] 
— Aæ ANSWERS 

1. 512 2. 8400 3. 5cm 4. 448 metres 

5. 79cm 6. 42cm 7. 1408 cm? 

8. 2640 cm?, 13860 cm? 9. 450 10. 1500 
11, 2541 12. 6cm,8cm, 10cm 13. 126 
14. 12150 cm 15. 64 balls, 4: 1 16. бел 17. 0.67 mm 
18. 14cm 19. 400 20. ^q cm 21. 36 cm, 12/13 cm 
22. 28 23. 2698.18 cm 24. 2 cm 25. 14cm 
26. 14cm, 14.50 m 27. 25cm 28. 52.8 m 29, 80cm 
30. 5m 31. 678m 32. 9/8 33. 190.93 cm? 

h 

34. 36cm, 43.27cm 35. 191cm 36. 2.5cm 37. 3m? 
38. 10.5m 39. 54 40. 9cm 41. 0.5cm 
42. 16 43. 6.75cm 44. 448 cm? 45. 2.94 cm 
46. 5.6cm 47. 440 48. 487.6 cm? 49. 90cm 
50. 562500 m2 51. 1 hour 40 minutes 52. 55 minutes 
53. 4cm 54. 2 hour 55. 30 hectares 56. 4620 ст? 
57. # 5365. 80 58. 1437 59. 4лст?, 20 n cm?, 15r cm? 
60. & 2750 61. 693 cm? 62. 5 em, 3 ст 63. X 184.34 
65. 7cm 66. 51 minutes 12 sec 67. 1.584 m 
68. 74.25 m?, 80.61 m? 69. 36 ст, 43.27 ст 
70. 54 71. € 2250 72. 1.5cm. 
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4...9 
f sphere of radius 8 id 
Nübiberáfbills = Volume of sphere of radius 8 cm " ИР 


Volume of sphere of radius 1 cm 2 „13 


——— —— 
— —'G— — 
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14.33 
19. Total number of coins = —__!!*10x7 — — 11x10x7 = 400 
Ea (2) 22 125 2 
- 1 * =] x— 
| 2 10 7 4 10 
27. Let rbethe radius of the third ball. Then 
4 4 
—nx (3) = = 159 + 2 3,4, 5 
3 (3) 3" * 05) f = 7=Zisspar=2ar-2 
2 x 4! x14 
> . x4 x 
31. Height of embankment = Volume of the earth dugout —— бл 
Area of the embankment 22, (72 _ 42 ) 
7 
| A* K 14 
32. Height of the embankment 2 2 — 
E H 3 J 8 
R N XR 
2 2 2 2 


34. Let rbe the radius and 1 the slant height. Then, 


Volume of the bucket = Volume of the heap — zx 18? x 32 = тл xr? x 24 2 г = 36 


38. Let the least height be Л metre. Then, 15 х 11 x41 Ix X 2 x 5. 


12. Suppose x iron spheres are required to raise the level of the oil by two cm. Then, 
Volume of x iron spheres = Volume of oil raised 


^ 


=> хх A (L5? = nx6 x29 1330) = 72n => x 16 
43. Let r cm be the radius of the ball. Then, 


4 5 7 
Volume of ball = Volume of water raised — 597 = mx (12)° х 6.75 => r = 9 cm. 


1 
15 * 6990000х 5 . 9 5000 „ 25 2 
50. Required area = 8 2 m XT m^ = 562500 m? 
100 


51. Volume of cylindrical tank = n x ? x2m? = 50л m? 


Volume of the water that flows through the pipe in ! hours 
= Volume of a cylinder of radius of 10 cm and length = 3t km = 3000 t m 


st fx x Езу х 3000 |m? = 3051 т? 
10 
30nt = 50л > t = > hours = ] hour 40 minutes 
64. Height of the circumscribing cylinder = 27, | 
Radius of the circumscribing cylinder = r, where r is the radius of the sphere. 


14.4 SURFACE AREAS AND VOLUMES OF COMBINATIONS OF SOLIDS 


Uptill now we have learnt about various applications of the formulas for finding the surface 
areas and volumes of basic solids, namely, a right circular cone, a right circular cylinder, a 


> рабады 
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sphere, a hemisphere ete. In this section, we shall apply them to find the surface areas and 
volumes of solids which are combinations of the basic solids. For example, a circus tent 
consisting of a cylindrical base surmounted by а conical roof, a toy in the form of a cone 
mounted on a hemisphere ete. are combinations of two or more basic solids. Following 


examples will illustrate the method of finding surface areas and volumes of such 
combinations of solids. 


LLUSTRATIVE EXAMPLES 


J 


EXAMPLE 1 An iron pillar has some part in the form of a right circular cylinder and remaining in 
the form of a right circular cone. The radius of the base of each of cone and cylinder is 8 cm. The 
cylindrical part is 240 cm high and the conical part is 36 cm high. Find the weight of the pillarif one 
cubic em of tron weighs 7.8 grams. 


SOLUTION Let r, cm and r, cm denote the radii of the base of the cylinder and cone 
respectively. Then, 


V 
Let л, and л, cm be the heights of the cylinder and XN. h ! aii ín 
B 


the cone respectively. Then, 


һ = 240 cm and л, = 36cm б Ca 


Volume of the cylinder = лор in cm? 


-(nx8x8x240)cm? h, = 240 cm 
= (x x 64 x 240) cm? 
m ce 
Volume of the cone = z% l, cm 
(Ass 596 | ста? 
e, Fig. 14.16 
-(лх6®«% Jem’ 


Total volume of the iron = Volume of the cylinder + Volume of the cone 
[nx 64% 240 + єл 64 «36 Jem? 


= 1x 64 x (240 + 12) cm? 
22 
= > x 64 x 252.cm? = 22x 64 x 36 cm? 


Hence, Total weight of the pillar = Volume x Weight per cm? 

- (22x 64 x 36) x 7.8 gms 

= 395366.4 gms = 395.3664 kg 
EXAMPLE 2. The interior ofa building is in the form ofa right circular cylinder of diameter 4.2 m 
and height 4 m surmounted by a cone. The vertical height of cone is 2.1 m. Find the outer surface area 
and volume of the building. (Use п = 22/7) 
SOLUTION Let i be the radius of base of the cylinder andi m be its height. It is given that 
қ = 2.1m and л, = 4 m. Let љ m be the radius of the base of the cone, h, m be its 


height and /, m and be its slant height. It is also given that r, = 2.1 m, h, = 2.1 m. 
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3 35.4 
ly 2n +h; 


- hh EN. a VQ + (2.1)? = a8 x2 = 21x m 


Let Sbe the outer surface area and V be the volume of the building. Then, 
5 = Curved surface area of cylinder + Curved surface area of cone 


Ann hy + nl; ) m? 
= п(2 In + rl) m? 


222 x21x44 21x21x2)m? 


x 2.1x (8 + 2.1 x J2) m? 


x 2.1 x (8 + 2.1 x L414)m? 


x 2.1 x (8 + 2.9694) m^ 


SIB AAB 


= =x 2,1 x 10:9694 m? = 22x0.3x10.9694 m? = 72.3980 m? = 7240 m? 


and, V = Volume of the cylinder + Volume of the cone 


= | nr h + D Jm” 
= | xr, ht, + улп, | m? E % 25] 


- ZU + ah |m? 


2 2.1х 2.1 x (4 + 0.7) m? = 22x0.3x2.1x 4.7 т? = 65.142 m? 


= — X 


EXAMPLE 3 A circus tent is cylindrical upto а height of 3m and conical above it. If the diameter of 
the base is 105 m and the slant height of the conical part is 53 m, find the total canvas used in making 


1 
7 2244 l) 
7 3 
the tent. ICBSE 2004] 
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SOLUTION — The total canvas used is equal to the outer surface area of the tent. 


V 


et 


> 
o 


105m 
Fig. 14.18 


Total canvas used = Curved surface area of cylinder + Curved surface area of cone 


2 > 
(2 22 x525%3+ 2x 525%53 )m? l. S —2nrh + nrl] 


ы = x 52.5 (6 + 53) m^ = 9735 m? 
EXAMPLE 4 A right circular cylinder having diameter IA cm and height 15 cm is full of ice-cream. 


The ice-cream is to be filled in cones of height 12 cm and diameter бет having a hemispherical shape 
on the top. Find the number of such cones which can be filled with ice-cream. [CBSE 2006C] 


SOLUTION We have, r=Radius of the cylinder = бет, = Height of the cylinder = 15 cm 


Fig. 14.19 
Volume of the cylinder . = x 6° x 15 cm? = 540 t cm? 


Itis given that 
ғ; = Radius of the ice-cream cone = 3 cm and, l, = Height of the ice-cream cone = 12 cm 


PTS 1 7 
Volume of the conical part of ice-cream cone = 3" hy, = * nx35 x12 cm? = 361 cm? 


— 
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Volume of the hemispherical top of the ice-cream cone = ‚л? = i хлх3° = 181 cm? 


Total volume of the ice-cream cone = (367 + 181) cm? = 54r cm? 


Total volume of ice-cream cone 54л 


КАМЕ F A fent is of the shape ofa right circular cylinder upto a height of 3 metres and then 
becomes a right circular cone with a maximum height of 13.5 metres above the ground. Calculate the 
cost of painting the inner side of the tent at the rate of #2 per square metre, if the radius of the base is 
14 metres. ; [CBSE 2005] 


Number of ice-cream cones = Volume of the cylinder _ 5407 1 


Fig. 14.20 


SOLUTION Let rm be the radius of the base of the cylinder and л metres be its height. It is 
given that r = 14mandh=3m. 


2; 2 2 2 
Curved surface area of the cylinder = 227” = E x = x14x3 Jm? = 264 m^ 


Let n mbe the radius of the base, / m be the height and ij mbe the slant height of the cone. 


It is given that j = 14 m, In &(135 - 3) m = 10.5 m. 
= үп’ + hy = Wiad? + (10.5)? = 196 + 110.25 = 306.25 = 17.5 
2 
Curved surface area of the cone = ллу = (2 х 14 * 17:5 ) m? =770 m? 


Let S be the total area which is to be painted. Then, 
S — Curved surface area of the cylinder + Curved surface area of the cone 


> S_=(264 + 770) m? = 1034 т? 
Hence, Cost of painting = 5 x Rate = (1034 x 2) = € 2068 
EXAMPLE 6 А solid wooden toy is in the shape of a right circular cone mounted ona hemisphere. If 


the radius of the hemisphere is 4.2 cm and the total height of the toy is 10.2 cm, find the volume of the 
wooden toy. [CBSE 2012] 


SOLUTION We have, VO' = 10.2 ст, ОА = ОО = 42cm 


Let r be the radius of the hemisphere and / be the height of the conical part of the toy. Then, 
r= OA = 42 cm, h = VO = VO' 2 OQ' = (10.2 = 4.2) cm = 6cm 


—ꝛ— — о оф 14 


14.35 MATHEMATICS- X 


Also, radius of the base of the cone = OA = r = 42cm х 


Let V be the volume о the wooden toy. Then, | 
V = Volume of the conical part + Volume of the hemispherical part 
= y | zur һ + =, Jen? т" 
у= S is arem А - 
, x42x42x(6--2x42)cm? 


и 


|) 


1 22 
=> \ Eni ee о 
9 Z 42 т 
1. 22 3 3 
— у= х 7 x 4.2 x 4.2 x 14.4 ст” = 266.11 cm Fig. 14.21 
3 


EXAMPLE 7 A solid is in the form of a right circular cone mounted оп a hemisphere. The radius of 
the hemisphere is 3.5 cm and the height of the cone is 4 ст. The solid is placed in a cylindrical tub, full 
of water, in such a way that the whole solid is submerged in water. If the radius of the cylinder is 5 cm 
and its height is 10.5 cm, find the volume of water left in the cylindrical tub. (Use x = 22/7) 
SOLUTION Wehave, VO = 4cm, OA = OB = OO' = 3.5 ст. 

у 


4cm 


1 


25 n O 
Fig. 14.22 
Volume of the solid = Volume of its conical part + Volume of its hemispherical part 
1 2 


є 3 x G5) x44 5x 650 | ет? 


x2 (3.5)? (44 2x35] em? -() ZI 
7 з 7 43 


Clearly, when the solid is submerged in the cylindrical tub the volume of water that 


flows out of the cylinder is equal to the volume of the solid. 


Hence, 
Volume of water left in the cylinder = Volume of cylinder - Volume of the solid 


Ge хзов-1„2 (7 ciae 
7 3 7 2 
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22 21 1 259 7 
= 025х401 22 7 
E 2 37 хохат? 


-(пхэвхз-1ып„ у] 


= (825 — 141.16) cm? = 683.83 cm? 


EXAMPLE 8 Acylindrical container of radius 6 cm and height 15 cm is filled with ice-cream. The 
whole ice-cream has to be distributed to 10 children in equal cones with hemispherical tops. If the 
height of the conical portion is four times the radius of its base, find the radius of the ice-creamveone. 


[CBSE 2016] 
SOLUTION Let the radius of the base of the conical portion be rcm. Then, height of the 
conical portion =4r cm. 


Let V be the volume of cone with hemispherical top. Then, 
V= Volume of thecone + Volume of the hemispherical top 


is Е х 4r + Sar? Jem = (3 S = (2x79) cm? 


| 
| 


Volume of 10 cones with hemispherical tops = 10 V = (10x 2xr?) cm? = 20xr^ cm? 


' 2 P 3 
Volume of the cylindrical container = (xx 6" х 15) спу = 5401 cm 


Clearly, 

Volume of 10 cones with hemispherical tops = Volume of the cylindrical container 
= 20л#? = 540л 

= p =27 

=> r=3cm 


Hence, radius of the ice-cream cone 15 3 cm. 
2 inder with hemispherical ends. The total height of the 
solid is in the form of a cylinder with | ght of 
"md : 7 Ld Бы og bein of the cylinder is 7 cm. Find the volume and total su rface area of the 


m л $ 20 a be the radius and / cm the height of the cylinder. Then, 


7 " 
Sem and, i - [19-252 Jem Dm 
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7 Bon 
Also radius of hemisphere = — em = rem 5 
5 s| 
5 T n А 2 
Let V be the volume and 5 be the surface area of the solid. Then, e3 


V= Volume of the cylinder + Volume of two hemispheres 


- 
к ИГЕ, Ж NEC ? 
=> \ = Reh m em 
a ENS. 5] 
— \ АСЕ © 
| Fig.14.24 
2 my ! 
= V -|2.(2) (42) len em = 64%66 cni® 
апа, 
5 = Curved surface area of cylinder + Surface area of two hemispheres 
= S = (2nrh « 2x2nr?)em? 
= 5 =2nr(h+2r)cm* 
22 ' A 
=> se 2x Zo 12+2х2) ат? = | 2x2 47 йә em? = 418 om? 


EXAMPLE 10 A solid is composed of a cylinder with hemispherical ends. If the whole length of the 
solid is 108 em and the diameter of the hemispherical ends is36 cm, find the cost of polishing the 


surface of the solid at the rate of 7 paise per sq. cm. (Use m — 22/7). 
SOLUTION Wehave, 
г = radius of the cylinder = radius of hemispherical ends = 18 cm 
h =height of the cylinder =72 cm 
Let S be the total surface area of the solid. Then, 
S = Curved surface area of the cylinder + Surface areas of hemispherical ends 


EI S = (2xrh £2 x2n ^) em? етен 
— $ = (221 Anr?) cm? va 
= S = 2zr(hi + 2r) cm? 

= $- 24 x18x(72+36) em: [- 7218 ст, л =72 cm] 


2 " í 
Gadi Z, 18 x 108 cm? = 12219.42 cm? 


Rate of polishing =7 paise per sq. cm. 


Fig. 14.25 


7 
Cost of polishing = « 12219.42 x 160 = 1855.36 


EXAMPLE 11 A toy is in the shape ofa right circular cylinder with a hemisphere on one end and a 
cone on the other. The height and radiusof the cylindrical part are 13 cm and 5 cm respectively. The 
radii of the hemispherical and conical parts are the same as that of the cylindrical part. Calculate the 
surface area of the toy if height of the conical part is 12 cm. 


Sa. — — 
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SOLUTION Let r em be the radius and li cm the height of the cylindrical part. It is given that 
r=5cmand h = 13 ст. Clearly, radii of the spherical part and base of the conical part are also 
rcm. Let jn em be the height, / em be the slant height of the conical part. Then, 


P =? + h? 


=> 1 = г? + i 


12 cm 
= 1 = 45? +12? = V169 = 13ст / [s h =12cm,r = 5 ст] 
Let S be the surface area of the toy. Then, 

13.cm 


S = Curved surface area of the cylindrical part 
+ Curved surface area of hemispherical part | 
+ Curved surface area of conical part 


=> S= (2xrh + 2nr? + nrl)cm? 

Fig. 14.26 
= S = nr(2h + 2r + em? 
= S - [2x3 «2«5 12) an? - (Zio Jom? dem: 


EXAMPLE 12 А vessel is in the form of a hemispherical bowl mounted by a hol low cylinder. The 
diameter of the sphere is 14 cm and the total height of the vessel is 13 cm. F ind its capacity. 
(Take т = 22/7) [NCERT, CBSE 2006C] 
SOLUTION Let r be the radius of the hemispherical bow] and i be the height of the cylinder. 
Itis given that r=7 cmand h = бст. Let Vbe the total capacity of the bowl. Then, 

V =Volume of the cylinder+ Volume of the hemisphere 


= v= (xen Zar? Jem’ "tm 
=> v = ar (frere? — | 
о 
cum 18 
2 
=> y= Ear (esie Jem’ үрк эре, 
7 
32. үл 4928 9 2.66 3 Fig. 14.27 
= YF 22x7x-, em = cm 164 cm 


EXAMPLE 13 А solid toy is in the form of a right circular cylinder with a hemispherical shape at 
one end and a cone at the other end. Their common diameter is 4.2 cm and the height of the cylindrical 


are 12cm and 7 cm respectively. Find the volume of the solid toy. (Use п = 22/7) 


and conical portions 
: [МСЕКТ, CBSE 2002C] 


i . Then 
be the volume of the solid toy j 
SOLUTION Vo vaccis of the conical portion + Volume of the cylindrical portion 


* Volume of the hemispherical portion. 
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/ = l 2.1) 51v? 2 519 | 

— \ = 5% (2.1) x7 +x (2.1) х12+тхтх (2.1) Fem 
= V = sxx (21) (743% 1242x 21) em? 

x 21cm 

1 " à 12 cm 
= y= 3 x n x (2.1)" x 47.2 cm“ | 
=> V = 2x 0.7 x 2.1 x 47.2cm? 2л ст 

22 t 
-« = Zx 07x 21x 472 ст? = 218064 cm? Fig. 14.26 
EXAMPLE 14 


A godown building is in the form as shown in Fig. 14.29. The vertical cross-section 
parallel to the width side of the building is a rectangle 7 m x 3 m, mounted by a semi-circle of radius 
3.5 т. The inner measurements of the cuboidal portion of the building are 
10 m x 7 m x 3 m. Find the volume of the godown and the total interior surface area excluding 
the floor (base). (Take x = 22/7) 


SOLUTION Since the top of the building is in the form of half of the cylinder of radius 
3.5 т, and length 10 m, split along the diameter. Let V be the volume of the godown. Then, 


1 
V = Volume of the cuboid + > (Volume of the cylinder of radius 3.5 m and length 10 m) 


> V ={10x7%3+3( 2s 35x35x10 | m? =(210+192.5) m? – 402.5 m? 


10 


* — J/ 


— — — 10m 


Fig. 14.29 
Let 5 be the total interior surface area excluding the base floor. Then, 


1 
S = Area of four walls + 2 (Curved surface area of the cylinder) 
* 2 (Area of the senli-circles) 
= S Led es- a- esu) alf. m? 
= S = (102 + 110 + 38.5) т? = 250.5 m? 


EXAMPLE 15 A solid toy is in the form ofa hemisphere surmounted by a right circular cone. Height 
of the cone is 2 cm and the diameter of the base is 4 cm. If a right circular cylinder circumscribes the 
solid. Find how much more space it will cover. [NCERT] 
SOLUTION Let BPC be the hemisphere and ABC be the cone mounted on the base of the 
hemisphere. Let EFGH be the right circular cylinder circumscribing the given toy. 


EMRE å MMT- 
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SOLUTION Let BPC be the hemisph 
: emisphere and ABC be the cone mounted on the base of the 
hemisphere. Let EF be the right circular cylinder circumscribing the given toy. 


Fig. 14.30 
We have, чү 
OA = Height of the cone = 2ст 
and, BC = Diameter of the base of the cone = 4 cm 


BO = Radius of the hemisphere = = BC = Sem = 2cm 


— OP - 2cm [- OP = OB] 


AP = OP + OA = (2 + 2)cm = 4cm 
Now, Volume of the right circular cylinder = x x 2? x 4 cm? = 16x cm? 


Volume of the solid toy = 210 I 2? x 2 em- = 81 cm? | 


Required space = Volume of the right circular cylinder - Volume of the toy 


= l6ném?- 8ncm? = 8xcm?. 


Hence, the right circular cylinder covers 8 ncm? more space than the solid toy. 


EXAMPLE 16 From a solid circular cylinder with height 10 cm and radius of the base 6 cm, a right 
circular cone of the same height and same base is removed. Find the volume of the remaining solid. 


Also, find the whole surface area. [CBSE 2009] 
SOLUTION Let V be the volume of the remaining solid and 5 be the whole surface area. 


Then, 


Fig. 14.31 
he cylinder - Volume of the cone. 


V = Volume oft 
V= кхе x10- zx 6 x10 ст? = (360 — 1202) cm? = 240 x cm? 
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Slant height of the cone = OC = VOO”? + O'C? = J10? +62 = V136 cm = 2434 cm 
and, 
5 - Curved surface arca of the cylinder 
+ Area of the base of the cylinder + Curved surface area of cone 
— S- 2n x 6x10 + nx 8 + nx 6x 2/34] cm? = (156 + 12/34) n cm? 


EXAMPLE 17 A wooden article was made by scooping out a hemisphere from each end of a solid 
cylinder, as shown in Fig. 14.32. If the height of the cylinder is 10 cm, and its base is of radius 3.5 em, 
find the total surface aren of the article. [CBSE 2014, 2018, NCERT] 
SOLUTION Let rbe the radius of the base of the cylinder and Ii be its height. Let S be the total 
surface area of the article. Then, 


S = Curved surface area of the cylinder + 2 (Surface area of a hemisphere) 


=> S = 2nrh + 2(2nr?) 
=> S =2xr(h+2r) 

22 3 
— 5 = 2x x3.5(10 + 2x 3.5)cm* 
=> 5 = 22 x 17 cm? = 374 cm? 


Fig. 14.32 


EXAMPLE 18 A tent is in the shape of a cylinder surmounted by a conical top. If the height and 
diameter of the cylindrical part are 2.1 m and 4 m, and slant height of the top is 2.8 m, find thearea of 
the canvas used for making the tent. Also, find Hie cost of canvas of the tent at the rate of 7 500 
per nr’. [NCERT] 
SOLUTION For conical portion, r=2m and I= 2.8 m. Let S, the curved surface area of 
conical portion. Then, 


у 

S = xi N хаз Ч nm? И“ 
For cylindrical portion, we have r = 2 m, h = 2.1m А ——— в 
Let 5, be the curved surfacearea of cylindrical portion. Then, 

S, =Qnth = 2nx 2x 2.1m = 84am? 
Let S be the area of the canvas used. Then, — n 

—— 
5 = $ +S, = (56n + game = Мх 7 m? = 44 m? Fig. 14.33 


Total cost of the canvas at the rate of d 500 per m? = 1 (500 x 44) = € 22000 


EXAMPLE 19 Froma solid cylinder whose height is 2.4 cm and diameter 1.4 cm, a conical cavi ty of 
the same height and same diameter is hollowed out. Find the total surface area of the remain ing solid 
to the nearest cm’, [NCERT, CBSE 2012, 2017] 
SOLUTION Let S be the total surface area of the remaining solid. Then, 
S = Curved surface area of the cylinder + Area of the base of the cylinder 
+ Curved surface area of the cone 
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Conical cavity 


Remaining solid 


Fig. 14.34 
22 
=$ 5=2ж 7 х07х24+ = x (0.7)? m x07 x 402.4) + (0.7)? 


[s 15 Jr? H= (Ox) (2.4) | 


* S = 44x 024 22x 01x 07 + 22x 01x 2.5 = 10.56 + 54 + 5.5m? = 17.6 cm? 
Hence, the total surface area to the nearest cm? is 18 cm? 


EXAMPLE 20 A solid is in the shape of a conestanding on a hemisphere with both their radii being 


equal to 1 cm and the height of the cone is equal to its radius. Find the volume of the solid in terms of z. 
[NCERT] 


SOLUTION We have, 
ғ = Radius of the cone = 1 cm, h, = Height of the cone = 1 cm 


and, ry = Radius of the hemisphere =1 em 
у 
Hem 
6 
n —— 1 —— e greeter eene B 


Fig. 14.35 


Let V be the volume of the solid. Then, 
V = Volume of the cone + Volume of the hemisphere 


(3 1 Jem! = rcm? 
> 3 3 З 
EXAMPLE 21 Rachel, an engineering student was asked to make a model in her workshop, which 
was shaped like a cylinder with two cones attached to its two ends, using thin aluminium sheet. The 
diameter of the model is 3 cm and its length is 12 cm. If each cone has a height of 2 cm, find the volume 
of air contained in the model that Rachel made. [NCERT] 
SOLUTION Wehave, 

r, = Radius of two coni 


г, = Radius of the cylin 


2,2 
V= =n hy +=л = 


cal parts = 1.5 cm, h,= Height of two conical parts = 2 cm 
drical part = 1.5 cm, h= Height of the cylindrical part =8 cm 
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Fig. 14.36 
Let V be the volume of the air contained in the model. Then, 
V = Volume of the cylindrical part + Volumes of two conical parts 


= Vas an hy +2x Gea 
| 2 1 2 3 
= Vy Con xB*2x ox nx (15у x2 cm 
s 2 S Iva x() <2 an 
3 3 22 3 3 
E V 21181 + Зл} ст” = 21x ст Axen 60 


EXAMPLE 22 A gulabjamun when completely ready for eating contains sugar syrup up to about 
30% of its volume. Find approximately how much syrup would be found in 45 gulabjamuns 
shaped like a cylinder with two hemispherical ends, if the complete length of each of the 
gulabjamun is 5 cm and its diameter is 2.8 ст. [NCERT] 


SOLUTION Wehave, 
h = Length of the cylindrical part of a gulabjamun = (5- 1.4— 1.4) cm - 2.2 cm 
r = Radius of the cylindrical part of a gulabjamun = 1.4 cm 
Also, r = Radius of a hemispherical part of a gulabjamun = 1.4 cm 


Fig. 14.37 


Let V be the volume of a gulabjamun. Then, 
V = Volume of two hemispherical part + Volume of cylindrical part 


=> v= af Ear? Jenn 


а V s zw + пећ 
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=> v= m (iren) 


22 .152 
ES v ratas [31422 Jem? = 22% 021.4% em = PEE 2 cm? 


Volume of 45 gulabjamuns = CI x 45 cm? = 1127.28 cm? 
Volume of syrup = 30% of 1127.28 cm? = E x 1127.28 cm? = 338.184 cm* 


EXAMPLE 23 A vessel in the form of inverted cone. Its height is 8 cm and radius of its top, which is 
open, is 5 cm. It is filled with water upto the brim, When lead shots, each of which is asphere of radius 
0.5 cm are dropped in the vessel, one fourth of the water flows out. Find the number of lead shots 
dropped in the vessel. [NCERT] 
SOLUTION We have, 


г = Radius of the base of the cone = 5 cm, = Height of the cone =8 cm 


AN 785 5 в 


V 
Fig. 14.38 


= у хлх Sem = tem? 


м 


1 2 
Volume of water in the cone = з” һ 


200% em? 50n 3 


1 
Volume of the water that flows out of the cone = 4 x > 


; 4 WE OU Жы NO 
Volume of a spherical lead shot of radius 0.5 cm = * пх (0.5) cm? = 3 пх 5 ст с cm 


, 1 
Suppose n spherical lead shots are dropped in the vessel so that 4" of the water 


contained in the vessel flows out of the vessel. 
Volume of n spherical lead-shots = Volume of the water that flows out 


п 50 
nx— = — тп 

= 6 3 
n = 100 


= 


Непсе, 100 lead shots are dropped in the vessel. | 
A solid consisting of a right cone standing on a hemisphere is placed upright ina 
; А ; hes the bottom. Find the volume ter left in the 
linder full of water and touches the Sotto me of water left in the 
Азар irn e cylinder is 60 cm and its height is 180 cm, the radius of the hemisphere is 
60 cm and height of the cone is 120 cm, assuming that the hemisphere and the cone have common base. 
[NCERT] 


EXAMPLE 24 
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SOLUTION For the cylinder: r= Radius of the base = 60cm, Л = Height = 180 ст 

V = Volume of water that the cylinder contains = N = | n x (60) x 180} ст? 
For conical part: r= Radius of the base = 60 cm, һ = Height = 120 cm. 
Let V, be the volume of the conical part. Then, 


| AES 2 
Vi Inn 


v | = 


— Vv, = * 60° x 120 cm? = {x x 60? x 40} cm? 


wile 


For hemispherical part: ғ = Radius = 60 cm 


Let V be the volume of the hemisphere. Then, 


Уз = E x 60? | en 


= V = PLI 20 x 60° | ст? = {407 x 60° | ст? тне 
Let У; the the volume of the water left-out in the cylinder. Then, 
V; =V-V,-V; 
=> Уз = (x 60° x 180 — л x 60° х 40— 402 60° ] cm? 
> У, = 1x 60? x {180 – 40 – 40) cm? 
- V, = = x 3600 x 100 em? 
22x360000 3  22x36000 з 22x 36 321 3 

= 22 — =————_ m’? = = 1.1314 m”. 

= үз 7 7 x (100) 70 ^ 


EXAMPLE 25 А solid iron pole consists of a cylinder of height 220 cm and base diameter 
24 cm, which is surmounted by another cylinder of height 60 cm and radius 8 cm. Find the mass of the 
pole, given that 1 cnr of iron has approximately 8 g mass (Use z= 3.14). INCERT] 
SOLUTION Let V be the total volume of iron in two cylinders. Then, 


V = [13 220 + nx 8° x 60] ст? 


=> V ={nx144 x220 + nx 64x 60) cm? 


=> И = 35520лст? = 35520 х 3.14 ст? = 111532.8 cm? 
Let M be the total mass of the iron pole. Then, 


111532.8 x 8 


= 28x8 = 
M = 111532.8 x 8 grams 1000 


kg = 892.2624 kg 


es T — D Rc 
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EXAMPLE 26 ^ spherical glass vessel has a cylindrical neck 8 cm long, 2 cm in diameter: the 
diameter of the spherical part is 8.5 cm. By measuring the amount of water it holds, a child finds its 
volume to be 345 ст". Check whether she is correct, taking the above as the inside measuremen ts and 


SOLUTION . We have, 2cm 
h-Lengthofthecylindicalnckz8cm — ĩ᷑ ⁊ F. 4 


r = Radius of the cylindrical neck = 1 cm 


Volume of the cylindrical neck = arh NN 12 x8 cm? = 87 cm? 


Vol е 4. (85ү a 
olume of the spherical part = SER Ей cm 
- E x (425) cm? 


Amount of water in the vessel = (вл - = x (4.25)° ста? 


Fig. 14.41 


= 435 (425) | om? 


= 3.14 x |8,2 425 425 x 425) cm’ 


= ЗЛА x (8 102.354) cm? 


= 346.511 cm? = 346.5 cm? 
Hence, the volume found by the child is not correct. 


EXAMPLE 27 Rasheed got à playing top (lattu) as his birthday present, which surprisingly had no 
colour on it. He wanted to colour it with his crayons. The top is shaped like a cone surmounted by a 
hemisphere. The entire top is5 cm in height and the diameter of the top is 3.5 cm. Find the area he has 
to colour. (Take x = 22/7 ). [NCERT] 
SOLUTION Wehave, 


Fig. 14.42 


r = Radius of hemispherical portion of the lattu = T Pili in 77Р 


; А 35 7 
r = Radius of the conical portion = 2.1 
h = Height of the conical portion = (5 _ 2 | — Е - 


ELI I 


— ы са 
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Let / be the slant height of the conical part. Then, 


[33 27 | [2 
l= уг" +" = @ 4 = PHO om = = cm = 369cm = 37 cm 


Let 5 be the total surface area of the top. Then, 


S = 2nr^ + лу] 


= S = nr (2r +1) 
22.7 7 7 
c^ 5 = = — 2: -— 3.7 cm“ 
z$ = 40 “ae Jem 
11 И ; i А 
> 577 85437) e =—x 72cm? = 11x 36 cm? = 39.6 cm 


— 


EXAMPLE 28 A decorative block shown in Fig. 14.43 is made of two solids — a cube anda hemi-sphere. 
The base of the block isa cube with edge cm, and the hemisphere fixed on the top hasa diameter 4.2 cm. 
Find the total surface area of the block (Take x = 22/7). 


[NCERT, CBSE 2009, 2016] 
SOLUTION  LetSbethe total surfacearea of the decorative block. Then, 


5 = Total surface area of the cube – Base area of hemisphere 
* Curved surfacearea of hemisphere 


C Y 
25 S = (6х5х5 – nr? + 2nr?) cm? И 7—7 
ES 5 = (150 + zr?) cm? 
и $ = 150+ x ay! cm? 5cm 
5cm 


4.2 cm 


> S = {150 + 22 x 0.3 x 2.1 kem? 

=> S = (150 + 13.86) cm? = 163.86 cm? Fig. 14.43 

EXAMPLE 29 A cubical block of side 7 cm is surmounded by a hemisphere. What is the greatest 
diameter of the hemispherecan have? Find the total surface area of the solid. [NCERT] 


SOLUTION Clearly, greatest diameter of the hemisphere is equal to the length of an edge of 
the cubei.e. 7 cm. 


Radius of the hemisphere = Zem 
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Let S be the total surface area of the solid. Then, 


S = Surface area of the cube + Curved surface area of hemisphere | 
— Area of the base of the hemisphere 


- 2 3 (УО 25 үтү 
= ele uc ma jem 


- s- sium - 7 cm* = 294 4. Z cm? = 332.5 cm? 
2 2 


EXAMPLE 30 A hemispherical depression is cut-out from one face of the cubical wooden block such 

that the diameter l of the hemisphere is equal to the edge of the cube. Determine the surface area of the 

remaining solid. [NCERT, CBSE2010, 2014] 
| 1 

SOLUTION Itis given that a hemisphere of radius 2 is cut-out from the top face of the 

cuboidal wooden box. Let S be the surface area of the remaining solid. Then, 


Fig. 14.45 
S = Surface area of the cuboidal box whose each edge is of length / 


- Area of the top of the hemispherical part 
* Curved surface area of the hemispherical 
part 


2 2 2 2 р 
2 p? Гү m E VT ME ME a 
=, CEH ea) - 6l n * 2 6l* + "m 4 (24 + п) sq. units 


EXAMPLE 31 A medicine capsule is in the shape of a cylinder with two hemispheres stuck to each of 
its ends as shown in Fig. 14.46. The length of the entire capsule is 14 mm and the diameter of the 


capsule is 5 mm. Find its surface area. шысы 
SOLUTION For cylindrical part, we have 


r = Radius = 5 mm = 25 mm, h = length = {14 - (2.5 + 2.5)) mm = 9 mm 


Let S, bethe curved surface area of the cylindrical part. Then, 
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: 22 > 
N 5 = An = 2 x N 2.5 x 9 mm? 
7 5mm 
For two hemispherical parts, we have — — — 


14mm 


Fig. 16.46 


г = Radius = 25mm 

Let $, be the curved surface area of two hemispherical parts. Then, 
Sy = 2x 2nr? = Agr? = 4x 2 x (2.5 mm? 

Let 5 be the surface area of the capsule. Then, 


S=$ +5 = {2x2 x25x94 4x2 x (25) mm? 


^ 22 > 
=> 9 = 2х x 2.5 (9 + 2 x 2.5) mm? 
22 А 
88 5 =2х x2.5x 14mm? -2x22x25x2mm? = 220 mm? 


EXAMPLE 32 Shanta runsan industry ina shed which was in the shape of a cuboid surmounted by half- 
cylinder. If the base of the shed is 7 m by 15 m, and height of the cuboidal portionis 8 m, find the volume of 
the air that the shed can hold. If the industry requires machinery which would occupy a total space of 
300 т? and there are 20 workers each of whom would occupy 0.08 ni? space on an average, how much air 
would be in the shed when it is working? (Take x = 22/7). [NCERT] 
SOLUTION Clearly, volume of air inside the shed (when thereis no people or machinery) is 
equal to the volume of air inside the cuboid and inside the half-cylinder taken together. 

For cuboidal part, we have 


length = 15 m, breadth = 7 m and height = 8 m 


Volume of cuboidal part 215x 7x8 m^ = 840 m? 
Clearly, 


r= Radius of half-cylindér = > (Width of the cuboid) = i m Fig. 14.47 


and, 
h = Height (length) of half-cylinder = Length of cuboid =15 m 


Volume of half-cylinder ‚улг? н) х15 т? = UR m? -288.75 m? 


Volume of air inside the shed when there is no people or machinery = (840 + 288.75) m? 


= 1128.75 m? 
Now, 
Total space occupied by 20 workers = 20 x 0.08 m3 = 1.6 m3 
Total space occupied by the machinery = 300 m3 
Volume of the air inside the shed when there are machine and workers in side it 


= (1128.75 - 1.6 – 300) m? = 827.15 m? 
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EXAMPLE 33 A juice seller was serving hi j i i 

E А g his customers using glasses. The inner diameter of the 
lind ir gl EH - з 5 ст, but the bottom of the glass had a [к эи raised portion which reduced 
the capacity of the glass. If the height of the glass was 10 cm, find what the apparent capacity of the glass 
was and what the actual capacity was (Use х= 3.14). [NCERT, CBSE 2009] 
SOLUTION We have, Inner diameter of the glass =5 cm, Height of the glass = 10 cm 


ә 


. Apparent capacity of the glass = 3.14 x (5) x 10 cm? 
2 


= 3.14х = x 10 cm? = 196.25 cm? 


3 
Volume of hemispherical part = M 3.14 x B cm? 
3 2 


Fig. 14.48 
= 3 3142.5 * 25x 25cm? = 3271 em? 


Actual capacity of glass = Apparent capacity of glass- Volume of hemispherical part 
= (196.25 - 32.71) cm? = 163.54 m 


EXAMPLE 34 A container shaped like a right circular cylinder having diameter 12 cm and height 
15 cm is full of ice-cream. The ice-cream is to be filled into cones of height 12 cm and diameter 6 ст, 
having a hemispherical shape on the top. Find the number of such cones which can be filled with ice- 
cream. 

SOLUTION Let V be the volume of ice-cream in the container shaped like a right circular 
cylinder having radius 6 cm and height 15 em. Then, 


Vi = пх 6° х 15 ст? 


Fig. 14.49 
e of one ice-cream cone shown in Fig. 14.48. Then, 


Let V, be the volum 
V ж 21 * 35 ак 12} cm’ = (187 + 361) cm? = 54r cm? 
Let the total number of cones that can be filled with the ice-cream given in the container be n. 


Then i 
í e-cream in п cones = Volume of ice-cream in the container 


Volume of ic 
=» nV, = М 
пх 36 x 15 
= P > Нера S 
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EXAMPLE 35 The interior ofa building is in the form of cylinder of diameter 4.3 m and height 3.8 
m, surmounted by a cone whose vertical ang 


gle is a right angle. Find the area of the surface and the 
volume of the building. (Take п = 3.14 ). 


SOLUTION Wehave, 


n = Radius of the base of the cylinder = 43 т = 2.15 т 
| 2 
r = Radius of the base of the сопе = 2.15 m, Л, =Height of the cylinder = 3.8 m 
у 


Fig. 14.50 


In AVOA, we have 

OA 1 245 

РА е та N (A 2.15) m = (1.414 215) т = 3.04 т 
Clearly, AVOA is an isosceles triangle. Therefore, VO = ОА = 215m 

Thus, we have 


h, = Height of the cone = VO = 215 m, |, = Slant height of the cone = VA = 3.04 m 
Let S be the Surface area of the building. Then, 
5 = Surface area of the cylinder + Surface area of cone 


sin 45° = 


= S = nn lu #211) тг 

=> 5 = Qni Уд дт [^5 25 = 215 т] 
5 5 = nn(2h ж) m? 

ни 5 = 3.14 * 2.15 x (2 x 3.8 + 3.04) т? = 3.14 х 2.15 x 10.64 m? = 71.83 m? 


Let V be the volume of the building. Then, 
V = Volume of the cylinder + Volume of the cone 


= С нан |m? 
ТЕ МЕ 3 
E V =| nn tom № іт [sr - n] 


25 V= я | th 300 Jm 
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тА V = 3.14% 215 «215 x(38 +218 ) m 
3 
ЕЯ V = [3.14 x 2.15 x 215 x (3.8 + 0.7166)] m? 
— У = (3.14 x 2.15 x 2.15 x 45166) т? = 65.55 m? 


EXAMPLE 36 Find the volume of the largest right circular cone that can be cut out of a cube whose 
edge is 9 cm. 

SOLUTION The base of the largest right circular cone will be the circle inscribed in a face of 
the cube and its height will be equal to an edge of the cube. 


9 cm 
Fig. 14.51 
r = Radius of the base of the cone = Zem [ edge =9 cm] 
and, h = Height of cone = 9 cm 


2. 9 9 
Volume of the cone = Lem ч i x = x 3 x—-x9cm? = T cm? - 190.93 cm? 
3 


EXAMPLE 37 A right triangle, whose sides are 15 ст and 20 cm, is made to revolve about its 
hypotenuse. Find the volume and surface area of the double cone so formed. (Use x = 3.14) 
SOLUTION Let ABC be the right angled triangle such that AB = 15cm and AC = 20 cm. 
Using Pythagoras theorem, we have 


ВС? = AB^* АС? 


E BC? 152 + 207 
=> ВС? = 225 + 400 = 625 
= BC = 25cm 


Fig. 14.52 


Let OB = x and OA = у. 


Applying Pythagoras theorems in triangles OAB and OAC, we have 


AB? = OB? + ОА? and АС? = ОА? + ОС? 
= 152 = х2 + and 20? = y? + (25 – х)? 
х2 +у 225 and (25 - x)" y^ = 400 
х? + у? | = 400 — 225 


U 


=> [05 *, «y J-1 


1456 MATHEMATICS- X 
= (25 - xy - 3? = 175 
- (25 ~ х – х)(25 x 4 X) = 175 


= (25 - 2x) x 25 = 175 => 25-2v=7 => 2x-18 > x-9 


Putting x = 9 in x? + y? = 295 we get 


— d 
814y = 225 Y y 14 y-12. 
Thus, we have QA = 12 cm and OB = 9 cm. 


Let V be the volume and S be the surface area of the double cone. Then, 
V = Vol. of cone CAA' + Vol. of cone BAA' 


1 > 5 
=> = z OA.) x OC + 57 (ОА?) x OB 
1 > 1 3 
= О=-—лх12°х16+—хлхх12?°х9 
3 3 
1 
=> V = =лх 144(16 + 9) 
sip V = Èx 3.14 x 144x25 cm? = 3768 cm? 
and, 5 = Curved surface area of cone CAA’ + Curved surface area of cone BAA' 
=> S=nxOAx АС +nxOAx AB 
=> S = (xx 12x 20+ nx 12 х 15) cm? 
" => 5 = 420 ncm? = 420 x 3.14 cm? 1318.8 cm? 


EXAMPLE 38 А cone made of paper has height 3h and vertical angle 2 a . It contains two other 
cones of height 2h and h and vertical angles 4& and 6a respectively. Find the ratio of the two 
volumes in between the cones. 


SOLUTION Let U, V,and W be the volumes of cones УАВ, V, AB; and V; А,В, respectively. 
For cone VAB, we have 


VO = 3h and OA = 3h tan а 
u- 3100 tan a)? x 3h = T tan^ a 


From cone V, A, Bj, wehave 


V,O = 2h and OA, = 2h tan 2a 


V= ттн tan2a)* x 2h = Sar tan? 2a 


AS RR Дз acce i 
For cone У, А, Ba, we have alt == ur В 


- 
mA ex oer 


№0 = and OA, = h tan За Fig. 14.53 


— 


W = 3 0 tan 30)? x h = л {ап? За 
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8 T 27n 3 8 3 
Now, Ц -У = K3 П" tan? a - oe tan? 2a = 7 tan? а – 8 tan? 2a) 


8 3 
and, V-W= 3 5 tan? 2 m tan? За = 8 tan? 2a tan? За) 
3 
Required ratio = (U – V) : (V – W) 


= (27 tan? a. – 8tan? 2a) : (8 tan? 2a - tan? За). 


vec = A golf ball has diameter equal to 4.1 cm. Its surface has 150 dimples each of radius 2 
mm. Calculate total surface area which is exposed to the surroundings assuming that the dimples are 
hemispherical. 


SOLUTION We observe that: 


2 
Surface area of the ball = 4л x | 25 cm? = 16.81 ncm? 
2 


Fig. 14.54 


In case of each dimple, surface area equal to zr (ris the radius of each dimple) is removed 
from the surface of the ball where as the surface area of hemisphere i.e. 2 лг? is exposed to 
the surroundings. Let S be the total surface area exposed to the surroundings. Then, 


S = Surface area of the ball -150x лг? 4 150x 2n? 


=> 5 = 16.81n+ 1507r" 
2 ? 2 
=> 5 = 16.81л + 1507x 10 ст 
2 2 22 2 М 
=> S = (16.817 + 61) cm" = 22.817ст = 22.81 x em = 71.68 ст? 


EXAMPLE 49 А wooden toy rocket is in the shape of a cone mounted on a cylinder as shown in 
Fig. 14.55. The height of the entire rocket is 26 cm, while the height of the conical part is 
6 cm. The base of the conical portion has a diameter of 5 cm, while the base diameter of the 
cylindrical portion is 3 cm. If the conical portion is to be painted orange and the cylindrical portion 
yellow, find the area of the rocket painted with each of these colours. (Take л = 3.14) 
[NCERT] 
SOLUTION Let r be the radius of the base of the cone and its slant height be /. Further, let r, 
be the radius of the cylinder and h, beits height. Itis given that 
r225cm, ћ= 6cm, n = 15cm and h, = 20 ст 
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lr «m = J(2.5y? +6? = 65cm = 44.25 + 36 = 440.25 


Fig. 14.55 


Let 5, and 5, be the areas to be painted orange and yellow respectively. 


= 


=> 


Sı = Curved surface area of the cone + Base area of the cone Base area of the cylinder 
Si = пи + пг -nr 

81 = n{rl +r? N 

$ = 12.5 x 6.5 + (2.5) - (1.5) | om? 

S, = 3.14 (16.25 + 6.25 — 2.25) em? = 3.14 x 20.25 cm? = 63.585 cm? 


5, = Curved surface area of the cylinder + Area of the base of the cylinder 
S, 22nnh + хт 

5, = zn (2h, n) 

$; = 3.14 x L5 (2 x 20 + 1.5) cm? 


S, 23.14 x 15 x 41.5 cm? = 471 x 41.5 cm? = 195.465 cm? 


EXAMPLE 41 Mayank made a bird-bath for his garden in the shape of a cylinder with a 
hemispherical dipression at one end as shown in Fig. 14.56. The height of the hollow cylinder is 
1.45 m and its radius is 30 cm. Find the total surface area of the bird-bath. ( Take т = 22/7 ) 


[NCERT] 


SOLUTION Let be the common radius of the cylinder and hemisphere and h be the height 
of the hollow cylinder. Then, r = 30 cm and л 21.45 m = 145 cm. Let S be the total surface area 
of the bird-bath. Then, 


S = Curved surface area of the cylinder + Curved surface area of the hemisphere 


S =2nrh+2nr* 22mr (hr) 
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Fig. 14.56 


22 
E 5 = 2x 7 x 30 (145 + 30) cm? = 33000 cm? = 3.3 m? 


EXAMPLE 42 A pen stand made of wood is in the shape of a cuboid with four conical depressions to 
hold pens. The dimensions of the cuboid are 15 cm by 10 cm by 3.5 cm. The diameter of each of the 
depression is 1 cm and the depth is 1.4 cm. Find the volume of the wood in the entire stand. 

[NCERT, CBSE 2017] 
SOLUTION Itis given that the dimensions of the cuboidal part are 15 cmby 10 cm by3.5 cm 

Volume of the cuboid = (15 x 10 x 3.5) cm? = 525 cm? 

Itis given that thereare four conical depressions such that the radius of each depression is 
0.5 cm and the depth is 1.4 cm. Let V be the volume of wood taken out to make four cavities. 
Then, 


У = 4 x Volume of a cone of base radius 0.5 ст and height 1.4 cm 


з у= 4х1, Z x 0.5 x 051 ет 
3 7 
1 22 1 А FRA 
= —x—x-x—x-—cm Саю 
= V ах кохе , 
=> y= = cm? => 1.47 cm? (approximately) Wn Fig. 14.57 


Hence, Volume of the wood in the entire stand = (525 - 1.47) ст? = 523.53 cm? 


EXAMPLE 43 Acistern, internally measuring 150 cm x 120 cm х 110 cm has 129600 ст? of water 
in it; Porous bricks are placed in the water until the cistern is full to the brim. Each brick absorbs one 
seventeenth of its own volume of water. How many bricks can be put in without the water overflowing, 


each brick being 22.5 cm x 7.5 cm x 6.5 cm? [NCERT] 
SOLUTION We have, 


Volume of cistern = 150 x 120 x 110 cm? = 1980000 cm? 


cistern = 129600 cm? 


5x7.5x6.5cm? = 1096.875 cm? 


Volume of water in 

Volume of one brick = 22. 
А 1 

Volume of water absorbed by one brick = ту < 1096875 cm? 


Let n be the total number of bricks which can be put in the cistern without water 


overflowing. Then, 


14%) 


Volume of water absorbed by nbricks = n x = х 1096.875 cm" 
/ 


Volume of water left in the cistern = | 129600 — 7 x 1096.875 | cm? 
1 


Since the cistem is filled upto the brim. Therefore, 


|) 


y 


J 


Volume of water left in the cistern + Volume of bricks = Volume of the cistern 


129600 – 5 x 1096.875 + n x 1096.875 = 1980000 


d 
n x 1096.875 — = x 1096.875 = 1980000 — 129600 
/ 
1096.875 x | n- =) = 1850400 
17 
lon 


1096.875 x 17 = 1850400 
/ 


17550 х 21 = 1850400 => n = 1859040017 ^5 112 1992 


— EXERCISE 14.2 


. Atentis in the form ofa right circular cylinder surmounted by a cone. The diameter of 


cylinder is 24 m. The height of the cylindrical portionis 11 m while the vertex of the cone 
is 16 m above the ground. Find the area of canvas required for the tent. 

A rocket is in the form of a circular cylinder closed at the lower end with a cone of the 
same radius attached to the top. The cylinder is of radius 2.5 m and height 21 m and the 
cone has the slant height 8 m. Calculate the total surface area and the volume of the 
rocket 


A tent of height 77 dm is in the form of a right circular cylinder of diameter 36 m and 


height 44 dm surmounted by a right circular cone. Find the cost of the canvas at 
= 3.50 per m? (Usem - 22/7). 

A toy is in the form of a cone surmounted on a hemisphere. The diameter of the base and 
the height of the cone are 6 cm and 4 cm, respectively. Determine the surface area of the 
toy. (Use 1 2 3.14) 


A solid is in the form of a right circular cylinder, with a hemisphere at one end and a 


cone at the other end. The radius of the common base is 3.5 cm and the heights of the 
cylindrical and conical portions are 10 cm. and 6 cm, respectively. Find the total surface 
area of the solid. (Use x = 22/7) 


. A toyis in the shape of a right circular cylinder with a hemisphere on one end and a cone 


on the other. The radius and height of the cylindrical part are 5 cm and 13 cm 
respectively. The radii of the hemispherical and conical parts are the same as that of the 
cylindrical part. Find the surface area of the toy if the total height of the toy is 30 cm. 


[CBSE 2002] 


A cylindrical tub of radius 5 cm and length 9.8 cm is full of water. A solid in the form of 


arightcircular cone mounted ona hemisphere is immersed in the tub. If the radius of the 
hemisphere is immersed in the tub. If the radius of the hemisphere is 
3.5 cm and height of the cone outside the hemisphere is 5 cm, find the volume of the 
water left in the tub. (Take x = 22/7) [CBSE 2000C] 
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11. 


12. 


13. 


14. 


15. 


16. 


21. 


- A solid consisting of a right 
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A vean ne has cylindrical shape surmounted by a conical roof. The radius of the 
1 = al base is 20 m. The heights of the cylindrical and conical portions are 4.2 m 
and 2.1 m respectively. Find the volume of the tent. 


. Apetrol tankis a cylinder of base diameter 21 cm and length 18 cm fitted with conical 


ends each of axis length 9 cm. Determine the capacity of the tank. 

A conical hole is drilled in a circular cylinder of height 12 cm and base radius 5 cm. The 
height and the base radius of the cone are also the same. Find the whole surface and 
volume of the remaining cylinder. 

A tent is in the form of a cylinder of diameter 20 m and height 2.5 m, surmounted by a 
cone of equal base and height 7.5 m. Find the capacity of the tent and the cost of the 
canvas at & 100 per square metre. 

A boiler is in the form of a cylinder 2 m long with hemispherical ends each of 
2 metre diameter. Find the volume of the boiler. 

A vessel is a hollow cylinder fitted with a hemispherical bottom of the same base. The 


depth of the cylinder is Ht m and the diameter of hemisphere is 3.5 m. Calculate the 


volume and the internal surface area of the solid. 

A solid is composed of a cylinder with hemispherical ends. If the whole length of the 
solid is 104 cm and the radius of each of the hemispherical ends is 7 cm, find the cost 
of polishing its surface at the rate of & 10 per dm? [CBSE 2006C] 
A cylindrical vessel of diameter 14 cm and height 42 em is fixed symmetrically inside a 
similar vessel of diameter 16 cm and height 42 cm. The total space between the two 
vessels is filled with cork dust for heat insulation purposes. How many cubic 
centimeters of cork dust will be required? 

A cylindrical road roller made of iron is 1 m long. Its internal diameter is 54 cm and the 
thickness of the iron sheet used in making the roller is 9 cm. Find the mass of the roller, 


if 1 cm? of iron has 7.8 gm mass. (Use x = 3.14) 


A vessel in the form of a hollow hemisphere mounted by a hollow cylinder. The diameter 


of the hemisphere is 14 cm and the total height of the vessel is 13 cm. Find the inner 
surface area of the vessel. [CBSE 2013] 


A toy is in the form ofa cone of radius 3.5 em mounted ona hemisphere of same radius. The 


total height of the toy is 15.5 cm. Find the total surface area of the toy. [CBSE 2013] 


. The difference between outside and inside surface areas of cylindrical metallic pipe 


14 cm long is 44 m7’. If the pipe is made of 99 cm" of metal, find the outer and inner 


radii of the pipe. 


- Arightcircular cylinder having diameter 12 cm and height 15 cm is full ice-cream. The 


ice-cream is to be filled in cones of height 12 cm and diameter 6 cm having a 
hemispherical shape on the top. Find the number of such cones which can be filled 
with ice-cream. | 

A solid iron pole having cylindrical portion 110 cm high and of base diameter 12 cm is 
surmounted by a cone 9 cm high Find the mass of the pole, given that the mass of 1 cm? 


of iron is 8 gm. 

A solid toy is in the 
the cone is 2 cm an 
circumscribes the toy, 


form of a hemisphere surmounted by a right circular cone. Height of 
d the diameter of the base is 4 cm. If a right circular cylinder 
find how much more space it will cover. 

circular "à of 7 5 120 га and radius 60 cm standing on 
н f radius 60 cm is placed upright in a right circular cylinder full of water 
бешер ие m the bottoms. Find the volume of water left in the cylinder, if the 


radius of the cylinder is 60 cm and its height is 180 cm. 
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32. 


35. 


A cylindrical vessel with internal diameter 10 em and height 10.5 cm is full of water. A 
solid cone of base diameter 7 cm and height 6 cm is completely immersed in water. Find 
the value of water (i) displaced out of the cylinder. (ii) left in the cylinder. 


(Take х= 22/7) [CBSE 2009] 


AI hemispherical depression is cut out from one face of a cubical wooden block of edge 


2] em, such that the diameter of the hemisphere is equal to the edge of the cube. 
Determine the volume and total surface area of the remaining block. [CBSE 2010] 


. А toy is in the form of a hemisphere surmounted by a right circular cone of the same base 


radius as that of the hemisphere. If the radius of the base of the cone is 21 cm and its 
volume is 2/3 of the volume of the hemisphere, calculate the height of the cone and the 
sufrace area of the toy. (Use x = 22/7). (CBSE 2010] 


A solid is in the shape of a cone surmounted ona hemisphere, the radius of each of them 


is being 3.5 cm and the total height of solid is 9.5 cm. Find the volume of the solid. (Use 
л = 22/7). [CBSE 2012] 


An wooden toy is made by scooping out a hemisphere of same radius from each end of 


a solid cylinder. If the height of the cylinder is 10 cm, and its base is of radius 3.5 cm, find 
the volume of wood in the toy. (Use x =22/7). [CBSE 2013] 


. The largest possible sphere is carved out of a wooden solid cube of side 7 cm. Find the 


volume of the wood left. (Use л = 22/7). [CBSE 2014] 


. Fromasolid cylinder of height 2.8 cm and diameter 4.2 cm, a conical cavity of the same 


height and same diameter is hollowed out. Find the total surface area of the remainin 


solid. (Take л = 22/7). [CBSE 2014] 
. Thelargestcone is curved out from one faceof solid cube of side 21 cm. Find the volume 
of the remaining solid. [CBSE 2015] 


A solid wooden toy is in the form of a hemisphere surmounted by a cone of same radius. 
The radius of hemisphere is 3.5 cm and the total wood used in the making of toy is 


1662 cm? . Find the height of the toy. Also, find the cost of painting the hemispherical 


part of the toy at the rate of € 10 per cm?. (Take л = 22/7). [CBSE 2015] 


. In Fig. 14.58, from a cuboidal solid metalic block, of dimensions 15 cm x 10 cm 


x 5 cm, a cylindrical hole of diameter 7 cm is drilled out. Find the surface area of the 
remaining block. (Take л =22/7). [CBSE 2015] 


7 cm 
ИШ 


Fig. 14.58 


A building is in the form of a cylinder surmounted by a hemispherical vaulted dome and 


19 
contains 41— m? of air. If the internal diameter of dome is equal to its total height above 


the floor, find the height of the building? [NCERT EXEMPLAR] 
A pen stand made of wood is in the shape of a cuboid with four conical depressions and 
a cubical depression to hold the pens and pins, respectively. The dimension of the 
cuboid are 10 cm x 5cm x 4cm. The radius of each of the conical depression is 0.5 cm and 
the depth is 2.1 cm. The edge of the cubical depression is 3 cm. Find the volume of the 


wood in the entire stand. [NCERT EXEMPLAR] 
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36. A buildingis in the form ofa Cylinder surmounted by a hemispherical dome. The base 


; . 2 
diameter of the dome is equal to 3 of the total height of the building. Find the height of 


the building, if it contains 67 77 тї? of air. [NCERT EXEMPLAR] 


37. A solid toy is in the form of a hemisphere surmounted by a right circular cone. The height 
of cone is 4 cm and the diameter of the base is 8 cm. Determine the volume of the toy. If a 
cube circumscribes the toy, then find the difference of the volumes of cube and the toy. 
Also, find the total surface area of the toy. [NCERT EXEMPLAR] 

38. А circus tent is in the shape of a cylinder surmounted by a conical top of same diameter. 
If their common diameter is 56 m, the height of the cylindrical part is 6 mand the total 
height of the tent above the ground is 27 m, find the area oif the canvas used in making 


the tent. (CBSE 2017] 
ANSWERS 
1. 1320 m? 2. 412.5 mj, 461.77cm? 3. € 5365.80 4) 103. 6em’ 
5. 372. 56 m? 6. 770 cm? 7. 616cm? 8. 6160 m 
9. 8316 cm? 10. Volume - 200 x cm?, Surface area = 210 x cm? 
220 * 2 
11. 500z m?,€ 55000 12. - 5 13. 56.15 т, 70 m* 
18. 214.5cm* 19. Sem and 2 cm 20. 10 21. 102.188 kg 
22. 81 cm? 23. 1.131 т? 24. (i) 77cm? (ii) 748 cm? 
25. 2992.50 cm?2, 9030 cm? 26. 28 cm, 5082 cm? 27. 166.83 cm? 
28. 205.33 cm? 29. 163.33cm? 30, 73.92 cm? 31. 4410 cm? 
32. 9.5 cm, 1 770 33. 583 cm? 34. 4m 
35. 170.8 em? 36.06m 37. 310.86 cm?, 171.68 cm? 38. 4136 m? 


________ 880 739 — — —— — HINTS TO SELECTED PROBLEMS 
19. Letouter and inner radii of the pipe be R and r respectively. Then, 


22 
2x Bx (R  r)x14 = dh and, = x (R? - 1°) x14 = 99 
7 


юе 
eo 


1 
1 2 а: 3 and, (Rv 
= RJ; d R- * r 2 ( )x 


14. *457.60 15. 1980 cm? 16. 13887 kg 17. 572cm? 
9 5 
=> R-r2landR4r22- R-Zandr-2 
2 Volume of the circular cylinder 
20. Number of ice-cream cones = "v me of one ice-cream cone 


лхбхбх 15 u 36х 15 = 10 
Lax x 3x12 3 ^ x (108 + 54) 


2 * 62 | 8 
21. Mass of the pole = |x х6 x1104 7x6 x9 х 1006 8 


eee түтү 


m _— ae E... i A 
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22. Required space = Volume of the cylinder - Volume of the toy 


> 2 
ЕЕН eo] | = snem 


14.5 FRUSTUM OF A RIGHT CIRCULAR CONE 

In the previous section, we have learnt about surface areas and volumes of combina-tions of 
two or more basic solids like right circular cone, right circular cylinder, sphere etc. In this 
section, we shall learn about a solid which isa part of a right circular cone when it is cut by a 
plane parallel to the base of the cone. Sucha solid is called a frustum as defined below. 
FRUSTUM lfa right circular cone is cut off by a plane parallel to its base, then the portion of the cone 
between the cutting plane and the base of the cone is called a frustum of the cone. 

In Fig. 14.59 (i) right circular cone VAB is cut by a plane parallel to its circular base with 
centre O and diameter AB. The portion containing the vertex V is removed (Fig. 14.59 
(u)). The left out portion ABB’ А’ shown in Fig. 14.59 (iii) is the frustum of the cone VAB. 
The circular faces АОВ and A’ O' B' are called the circular ends of the frustum. 


V 
| Cy B' 


Fig. 14.59 (i), (ii), (iii) 


Clearly, a frustum of a right circular cone has two unequal flat circular bases and a 
curved surface. 


Let us now define some other terms like height, lateral (slant) height etc. related to a 
frustum. 


HEIGHT The heightor thicknessof a frustum is the perpendicular distance between its two circular 
bases. 


Clearly, the line segment 00 joining the centres of two circular bases (Fig. 14.59 (iii)) is 
perpendicular to them. So, OO’ is the height of the frustum. 

Also, ОО = VO - VO' 

Thus, the height of the frustum ABB' A' isequalto the difference between the heights of the 
cones VAB and VA’ B'. 


SLANT HEIGHT The slant height of a frustum of a right circular cone is the length of the line segment 
Joining the extremities of two parallel radii, drawn in the same direction, of the two circular bases. 


In Fig. 14.59, slant height of the frustum ABA’ R = AA’ = BB’. 

Clearly, АА’ = VA – VA and BB’ = VB - VB’ 

Thus, the slant height of the frustum equals the difference between the slant heights of the 
cones VAB and VA' B'. 


гт ш —————-——-— d 
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14.6 VOLUME AND SURFACE AREA OF A FRUSTUM OF A RIGHT CIRCULAR CONE 


Let h be the height, the slant height and г, and i the radii of the circular bases of the frustum 
ABB A’ shown in Fig. 14.60 such that >. Clearly, this frustum can be viewed as the 
difference of the two right circular cones VABand VA' В'. 


Let the height of the cone VAB beh, and itsslant height be ii ie., VO = Jt; and VA- VBzl, 
^ VA' = VA AA = |, - land VO = VO- OO' =h -h 
Clearly, right triangles VOA and VO'A' are similar. M 


h _ñ l 


= h-h.& h-i 
hy n ІА 
=> ds 2 iat 
h n 1, 
= DME. MELEE. 
In n l n 
f4 f. 
h nu 1 n-n di et 
=> ^ ; and h ^ Fig. 14.60 
= h, = — (i) 
n 1 
Now, 4 ; 
Т. „+ 
Height of the cone VA'B' = n m-7T -h= — (ii) 
1 2 5-5 
In Ir, T 
i nou d oe Le ... (iii) 
Slant height of the cone VA'B' = |, - 1 чыг RSR 


Let V be the volume of the frustum of cone. Then, 
V = Volume of сопе УАВ - Volume of cone VA'B' 


12 NEC 
nnn hih) 
=> 273 hy 2^ 2 (hy 
=> = Sinn — (It, in 
=> 9." hr? H LI J 
3 nn 1 
= vel Aut 
3|[n-» 
2 
=> Ua G- n) *nn*h ] 
3\л-% 
л n(r? +r) 
=> = Ahn +10 7 12 


H . S 1 2 2 
Thus, the volume V of the frustum of the cone is given by V = 3 TONES 
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Let S denote the curved surface area of the frustum of cone. Then, 
5 = Lateral (curved) surface area of cone УАВ - Curved surface area of cone VA'B' 
> S = mpl, - nr, (I, - 1) 


— S In лк. Ir, ; i) and (iii 
І n-h l n-n [Using (i) and (iii)] 
- IU 
1-5 
> S = n(n +n) 


Thus, Curved surface area of a the frustum = n(n +n)! 
Total surface area of the frustum 
= Lateral (curved) surface area + Surface area of circular bases 


= 2( +m) 1+ лг,” + qu 
d ok 
= U HN 
REMARK 1 If A, and A, denote the surface areas of circular bases, with centres О and О 


respectively, of the frustum. Then, A, = nr,” and A, = nr 


Volume of the frustum of cone = Zir? nn + т^) 
31 r 


= Volume of the frustum of cone = far? Tun + 475? x nn и 
= Volume of the frustum of cone = 360 + A, + АА) 


MARK2 In right triangle ALA‘ (Fig. 14.60), we have 


AA" = AP H > = (n — +? > I= V, * he 
Slant height of the frustum of cone = Kn њу «m 


Height of the cone of which the frustum is a part = Imo 


n-n 


Slant height of the cone of which the frustum is a part = -"_ 
175 


EXAMPLE 1 Jf the radii of the circular ends of a conical bucket which is 

28 cmand 7 cm, find the capacity of the bucket (Use x = 22/7). [CBSE 2004, 2005] 

SOLUTION Clearly, bucket forms a frustum of a cone such that the radii of its circular ends 

are у = 28cm, ½ = em and height h = 45cm. Let V be the capacity of the bucket. Then, 
V=Volume of the frustum 


45 cm high, are 


„ 


— — 00 
— —ͤ—ũ——I—ẽ—;ʒ—kę eee 
ä———H—kę——ẽ— — MM 

— — — —Ó —— 
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E Tet dgio, 
3 2 nn) 
l1 25 ; 
25 =* х 45 (28? +7? 287 
E V = 22x15 x 28x 4+7 + 28) = 330 x 147 cm? = 48510 cm? 


EXAMPLE 2 The radii of the circular ends of a frustum of height 6 cm are 14 cm and 6 ст 
respectively. Find the lateral surface area and total surface area of the frustum. 


SOLUTION We have, r, = 14cm, r, = em and h = бст . Let! be the slant height of the 
frustum. Then, 


1 = Jl? «(n -nY > 1-436« (14-6) = J36 64 = 10cm 
5 LSA and TSA respectively be the lateral surface area and total surface area of the frustum. 
en, 


LSA= п(ђ +»)! = «(М + 6)x 10cm’ 5 200 cm? = 628,57 ст? 


TSA7 nr) «n? «(n +%)1} - «(1964364 20x10)em* == x432cm? =1357.71cm? 


EXAMPLE 3 The perimeters of the ends of a frustum.are 48 cm and 36 cm. If the height of the 

frustum be 11 cm, find its volume. 

SOLUTION Let ij and ij be the radii of the circular ends of the frustum and л be its height. 

Then, IE 
э, 

2nn = 48, 2nr, = 36 and =EN cm. > h = 2 eu = 18 аң = 11cm 

л л 


Let V be the volume of the frustum. Then, 


V= gn! + n nr) 


2 (18ү 24 18 
> ne ( 1,1) 
3 N n n n 
244432) } 
=> NM ete et 
3 л 
11 132 $5 _ 3 
- VA ee 5% rem = 1554 cm 


л 
EXAMPLE 4. The slant height of the frustum оға cone is 4 cm, and the perimeter of its circular bases 
4 the curved surface area of the frustum. 


are 18 cm and 6 cm respectively. Fini 
SOLUTION Let v and r; be the radii of the circular bases of the frust, | be the slant height and 


hbe the height. It is given that 
3 


2nr, = 18 and 217 26 => [= 4сп, n „ак == 
л 


f= 4cm, 
N 


4 = я с РЈ A cm? 2 
Curved surface area = * + 5) = тъ |x 4cm" = 48cm 


NEUE 1 7272 A a 
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EXAMPLE 5 A bucket is in the form ofa frustum оға cone and holds 28.490 litres of water. The radii 
of the top and bottom are 28 em and 21 cm respectively. Find the height of tle bucket. 


[CBSE 2012, 2014] 


SOLUTION bet the height of the bucket be /icm. We have, n = 28cm, ½1 = 21 ст 


and, V = Volume of the bucket = 28.490 litres = 28.490 х 1000 cm? = 28490 cm? 
Now, 


V = 28490 cm? 


y 


1 › „ 
;" (n^ + nr +”) = 28490 


x h x (28° + 28 x 21 + 212) = 28490 


22 
A Xx (784 + 588 + 441) = 28490 


|) 


22 _ 28490 x 21 
> эт х/х 1813 = 28490 = b= Sinha => h=15cm 


Thus, height of the bucket = 15 cm. 


EXAMPLE 6 A friction clutch is in the form of a frustum of a cone, the diameter of the ends being 
32 стапа 20 cm and length 8 cm. Find its bearing surface and volume. 
B 


SOLUTION Let ABB'A' be the friction clutch of slant height | cm. 
We have, 


n = lócm,r, = 10 стапа л = 8 cm 
Ё =}? + (n -ny 
= P = 64 + 36 = = 10cm 32 ст 


Let 5 be the bearing surface and V be the volume of the clutch. Then, Fig. 14.61 
S = Lateral surface of the frustum 


= S2n(n*n5) = = x (16 + 10) x 10 cm? = 817.14 cm? 
and, 


h(n? + nr, +2) i 


<S 
\! 


x 8 x (167 + 16 x 10 + 102) cm? 


x 


x 


U 
SS 
i 


< 
1 
Ф| |н | 


SIN NIB 


x 8 х (256 + 160 + 100) cm? = «516m? = 4324.57 cm? 
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EXAMPLE 7 The height of a cone is 30 cm. A small cone is cut off at the top by a plane parallel to the 


i 1 
base. If its volume be 27 of the volume of the given cone, at what height above the base is the section 


mode? [CBSE 2016, 2017] 


SOLUTION Let VAB bea cone of height 30 cm and base radius r cm. Suppose it is cut off by a 
plane parallel to the base ata height h from the base of the cone. 
Clearly, A VOA ~ A VO'A' 


=з = (50 


It is given that 


Volume of cone VA'B' = 5 Volume of cone VAB 99cm 


1 2 
> 37h = ехал 50 
2 
һ 4 
= + 
5 35 № = 10 [Using (il Fig. 14.62 
30 9 
= n = 1000 
5 h, = 10 ст 


h = 30 —h, = (30 - 10) cm = 20cm 
Hence, the section is made at a height of 20 cm from the base of the cone. 


EXAMPLE 8 A container, open from the top, made up ofa metal sheet is in the form of a frustum of a 
cone of height 16 cm with radii of its lower and upper ends as 8 cm and 20 cm respectively. Find the cost 
of milk which can completely fill the container at the rate of #15 per litre and the cost of metal sheet used, 


if the costs #5 per 100 cm”. (Use т. = 3.14) [CBSE 2008, 2014, 2016] 
SOLUTION Let / be the slant height of the frustum. It is given that r, = 20cm, r, = 8 ст 


and л = 16 cm. 


e => I = (20 - 8)? + 16° = 144 + 256 = V400 = 20 ст 
./%- 


e. B 


— ———————————Uás 
— — — ͤÄ— 
ъ= — 4 ͤͥͤ — ͤ—ͤ[œäUͥ— :- 


Fig. 14.63 
r. Then, 


Let V be the volume of the containe 


Vs 3 +h +h АШ 


T MATHEMATICS- x 
= V = 2120? + 8? + 20x 8}x 16cm? 

‚ 3.14% 624% 1 8 i 
i Vy = х6 d T _ 10449.92 cm? = 1044992 |. = 10.45 litres approx. 


Cost of milk at the rate of 15 per litre = (10.45 x 15) = 1 156.75 
Let S be the surface area of the frustum. Then, 


S = x(n Dh + xr? [^ Top is open] 
=> S= (3.14 (20 + 8) x 20 + 3.14 x 8? | cm? 
=> 5 = 3.14 x (560 + 64) cm? = 3.14 x 624 cm? = 1959.36 cm? 


1959.36 x 5 
100 
EXAMPLE 9 A tent is made in the form of a conic frustum surmounted by a cone. The diameters of 


the base and the top of the frustum are 20 m and 6 m respectively and the height is 24 m. If the height of 
the tent is 28 m, find the quantity of canvas required. 


SOLUTION Leth be the height of the frustum and ri and ry be the radii of its circular bases. It 
is given that л = 24 m, n, = 10 mand r, = 3 m. Let / be the slantheight of the frustum. Then, 


l= (n - ny «i? = J10 - 3)? + 242 = \/49 +576 = 4625 m = 25m 


Cost of metal used = € | | = 97.96 (Approx) 


Fig. 14.64 


Let h be the slant height of the cone y,’p’. Then, 


b. = VO'B? + VO” = 43 + 42 - 5m 
Let S bethe quantity of canvas required. Then, 
S = Lateral surface area of frustum + Lateral surface area of cone VA'B' 
= 5 = n(n * )l + п, 
= S = (n(10 3) х 25 + nx 3x 5] т> = (3251 + 15л) m? = 340л m? 
EXAMPLE 10 An oil funnel of tin sheet consists of a cylindrical portion 10 ст long attached toa 


frustum of a cone. If the total height be 22 cm, diameter of the cylindrical portion be 8 cm and the 
diameter of the top of the funnel be 18 cm, find the area of the tin required to make the funnel. 


[NCERT] 
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SOLUTION Let / be the slant height of the frustum part of the funnel. Then, 


l= J(9-4y 412 = 25 + 144 cm = 13cm 


Let 5 be the area of the tin required to make the funnel. Then, 


. 


12cm 
10cm 


Fig. 14.65 
5 = Curved surface area of cylindrical portion + Curved surface area of frustum portion 
=> Sz 2nnh-n(n +r) 
= S={2nx4x10+2(4+9)x13} cm? = (807 + 1697) ст” = 249 rem? 


EXAMPLE 11 А solid metallic right circular cone 20 cm high with vertical angle 60° is cut into two 
parts at the middle point of its height by a plane parallel to the base. If the frustum, so obtained, be 


drawn into a wire of diameter тє cm, find the length of the wire. [CBSE 2014] 


SOLUTION Let VAB be the solid metallic right circular cone of height 20 cm. Suppose this 
cone is cut by a plane parallel to its base ata point O such that VO' = O'O i.e. O is the mid- 
point of VO. Let r, and r be the radiiofcircular ends of the frustum ABB'A'. 

In triangles VOA and VO'A', wehave 

ОА 
VO' 


OA 
30° = — and tan 30° = 
tan УО 


=> 


Let V be the volume of the frustum. Then, 


Fig. 14.66 


Ў = Talr? + ** +hh )h 


= y , £ (22, . 20 caen? = кам 
cuv g B 9 


1 : 
Let the length of the wire of 16 cm diameter be | cm and V, be the volume of the metal 


used in the wire. 


2 
1 2 —" PA 
1 (2) х1 cm E radius- em | 


— = „„ r ic 


— 


de Ы 
- > 


„ 
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= h = — cm“ 
1024 
A | : s 1 
The frustum is recast into a wire of length / cm and diameter — cm. 


+, Volume of the metal used in wire = Volume of the frustum 
=> N = У 


x лі 7000n 
E 1004 9 
- T 70007 " 1024 T 7000 x 1024 ст = 79644 m 
9 л 9 
EXAMPLE 12 А bucket of height 8 em and made up of copper sheet is in the form of frustum of a 


right circular cone with radii of its lower and upper ends as 3cm and 9 cm respectively. Calculate. 
(i) the height of the cone of which the bucket is a part. 
(її) the volume of water which can be filled in the bucket. 

(itt) the area of copper sheet required to make the bucket. [CBSE 2014] 
SOLUTION Leth be the height, I the slant height and ri and г, the radii of the circular bases 
of a frustum of acone. It is given that h = 8 cm, n cm and n = 3 em 
(i) Let h, be the height of the cone of which the bucket is a part. Then, 

} 
hs In = m = ($53) ст =12em 
(ii) Let V be the volume of the water which canbe filled in the bucket. Then, 
V = Volume of the frustum 


= 
(iii) Let S be the area of the copper sheet required to make the bucket. Then, 
5 = n(n NH, where lis the slant height of the frustum 


5 S = n(9 + 3)x (9-9/2 +8? +лх32 [> 1-4 -8X +h | 


= S = 1291 cm? 

EXAMPLE 13 An open metallic bucket is in the shape of a frustum of a cone mounted on hollow 
cylindrical base madeof metallic sheet. ү the diameters of the two circular ends of the bucket ате 45 ст 
and 25 ст, the total vertical height of the bucket is 30 cm and that of the cylindrical portion is 6 ст, 
find the area of the metallic sheet used to make the bucket. Also, find the volume of the water it can hold. 
(Take п = 22/7). [NCERT] 
SOLUTION = Height of the frustum of the cone = (30 - 6) cm = 24 cm 


——— 


V 3655 nn r )h 365 +9 x 343") x 8cm? = 312 x cm? 


— —ũ—ä ..:i 31 


5054466666269 


Fig. 14.67 
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Radii of the circular ends are 5h = 225cmand r, = 12.5cm 
Let / be the slant height of the frustum. Then ' 


P= ү «(n -n = [а + (225—125)? = ./576 + 100 = 26cm 
Let A be the area of metallic sheet used. Then, 
A = Curved surface area of the frustum of cone + Area of circular base 
+ Curved surface area of cylinder. 


= A = n(n * 5) + nr ni, where h,= height of the base = 6 cm 
ids A- n [ (22.5 + 125) x 26 + 12.5?  2x125x 6] cm? 
- A = nx (121625) cm? = = х 1216.25 cm? = 3822.5 cm? 
Let V be the volume of water that the bucket can hold. Then, 

1 2 2 

= хх (дад) xh 

1 2 А " 

= V =3x Sx |22,5? «125 + 225x125) x 24cm? 
2 

= ү = i T [CE 2.5)? + (5x 2.5)? + (9x 25) х5 х 2.5) х 24 cm? 
= y = Ex x (25)? (9 s) 24 cm 

1.27 


5 9 N х(151)х24ет? = 23728.57 cm? = 23.728 litres 


So, the bucket can hold 23.728 litres of water. 


EXAMPLE 14 A shuttle cock used for playing badminton has the shape of a frustum of a cone 
mounted on а hemisphere as shown in Fig. 14.68. The external diameters of the frustum are 
5 cm and 2 ст, the height of the entire shuttle cock is 7 cm. Find its external surface area. 


SOLUTION Ме һауе, 
Radius of the lower end of the frustum = 1 cm 


Radius of the upper end of the frustum = 2.5 cm 


n 


» 
Height of the frustum = 6 cm. 


25cm —97 


Fig. 14.68 


Let | be the slant height of the frustum. Then, 


Ий iran = 436 + (2.5 - 1 = J3825 cm = 6.18 cm 
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Let S be the external surface area of shuttle cock. Then, 
S = Curved surface area of the frustum + Surface area of hemisphere 


=> S = n(n *n)l «2n? 
= S = 1л(1+ 2.5) х 6.18 2 | cm? 

. {22 22| 5 2 2 
=> $= I7 x 35x 6.18 + ak) cm“ = (67.98 + 6.28) cm^ = 74.26 стт 


EXAMPLE 15 Hanumappa and his wife Gangavva are busy making Jaggery out of sugar-cane. 
They have processed the sugarcane juice to make the molasses which is poured into moulds of the 
shape shown in Fig. 14.69. It will be cooled to solidify in this shape to be sent to the market; Each 
mould is in the shape ofa frustum of a cone having the diameters of its two circular ends as 30 m and 
35 cm and the height of the mould is 14 cm. If each cm? of molasses weiglis about 1.2 gm, find the 
weight of molasses that can be poured into each mould (take x = 22/7). INCERT] 


SOLUTION Clearly, the mould is in the shape of a frustum of a cone with radii of two 
0 
circular ends as г = B cm = 15cm, № = i cm = 17.5 cm and height л 214 cm. 


Let Vbethe volume of molasses that can be poured into the mould. Then, 
V = Volume of the mould 


= у= (п n 
- у= 2x x 14(15? +17.5? +15х175) ci 
з 7 Fig. 14.69 
H 34925 

m у = = (225 + 306.25 + 262.5) cm? & = «793.75 cm = = em’ 
Let M be the mass of molasses that canbe poured into each mould. 
It is given that 1 cm? of molasses has mass 1.2 gm. 

34925 34925 x 0.4 13970 

= 2 = ——* 1,2 gm = —— —— — kg = ——_kg = 13.97 k 
М=0х12=. (EDT 000 К 1000 8 8 


EXAMPLE 16 А fez, the headgear cap used by the trucks is shaped like the frustum of a cone. If its 
radius on the open side is 10 em, radius at the upper base is 4 cm and its slant height is 
15cm, find the area of material used for making it. [NCERT] 
SOLUTION Clearly, the fez is in the shape of a frustum of a cone with radii of two bases as 
n = lÜcm,r, = 4€m and slant height / = 15cm. Let A be the area of the material used. 
Then, 


Closed 


Fig. 14.70 
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A = Curved surface area + Area of the closed base 
= A = n(n * n)l nn? 
22 
5 A = (F kaos ал+ 2, Јан 
A=| 352 352) 2 352) 2 2 — i 
-" sel em =| 660-4777 em = 660+ 50.28 m =710.28 cm". 


EXAMPLE 17 A hollow cone is cut bya plane parallel to the base and the upper portion is removed. If 


the curved surface of the remainder is 5 of the curved surface of the whole cone, find the ratio of the e 
line-segment into which the cone'saltitude is divided by the plane. [CBSE 2004] 
SOLUTION Let VAB bea hollow cone of height H, slant height Land base radius R. 

Suppose this cone is cut by a plane parallel to the base such that Q' is the centre of the 

circular section of the cone. Let h be the height, / be the slant heightand r be the base radius of 

the smaller cone VA'B'. 


Clearly, AVO'A' - AVOA 
VO OA VA Н N IL 
Itis given that 


VO OCA VW. hf d ü) 


Curved surface area of the frustum ABB'A' = P x Curved surface area of the cone 


8 
=> n(R +) (L-1) еа 
8 
= к - 09; RL 
T )- 
N L 9 
r ЭБ 
Ыы 36, ^9 
h -+]=$ [Using (i)] Fig. 14.71 
> 700 H) 9 
"IU UE 
He 9 
=% MP ES 
H? 9 
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— " = 1 = h = 1 = h = H 
H- 9 H 3 3 
Hence, required ratio = - . ыша 1 
TS : H-h 4 H 2 


3 
EXAMPLE 18 The height ofa right circular cone is trisected by two planes drawn parallel to the base. 
Show that the volumes of the three portions starting from the top are in the ratio 1 : 7 : 19. 
SOLUTION Let VAB bea right circular cone of height Зл and base radius r. This cone is cut 
by planes parallel to its base at points 0’ and Lsuchthat VL = LO' = h. 


Since triangles VOA and VO'A' are similar. ы 
VO ОА „ 3h 2r Н 
— =—— > — = = n= 
VO ОА n 2h 3 


Also, AVOA ~ AVLC 
VO OA 3h r 


— = — — — = — 
VL ІС h ж 
Let V, be the volume of cone VCD. Then, 


V = lh = 3505 h = nrth, 
3 3 X3 27 
Let У, be the volume of the frustum A'B'DC. Then, 
Ё. R Fig. 14.72 
V, = 5 +n +) 
1 (472 r Ф E .2r d =z] 
Ыы vh 8 ici і. 
= Va = zr 
Let V, be the volume of the frustum ABB'A'. Then, 
=> ДЕ, (т n nr) 
К (а 4^ Эг | 19л 2) 
=- — Ra — € € i 
= Và Lr * 9 * 3 27 


l 5,.7 2.191 2 
Required ratio = Vj : V; : V4 = Q" : 57 ; ath 2127212. 


EXAMPLE 19 The radius of the base of a right circular cone is r. It is cut by a plane parallel to the 
base at a height h from the base. The distance of the boundary of the upper surface from the centre of the 


base of the frustum is үг + y Show that the volume of the frustum is Barh, 


I 
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9 


s 4 
z^ + 9 
Using Pythagoras theorem in AOO'B', we obtain 

ОВ? = ОО? «op? 


SOLUTION We have, OA = r,OQ' = and OB' 


= IVa В? 
| grs + O'B'- 


=> Q'B' ES A 
Let V be the volume of the frustum. Then, 


1 2 2 2 
y= 35 ) аг -lfp Leth = 13% 
3 3 3 3 9 3 27 
EXAMPLE 20 А right circular cone is divided by a plane parallel to its base in two equal volumes. In 
what ratio will the plane divide the axis of the cone? 


SOLUTION Let VAB be a cone of height л and base radius ғ. Suppose it is cut by a plane 
parallel to the base of the cone at point O. Let OA! = and VO" =}. 


Clearly, AVO'A' - AVOA 


VO OA hk 7 
5 Itane s E 
VO ОА hy n 
Itis given that 
Volume of cone VA'B' = Volume of the frustum ABB’ A’ 


1 E 
= nh, = (r? en tn i- My Fig. 14.74 
2 h-1 
Е 7 „ [RSS a "à í ‚ны n A 1 | [Dividing both sides by ?/1, ] 
nh N ^ 
? l 
- xv le 
h h 
hy h h "uA 
- 4 Ux] &1«| 2 2-1 [Using (i)] 
h I, lj 
2 
=> 1= L3 Е 
h hy My 
hy 2 
> = (5) -P . (a^ +a * D) (a - 1) = a? - 1] 
E 
3 
= x) 22 ^. pa 
h h 
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: һ 
Hence, required ratio 


1 1 


t—-h, fh 1) 2 
[г 


e have, 


Volume of cone VA'B' = Volume of frustum АВВ'А' 


=> Volume of cone VA'B' = L (Volume of cone VAB) 
2 La fa 
=> nnr = х пр 
2 3 
= п = т 
= n | | 4) 2 
(7 „ЖУ 2 
hY(h)1 n 
Е" (5. (A ez [Using (i)] 
- ЕШ — 
h 2 h 
Hence, required ratio — — И 
h-h N , 2 —1 


lf the radii of the circular ends of a bucket 24 em high are 5 em and 15cm res 


EXERCISE 14.3 


. Abucket has top and bottom diameters of 40 cm and 20 cm respectively. Find the volume 


of the bucket if its depth is 12 cm. Also, find the cost of tin sheet used for making the 
bucket at the rate of € 1.20 per dm? . (Use x = 3.14) 
A frustum ofa right circular cone has a diameter of base 20 cm, of top 12 cm, and height 
3 cm. Find the area of its whole surface and volume. 


The slant height of the frustum of a cone is 4 cm and the perimeters of its circular ends are 


18 cmand 6 cm. Find the curved surface of the frustum. 


. The perimeters of the ends ofa frustum ofa right circular cone are 44 cm and 33 cm. If the 


height of the frustum be 16 cm, find its volume, the slant surface and the total surface. 


. If the radii of the circular ends of a conical bucket which is 45 cm high be 28 cm and 7 cm, 


find the capacity of the bucket. ( Use x = 22/7). [CBSE 2000] 


. The height of a cone is 20 cm. A small cone is cut off from the top by a plane parallel to the 


base. If its volume be 1/125 of the volume of theoriginal cone, determine at what height 
above the base the section is made. 


pectively, 
find the surface area of the bucket. 


= те саны ee. са 
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8. be: radii of the circular bases of a frustum of a right circular cone are 12cm and 3 cm and the 
eight is 12 cm. Find the total surface area and the volume of the frustum. 


9. A tent consists of a frustum of a cone capped by a cone. If the radii of the ends of the 
frustum be 13 m and 7 m, the height of the frustum be 8 m and the slant height of the 
conical cap be 12 m, find the canvas required for the tent. (Take: x = 22/7) 


10. A milk container of height 16 cm is made of metal sheet in the form of a frustum of a cone 
with radii of its lower and upper ends as 8 cm and 20cm respectively. Find the cost of 
milk at the rate of 8 44 per litre which the container can hold. [NCERT EXEMPLAR] 


11. A bucketis in the form of a frustum of a cone of height 30 cm with radii of its lower and 
upper ends as 10 cm and 20 cm respectively. Find the capacity and surface area of the 
bucket. Also, find the cost of milk which can completely fill the cointainer, at the rate of 
3 25 per litre. (Use x — 3.14) [NCERT EXEMPLAR] 


12. A bucketis in the formofa frustum of a cone with a capacity of 12308.8 cm? of water. The 
radii of the top and bottom circular ends are 20 cm and 12 cm respectively. Find the 
height of the bucket and the area of the metal sheet used in its making. (Use л = 3.14). 

[CBSE 2006C, 2016] 

13. A bucket made of aluminium sheet is of height 20 cm and its upper and lower ends are 

of radius 25 cm and 10 cm respectively. Find the cost of making the bucket if the 


aluminium sheet costs & 70 per 100 cm?. (Use x 2 3.14). [CBSE 2006C] 
14. The radii of the circular ends of a solid frustum of a cone are 33 cm and 27 cm and its 
slant height is 10 cm. Find its total surface area. [CBSE 2005] 


15. A bucket made up of a metal sheet is in the form of a frustum of a cone of height 16 cm 
with diameters of its lower and upper ends as 16 cm and 40 cm respectively. Find the 
volume of the bucket. Also, find the cost of the bucket if the cost of metal sheet used 
is & 20 per 100 cm?. (Use x= 3.14) [CBSE 2008, 2013] 

16. A solid is in theshape of a frustum of a cone. The diameters of the two circular ends are 
60 cm and 36 cm and the leight is 9 cm. Find the area of its whole surface and the volume. 


[CBSE 2010] 
17. A milk container is made of metal sheet in the shape of frustum of a cone whose volume 


is 10459 cm" The radii of its lower and upper circular ends are 8 cm and 


20 cm respectively. Find the cost of metal sheet used in making the container at the 
rate of 1.40 per cm*. (Use x = 22.7) [CBSE 2010] 
18. A solid cone of base radius 10 cm is cut into two parts through the mid-point of its 


height, by a plane parallel to its base. Find the ratio in the volumes of two parts of the 
cone. [CBSE 2013, 2017] 


19. A bucket openat the top, and made up of a metal sheet is in the form of a frustum of a 
cone. The depth of the bucket is 24 cm and the diameters of its upper and lower circular 
ends are 30 cm and 10 cm respectively. Find the cost of metal sheet used in it at the rate 
of Z 10 per 100 cm*. (Use x =3.14). [CBSE 2013] 

20. In Fig. 14.75, from the top of a solid cone of height 12 cm and base radius 6 cm, a cone of 


height 4 cm is removed by a plane parallel to the base. Find the total surface area of the 
remaining solid. (Use x = 22/7 and J5 - 2.236). [CBSE 2015] 
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Fig. 14.75 


21. The height of a cone is 10 cm. The cone is divided into two parts using a plane parallel 
to its base at the middle of its height. Find the ratio of the volumes of two parts. 


[CBSE 2017] 
22. A bucket, made of metal sheet, is in the form of a cone whose height is 35cm and radii of 
circular ends are 30 cm and 12 cm. How many litres of milk it contains if it is full to the 
brim? If the milk is sold at € 40 per litre, find the amount received by the person. 
[CBSE 2017] 
23. The diameters of the lower and upper ends of a bucket inthe form of a frustum of a cone 
are 10 стапа 30 cm respectively. If its height is 24 cm, 
(i) Find the area of the metal sheet used to make the bucket. 


(ii) Why we should avoid the bucket made by ordinary plastic? (use х= 3.14) 
[CBSE 2018] 


24. A reservoir in the form of the frustum of a right circular cone contains 44 x 107 litres of 
water which fills it completely. The radii of the bottom and top of the reservoir are 50 
metres and 100 metres respectively. Find the depth of water and the lateral surface area 
of the reservoir. (Take: x = 22/7) 


— —— — — ANSWERS 
1. 8800 cm, € 21.40 2. 678.85 ст”, 616 cm? 3. 48 cm? 
4. 1900 cm?, 619.65 cm", 860.275 cm? 5. 48510 cm? 
6. 16cm 7. 5451 cm? 8. 3781 cm?, 756 n cm? 
9. 892.57 m? 10. € 460.24 
11. Capacity = 21.980 litres, Surface area = 3292.6 cm?, Cost of milk = $ 549.50 
12. Height 15cm, Area = 2160.32 cm? 13. € 2143.05 
14. 7599.42 cm? 15. 10449.92 cm?, 2089.98 16. 1944r cm?, 5292л cm? 
17. € 4224 18. 1:7 19. 171.13 
20. 350.59 cm? 21. 1:7 22. 51.48 litres, € 2059.20 
23. (i) 1711.30 cm? 24. 24m, 26145.9 m? 


— — НЕНЕН — REVISION EXERCISE 
1. A metallic sphere 1 dm in diameter is beaten into a circular sheet of uniform thickness 
equal to 1 mm. Find the radius of the sheet. 


2. Three solid spheres of radii 3, 4 and 5 cm respectively are melted and converted into a 
single solid sphere. Find the radius of this sphere. 
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3. 


10. 


11. 


13. 


14. 


15. 


16. 


17. 


18, 


19. 
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A spherical shell of lead, whose external diameter is 18 cm, is melted and recast intoa 


right circular cylinder, whose height is 8 cm and diameter 12 cm. Determine the internal 
diameter of the shell. 


‚ A well with 10 m inside diameter is dug 8.4 m deep. Earth taken out of it is spread all 


around it toa width 0f7.5 m to form an embankment. Find the height of the embankment. 


In the middle of a rectangular field measuring 30 m x 20 m, a well of 7 m diameter and 


10 m depth is dug. Theearth so removed is evenly spread over the remaining part of the 
field. Find the height through which the level of the field is raised. 


- The inner and outer radii of a hollow cylinder are 15 cm and 20 cm, respectively. The 


cylinder is melted and recast into a solid cylinder of the same height. Find the radius of 
the base of new cylinder. 


· Two cylindrical vessels are filled with oil. Their radii аге 15 cm, I m and heights 


20 cm, 16 cm respectively. Find the radius of a cylindrical vessel 21 cm in height, which 
will just contain the oil of the two given vessels. 


A cylindrical bucket 28 cm in diameter and 72 cm high is full of water. The water is 


emptied into a rectangular tank 66 cm long and 28 cm wide. Find the height of the water 
level in the tank. 


A A cubic cm of gold is drawn into a wire 0.1 mm in diameter, find the length of the wire. 


A well of diameter 3 m is dug 14 m deep. The earth taken out of it is spread evenly all 
around it to a width of 4 m to form an embankment. Find the height of the embankment. 
A conical vessel whose internal radius is 10 cm and height 48 cm is full of water. Find 
the volume of water. If this water ispoured into a cylindrical vessel with internal radius 
20 cm, find the height to which the water level rises in it. 

The vertical height of a conical tent is 42 dm and the diameter of its base is 5.4 m. Find the 
number of persons it can accommodate if each person is to be allowed 29.16 cubic dm. 
A right circular cylinder and a right circular cone have equal bases and equal heights. If 
their curved surfaces are in the ratio 8: 5, determine the ratio of the radius of the base to 
the height of either of them, 

A sphere of diameter 5 cm is dropped into a cylindrical vessel partly filled with water. 
The diameter of the base of the vessel is 10 cm. If the sphere is completely submerged, by 
how much will the level of water rise? 

A spherical ball of iron has been melted and made into smaller balls. If the radius of each 
smaller ball is one-fourth of the radius of the original one, how many such balls can be 
made? 

Find the depth of a cylindrical tank of radius 28 m, if its capacity is equal to that of a 
rectangular tank of size 28 m x 16 m x 11 m. 

A hemispherical bowlof internal radius 15 cm contains a liquid. The liquid is to be filled 
into cylindrical-shaped bottles of diameter 5 cm and height 6 cm. How many bottles are 
necessary to empty the bowl? [CBSE 2001 C] 
In a cylindrical vessel of diameter 24 cm, filled up with sufficient quantity of water, a 
solid spherical ball of radius 6cm is completely immersed. Find the increase in height of 
water level. 

A hemisphere of lead of radius 7 cm is cast into a right circular cone of hei ght 
49 cm. Find the radius of the base. 
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А solid metallic sphere of diameter 28 cm is melted and recast into a number of smaller 
9 


cones, each of diameter 4 3 em and height 3 em. Find the number of cones so formed. 
CBSE 2004] 


he diameter of a copper sphere is 18 cm. The sphere is melted and is drawn into a long 


wire of uniform circular cross-section. If the length of the wire is 108 m, find its diameter. 


. A hemisphere of lead of radius 7 cm is cast into a right circular cone of height 49 cm. Find 


the radius of the base. 


. A metallic sphere of radius 10.5 cm is melted and thus recast into small cones, each of 


radius 3.5 cm and height 3 cm. Find how many cones are obtained. [CBSE 2004] 


. A cone, a hemisphere and a cylinder stand on equal bases and have the same height. 


Show that their volumes are in the ratio 1:2: 3. 


. A hollow sphere of internal and external diameters 4 and 8 cm respectively is melted 


into a cone of base diameter 8 cm. Find the height of the cone. 


he largest sphere is carved out of a cube of side 10.5 cm. Find the volume of the sphere. 
. Find the weight of a hollow sphere of metal having internal and external diameters as 20 


cm and 22 cm, respectively if 1 m? of metal weighs 21 g. 


. A solid sphere of radius 'r' is melted and recast into a hollow cylinder of uniform 


thickness. If the external radius of the base of the cylinder is4 cm, its height 24 cm and 
thickness 2 cm, find the value of ‘r’. 


29. Lead spheres of diameter 6 cm are dropped into a cylindrical beaker containing some 


water and are fully submerged. If the diameter of the beaker is 18 cm and water rises by 
40 cm. find the number of lead spheres dropped in the water. 


. The height of a solid cylinder is 15 cm and the diameter of its base is 7 cm. Two equal 


conical holes each of radius 3 cm and height 4 cm are cut off. Find the volume of the 
remaining solid. 

A solid is composed of a cylinder with hemispherical ends. If the length of the whole 
solid is 108 cm. and the diameter of the cylinder is 36 cm, find the cost of polishing the 
surface at the rate of 7 paise per cm’. [Use z— 3.1416] 
The surface area of a sphereis the same as the curved surface area of a cone having the 
radius of the base as 120 em and height 160 cm. Find the radius of the sphere. 

A rightcircular cylinder and a right circular cone have equal bases and equal heights. If 
their curved surfaces are in the ratio 8: 5, determine the ratio of the radius of the base to 
the height of either of them. 

A rectangular vessel of dimensions 20 cm x 16 cm x 11 cm. is full of water. This water is 
poured into a conical vessel. The top of the conical vessel has its radius 10 cm. If the 
conical vessel is filled completely, determine its height. [Use т= 22/7] 


. If r, and r be the radii of two solid metallic spheres and if they are melted into one solid 


sphere, prove that the radius of the new sphere is E n 


. A solid metal sphere of 6 cm diameter is melted and a circular sheet of thickness 


1 cmis prepared Determine the diameter of the sheet. 


. A hemispherical tank full of water is emptied by a pipe at the rate of 25 litres per 


second. How much time will it take to half-empty the tank, if the tank is 3 metres in 
diameter? 
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Pis d же number of coins, 1.5 em is diameter and 0.2 cm thick, to be melted to forma right 
circular cylinder of height 10cm and diameter 4.5 cm. 


The radius of the base of a right circular cone of semi-vertical angle a is ғ. Show that its 


1 
; 3 
volume is 3 mr cot a and curved surface areais nr” cosec d. 


Aniron pillar consists of a cylindrical portion 2.8 m high and 20 cm in diameter and a 
cone 42 cm high is surmounting it. Find the weight of the pillar, given that 1 cubic cm of 
iron weighs 7.5 gm. 


A circus tent is cylindrical toa height of 3 metres and conical above it. If its diameter is 
105 m and the slant height of the conical portion is 53 m, calculate the length of the 
canvas 5 m wide to make the required tent. 


. Height ofa solid cylinder is 10 cm and diameter 8 cm. Two equal conical hole have been 


made from its both ends. If the diameter of the holes is 6 cm and height 4 cm, find (i) 
volume of the cylinder, (ii) volumeof one conical hole, (iii) volume of the remaining solid. 
The height of a solid cylinder is 15 cm. and the diameter of its base is 7 cm. Two equal 
conical holes each of radius 3 cm, and height 4 cm are cut off. Find the volume of the 
remaining solid. 


A solid is composed of a cylinder with hemispherical ends. If the length of the whole 


solid is 108 cm and the diameter of the cylinder is 36 em, find the cost of polishing 
the surface at the rate of 7 paise per стг. (Use т = 3.1416) 

The 'argest sphere is to be curved out of a right circular cylinder of radius 7 cm. and 
height 14 cm. Find the volume of the sphere. 

A tentis in the form of a right circular cylinder surmounted by a cone. The diameter of the 
base of the cylinder or the cone is 24 m. The height of the cylinder is 11 m. If the vertex of 
the cone is 16 m above the ground, find the area of the canvas required for making the 
tent. (Use x = 22/7) 

A toy is in the form ofa cone mounted on a hemisphere of radius3.5 cm. Thetotal height 


of the toy is 15.5 cm find the total surface area and volume of the toy. 
[CBSE 2000, 2002] 


. A cylindrical container is filled with ice-cream, whose diameter is 12 cm and height is 15 


cm. The whole ice-cream is distributed to 10 children in equal cones having 
hemispherical tops. If the height of the conical portion is twice the diameter of its base, 
find the diameter of the ice-cream. 

Find the volume of a solid in the form of a right circular cylinder with hemispherical 
ends whose total length is 2.7 m and the diameter of each hemispherical end 


is 0.7 m. 


A tent of height 8.25 m is in the form of a right circular cylinder with diameter of base 30 


m and height 5.5 m, surmounted by a right circular cone of the same base. Find the cost 
of the canvas of the tent at the rate of 45 per m-. 

An iron pole consisting ofa cylindrical portion 110 cm high and of base diameter 12 cm 
is surmounted by a cone 9 cm high. Find the mass of the pole, given that 1 cm? of iron has 
8 gram mass approximately. (Use: л = 355/115) 

The interior ofa building is in the form of a cylinder of base radius 12 m and height 3.5 
m, surmounted by a cone of equal base and slant height 12.5 m. Find the internal curved 
surface area and the capacity of the building. 
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A right angled triangle with sides 3 cm and 4 cm is revolved around its hypotenuse. Find 
the volume of the double cone thus generated. 

A toy is in the form of a cone mounted on a hemisphere with the same radius. The 
diameter of the base of the conical portion is 6 cm and its height is 4 cm. Determine 
the surface area of the toy. (Use л = 3.14) 


. Find the mass of a 3.5 m long lead pipe, if the external diameter of the pipe is 


24 em, thickness of the metal is 2 mm and the mass of 1 cm? of lead is 11.4 grams. 


A solid isin the form of a cylinder with hemispherical ends. Total height of the solid is 
19 cm and the diameter of the cylinder is 7 cm. Find the volume and total surface area of 
the solid. 


A golf ball has diameter equal to 4.2 cm. Its surface has 200 dimples each of radius 
2mm. Calculate the total surface area which is exposed to the surroundings assuming 
that the dimples are hemispherical. 


. The radii of the ends of a bucket of height 24 cm are 15 cm and 5 cm. Find its capacity. 


(Take x = 22/7). 


. The radii of the ends of a bucket 30 ст high are 21 cm and 7 cm. Find its capacity in litres 


and the amount of sheet required to make this bucket. 


. The radii of the ends of a frustum of a right circular cone are 5 metres and 


8 metres and its lateral height is 5 metres. Find the lateral surface and volume of the 
frustum. 

A frustum of a cone is 9 cm thick and the diameters of its circular ends are 28 cm and 
4 cm. Find the volume and lateral surface area of the frustum. (Take x = 22/7). 


A bucket is in the form of a frustum of a cone and holds 15.25 litres of water. The 
diameters of the top and bottom are 25 cm and 20 cm respectively. Find its height and 
area of tin used in its construction. 


If a cone of radius 10 cm is divided into two parts by drawing a plane through the 
mid-point of its axis, parallel to its base. Compare the volumes of the two parts. 


ICBSE 2000 C] 
A tent is of the shape of a right circular cylinder upto a height of 3 metres and then 
becomes a right circular cone witha maximum height of 13.5 metres above the ground. 
Calculate the cost of painting the inner side of the tent at the rate of 82 per square metre, 
if the radius of the base is 14 metres. 


An oil funnel of tin sheet consists of a cylindrical portion 10 cm long attached to a 


frustum of a cone. If the total height be 22 cm, the diameter of the cylindrical portion 
8 cm and the diameter of the top of the funnel 18 cm, find the area of the tin 


required. (Use: n = 22/7). [NCERT] 


. A solid cylinder of diameter 12 cm and height 15 cm is melted and recast into toys with 


the shape of a right circular cone mounted on a hemisphere of radius 3 cm. If the height 
of the toy is 12 cm, find the number of toys so formed. [CBSE 2006 C] 


7. A container open at the top, is in the form of a frustum of a cone of height 24 cm with radii 


of its lower and upper circular ends as 8 em and 20 cm respectively. Find the cost of milk 
which can completely fill the container at the rate of X 21 per litre. (Use x = 22/7) 


[CBSE 2014] 
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68. - cone of maximum size is carved out from a cube of edge 14 cm. Find the surface area of 
e cone and of the remaining solid left out after the cone carved out. 
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76. 


[NCERT EXEMPLAR] 


A cone of radius 4 cm is divided into two parts by drawing a plane through the mid 
point of its axis and parallel to its base. Compare the volumes of two parts. 


[NCERT EXEMPLAR] 


A wall 24 m, 0.4 m thick and 6m high is constructed with the bricks each of dimensions 


25 cm x 16 cm x 10 ст. If the mortar occupies E? th of the volume of the wall, then find 


the number of bricks used in constructing the wall. 


[NCERT EXEMPLAR] 


A bucketis іп the form of a frustum of a cone and holds 28.490 litres of water. The radii 
of the top and bottom are 28 cm and 21 cm respectively. Find the height of the bucket. 


[NCERT EXEMPLAR] 


Marbles of diameter 1.4 cm are dropped into a cylindrical beaker of diameter 7 cm 
containing some water. Find the number of marbles that should be dropped into the 
beaker so that the water level rises by 5.6 cm. 
Two cones with same base radius 8 cm and height 15 cm are joined together along their 
bases. Find the surface area of the shape formed. 
From a solid cube of side 7 cm, a conical cavity of height 7 cm and radius 3 cm is 
hollowed out. Find the volume of the remaining solid. 
Two solid cones A and Bare placed in a cylindrical tube as shown in Fig. 14.76. The ratio 
of their capacities are 2 : 1, Find the heights and capacities of the cones. Also, find the 
volume of the remaining portion of the cylinder. 


21cm 


> c cad | 


Fig. 14.76 


[NCERT EXEMPLAR] 


[NCERT EXEMPLAR] 


[NCERT EXEMPLAR] 


INCERT EXEMPLAR] 


An icecream cone full of icecream having radius 5 cm and height 10 cm as shown in 
Fig. 14.77. Calculate the volume of icecream, provided that its 1/6 part is left 


unfilled with icecream. 


5 cm 


Fig. 14.77 
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— . — ANSWERS 
1. 4.08 cm 2 6cm 3. 6 (19)? 4. l.6cm 
5. 65.6 cm 6. 13.2cm 7. 18cm 8. 24cm 
9, 127.3m 10. 1.125 m 11. 5024 сп, 4сп 12. 11 
13. 3:4 14, 5/6cm 15. 64 16. 2m 
7. 60 18. 2cm 19. 3.74 cm 20. 126 
21. 0.6cm 22. 3.74 cm 23. 126 25. I4 cm 
26. 606.375 27. 29.13 kg 28. 6cm 29, 90 
30. 502.1 cm? 31. 855. 02 32. 77.46 cm 33. 3:4 
34. 33.6cm 36. 12cm 37. 16.5minutes 38. 450 
10. 693 kg 41. 1947 m 42. 160 x cm?, 12 x cm? , 136 x cm? 
43. 502.1 ст? 44. 7 855. 02 45. 1437 46. 1320 mẽ 
47. 214.5 cm’, 243.83 ст? 48. 6cm 19, 0.95 m (appr.) 
50. & 55687.50 51. 102.24 Кр 52. 735.43 m?/2112 m? 
53. 5035 cm? 54. 103.62 cm? 55, 5.518 kg 
56. 641.67 cm? , 418 cm? 57. 80.58 cm? 58. 8171.42 cm? 
59. 20.02 litres, 3069 cm? 60. 204.28 m?, 540.56 cm? 
61. 684r cm?,240 x cm? 62. 38.18 cm, 3017 cm? 
63. 1:7 64. X 2068 65. 249 x cm? 66. 12 
67. 329.47 68. 154 (hem, (1022 + 1544/5) cm? 69. 1:7 
70. 12960 71. 15cm 72. 150 73. 855 cm" (Approx.) 
74. 277 cm? 75. 14 em, 7 ст, 132cm?,66 cm?,396 c m 76. 327.4 cm? 
VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 
1. The radii of the bases of a cylinder and a cone are in the ratio 3: 4 and their heights are 
in the ratio 2: 3. What is the ratio of their volumes? 
2. If theheightsof two right circular cones are in the ratio 1 : 2and the perimeters of their 
bases are in the ratio 3 : 4, what is the ratio of their volumes? 
3. If a cone and a sphere have equal radii and equal volumes. What is the ratio of the 
diameter of the sphere to the height of the cone? 
4. Acone, a hemisphere and a cylinder stand on equal bases and have the same height. 
What is the ratio of their volumes? 
з. The radii of two cylinders are in the ratio 3: 5 and their heights are in the ratio 
2:3. What is the ratio of their curved surface areas? 
6. Two cubes have their volumes in the ratio 1 : 27. What is the ratio of their surface areas? 
7. Two right circular cylinders of equal volumes have their heights in the ratio 1:2. What 


is the ratio of their radii? 
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8. if the volumes of two cones are in the ratio 1 : 4 and their diameters are in the ratio 
4:5, then write the ratio of their weights. 

9. A sphere and a cube have equal surface areas. What is the ratio of the volume of the 
sphere to that of the cube? 

10. What is the ratio of the volume of a cube to that of a sphere which will fit inside it? 

11. Whatis the ratio of the volumes of a cylinder, a cone and a sphere, if each has the same 
diameter and same height? | 

12. A sphere of maximum volume is cut-out from a solid hemisphere of radius r. What is the 
ratio of the volume of the hemisphere to that of the cut-out sphere? 

13. A metallic hemisphere is melted and recast in the shape of a cone with the same base 
is 195 К as that of the hemisphere. If I is the height of the cone, then.write the value 
0 

14. A right circular cone and а right circular cylinder have equal base and equal height. If s 
the radius of the base and height are in the ratio 5: 12, write the ratio of the total surface 1 
area of the cylinder to that of the cone. 

15. A cylinder, a cone and a hemisphere are of equal base and have the same height. What is 
the ratio of their volumes? 

16. The radii of two conesare in the ratio 2 : I and their volumes are equal. What is the ratio 
of their heights? 

17. Two cones have their heights in the ratio 1 : 3 and radii 3: 1. What is the ratio of their 
volumes? 

18. A hemisphere and a cone have equal basés. If their heights are also equal, then what is 
the ratio of their curved surfaces? 

19. If r, and r, denote the radii of the circular bases of the frustum of a cone such that rj > n, 
then write the ratio of the height of the cone of which the frustum isa part to the height 
of the frustum. 

20. If theslant height of the frustum ofa cone is 6 cm and the perimeters of its circular bases 
are 24 cm and 12 cm respectively. What is the curved surface area of the frustum? 

21. If the areas of circular bases of a frustum of a cone are 4 cm? and 9 cm? respectively and 
the height of the frustum is 12 cm. What is the volume of the frustum? 


22. The surface area of a sphere is 616 cm’. Find its radius. [CBSE 2008] 
23. A cylinder and a cone are of the same base radius and of same height. Find the ratio of 
the value of the cylinder to that of the cone [CBSE 2009] 
24, The slant height of the frustum of acone is 5 cm. If the difference between the radii of its 
two cireularends is 4 cm, write the height of the frustum. [CBSE 2010] 
25. Volume and surface area of a solid hemisphere are numerically equal. What is the 
diameter of hemisphere? [CBSE 2017] 
— —üü—ũ— — - - ANSWERS 
1. 9:8 2.9:32 X 1:2 4&,1:2:3 5. 225 6.1:9 
6 
7. 9:1 8. 25: 64 a. É 10. 6:n ire Mart 
13. 2 14. 17:9 18.3: 1:2 16. 1:4 17. 3:1 18. 42:1 
ie 4 20. 108cm? 21. 44cm? 22.7cm 23.3:1 24.3cm 
n — 
25. 9 units 
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— — MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1, 


һә 


чө 


10. 


11, 


12. 


The diameter of a sphere is 6 cm. It is melted and drawn into a wire of diameter 
2 mm. The length of the wire is 


(а) 12 m (b) 18 т (с) 36 т (d) 66 m 


. A metallic sphere of radius 10.5 cm is melted and then recast into small cones, each of 


radius 3.5 cm and height 3 cm. The number of such cones is 
(a) 63 (b) 126 (c) 21 (d) 130 


. A solid is hemispherical at the bottom and conical above. If the surface areas of the two 


parts are equal, then the ratio of its radius and the height of its conical part is 


(a) 1:3 (b)1: J3 (c) 1:1 (d) 43 :1 


A solid sphere of radius r is melted and cast into the shape of a solid coneof height r, the 


radius of the base of the cone is 
(a) 2r (b) 3r (c)r (d)4r 


. The material of a cone is converted into the shape of a cylinder of equal radius. If height 


of the cylinder is 5 cm, then height of the cone is 
(a) 10 cm (b) 15 cm (c) 18 cm (d) 24 cm 


A circus tent is cylindrical to a height of 4 m and conical above it. If its diameter is 105 m 


and its slant height is 40 m, the total area of the canvas required in m? is 
(a) 1760 (b) 2640 (c) 3960 (d) 7920 


. Thenumber of solid spheres, each of diameter 6 cm that could be moulded to form a solid 


metal cylinder of height 45 cm and diameter 4 cm, is 


(a) 3 (b) 4 (c) 5 (d) 6 


. Asphereof radius 6 cmis dropped intoa cylindrical vessel partly filled with water. The 


radius of the vessel is 8 cm. If the sphere is submerged completely, then the surface 
of the water rises by 
(a) 4.5cm (b) 3cm (c) 4cm (d) 2cm 


If the radii of the circular ends of a bucket of height 40 cm are of lengths 35 cm and 14 cm, 


then the volume of the bucket in cubic centimeters, is 

(a) 60060 (b) 80080 (c) 70040 (d) 80160 

If a cone is cut into two parts by a horizontal plane passing through the mid-point of its 
axis, theratio of the volumes of the upper part and the cone is 

(а) 122 (b) 1:4 (c) 1:6 (d) 1:8 

The height of a cone is 30 cm. A small cone is cut off at the top by a plane parallel to the 


1 
base. If its volume be 27 of the volume of the given cone, then the height above the base 
at which the section has been made, is 
(a) 10 cm (b) 15 cm (c) 20 cm (d) 25 cm 
A solid consists of a circular cylinder with an exact fitting right circular cone placed at 
the top. The height of the cone is /. If the total volume of the solid is3 times the volume of 
the cone, then the height of the circular cylinder is 


2h 3h 
(a) 2h ъз 0 5 (d) 4h 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


H 


24. 


. The surface area of a sphere is same as the curved surface area of a right circular cylinder 


. The volume of the greatest sphere that can be cut off from a cylindrical log of wood of 


14.89 


A reservoir is in the sha 


pe of a frus i А 
and A m across at eb tum of a right circular cone. It is 8 m across at the top 


ottom. If itis 6 m deep, then its capacity i 

: Я pacity 1s 

(a) 176m (b) 196 m? (c) 200 m? (d) 110 m? 
Water flows at the rate of 10 metr 


How long will it take to fill — e per minute from a cylindrical pipe 5 mm in diameter. 


conical vessel whose diameter at the base is 40 cm and 


depth 24 cm? 
(a) 48 minutes 15 sec (b) 51 minutes 12 sec 
(c) 52 minutes 1 sec (d) 55 minutes 


A cylindrical vessel 32 cm high and 18 cm as the radius of the base, is filled with sand. 
This bucket is emptied on the ground and a conical heap of sand is formed. If the height 
of the conical heap is 24 cm, the radius of its base is 


(a) 12cm (b) 24cm (c) 36 cm (d) 48 cm | 
The curved surface area of a right circular cone of height 15 cm and base diameter 77 
16 ст 15 

(a) 60r cm* (b) 68x cm? (с) 1207 cm? (d) 1367 cm? 


A right triangle with sides 3 cm, 4 cm and 5 cm is rotated about theside of 3 cm to form 
a cone. The volume of the cone so formed is 


(a) 121 cm? (b) 15x cm? (c) 16x cm? (d) 20x cm? 

The curved surface area of a cylinder is 264 m? and its volume is 924 m. The ratio of its 
diameter to its height is 

(a) 3:7 (5 7:3 (c) 6:7 (d) 7:6 

A cylindér with base radius of 8 cm and height of 2 cm is melted to form a cone of height 
6 cm. The radius of the cone is 

(a) 4cm (b) 5cm (c) 6 cm (d) 8cm 

The volumes of two spheres are in the ratio 64 : 27. The ratio of their surface 
areas is 

(a) 1:2 (b) 2: 3 (c) 9 : 16 (d) 16:9 

If three metallic spheres of radii 6 cm, 8cm and 10cm are melted to form a single sphere, 


the diameter of the sphere is 
(a) 12cm (b) 24 cm (c) 30 cm (d) 36 cm 


whose height and diameter are 12 cm each. The radius of the sphere is 
(a).3cm (b) 4 cm (c) 6 cm (d) 12 cm 


base radius 1 cm and height 5 cm is 
4 10 20 
(а) зл (b) 47 (c) 5л @ N 


| vessel of radius 4 cm contains water. A solid sphere of radius 3 cm is 


A cylindrica 12 ; k 
water until it is completely immersed. The water level in the vessel 


lowered into the 
will rise by 


2 A (c) 2 on (d) z d 
(а) g em (b) 5 4 2 
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25. 


26. 


31. 


32. 


35. 


37. 


12 spheres of the same size are made from melting a solid cylinder of 16 cm diameter and 
2cm height. The diameter of each sphere is 

(а) уЗ ст (b) 2 сет (с) Зет (d) 4cm 
A solid metallic spherical ball of diameter 6 cm is melted and recast into a cone with 
diameter of the base as 12 cm. The height of the cone is 
(а) 2 cm (b) 3 cm (c) 4 cm (d) 6 cm 


7. A hollow sphere of internal and external diameters 4 cm and 8cm respectively is melted 


into a cone of base diameter 8 cm, The height of the cone is 
(a) 12cm (b) 14 cm (c) 15cm (d) 18cm 


‚ A solid piece of iron of dimensions 49 x 33 x 24 cm is moulded into a sphere. The radius 


of the sphere is 
(a) 21 cm (b) 28 cm (c) 35 cm (d) None of these 


. The ratio of lateral surface area to the total surface area ofa cylinder with base diameter 


1.6 m and height 20 cm is 
(a) 1:7 (b) 1:5 (c) 7:1 (d) 5:1 
A solid consists of a circular cylinder surmounted by a right circular cone. The height of 
the cone is /. If the total height of the solid is 3 times the volume of the cone, then the 
height of the cylinder is 

3li h 2h 
(a) 2h (b) > (© 2 (d) > 
The maximum volume of a cone that can be carved out of a solid hemisphere of radius r 
is 

3 2 


(а) 3zr? (b) 5 p> (d) зд? 


The radii of two cylinders аге in the ratio g;: 5. If their heights are in the ratio 2: 3, then the 
ratio of their curved surface areas is 


(a) 2:5 (b) 5:2 (с) 2:3 (d) 3:5 

‚ A right circular cylinder of radius r and height / (h = 27) just encloses a sphere of 
diameter 
(а) л (br (c) 27 (d) 2h 


The radii of the circular ends of a frustum are 6 cm and 14 cm. If its slant height is 
10 cm, then its vertical height is 

(a) 6 cm (b) 8 cm (c) 4 cm (d) 7 cm 

The height and radius of the cone of which the frustum is a part are Л and л 
respectively. If Л, andr, are the heights and radius of the smaller base of the 
frustum respectively and %: In = 1:2, then n : is equql to 

(a) 1:3 (b) 1:2 (c) 2:1 (d) 3:1 


. The diameters of the ends of a frustum of a cone are 32 cm and 20 cm. If its slant hei ght 


is 10 cm, then its lateral surface area is 
(a) 321zcm* (b) 3007 cm? (c) 2601 cm? (d) 250 cm? 


A solid frustum is of height 8 cm. If the radii of its lower and upper ends are 3 cm and 
9 cm respectively, then its slant height is 
(a) 15cm (b) 12cm (с) 10cm (d) 17 cm 
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The radii of the 
етк € : ends of a bucket 16 cm high are20 cm and 8 cm. The curved surface area 
2 
(a) 1760 cm (b) 2240 cm? (c) 880 cm? (d) 3120 cm? 


The ч of the top and the bottom portions of a bucket are 42 cm and 28 cm 
respectively. If the height of the bucket is 24 cm, then the cost of painting its outer surface 
at the rate of 50 paise/cm?is 

(a) € 1582.50 (b) € 1724.50 (c) & 1683 (d) & 1642 


If four times the sum of the areas of two circular faces of a cylinder of height 8 cm is equal 
to twice the curve surface area, then diameter of the cylinder is 

(a) 4 cm (b) 8 cm (c) 2 cm (d) 6 cm 

If theradius of the base of a right circular cylinder is halved, keeping the heightthe same, 
then the ratio of the volume of the cylinder thus obtained to the volume of original 
cylinder is 

(a) 1:2 (b) 2:1 (с) 1:4 (d) 4:1) [CBSE 2012 
A metalic solid cone is melted to form a solid cylinder of equal radius. If the height of the 
cylinder is 6 cm, then the height of the cone was 

(а) 10cm (Ы) 12cm (c) 18cm (d) 24cm [CBSE 2014] 


A rectangular sheet of paper 40 cm x 22 cm, is rolled to form a hollow cylinder of height 
40 cm. The radius of the cylinder (in cm) is 


(a) 3.5 (b 7 (с):80/7 (d) 5 [CBSE 2014] 


. The number of solid spheres, each of diameter 6 cm that can be made by melting a solid 


metal cylinder of height 45 cm and diameter 4 cm is 


(a) 3 (b) 5 (c) 4 (d) 6 [CBSE 2014] 
Volumes of two spheres are in the ratio 64 : 27. Theratio of their surface areas is 
(a) 3:4 (b) 4:3 (c) 9: 16 (d) 16 : 9 


A right circular cylinder of radius r and height л (А 27) just encloses a sphere of 


diameter 
(a) r (b) 2r (c) It (d) 2h 


In a right circular cone, the cross-section made by a plane parallel to the base is a 
(a) circle (b) frustyum of a cone (c) sphere (d) hemisphare 

If two solid-hemispheres of same base radius r arejoined together along their bases, then 
curved surface area of this new solid is 

(a) 4xr° (b) блг? (c) 3a? (d) 8x7? 

The diameters of two circular ends of the bucket are 44 cm and 24 cm. The height of the 


bucketis 35 cm. The capacity of the bucket is 
(a) 32.7 litres (b) 33.7 litres (c) 34.7 litres (d) 31.7 litres 


rical ball of radius ris melted to make 8 new identical balls each of radius r}. Then 


. Asphe 
rins 
(a) 2:1 (6) 1:2 (c) 4:1 (d) 1:4 
———————— ANSWERS 
1. (©) 2. (b) 3. (6) 4. (a) 5. (b) 6. (d) 
7. (c) 8. (a) 9. (b) 10. (d) 11. (c) 12. (b) 
13. (a) 14. (b) 15. (c) 16. (d) 17. (a) 18. (b) 
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(i) Volume of the frustum — 3035 n Un +2 ) h 
(ii) Lateral surface area = 17 +n) 


(iii) Total surfacearea = * n) + 7? +2) 


(iv) Slant height of the frustum = ir t (n - ny. 


: } 
(v) Height of the cone of which the frustum is a part = _ 


n-n 


In 
п- 2 


(vi) Slant height of the cone of which the frustum is a part = 


(vii) Volume of the frustum = 3 | A, + A, + JAA, E where A, and A denote the 


areas of circular bases of the frustum. 
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19. (d) 20. (d) 21. (b) 22. (c) 23. (à) 24. (c) 
25. (d) ^6. (b) 77. (b) 28. (a) 29. (b) 30, (d) 
31. (b) 32, (a) . (c) M. (a) 35. (b) 36. (c) 
37. (c) 38, (a) 39, (c) 40. (b) 41. (d) 42. (c) 
43. (a) 44. (b) 45. (d) 46. (b) 47. (a) 48. (а) 
19, (a) 50, (a) 

SUMMARY 


1. VEL band h denote respectively the length, breadth and height of a cuboid, then 
(i) Total surface area of the cuboid = 2 (Ib + bh + Ih) square units. 
(ii) Volume of the cuboid = Area of the base x height = Ibh cubic units, 
(ii) Diagonal of the cuboid VP a b? units. 
(iv) Area of four walls of a room = 2(/ + b) Ji sq. units. 
2. If the length of each edge of a cube is ‘a’ units, then 
(i) Total surface area of the cube = 6 a° sq. units 
(ii) Volume of the cube = a° cubic units 
(iii) Diagonal of the cube = 43 a units. 
3. If rand л denote respectively the radius of the base and height of a right circular cylinder 
then 
(i) Area of each end = лг? 
(ii) Curved surface area = An 
(iii) Total surface area = An (И+ r) sq, units 
(iv) Volume = д” = Area of the base x height 


4. If R and r denote respectively the external and internal radii of a hollow right circular 
cylinder, then 


(i) Area of eachend = (К? — r^) 

(ii) Curved surface area of hollow cylinder = 27 (R + r) h 
(iii) Total surface area = 2r (R  r)(R 4 h-r) 
(iv) Volume of material = mh (R? — r^) 


5. If r, h and / denote respectively the radius of base, height and slant height of 


a right 
circular cone, then 8 


Е 


i) 12 = 2 + (ii) Curved surface area = д 


; E " E , 
(iii) Total surface area = rr^ + nrl (iv) Volume = zu x 


в. Fora sphere of radius г, we have 
А 2 - 4 3 
(i) Surface area = 4zr (ii) Volume = aur 


It / is the height, / the slant height and г and r the radii of the circular base 
of acone, then 


s of a frustum 


CHAPTER 


STATISTICS 


15.1 INTRODUCTION 

In class IX, we have learnt about representation of statistical data in the form of histograms 
and frequency polygons. We have also learnt about mean, median and Mode of ungrouped 
data. In this chapter, we will study about the techniques for finding mean, median and mode 
of grouped data. We will also learn about cumulative frequency graph of a frequency 
distribution. 


15.2 MEAN OF GROUPED DATA 
If x, X2, X 4777, X, aren values of a variable X, then the arithmetic mean or simply mean of 
these values is denoted by x and is defined as 


" 
^ X 
X „21 *X),tXQtetX, ef x Sil 
n | n 


n 
Here, the symbol >, X, denotes the sum X, + X; + X4 t: * X, 
'=1 


In other words, we сап say that the arithmetic mean of a set of observations is equal to their 
sum divided by the total number of observations. 

In this section, we will study about the arithmetic mean of grouped data or a discrete 
frequency distribution. In a discrete frequency distribution the arithmetic mean may be 


computed. by any one of the following methods: 
(i)! Direct method, 
(ii) Short-cut method, 
(ii) Step Deviation method. 
Let us now learn about these methods one by one. 


15.2.1 DIRECT METHOD 

If a variate X takes values Xj, X12 X, with corresponding frequencies Л, f, fs, ^, f, 
respectively, then arithmetic mean of these values is given by 

fim + 222 fax 


fi t h beet fi 
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2, f : 
wr, X E , where N = p» fi = H R * In 
1 


The following algorithm may be used to compute arithmetic mean by direct method. 


ALGORITHM 

SHPI Prepare the frequency table in such a way that its first column consists of the values of the 
vurate and the second column the corresponding frequencies. 

esc Multiply the frequency of each row with the corresponding values of variable 
third column containing f x,. 


btain 


SICON Find the sum ofall entries in column Il to obtain Уу, х, 


ere Find the sum ofall the frequencies in column H toabtain Xf, = N 


— | жер Ef x, 
STEFY U the formula: X = sx 
Following examples will illustrate the above algorithm. 


7 70 
15 8 120 
N = У у, = 40 X fix {= 360 
У рх, 360 
= X = 22 = — = 9 
Меап = Х Уу 40 
EXAMPLE 2 Following table shows the weight of 12 students: 
Weight (in kgs): 67 70 72 73 75 
Number of students: 4 3 2 2 1 


Find the mean weight of the students. 


— — N 
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SOLUTION Calculation of Arithmetic Mean 
Weight (in kgs) Frequency 
ti fi P 
——. TT == _ „ эщс 1 
67 4 268 
70 3 210 
72 2 144 
73 2 146 
75 1 75 
N=} f, =12 X fix; = 843 
ESI 
Mean - X - fixi _ 843 = 70.25 kg 
N 12 
EXAMPLE 3 Find the mean of the following distribution: 
x 10 30 50 70 89 
f: 7 8 10 15 10 
SOLUTION Calculation of Mean 
x; f, іХ; 
10 7 70 
30 8 240 
50 10 500 
70 15 1050 
89 10 890 
N =È f, = 50 У fix; = 2750 
y Р 
Mean = 2Jiti _ 27% _ 55 
N 50 
EXAMPLE 4 Ifthe mean of the following distribution is 6, find the value of p. 
х: 2 4 6 10 р+5 
fa 3 2 3 1 2 
SOLUTION Calculation of Mean 
x; fi fiXi 
2 3 6 
4 2 8 
6 3 18 
10 1 10 
p+5 2 2p+10 
N=2f,=11 X fx; = 2p+52 
We have, N = Xf, = 11, Zfjx, = 2p + 52 
Уух; 
Меап = М 
=; 6 = PAP 66 = 2p +52 => 2p - М p=7 


* 
М 
mit E gne t ce sm TT 
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EXAMPLE 5 Find the value of p, if the mean of the following distribution is 7 7.5. 


xs 3 5 7 9 11 13 
f 6 8 15 р 8 i 
SOLUTION Calculation of Mean 
— . — ͥ e ͤ— — 
x, f fx 
z ———————— ae RR 8 
3 6 18 
5 8 40 
7 15 105 
9 р 9р 
11 8 88 
13 4 52 
N= Df, =41+р У fx, = 303+ 9p 
We have, Xf, = 41+ p, Nx, = 303 + 9p 
Y fix 
Mean = = 
Y f, 
25 75 303 + 9p 
41+р 
= 7.5 x (41 + p) = 303 9p 
=> 307.5 +7.5p = 303 +9р => TN * 307.5 - 303 => 1.5р = 4.5 > p=3 


EXAMPLE 6 Find the missing frequencies in - т he following frequency distribution if it is known that 
the mean of the distribution is 1.46. 
Number of accidents (х): 0 1 2 3 4 3 Total 
Frequency (f): 46 ? ? 25 10 5 200 
SOLUTION Let the missing frequencies be f, and fz. 
Computation of Arithmetic Mean 


* fi fixi 
0 46 0 
1 f f 
2 h 2f, 
3 25 75 
4 10 40 
5 5 25 


№=86+ f, + f, У fix, =140+ f, +2/, 


1 
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We have, 
N = 200 = 200= 8 +f,+f,=> f, + h =114 n 
9 „= fit h 
Mean = 1.46 
= 146 = Mix. E 
N E 
ER 146 = 140+ fi * 2f, 
200 ! 
=> 292 = 140 + f, + 2р => fp +2f, = 152 (ii) 


Solving equation (i) and (ii), we get 
h = 76 and h = 38 


EXERCISE 15.1 


1. Calculate the mean for the following distribution: 


x 5 6 7 8 9 

f 4 8 14 11 3 
2. Find the mean of the following data: 

x 19 21 23 25 27 29 31 

f 13 15 16 18 16 15 13 
3. If the mean of the following data is 20.6. Find the value of p. 1 : 

x: 10 15 p 25 35 

f 3 10 25 7 5 
4. If the mean of the following data is 15, find p. 

X 5 10 15 20 25 

f: 6 p 6 10 5 
5. Find the value of p for the following distribution whose mean is 16.6. 

x: 8 12 15 p 20 25 30 

f 12 16 20 24 16 8 4 
6. Find the missing value of p for the following distribution whose mean is 12.58. 

x: 5 8 10 12 p 20 25 

f 2 5 8 22 7 4 2 
7. Find the missing frequency (p) for the following distribution whose mean is 7.68. 

x 3 5 7 9 11 13 

Ж 6 8 15 р 8 4 


8. The following table gives the number of boys of a particular age in a class of 40 students. 
Calculate the mean age of the students 


Age (in years): 15 16 17 18 19 20 : 
No. of students: 3 8 10 10 5 4 i 


SS — 
~ 


| 
Я 
| 
| 
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9. Candidates of four schools appear in a mathematics test. The data were as follows: 


Schools No. of Candidates Average Score 
І 60 75 
П 48 80 
Ш Not available 55 
IV 40 50 


If the average score of the candidates of all the four schools is 66, find the number of 
candidates that appeared from school III. 


10. Five coins were simultaneously tossed 1000 times and at each toss the number of heads 
were observed. The number of tosses during which 0, 1,2,3, 4 and 5 heads were obtained 
are shownin the table below. Find the mean number of heads per toss. 


No. of heads per toss No. of tosses 
0 38 
1 144 
2 342 
3 287 
4 164 
5 25 
Total 1000 
11. The arithmetic mean of the following data is 14. Find the value of k. 
xi: 5 10 15 20 25 
f: 7 k 8 4 5, [CBSE 2002C] 
12. The arithmetic mean of the following data is 25, find the value of k. 
xi: 5 15 25 35 45 
f: 3 k 3 6 2 ICBSE 2001] 


13. If the mean of the following data is 18.75. Find the value of p. 
Xi: 10 15 p 25 30 
fi: 5 10 7 8 2 [CBSE 2005] 


14. Find the value of p, if the mean of the following distribution is 20. 
х: 15 17 19 20+р 23 
f 2 3 4 5p 6 
15. Find the missing frequencies in the following frequency distribution if it is known that 
the mean of the distribution is 50. 
x: 10 30 50 70 90 
17 h 32 h 19 Total 120. 


— eee 
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— dde | . — —— ANSWERS 
1. 7.025 2. `25 3. р= 20 4. 8 
5. 18 6. 15 7. 9 8. 17.45 уеагѕ 
9. 52 10. 2.47 11. 6 12. 4 
13. р= 20 14. р=1 15. 1 = 28, = 24 


15.2.2 SHORT-CUT METHOD 


If the values of x or (and) f are large, the calculation of AM by the direct method is quite 
tedious and time consuming, because calculations involved are lengthy. In such a case to 


minimize the time involved in calculation, we take deviations from an arbitrary point as 
discussed below. 


Let *I, X277, An be values of a variable X with corresponding frequencies fj, 5, H fn 
respectively. Taking deviations about an arbitrary point ‘A’, we have 


di = x, - A, i 1.2, 3, „ n 


= fid; = f(x; -A); i = 1, 2, 3. n 
> Ў: fid; => Дх, - A) 
i=l t=1 
> 2 fd = DA - A f 
121 ial i=l 
=> Did, = $ fixi - AN E vis Ès | 
i91 i=l = 
N. 12 AN 
e fd, = —» fi i "E 
= м2; N = № 
ES fd = Х-А Bara 
=> me "m^ -4 UE RN 
N isl N i=] i 
N 4. 
=> Х= А+ nM 


Finding AM byusing the above formula is known às the short-cut method. 

NOTE <The number A’ is generally known as the assumed mean and is generally chosen in sucht a 
way that the deviations are small. 

Following algorithm may be used to find arithmetic mean by the short-cut method. 


ALGORITHM 

STEP | Prepare the frequency table in such a way that its first column consists of the values of the 
variable and the second column consists of the corresponding frequencies. 

ster Choose a number ‘A’ (preferable among the values in first column) and take deviations 
й, =x, - А of the values x, of variable X about А. Write these deviations against the 
corresponding frequencies in the third column. 

STEP 1 Multiply the frequencies in column I with the corresponding deviations d, in column III ta 
prepare column IV consisting of f, d, 


—— — 


H 
E 
i 
1 
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" 
snpiy Find the sum of all entries in column Ill to obtain Ура, and the sum ofall frequencies in 


t=] 


column II to obtain ER =N. 
tel 


: s MM 1 п 
ТЕГА Usetheformula: X = А + — i 
ү 70 


Following examples will illustrate the above algorithm. 


= 


Le 


LEVEL 
EXAMPLE 1 The following table shows the weights of 12 students: 
Weight (in kg): 67 70 72 73 75 
Nuonber of students: 4 3 2 2 1 
Find the mean weight by using short-cut method. 
SOLUTION Let the assumed mean be A = 72 


Calculation of Mean 


weight No. of d, = хр A= x, 272 fd, 
in Kg students 
Y, fi 
67 4 -5 -20 
70 3 22 -6 
72 2 0 2 
73 2 2 
75 1 3 3 
N= LJ, =12 У fd; = —21 
We have, 


Nè= 1205 fd; = -21, and A = 72 


1 
Меап = А+ Lfd.) 


(-21) 7 
=72 =72- 
=> Mean B D 1 
=> Mean = 2827 „ =" - 70.25 kg 


Hence, mean weight = 70.25 kg. 

EXAMPLE 2. Find the mean wage from the data given below: 

Wage (in d: 800 820 860 900 920 980 1000 
No. of wokers: 7 14 19 25 20 10 5 
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SOLUTION Let the assumed mean be A = 900. 
Calculation of Mean 
Wage (in 9) No. of workers d, =x,-A =x, - 900 fid; 
X, Íi 
800 7 – 100 - 700 
820 14 - 80 - 1120 
860 19 — 40 – 760 
900 25 0 0 
920 20 20 400 
980 10 80 800 
1000 5 100 500 
N = X. f; =100 Y fd; = – 880 
We have, 
N = 100, > fid, = – 880 and A = 900 
2 fid; 


M Xm Ayo 
ean М 


—88 


=> Mean X = 900 + " = 900 —8.8 = 891.2 


Hence, mean wage = 891.2. 
15.2.3 STEP-DEVIATION METHOD 


Sometimes, during the application of the short-cut method for finding AM, the deviations d, 
are divisible by a common number i (say). In such a case the arithmetic is reduced toa great 
extent by taking 


X, аА... 
и, EN 3. 1, 3, n 
1 
— xed A Rigg i 1. 2, 3. п 
=> fix, M, + hf u,, 121,2, 3. * n 


S r., =A Y + DN 
i=l 1=1 


= х-л+ > fu} 


Finding AM by using this formula is known as the step-deviation method. 
Following algorithm may be used to find the arithmetic mean by step deviation method: 


15.10 MATHEMATICS ~ X 
ALGORITHM 
| STEPI Obtain the frequency distribution and prepare the frequency table in such a way that its 
> first column consists of the values of the variable and the second column corresponding 
| frequencies. 
Ё ып Choose a number ‘A’ (generally known as the assumed mean) and take deviations 
: d, = x, - Aabout A. Write these deviations against the corresponding frequencies 
13 in the third column. 
| эты” Choosea number ht, generally common factor of all 4,'5 in Ш column, dividedeviations d, by 
Ito get и,. Writethese u,'s against the corresponding d,'s in the IV colunm. 
Ру Multiply the frequencies in П column with the corresponding u;'s in IV column to prepare 
V column of f.u,. 
п 
1 
P Уру Find the sum of all entries in V column to obtain » % and the sum of all frequencies in Il 
| i=] p 
E 
column to obtain N = P $ | 
і=1 
- 12 
STEP VI Use the formula: X = A +h Ta fa, 
i5] 
| y Following examples will illustrate the above algorithm. 


, a> - ~ 
- ^ 


EXAMPLE 1 Find the mean wage from the following data: 

Wage (in O: 800 820 860 900 920 980 1000 
No. of workers: 7 14 19 25 20 10 5 
SOLUTION Leet the assumed mean be A = 900 and ht = 20. 


Calculation of Mean 

Wage No, of d; X, A Р x, – 900 Ли, 
(in® x, workers f. = x, 900 20 

800 7 - 100 -5 -35 

820 14 - 80 -4 = 56 

860 19 - 40 -2 - 38 

900 25 0 0 0 

920 20 20 1 20 
980 10 80 E 40 
1000 5 100 5 25 

N 2 X f, = 100 Y fiu, = — 44 
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We have, 


N= 100, L fiu; = —44, A = 900 and h = 20. 
Mean = X = A ДЕ 
N 
ES X 900 «20 24 
100 


Hence, mean wage - € 891.2. 


EXAMPLE 2 Apply step-deviation method to find the AM of the following frequency distribution 


Variate (x): 8 10 15 25 40 50 
Frequency(f): 20 43 75 72 9 
SOLUTION Let the assumed mean be A = 25 and h= 5. 
Calculation of Mean 
Variate Frequency Deviations х, —25 7 
x, f, d;=x;-25 5 ES 
5 20 - 20 -4 - 80 
10 43 - 15 -3 — 129 
15 75 - 10 -2 - 150 
20 67 -5 =] _67 
25 72 0 0 0 
30 45 5 1 45 
35 39 10 2 78 
40 9 15 3 27 
45 8 20 4 32 
50 6 25 5 30 
М =}, f, = 384 X fiu; =-214 
We have, 


М =.384ЬА = 25, h = 5and X fiu, = – 214 


Mean = X = A+ ДЕЕ 6 


= Mean = 25+5х[| 384 


EXAMPLE 3 The weights in kilograms of 60 workers in a factory are given in the following 


= 900 — 8.8 = 891.2 


) = 25 - 2.786 = 22.214 


frequency table. Find the mean weight of a worker, 


Weight (in kg) x: 60 
No. of workers f: 5 


62 
14 


SOLUTION Let the assumed mean be A = 63 


64 
10 
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Calculation of Mean 


ae 


Weight (in kg) No. of workers d, * 63 fid, 
60 5 -3 - 15 
61 8 -2 - 16 
62 14 -1 -14 
63 16 0 0 
64 10 1 10 
65 7 2 14 
N=} f, =60 LA 21 


We have, № = 60, A = 63 and Fd, = -21 
Mean = A+ | sri | 
N^ 


= Mean = 63+ ( -21 ) = 63- = 63 - 035 = 6265 
60 20 


Hence, mean weight of a worker = 62.65 kg 


EXAMPLE 4 The table below gives the distribution of villages ander different heights from sea level 
in a certain region. Compute the mean height of the region: 
Height (in metres): 200 600 1000 1400 1800 2200 


No. of village: 142 265 560 271 89 16 
SOLUTION Let the assumed mean be A = 1400 and = 400 
Calculation of Mean 
Height No. of villages x, 1400 
(in metres) fi d;-x,-1400 = 100 ГАТА 
4 S. tee t 
200 142 - 1200 -3 - 426 
600 265 - 800 -2 - 530 
1000 560 - 400 -1 — 560 
1400 271 0 0 0 
1800 89 400 1 89 
2200 16 800 2 32 
N = Xf, = 1343 X f,u, = -1395 


We have, A = 1400, h = 400, X fu, = – 1395 апа N = 1343 
Mean = А + 1 
N TUI 


=> Mean = 1400 + 400 x = = 1400 — 415.49 = 984.51 
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[CBSE 2006 C] 


ure (in rupees) of 


450-500 
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9. Find the mean from the following frequency distribution of marks at a test in statistics : 
Marks (x): 5 ]0 15 20 25 30 35 40 45 50 
No. of students C): 15 50 80 76 72 45 39 9 8 6 


me ANS HERS 


1. 3.54 2. 2:47 3. 3.62 (approx) 4. 2.35 
5. 26.08 6. 3.53(approx) 7. 0.73 8. 0.83 
9. 22.075 


15.2.4 ARITHMETIC MEAN OF A CONTINUOUS FREQUENCY DISTRIBUTION 


Uptill now we have been discussing about various methods for computing arithmetic mean 
of a discrete frequency distribution. In case of a continuous frequency distribution or a 
frequency distribution with class intervals arithmetic mean may be computed by applying 


any of the methods discussed so far. The values of xi, X2, X457, X, are taken as the 
mid-points or class-marks of the various classes. It should be noted that the mid-value or 


1 
class-marks of a class interval is equal to 5 (lower limit + upper limit). 


Following examples will illustrate the procedure. 


EXAMPLE 1 Find the mean of the following frequency distribution: 
Class-interval: 0-10 10-20 20-30 30-40 40-50 


No. of workers f: 7 10 15 8 10 
SOLUTION Calculation of Mean 
; x, -25 
Class- Mid- Frequency d, = х, 25 и, = T fu, 
interval «> values (X) f 
_ gz у — — — — — 
0 - 10 5 7 - 20 -2 - 14 
10 - 20 15 10 - 10 -1 -10 
20 - 30 25 15 0 0 0 
30 - 40 35 8 10 1 8 
40 - 50 45 10 20 2 20 
—— — — —— — 
NzXf,-50 X fu, =4 


We have, 
А = 25, h = 10, № = 50 апау ц, = 4. 


М 
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1 
Mean = A+h xn 
=> Mean = 25 +102 = 258 
50 
EXAMPLE 2 Find the mean of the following ‘frequency distribution: 
Classes: 0-20 20-40 40-60 60-80 80-100 
Frequency: 15 18 21 29 17 
[CBSE 2006 С] 
SOLUTION Calculation of Mean 
. —. ..... ] ˙A—U — — ⁰ i— — ' LU 
х; 2/50 L 
Classes Mid- Frequency d; = х, – 50 ц; =— 20 fitt, 
values (x) (f) 
0 - 20 10 15 - 40 -2 -30 

20 - 40 30 18 - 20 -1 -18 

40 - 60 50 21 0 0 0 

60 - 80 70 29 20 1 29 

80 - 100 90 17 40 2 34 
E f, 2100 У fu; = 15 

We have, 


А = 50, = 20, N= 100 and /, = 15 


Mean = A + ЕЛ 


15 
— = 0 — 
Mean = 50 + 2 х 100 

> Mean = 50 + 3 = 53 


EXAMPLE 3 The following table gives the distribution of total household expenditure (in rupees) of 
manual workers ina city. 

Expenditure: 100-150 150-200 200-250 250-300 300-350 350-400 400-450 450-500 

(in 7) 

Frequency: 24 40 33 28 30 22 16 7 


Find the average expenditure (in €) per household. 
SOLUTION Let the assumed mean be A = 325 and h = 50. 
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Calculation of Mean 
Expen - Freq - Mid- А 
diture uency values Baca — eid fu, 
(in 8) х, ГА х, А h у 
X. - 325 
-x-35 80. 
100 - 150 24 125 - 200 -4 - 96 
150 - 200 40 175 — 150 -3 — 120 
200 - 250 33 225 - 100 -2 — 66 
250 - 300 28 275 -50 -1 -28 
300 - 350 30 325 0 0 0 
350 - 400 22 375 50 1 22 
400-450 16 425 100 2 32 
450 - 500 7 475 150 3 21 
U1 ((=( (1! !° _————эәму/УуУуу — 
М = X. f, = 200 У fu, = – 235 
We have, 
N = 200, A = 325, h = 50, and V, =—235 
X=A+ hr и, 
М 
= X = 325 +50 x |=25] 
200 
=> X = 325 - => - 395.58 75 = 26625 


Hence, the average expenditure is & 266.25. 
EXAMPLE 4 A frequency distribution of the life times of 400 T.V. picture tubes tested im а tube 
company is given below Find the average life of tube. 


Life time (in hrs) Frequency 


Life time (ut hrs) Frequency 


300-399 14 800-899 62 
400-499 46 900-999 48 
500-599 58 1000-1099 22 
600-699 76 1100-1199 6 


700-799 
SOLUTION Here, the class-intervals are formed by exclusive method. If we make the series 
an inclusive one the mid-values remain same. So, there is no need to convert the series into an 
inclusive form. 

Let the assumed mean be А = 749.5 and h = 100. 


— . — — 
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Calculation of Mean 


Life time Frequency  Mid-Valus d. X -A и =% A fu, 
: h 
(in hrs): f x 7495 
d 29S н йг: 
100 
300 - 399 14 349.5 - 400 -4 - 56 
400 - 499 46 449.5 - 300 -3 — 138 
500 - 599 58 549.5 - 200 -2 - 116 
600 - 699 76 649.5 - 100 -1 — 76 
700 - 799 68 749.5 0 0 0 
800 - 899 62 849.5 100 1 62 
900 - 999 48 949.5 200 2 96 
1000 - 1099 22 1049.5 300 3 
1100 - 1199 6 1149.5 400 + 24 
N - X f, = 400 Y fiu; = –138 


We have, № = 400, A = 7495, h = 100 and Xf,u, = -138 


N A4 b EE. 
0:75) 


-138` 


= : 138 
= X = 749.5 +100 | = 


| = 749,5.- 5785 - 345 =715 


Hence, the average life time of a tube is 715 hours 
EXAMPLE 5 Ifthe mean of the following distributions 54, find the value of p: 


Class 0 - 20 20 - 40 40 - 60 60 - 80 80 - 100 
Frequency: 7 р 10 9 13 | 
| [CBSE 2006C] 
SOLUTION Computation of Arithmetic Mean 
2 WD — E x, - 50 
Class Mid-values Frequency d, = x, - 50 * 5 fiti; 
* (f) Pi: 
жилет — m.. ыш | 2. L —* — z 
0-20 10 7 - 40 -2 - 14 
20 40 30 p - 20 —1 -p 
40 -60 50 10 0 0 0 
60-80 70 9 20 l 9 
BO - 100 90 13 40 2 26 
аа R O 
Xf, =39+p > fill = 21 -p 


We have, 


А = 50, N = 39 + p, h = 20, Efi; = 21 p and X = 54 
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Mean =A+h Ix Ури, | 


= 21-р 
— 54 = 50 + 20 х 
A 

[91 
= 420 [1 

39 +p | 
= -5 222) ә зә+р 105 –- 5р => бр= 66 => р = 11 

39 + р р= } = р 


EXAMPLE 6 The following table gives weekly wages in rupees of workers in a certain commercial 
organization, The frequency of class 49-52 is missing. It is known that the mean of the frequency 
distribution ts 47.2. Find the missing frequency. 

Weekly wages (F): 40-43 43 - 46 46 - 49 49 - 52 52 - 95 

Number of workers: 31 58 60 ? 27 

SOLUTION Let the missing frequency be f, the assumed mean be A= 47 and л =3. 


Calculation of Mean 

Class- mid tulues £ di . 475 u- x, — 47.5 fau, 
Intervals x, " 
40 - 43 41.5 31 -6 -2 - 62 
43 - 46 44.5 58 -3 -1 -58 
46 - 49 47.5 60 0 0 0 
49 - 52 50.5 X 3 1 f 
52 - 55 53.5 27 6 2 54 

N= Lf,=176%f X fiu; = f -— 66 
We have, à 
247.5 and h = 3 


y 


а P d 

= $-25«3«| [L8 
176 + f 
— 66 
> d f 
í р 

1 ў=6@ 

= ee => -176-f=10f-660 > l1f=484 > f-44 


10 176+f 
Hence, the missing frequency is 44. 


bx 
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EXAMPLE 7 The mean of the 
20 - 40 and 60 - 80 are missing. 


| "ipe ^ in class 
following frequency table 50. But the frequencies fi а! id fin cl 


Find tlie missing frequencies. 


Class: 0-20 20-40 40-60 60-80 80-100 Total 
Frequency: 17 3 19 120 
f ? f [CBSE 2006C] 


SOLUTION Let the assumed mean be А = 50 and h = 20. 


Calculation of Mean 
„7! 8 


Class Frequency Mid-values uad -A fitti 
f, x mE. 
. Со wu ^ 
0 - 20 17 10 -2 – 34 
20 - 40 Í, 30 «T 7Ji 
40 - 60 32 50 0 0 
60 - 80 f, 70 1 f 
80 - 100 19 90 2 38 
N = If, = 684 + f, CI, =4-firhr 
We have, 
М = Xf, = 120 [Given] 
> 68 120 
> 7 82 nd 
Now, 
Mean - 50 
> А+ уц 80 
ГЫР“ 
4- fi + | 
? , fee fi th ) zz 50 
c mut dm N 
- so Ath „% 
6 
- 4- fi + f, 0 
6 
=> 4 те fi + h = 
- f- = (ii) 


Solving equations (i) and (ii), we get f, = 28 and f; = 24. 
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EXAMPLE $ Fimi the mean marks of students from the following cumulative frequency 
distribution: 


Marks | Number of students Marks Number of students 
and ame 80 60 and above 28 
10 and above 77 70 and above 16 
! 20 and above 72 80 and above 10 
30 and above 65 90 and above 8 
40 and above 55 100and above. 0 
SO and above 43 


SOLUTION Here we have, the cumulative frequency distribution. So, first we convertit into 
an ordinary frequency distribution. We observe that there are 80 students getting marks 
greater than or equal to 0 and 77 students have secured 10 and more marks. Therefore, the 
number of students getting marks between 0 and 10 is 80-77 3. 

Similarly, the number of students getting marks between 10 and 20 is 77 272 = 5 and so on. 
Thus, weobtain the following frequency distribution. 


Numberof Numberof 
students students 


Computation of Mean 


Now, we compute arithmetic mean by taking 55 as the assumed mean. 
Marks Mid-value Frequency 1 = — 55 fu, 
| 
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I 


We have, 


N = Xf, = 80, Ури, = -26, A = 55 and h = 10 


X = A+ в} sf 


=? -26 
=> X = 55 +10 х 86 = 55 — 3.25 = 51.75 Marks. $ 
EXAMPLE 9 Find the mean marks of the students from the following cumulative frequency 
distribution: 
Marks: Below Below Below Below Below Below Below Below Bëlow Below 
| 10 20 30 40 50 60 70 80 90 100 
| Number of students: 5 9 17 29 45 60 70 78 83 85 1 


SOLUTION Here we have, cumulative frequency distribution less than type. First we 
convert it into an ordinary frequency distribution. We observe that the number of 
students getting marks less than 10 is 5 and 9 students have secured marks less than 20. 
Therefore, number of students getting marks between 10 and 20 (inclusive 0 and 
exclusive 10) is 9-5 = 4. Similarly, the number of students getting marks between 20 and 
30 is 17 - 9 = 8 and so on. Thus, we have the following frequency distribution: 


Marks: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 80-90 90-100 
Number of 5 4 8 12 16 15 10 8 5 2 
students: 


Let us now compute arithmetic mean by taking 55nd the assumed mean. 
Computation of Mean 


х; – 55 
Marks Mid-value Frequency ½ 7 т fu, 
err, Ээ Bee Se — — ä — 
0-10 5 5 -5 - 25 
10 - 20 10 + -4 - 16 
20 - 30 25 8 -3 -24 
30 - 40 35 12 -2 -24 
40 - 50 45 16 -1 - 16 
50 - 60 55 15 0 0 
60 - 70 65 10 1 10 
70 -.80 75 8 2 16 
80 - 90 85 5 3 15 
90 - 100 95 2 4 8 
| Total N = Xf, = 85 Ури; = -—56 
| We have, 


N = Xf, = 85, Ури, = —56, = 10 and A = 55 


| 
* 
Е 
f 
| 


cH 


— 1 
— 11 — У 
A Аун fan | 
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X = 55 +10 х 


-56 
29 = 55 — 6.59 = 48.41 Marks 


oo 


Hence, mean marks scored by the students =48.41. 


гә 


B EXERCISE 15.3 


. The following table gives the distribution of total household expenditure (in rupees) of 


manual workers їп а city. 


Expenditure Frequency Expenditure Frequency 
(in rupees) (х) (f) (in rupees) (x) (f) 
100-150 24 300-350 30 
150-200 40 350-400 22 
200-250 33 400-450 16 
250-300 28 450-500 7 


Find the average expenditure (in rupees) per household. 


A survey was conducted by a group of students as a part of their environment 
awareness programme, in which they collected the following data regarding the 
number of plants in 20 houses in a locality. Find the mean number of plants per 
house. 
Number os plants: 0-2 2-4 4-6 6-8 8-10 10-12 12-14 
Number of houses: 1 2 1 5 6 2 3 

[NCERT] 


Which method did you use for finding the mean, and why? 


. Consider the following distribution of daily wages of 50 workers of a factory. 


Daily wages (in d). 100-120 120-140 140-160 160-180 180-200 


Number of workers: 12 14 8 6 10 
Find the mean daily wages of the workers of the factory by using an appropriate method. 


. Thirty women were examined in a hospital by a doctor and the number of heart beats per 


minute recorded and summarised as follows. Find the mean heart beats per minute for 
these women, choosing a suitable method. 
Numberofheat 65-68 68-71 71-74 74-77 77-80 80-83 83-86 
beats per minute: 
Number of women: 2 4 3 8 7 4 2 
[NCERT] 


Find the mean of each of the following frequency distributions: (5 — 14) 


. Classinterval: 0-6 6-12 12-18 18-24 24-30 


Frequency: 6 8 10 9 7 


„Class interval: 50-70 70-90 90-110 110-130 130-150 150-170 


Frequency: 18 12 13 27 8 22 


i ——— ышына СЩ 
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7. Classinterval: 0-8 8-16 16-24 24-32 32-40 
Frequency: 6 7 10 8 9 
8. Classinterval: 0-6 — 6-12 12-18 18-24 24-30 
Frequency: 7 5 10 12 6 
9. Classinterval: 0-10 10-20 20-30 30-40 40-50 
Frequency: 9 12 15 10 14 
10. Classinterval: 0-8 8-16 16-24 24-32 32-40 
Frequency: 5 9 10 8 8 
11. Classinterval: 0-8 8-16 16-24 24-32 32-40 
Frequency: 5 6 4 3 2 ‹ 
1 
12. Classinterval: 10-30 30-50 50-70 70-90 90-110 110-130 
Frequency: 5 8 12 20 3 2 
| 13. Class interval: 25-35 35-45 45-55 55-65 65-75 
| Frequency: 6 10 8 12 4 
14. Classes: 25-29 30-34 35-39 40-44 4549 50-54 55-59 
Frequency: 14 22 16 6 5 3 4 
[CBSE 2006C] 
15. For the following distribution, calculate mean using all suitable methods: 
| Size of item: 1-4 4-9 9-16 16-27 
| Frequency: 6 12 26 20 — 
| 16. The weekly observations on cost of living index in a certain city for the year 
2004 - 2005 are given below. Compute the weekly cost of living index. 
Cost of living Number of Cost of living Number of 
| Index Students Index Students 
| 1400 - 1500 5 1700 - 1800 9 
| 1500 - 1600 10 1800 - 1900 6 
| 1600 - 1700 20 1900 - 2000 2 
17. The following table shows the marks scored by 140 students in an examination of a 
certain paper: 
Marks: 0-10 10-20 20-30 30-40 40-50 
Number of students: 20 24 40 36 20 1 


Calculate the average marks by using all the three methods: direct method, assumed 
mean deviation and shortcut method. 


18. The mean of the following frequency distribution is 62.8 and the sum of all the 
frequencies is 50. Compute the missing frequency f, and fy. 


Class: 0-20 20-40 40-60 60-80 80-100 100-120 
Frequency: 5 А 10 h 7 8 1СВ5Е 2004] 


Pe 
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19. The following distribution shows the daily pocket allowance given to the children of a 
multistorey building. The average pocket allowance is X 18.00. Find out the missing 


frequency. 
Class interval! 11-13 13-15 15-17 17-19 19-21 21-23 23-25 
Frequency: 7 6 9 13 - 5 + [NCERT] 
20. If the mean of the following distribution is 27, find the value of p. 
4 Class: 0-10 10-20 20-30 30-40 40-50 
Frequency: 8 p 12 13 10 [CBSE 2006C] 


21. In a retail market, fruit vendors were selling mangoes kept in packing boxes. These boxes 
contained varying number of mangoes. The following was the distribution of mangoes 


according to the number of boxes. 

Number of mangoes: 50-52 53-55 56-58 59-61 62-64 | 
Number of boxes: 15 110 135 115 25 | 
Find the mean number of mangoes kept in a packing box. Which method of finding the 

mean did you choose? [NCERT] 


22. The table below shows the daily expenditure on food of 25 households in a locality 
Daily expenditure (in d): 100 - 150 150-200 200 - 250 250 - 300.300 -350 | 
Number of households: E 5 12 2 2 | 
Find the mean daily expenditure on food by a suitable method. [NCERT] | 
23. To find out the concentration of SO, in the air (in parts per million, i.e., ppm), the data 
was collected for 30 localities ina certain city and is presented below: 


Concentration of SO; (in ppm) Frequency 

0.00-0.04 4 
0.04-0.08 9 
0.08-0.12 9 
0.12-0.16 2 | 
0.16-0.20 + | 
0.20-0.24 2 | 

Find the mean concentration of SO, in the air. [NCERT] | 


24. Aclass teacher has the following absentee record of 40 students of a class for the whole 
term. Find thé mean number of days a student was absent. 
Numberofdays: 0-6 6-10 10-14 14-20 20-28 28-38 38-40 | 


Number of students: 11 10 7 4 + 3 1 | 
[NCERT] 


25. The following table gives the literacy rate (in percentage) of 35 cities. Find the mean 
literacy rate. 
Literacy rate (in %): 45-55 55-65 65-75  75- 85 85 95 
Number of cities: 3 10 11 8 3 
[NCERT] 
26. The following is the cummulative frequency distribution (of less than type) of 1000 
persons each of age 20 years and above. Determine the mean age. 
Age below (in years): 30 40 50 60 70 80 


Number of persons: 100 220 350 750 950 1000 
[NCERT EXEMPLAR] 
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27. If the mean of the following frequency distribution is 18, find the missing frequency. 


Class interval: 11-13 13-15 1537 17-19 19-21 21-23 23-25 
Frequency; 3 6 9 й f 5 4 
[NCERT EXEMPLAR, CBSE 2018] 


28. Find the missing frequencies in the following distribution, if the sum of the n. 
is 120 and the mean is 50, 


Class: 0-20 20-40 40-60 60-80 80-100 
Frequency: 17 fi 32 h 19 
[NCERT EXEMPLAR] 
29. The daily income of a sample of 50 employees are tabulated as follows: 
Income (in ©): 1-200 201-400 401-600 601-800 
No. of employees: 14 15 14 7 
Find the mean daily income of employees. [NCERT EXEMPLAR] 
ANSWERS 
1. 266.25 2. 8.1 plants 3. 145.20 4.75.9 
15.45 6. 112.20 7. 21.4 8,915.75 
9. 26.333 10. 21 11. 16.4 12. 65.6 
13. 49.5 14, 36.357 16. 1663.3 17. 25.857 
18. f,=8,f2=12. 19. 20 20..0p = 7 21. 57.19 
22. 2211 23. 0.099 ppm 24. 12.475 days 25. 69.43% 
26. 51.3 years 27. 8 28. f= 28, f, 224 29. < 356.5 


15.3 MEDIAN 

The median is the middle value of a distribution i.e., median of a distribution is the value of 
the variable which divides it into two equal parts. It is the value of the variable such that the 
number of observations above itis equal to the number of observations below it. 


In class IX, we have studied about the method for finding median of individual observations. 
If x,, X3, X4,*, х, aten values of a variable X, then to find the median we use the following 
algorithm. 


ALGORITHM 
Ari Arrange the observations xi, x; +++, x, inascending or descending order of magnitude. 


STEP p — Determine the total number of observations, say, n 
nei 
STEP I If n is odd, then median is the value of | o | observation. 


r th \th 
| S . п | 
If n is even, then median is the AM of the values of | 2 and | п +1 ) observations. 
. У. 2. ? 


— 


ILLUSTRATION 1 (i) The following are the marks of 9 students in a class. Find the median 
34, 32, 48, 38, 24, 30, 27, 21, 35 


Sumy 


SS 
"E 
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(ii) Find the median of the daily wages of ten workers from the following data: 


220, 25, 17, 18, 8, 15, 22, 11, 9, 14. 
- SOLUTION (i) Arranging the data in ascending order of magnitude, we have 


21, 24, 27, 30, 32, 34, 35, 38, 48 


Since there are 9 i.e, an odd number of items. Therefore, median is the value of 


„+ Lud, gom с с түт 


- | — | observation i.e., 32. 
(ii) Arranging the wages in ascending order of magnitude, we have 
8, 9, 11, 14, 15, 17, 18, 20, 22, 25 
Since there are 10 observations Therefore, median is the arithmetic mean of 
10 ү" id y" 
(2) and | ТР! | observations. 


— 


Hence, Median = 16 


15417 _ 
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15.3.1 MEDIAN OF DISCRETE FREQUENCY DISTRIBUTION 
In case of a discrete frequency distribution x, / f,; i = 1, 2,***,n we calculate the median by 
using the following algorithm. 


ALGORITHM j 
STEP! Find the cumulative frequencies (c.f.) 


N n 
STEPI Find ry where М = Y f, 
171 
STEP IH See the cumulative frequency (¢.f.) just greater than i and determine the corresponding 


value of the variable. 
ЅТЕР ie value obtained in step III is the median. 


ILLUSTRATION 2 Obtain the median for the following frequency distribution: 


ks ^od 2 3 4 5 b 7 8 9 
f: 8 10 FIN 16 20 25 15 9 b 
SOLUTION 


Calculation of Median 


x 

1 

2 

3 

4 

5 20 65 
6 

7. 

8 

9 
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Here, N= 120 2 = 69 


We find that the cumulative frequency just greater than i i.e., 60 is 65 and the value of x 
corresponding to 65 is 5. Therefore, Median = 5. 


15.3.2 MEDIAN OF A GROUPED OR CONTINUOUS FREQUENCY DISTRIBUTION 


In order to calculate the median of a grouped or continuous frequency distribution, we use 
the following algorithm. 


ALGORITHM 
STEPI Obtain the frequency distribution. 


STEP H Prepare the cumulative frequency column and obtain N = Xf,. 
STEP IN Find NM. 


STEPIV See the cumulative frequency just greater than N/2 and determine the corresponding class. 
This class is known as the median class. 


SIEPV — Use the following formula: 
xh 
f 

where, | = lower limit of the median class 

f = frequency of the median class 

h = with (size) of the median class 

F = Cumulative frequency of the class preceding the median class N = Xf, 
ILLUSTRATION 3 Calculate the median from the following distribution: 
Class: 5-10 10-15 15-20 20-25 25-30 30-35 35-40 40-45 
Frequency: 5 6 15 10 5 4 2 2 


- 


SOLUTION First we preparethe following cumulative table to compute the median 


Median = | + 


Class Frequency Cumulative frequency 
5-10 5 5 

10-15 6 11 

15-20 15 26 

20-25 10 36 

25-30 5 41 

30-35 4 45 

35-40 2 47 

40-45 2 49 

N=49 


Wehave, N = 49 
N gg ads 
2 2 
The cumulative frequency just greater than N/2 is 26 and the corr 


esponding class is 
15 - 20. Thus, 15 - 20 is the median class such that 


. 
—— —— — 25 
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1 = 15, f =15,F =llandh = 5 


Median = 1+ 


EXAMPLE 1 The number of students absent in a school was recorded every day for 147 days aud the 
raw data was presented in the form of the following frequency table. 


No. ofstudents absent: 5 6 7 8 9 10 11 12 13 15 18 20 


No. of days: 1 5 HH i14 16 13 10 70 4 1 1_1 

Obtain the median and describe what information it conveys. 

SOLUTION 

Calculation of median 
x, fi cf 
5 1 1 
6 5 6 
7 11 17 
8 14 31 
9 16 47 
10 13 60 
11 10 70 
12 70 140 
13 4 144 
15 1 145 
18 1 146 
20 1 147 
N = Xf, = 147 
We have, 
М 147 


= j — = — = 73,5 
М 13 - 2 


The cumulative frequency just greater than N/2 is 140 and the corresponding value of 


variable x is 12. 
Hence, median = 12. This means that for about half the number of days, more than 12 


students were absent. 

EXAMPLE 2 Calculate the median from the following data: 

Marks: 0-10 10- 30 30 - 60 60 - 80 80 - 90 

No. of students: 5 15 30 8 2 

SOLUTION Here, the class intervals are of unequal width. If the class intervals are of 
unequal width the frequencies need not be adjusted to make the class intervals equal. 
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Calculation of Median 
DARRE 
Marks No. of students Cumulative freguency 
0-10 5 5 
10-30 15 20 
30-60 30 50 
60-80 8 58 
80-90 2 60 
n .. ЧМ ee OE ee es 
N = Уу; = 60 


————— а а 
Неге, № = 60 . N/2 = 30 


The cumulative frequency just — 301550. ; di lass is 
\ greater than N/2 = 30 is 50 and the corresponding class 
30 - 60. Hence, 30 - 60 is the median class. 


l = 30, f = 30,F = 20,1 = 30 


Np 
Now, Median = | + 2 xh 
8 
= Median = 30 + 30 ~ 20 x 30 = 40 


EXAMPLE 3 If the median of the following frequency distribution is 46, find the missing 
frequencies. 
Variable: 10-20 20-30 30-40 40-50 50-60 60-70 70-80 Total 
Frequency: 12 30 ? 65 ? 25 18 229 
SOLUTION Let the frequency of the class 30 - 40 be f; and that of the class 50 - 60 be f. The 
total frequency is 229. 
12+ 30+ f| +654 fat 25 +418 = 229 > f, + h = 79 
It is given that the median is 46. 
Clearly, 46 lies in the class 40 - 50. So, 40 - 50 is the median class. 


= 40, h = 10, = and F = 12 + 30+ f = 42 + fJ, № = 229 


Now, 
J 
= 
Median = Т + +—— х li 
229 
* (42 + fi) 
— 46 = 40 + — x 10 
92 
= 46 — 0 2f 
ќа 13 
e re 5 т 
= 6m 5-20 =» 2f, = 67 = fı = 33.5 ог 34 (say) 


Since f, + f; = 79. Therefore, f, = 45. 
Hence, f, = 34 and f; = 45. 
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EXAMPLE 4 Find the median of the following frequency distribution: 

Weekly wages (in %); 60-69 70-79 80-89 90-99 100-109 110-119 

No. of days: 5 15 20 30 20 8 

SOLUTION Here, the frequency table is given in inclusive form. So, we first transform it into 
exclusive form by subtracting and adding /1/2 to the lower and upper limits respectively of 
cach class, where / denotes the difference of lower limit of a class and the upper limit of the 
previous class. 


Transforminj the above table into exclusive form and preparing the cumulative frequency 


table, we get 
Weekly wages (in & No. of workers Cumulative frequency 
|» 595- 695 5 5 
69,5- 79.5 15 20 
79.5- 89.5 20 40 
89.5- 99,5 30 70 
99.5 ~ 109.5 20 90 
109,5 ~ 119.5 B 98 


М = Xf, = 98 


We have, № = 98. N/2 = 49 
The cumulative frequency just greater than N/2 is 70 and the corresponding class is 
89.5 —99,5, So, 89.5 - 99,5 is the median class. 

| = 89,5, = 10, f = Wand F = 40 


N 


Now, Median J ar xh 


; em 
Median = 89.5 + To x10 = 925 


Uu 


EXAMPLE 5 Compute the median form the following data: 


Mid-valu: 115 125 135 145 155 165 175 185 195 

Frequency: 6 25 48 72 16 60 38 22 3 

SOLUTION Here, we are given the mid-values. So, should first find the upper and 
lower limits of the various classes. The difference between two consecutive values is 
h = 125-115 = 10. 

' Lower limit of a class = Mid-value -//2, Upper limit = Mid-value 2. 
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Calculation of Median 
Frequency 
ES C C с ____ O O тла 
115 110-120 6 6 
125 120-130 25 31 
135 130-140 48 79 
145 140-150 72 151 
155 150-160 116 267 
165 160-170 60 327 
175 170-180 38 365 
185 180 - 190 22 387 
195 190 - 200 3 390 
Deae UT 13029 Kb 
N — Lf, = 390 
ж н ee Ф. 
We have, 


The cumulative frequency just greater than N/2 i.e., 195 is 267 and the corresponding class 
is 150 - 160. So, 150 - 160 is the median class. 


l = 150, f = 116, h = 10, F = 151 


Now, 
Nf 
Median = | + F xh 
= РЕТ 15016 10 - 15380 


EXAMPLE 6 Compute the median for the following cumulative frequency distribution: 


Less Less Less Less Less Less Less Less Less 
than 20 than 30 than 40 than 50° than 60 than 70 than 80 than 90 than 100 
0 4 16 30 46 66 82 92 100 


SOLUTION We are given the cumulative frequency distribution. So, we first construct a 
frequency table from the given cumulative frequency distribution and then we will make 
necessary computations to compute median. 


Class intervals. Frequency (f) Cumulative frequency (c.f.) 

20-30 4 4 

30 - 40 D. 16 

40 - 50 14 30 

50 - 60 16 46 

60 - 70 20 66 

70 - 80 16 82 

80-90 10 92 
90 - 100 8 100 

——— A————— a a — ——— 
N = Xf, = 100 
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We observe that the cumulative frequency 


corresponding class is 60 - 70. 
So, 60 - 70 is the median class. 
l = 60, f = 20, Е = 46апа й = 10 


N aa 
Now, Median I 2 ; xh 
= Median = 60 + х 10 = 62 


EXAMPLE 7 The median of the following data is 525. Find the values of x and y, 


frequency is 100 


Class interval Frequency 
0-100 2 
100 - 200 5 
200 - 300 x 
300 - 400 12 
400 - 500 17 
500 - 600 20 
600 - 700 y 
700 - 800 9 
800 - 900 7 
900 - 1000 1 
SOLUTION 
Computation of Median 
Class intervals Frequency (f) Cumulative frequency (cf) 
0 - 100 2 2 
100 - 200 5 7 
200 - 300 x 74x 
300 - 400 12 194x 
400 - 500 17 36 
500 - 600 20 564x 
600 - 700 y 56+х+у 
700-800 9 65+x+y 
800 - 900 7 72+x+y 
900 - 1000 4 76+x+y 
Total = 100 
We have, 
N 2 X f, = 100 
= 76+x+y=100 > x+y=24 


just greater than 


ю|> 


It is given that the median is 525. Clearly, it lies in the class 500 - 600 
l = 500, h = 100, f = 20, F = 36 + xand N = 100 
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= 50 is 66 and the 
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Now, 
N 
—-F 
Median = | +2 xh 
f 
= 525 = 500 + 25—86 +х) 100 
20 
=> 525 — 500 = (14 v) 5 
> 25=70-5x > 5x=45 > x=9 


Putting x=9 in x4 y= 24, we get y = 15. 
Hence, x = 9 and y = 15. 
EXAMPLE 8 Jf the median of the distribution given below is 28.5, find the value of x and y. 


Class interval: 0-10 10-20 20-30 30-40 40-50 50-60 
No. of students: 5 x 20 15 V 5 
s Total 60 
[NCERT] 
SOLUTION 
Computation of Median 
Class intervals Frequency (f) Cumulative frequency (cf) 
0-10 5 5 
10-20 x 5+х 
20-30 20 25+х 
30-40 15 40 х 
40-50 у 40+х+у 
50-60 5 45+х+у 
E f, = 60 
Үе have, 


Median = 28.5 
Clealry, it lies in the class interval 20 - 30. So, 20 - 30 is the median class. 


= 20, h = 10, f = 20,F =5 + xand N = 60 


Now, 
Nr 
Median = 1 + Б xh 
30 - (5 + x) 
= — 10 
= 28.5 = 20 + 0 x 
= 28.5 = 20 4 ы 
= 85-29—X = 2-x=17  x-8 
2 

We have, 

М = 60 


45+x+y=60>x+y=15 
Putting x = 8 in = we get у=7 


Hence, x = 8and y = 


| 
| 
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12 


— — —— EXERCISE 15.4 


. Following are the lives in hours of 15 pieces of the components of aircraft engine. Find 


the median: 
715, 724, 725, 710, 729, 745, 694, 699, 696, 712, 734, 728, 716, 705, 719. 


The following is the distribution of height of students of a certain class in a certain city: 
Height (in ems): 160-162 163-165 166-168 169-171 172-174 

No. of students: 15 118 142 127 18 

Find the median height. 


Following is the distribution of l. Q. of 100 students. Find the median І.О. 


I. Q: 55-64 65-74 75-84 85-94 95-104 105-114 115-124 125-134 135-144 
No of 
Students: 1 2 9 22 33 22 8 2 1 


. Calculate the median salary of the following data giving salaries of 280 persons: 


Salary (in thousands): 5-10 10-15 15-20 20-25 25-30 30-35 35-40 40-45 45-50 


No. of persons: 49 133 63 15 6 7 4 2 1 
[СВ5Е 2018] 


. Calculate the median from the following data: 


Marks below: 10 20 30 40 50 60 70 80 
No.of students: 15 35 60 84 96 127 198 250 


. Calculate the missing frequency from the following distribution, it being given that the 


median of the distribution is 24. 
Ageinyears: 0-10 10-20 20-30 30-40 40-50 


No. of persons: 5 25 ? 18 7 
. The following table gives the frequency distribution of married women by age at 
marriage: 
Age (in years) Frequency Age (in years) Frequency 
15-19 53 40-44 9 
20-24 140 45-49 5 
25-29 98 50-54 3 
30-34 32 55-59 3 
35-39 12 60 and above 2 


Calculate the median and interpret the results. 


. The following table gives the distribution of the life time of 400 neon lamps: 


Lite time: (in hours) Number of lamps 
1500-2000 14 
2000-2500 56 
2500-3000 60 
3000-3500 86 
3500-4000 74 
4000-4500 62 
4500-5000 48 


Find the median life. [NCERT] 
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9. 


10. 


11. 


12. 


13. 


14. 


1& 


The distribution below gives the weight of 30 students in a class. Find the median 


weight of students: 
Weight (in kg): 40-45 45.50 50-55 55-60 60-65 65-70 70-75 
No. of students: 2 3 8 6 6 3 2 [NCERT] 


Find the missing frequencies and the median for the following distribution if the mean is 
1.46. 


No. of accidents: 0 1 2 3 4 5 Total 
Frequency (No.ofdays) 46 ? ? 25 10 5 200 


An incomplete distribution is given below: 

Variable: 10-20 20-30 30-40 40-50 50-60 60-70 “70-80 
Frequency: 12 30 - 65 - 25 18 

You are given that the median value is 46 and the total number of items is 230. 

(i) Using the median formula fill up missing frequencies. 

(ii) Calculate the AM of the completed distribution. 

If the median of the following frequency distribution is 28.5 find the missing frequencies: 
Class interval: 0-10 10-20 20-30 3040 40-50 50-60 Total 
Frequency: 5 h 20 15 ГА 5 60 


The median of the following data is 525. Find the missing frequency, if it is given that 
there are 100 observations in the data: 


Class interval Frequency Class interval Frequency 
0 - 100 2 500 - 600 20 
100 - 200 5 600 - 700 7 
200 - 300 f, 700 - 800 9 
300 - 400 12 800 - 900 7 
400 - 500 17 900 - 1000 


If the median of the following data is 32.5, find the missing frequencies. 
Classinterval: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 Total 


Frequency: fi 5 9 12 h 3 2 40 
Compute the median for each of the following data: 

(i) Marks No. of students (ii) Marks No. of students 
Less than 10 0 More than 150 0 

Less than 30 10 More than 140 12 

Less than 50 25 More than 130 27 

Less than 70 43 More than 120 60 

Less than 90 65 More than 110 105 

Less than 110 87 More than 100 124 

Less than 130 96 More than 90 141 


Less than 150 100 More than 80 150 


SS TO car rg mme ^g y eme 
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16. A survey regarding the height (in cm) of 51 girls of class X of a school was conducted and 


17 


18. 


19. 


23. 


the tollowing data was obtained: 


Height in cm Number of Girls 
Less than 140 4 
Less than 145 11 
Less than 150 29 
Less than 155 40 
Less than 160 46 
Less than 165 51 
Find the median height. [NCERT] 


‚ A life insurance agent found the following data for distribution of ages of 100 policy 


holders. Calculate the median age, if policies are only given to persons having age 18 
ears onwards but less than 60 years. 


Age in years Number of policy holders 

Below 20 2 

Below 25 6 

Below 30 24 

Below 35 45 

Below 40 78 

Below 45 89 

Below 50 92 

Below 55 98 

Below 60 100 [МСЕКТ] 


The lengths of 40 leaves of a plant are measured correct to the nearest millimetre, and the 
data obtained is represented in the following table: 


Length (in mm): 118-126 127-135.136-144 145-153 154-162 163-171 172-180 

No. of leaves: 3 5 9 12 5 4 2 

Find the mean length of leaf. [NCERT] 
An incomplete distribution is given as follows: 

Variable 0-10 10-20 20-30 30-40 40-50 50-60 60-70 
Frequency: 10 20 ? 40 ? 25 15 

You are given that the median value is 35 and the sum of all the frequencies is 170. Using 
the median formula, fill up the missing frequencies. 


. Themedianof the distribution given below is 14.4. Find the values of x and y, if the total 


frequency is 20, 
Classinterval: 0-6 6-12 12-18 18-24 24-30 
Frequency: 4 x 5 у 1 

[NCERT EXEMPLAR] 
The median of the following data is 50. Find the values of p and q, if the sum of all the 
frequencies is 90. 
Marks: 20-30 30-40 40-50 50-60 60-70 70-80 80-90 
Frequency: p 15 25 20 q 8 10 


[NCERT EXEMPLAR] 
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— — І : „Ё. ANSWERS 
716 2. 167.13 ems 3. 99.35 4. 213421 5. 59.35 6. 25 
7. Median = 24.5 years. 


— 


Nearly half the women were married between the ages 15 and 24.5 years. 
8. Median life = 3406.98 hours 9. 56.67 kg 
10. Missing Frequencies 76 and 38, Median = 1. 
11. Missing frequencies 34 and 46, Mean = 45.87. 


2. f =8; f =7 13. 5 29,5 = 15 14. Л = 3, = 6 
| 15. (1) 76.36 (11) 116.67 16. 149.03 ст 17. 35.76 уеагѕ 
| 18. 146.75 mm 19. Class 20-30 40-50 
| Frequency 35 25 | 
| 20. x=4,y=6 21. pz 5,027 


| 15.4 MERITS AND DEMERITS OF MEDIAN 


The following are some merits and demerits of median: 


MERITS 
(i) It is easy to compute and understand. 
| (ii) It is well defined an ideal average should be. 
| (iii) It canalso be computed in case of frequency distribution with open ended classes. \ 
| (iv) It is not affected by extreme values. r 
(v) Itcan be determined graphically: 
(vi) Itis proper average for qualitative data where items аге not measured butare scored. 


DEMERITS r 
(i) For computing median data needs to be arranged in ascending or descending order. 

(ii) It is not based on all the observations of the data. t 
(iii) It cannot be given further algebraic treatment. і 
(iv) It is affected by fluctuations of sampling. 1 

(v) It is not accurate when the data is not large. 


(vi) In some cases median is determined approximately as the mid-point of two obser- 
vations whereas for mean this does not happen. 


} А 
| 
15.5 MODE 
In earlier classes, we have studied about the computation of mode of raw data. In this | 
| section, we shall learn about the computation of mode of a discrete frequency | 
distribution and frequency distribution with class intervals. But, let us first recall the | 
definition of mode. ' 


MODE The mode or modal value of a distribution is that value of the variable for which the frequency 
is maximum. 

Thus, the mode of a distribution is that value of the variable around which the values of 
the variable are clustered densely. 


pa 
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15.5.1 COMPUTATION OF MODE OF A SERIES OF INDIVIDUAL OBSERVATIONS 

In order to compute the mode of a series of individual observations, we first convert it into a 
discrete series frequency distribution by preparing a frequency table. From the frequency 
table, we identify the value having maximum frequency. The value of variable so obtained is 
the modeor modal value. 


Following examples willillustrate the procedure. 


EXAMPLE 1 Find the mode of the following data: 


120, 110, 130, 110, 120, 140, 130, 120, 140, 120 
SOLUTION  Letus first form the frequency table for the given data as given below; 


Value x,: 110 120 130 140 
Frequency f: 2 4 2 2 
We observe that the value 120 has the maximum frequency. 
Hence, the mode or modal value is 120. 
EXAMPLE 2 Find the mode of the following data: 
25, 16, 19, 48, 19, 20, 34, 15, 19, 20, 21, 24, 19, 16, 22, 16, 18, 20, 16, 19 
SOLUTION The frequency table of the given datais asgiven below: 
Value (x) : 15 16 18 19 218922 24 25 34 48 
Frequency (%): 1 4 1 Иа 1 1 1 1 1 
We observe that the value 19 has the maximum frequency i.e. it occurs maximum number of 
times. Therefore, mode of the given data is 19. 
EXAMPLE 3 Find the value of x, if tie mode of the following data is 25: 
15, 20, 25, 18,14, 15, 25, 15, 18, 16, 20, 25, 20, x, 18 

SOLUTION The frequency table of the given data is as given below: 
Value (xj): 14 15 16 18 20 25 x 
Frequency ( f.) : 1 3 1 3 3 3 1 
It is given thatthe mode of the given data is 25. So, it must have the maximum frequency. That 
is possible only when х = 25. 
Hence, Xx = B. 
15.5.2 COMPUTATION OF MODE BY GROUPING 
Sometimes there are two or more values having the same frequency. In such cases one cannot 
say which is modal value and hence mode is said to be ill-defined. Such a frequency 
distribution is also known as bimodal or multimodal distribution. For such frequency 
distribution mode is computed by grouping method. 
Consider the following frequency distribution: 

x: 5 6 7 8 9 10 11 12 13 

f: 8 12 13 14 13 11 7 4 3 


bero mE. ad 
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From theabove : TU MA 
above freque псу distribution, wecan clea rly say that modal value is 8, because the 


vidue 8 of variable x has occurred the maximum number of times i.e. 14. But, we find that the 
dif ference between the maximum frequency and the frequencies of the values of the variable 
on both sides of 8 which are very close to 8 is very small. This means that the values of 
variable are heavily concentrated on either side of 8. Therefore, if we find mode just by 
inspection, an error is possible. In such cases, we prepare a grouping table and an analysis 
table to find the mode. These tables help us in determining the correct value of mode. The 
grouping table consists of six columns which are constructed by using the following 
algorithm. 

ALGORITHM 

STEPI Obtain the discrete frequency distribution. 


) ep 2 7 ‚ , у 
STEP Taxe the column of frequencies as column I and encircle the maximum frequency in it. 


STEP IH — Construct column II, containing the sum of the frequencies taken two ata timeand encircle 
the maximum frequency in it. 


PIV Leave the first frequency and construct column III, containing the sum of the frequencies 
taken twoata time. Encircle the maximum frequency in column III. 


STEPV Construct column IV, containing the sum of three frequencies at a time and encircle the 
maximum frequency in it. 


STEP VI Exclude the first frequency and compute the sum of the frequencies taken three at a time to 
construct column V. Encircle the maximum frequency in this column. 
EP УП Exclude the first two frequencies and compute the sunrof the frequencies taken three at a 
time to construct column VI. Encircle the maximum frequency in this column. 


After preparing the grouping table, we prepare an analysis table by using the following 
algorithm. 


ALGORITHM 


STEP I Prepare a table in which inthe top most row write all values of the variable and in the left 
most column write column numbers from I to VI. 


See the maximum frequency in the first column of the grouping table and obtain the 
corresponding value of the variable. Now, mark a bar (|) in the first row of the analysis 
table against the value of the variable having the maximum frequency. Continue the same 
procedure for the remaining five columns. 


STEP 11 Find the total mumber of bars corresponding to each value of the variable. That value of the 
variable which has the maximum number of bars is the mode of the frequency distribution. 


Following illustration will illustrate the grouping and analysis tables. 
ILLUSTRATION 4 Compute the modal value for the following frequency distribution: 
x: 95 105 115 125 135 145 155 165 175 
y: 4 2 18 22 21 19 10 3 2 


SOLUTION It is clear from the frequency distribution that the difference between the 


maximum frequency and frequency succeeding it is very small and values of the variable x 


are closelv concentrated on its either side. So, we compute the modal value by grouping 
method. 


yet m РТР ТИРИ 


Tw 


—— = 


| 
è 
+ 
Ы 
i 
| 
$ 
| 


MATHEMATICS N 


15 40 
Grouping Tate 
ae —— 
" TRU rr —————————— 
— €! Ca. lI CX] Col Col.! Col. VI 
95 1 
0 
105 = M 
20 
115 is - 
40) 45 
125 D S 
135 21 D 
ад 
145 19 4 
29 GÒ 
155 10 ; 
13 32 
loš 3 15 
5 
175 2 
Analysis Table 
Col No. 95 105 115 125 135/145 155 165 175 
1 | 
П | | 
m > | 
IV | | | 
V | | | 
VI | | 
Total | 2 5 4 2 1 


From the analysis table, it is clear that the value 125 has the maximum number of bars. So, 
Modal value is 125: 

15.5.3 COMPUTATION OF MODE FOR A CONTINUOUS FREQUENCY DISTRIBUTION 

In case of a grouped or continuous frequency distribution with equal class intervals, we use 
the following algorithm to compute the mode. 

ALGORITHM 

STEPI — Obtain the continuous frequency distribution. 


STEP П Determine the class of maximum frequency either by inspection or by grouping method. 
This classis called the modal class. 


STEP Ш Obtain the values of the following from the frequency distribution: 
1 =lower limit of the modal class, f = frequency of the modal class 


STATISTICS 


h = width of the modal class, 
fı = frequency of the class preceding the modal class, 
Jy = frequency of the class following the modal class. 


SIEP IV Substitute the wilues obtained in step Ill in the following formula: 


Mode = 14 xdi Sd. x f 


2f E h Е h 


Following examples will illustrate theabovea lgorithm. 


EXAMPLE 1 Compute the mode for the following frequency distribution; 

Sizeofitems: 0-4 4-8 8-12 12-16 16-20 20-24 24-28 28-32 32-36 36-40 

Frequency: E 7T 9? DU B шю б 3 1 0 

SOLUTION Неге, the maximum frequency is 17,and_ the corresponding class is 
12-16. So, 12-16 is the modal class such that | = 12, h = 4, ="17, ДА = 9and f, = 12. 


Mode aft Aw 
2f-fi-h 
— > 5 
5% Mode = 12 + 17-9 9 Y. 5 1222 124 2:46 = 14.46 
34-9 - 42 13 13 


EXAMPLE 2 For the following grouped frequency distribution find the mode: 

Class: 3-6 6-9 *9-12 12-15 15-18 18-21 21-24 

Frequency: 2 5 10 23 21 12 3 

SOLUTION We observe that the class 12-15 has maximum frequency. Therefore, this is the 
modal class such that = 12, /r = 3, f = 23, f, = 10 and f, = 21. 


S 
2f- — fs 
23-10 13 3 
= >= 12 —— — X $ = 12 + — х3 127 — = 14.6 
= Mode + трагу T 


EXAMPLE з Compute the value of mode for the following frequency distribution. 
Class: 100-110 110-120 120-130 130-140 140-150 150-160 160-170 


Frequency: 4 6 20 32 33 8 2 


SOLUTION Clearly, the difference between the maximum frequency and the frequency 


preceding is very small. So, we shall determine the modal class by grouping method. 


ГЕ 
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Grouping Table 
iia Frequency 
Col I Col il Col. Ш CoL IV CoL V Col. VI 
100-110 3 
10 
110-120 6 30 
26 
120-130 20 © 
130-140 32 @ 
140-150 G3 73) © 
41 
150-160 8 43 
10 
160-170 2 
Analysis Table 


Col. No 100-110 110-120 120-130 130-140 140-150 150-160 160-170 


І i 
II | | 
ш ! | 
IV | | | 
у | | | 
VI | | | 
Total s 5 4 1 


Clearly, class 130-140 has maximum number of bars. So, 130-140 is the modal class. 
1 = 180, = 10, f = 22, f, = 20, ½ = 33 


=> Mode = 130 + 2x10 = 140.9 
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EXAMPLE 4 The following data gives the distribution of total household expenditure (in rupees) of 


manual workers ina ci ty: 

Expenditure (in d Frequency Expenditure (in d Frequency 
1000-1500 24 3000-3500 30 
1500-2000 40 3500-4000 22 
2000-2500 33 4000-4500 16 
2500-3000 28 4500-5000 7 


Find the average expenditure which is being done by the maximum number of manual workers. 

[NCERT] 
SOLUTION We know that the mode is the value of the variable which occurs maximum 
number of times in a frequency distribution. So, the average expenditure done by the 
maximum number of workers is the modal value. We observe that the class 1500-2000 has 
the maximum frequency 40. So, it is the modal class such that [ = 1500, h = 500, f = 40, 
f; = 24 and f, = 33. 


- Mode = 1500 + —20 — 2, 509 = 1500 + 16 x 500 = 1847.826 
80 - 24.— 33 23 


EXAMPLE 5 Calculate the value of mode for the following frequency distribution: 

Class: 1-4 5-8 29-12.18-16 17-20 21-24 25-28 29-32 33-26 37-40 

Frequency: 2 3 8 9 12 14 14 15 11 13 

SOLUTION Here, the classes are not in the inclusive form. So, we first convert them in 
inclusive form by subtracting // 2 from the lower limit and adding / 2 to the upper limit of 


each class; where / is the difference between the lower limit of a class and the upper limit of 
the preceding class. 


Class Frequency Class Frequency 
0.5-4.5 24 20.5-24.5 30 
4.5-8.5 40 24.5-28.5 22 
8.5-12.5 40 28.5-32.5 22 

12.5-16.5 33 32.5-36.5 16 


16.5-20.5 28 36.5-36.5 7 


—————9——00:$?7/7?bkÓ£kbkAÁAA&5AXA OO ——————————————————————————— 
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e modal class, we use the grouping method: 
Grouping Table 


Class: 


1 0.54.5 
4585 
8.5-12.5 
12.5-16.5 
16.5-20.5 
20.5-24.5 
24.5-28.5 
28.5-32.5 
32.5-36.5 
36.5-40.5 


Col. No. 


Total 


Frequency: 
Coll Col ll Col III ColIV Col V Col VI 
2 
7 
5 15 
13 
8 22 
17 29 
9 
21 
12 85 35 
14 
14 
9 26 = 
11 
24 
13 


Analysis Table 
0.5- 4.5- 8.5- 12.5- 16.5- 20.5- 124.5- 28.5- 32.5- 36.5- 


4.5 8.5 12.5 165 M, 2957 28.5 32.5 365 40.5 


| | 
| 
] 3 G i 1 


Since 24.5-28.5 has the maximum number of bars. So, 24.5-28.5 is the modal class. 
"ind 5, h = 4, f = 14, f, =14, h = 15 


14-14 


Mode = 24.5 + ————— — x 
28 – 14 ~ 15 


Mode = 24.5 + 0 = 24.5 
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— " н The followin 1g table shows the age distribution of cases of a certain disease admitted 
during a year ina particular hospital. | 

Age (їп years): 5-14 15-24 25-34 35-44 45-54 55-64 

No. of cases: 6 11 21 23 14 5 

Find the average age for which maximum cases occurred. 

SOLUTION Here, class intervals are not in inclusive form. So, we first convert them in 
inclusive form by subtracting 1/2 from the lower limit and adding Л/2 to the upper limit of 
each class, where / is the difference between the lower limit of a class and the upper limit of 
the preceding class. The given frequency distribution in inclusive form is as follows. 

Age (in years): 45-145 145-245 245-345 345-445 445-545 54.5 -64.5 

No. of cases: 6 11 21 23 14 5 


We observe that the class 34.5 - 44.5 has the maximum frequency. So, it is the modal class 
such that 


l = 345, h = 10, f = 23, f, = 21and f, = 14 

Md 
= 

23-21 


=> Mode = 34,5 + ————— 
46-21-14 


в; 
х 10 = 34.5 -—x10 - 36.31 
11 


EXERCISE 15.5 


1. Find the mode of the following data: 
(i) 3, 5,7,4, 5, 3, 5, 6,8,9,5,3, 5, 3,6, 9, 7, 4 
(ii) 3, 3, 7, 4, 5, 3, 5, 6, 8, 19 6, 9, 7, 4 
(iii) 15, 8, 26, 25, 24, 15, 18, 20, 24, 15, 19, 15 
2. The shirt sizes worn by a group of 200 persons, who bought the shirt from a store, are as 
follows: 
Shirt size: 37 38 39 40 41 42 43 44 
Number of persons: 15 25 39 41 36 17 15 12 
Find the modal shirt size worn by the group. 
3. Find the mode of the following distribution, 
(i) Class-interval: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 


Frequency: 5 8 7 12 28 20 10 10 
(ii) Class-interval: 10-15 15-20 20-25 25-30 30-35 35-40 

Frequency: 30 45 75 35 25 15 
(iii) Class-interval: 25-30 30-35 35-40 40-45 45-50 50-60 

Frequency: 25 34 50 42 38 14 


4. Compare the modal ages of two groups of students appearing for an entrance test: 
Age (in years): 16-18 18-20 20-22 22-24 24-26 
Group A: 50 78 46 28 23 
Group B: 54 89 40 25 17 
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5. The marks in science of 80 students of class X are given below: Find the mode of the 
5 


~J 


10. 


11. 


marks obtained by the students in science. 
Marks: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 80-90 90-100 
Frequency: 3 5 16 12 13 20 5 4 | 1 


, The following is the distribution of height of students of a certain class in a certain city: 


Height (in стз): 160-162 163-165 166-168 169-171 172-174 
No. ot students: 15 118 142 127 18 
Find the average height of maximum number of students. 


he following table shows the ages of the patients admitted in a hospital during a year: 


Age(inyears) 5-15 15-25 25-35 35-45 45-55 55-65 

No. ot students: 6 11 21 23 14 5 

Find the mode and the mean of the data given above. Compare and interpret the two 
measures of central tendency. INCERT] 


The following data gives the information on the observed lifetimes (in hours) of 225 
electrical components: 

Lifetimes (in hours):0-20 20-40 40-60 60-80 80-100 100-120 

No. of components: 10 35 52 61 38 29 

Determine the modal lifetimes of the components. [NCERT] 
The following table gives the daily income of 50 workers of a factory: 

Daily income (in) 100 - 120 120-140 140-160 160-180 180 - 200 

Number of workers: 12 14 8 6 10 

Find the mean, mode and median of the above data. [CBSE 2009] 


The following distribution gives tle state-wise teacher-student ratio in higher 
secondary schools of India. Find the mode and mean of this data. Interpret, the two 


measures: [NCERT] 
Numberof students Numberof Number of students Number of 
per Teacher States/Ll. T. per Teacher States/U.T. 
15 - 20 3 35 - 40 3 
20 - 25 8 40 - 45 0 
25-30 9 45-50 0 
30 - 35 10 50 – 55 2 
[INCERT] 


Find the mean, median and mode of the following data: 
Classes: 0-50 50-100 100-150 150-200 200-250 250-300 300-350 


Frequency: 2 3 5 6 5 3 1 [СВ5Е 2008] 


А student noted the number of cars passing through a spot on а road for 100 periods 
each of 3 minutes and summarised it in the table given below. Find the mode of the 
data: 


Number of cars: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 
Frequency: т W B R 2 11 15 8 [NCERT] 


. Thefollowing frequency distribution gives the monthly consumption of electricity of 68 


consumers of locality. Find the median, mean and mode of the data and compare them. 
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14. 


15. 


Monthly consump- 65-85 85.105 105-125 125-145 145-165 165-185 185-205 
tion: (in units) | 


No. of consumers: 4 5 13 20 14 8 4 
100 surnames were randomly picked up from a local telephone directly and the 


frequency distribution of the number of letters in the English alphabets in the surnames 
was obtained as follows: 


Number of letters: — 1-4 4-7 7-10 10-13 13-16 16-19 
Number surnames: 6 30 40 16 4 4 


Determine the median number of letters in the surnames. Find the mean number of 
letters in the surnames. Also, find the modal size of the surnames. 

Find the mean, median and mode of the following data: 

Classes: 0-20 20-40 40-60 60-80 80-100 100-120 120-140 

Frequency: 6 8 10 12 6 5 3- [CBSE 2008] 


|LEVEL-2 


. The following data gives the distribution of total monthly houshold expenditure of 200 


families of a village. Find the modal monthly expenditure of the families. Also, find the 


mean monthly expenditure: INCERT] 
Expenditure Frequency Expenditure Frequency 
(in & in & 
1000-1500 24 3000-3500 30 
1500-2000 40 3500-4000 22 
2000-2500 33 4000-4500 16 
2500-3000 28 4500-5000 7 
17. The given distribution shows the number of runs scored by some top batsmen of the 
world in one-dayinternational cricket matches. 
Runs scored Number of Runsscored Number of 
bastsman bastsman 
3000-4000 4 7000-8000 6 
4000-5000 18 8000-9000 3 
5000-6000 9 9000-10000 1 
6000-7000 7 10000-11000 1 


Find the mode of the data. 


. The frequency distribution table of agriculture holdings in a village is given 
below: 
Area of land (in hectares): 1-3 3-5 5-7 7-9 9-11 11-13 
Number of families: 20 45 80 55 40 12 


Find the modal agriculture holdings of the village. [NCERT EXEMPLAR] 


| 
{ 
f 
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19. The monthly income of 100 families are given as below: 


Income in (in X) Number of families 
0-5000 8 
5000-10000 26 
10000-15000 41 
15000-20000 16 
20000-25000 3 
25000-30000 3 
30000-35000 2 
35000-40000 1 
Calculate the modal income. 
[NCERT EXEMPLAR] 
= —————BANSWERS 
1. (i) 5 (ii) 3 (iii) 15 2. 40 
3. (1) 46.67 (ii) 22.14 (iii) 38.33 
4. Group A: 18.93 years, Group В: 18.83 years 5. 53.17 6. 167.35 
7. Mode = 36.8 years, Mean = 35.37 years 8. 65.625 hours 
9. Mean = 145.20, Median = 138.57, Mode = 125 


10. Mode = 30.6, Mean = 29.2 11. Median = 170.83, Mean = 169, Mode = 175 
12. Mode =44.7 cars 

13. Median = 137 units, Mean = 137.05 units, Mode = 135.76 units 

14. Median = 8.05, Mean = 8.32, Modalsize 7.88 

15. Median = 61.66, Mean = 62.4, Mode = 65 

16. & 1847.83, & 2662.50 17. Mode - 4608.7 runs 

18. 62 hectares 19. 111875 


15.6 MERITS, DEMERITS AND USES OF MODE 
The following are some merits and demerits of mode : 


MERITS 
(i) It is readily comprehensible and easy to compute. In some case it can be computed 
merly by inspection. 
(ii) It is not affected by extreme values. It can be obtained even if the extreme values are not 
known. 
(iii) Mode can be determined in distributions with open classes. 
(iv) Mode canbe located on graph also. 


DEMERITS 
(i) It is ill-defined. It is not always possible to find a clearly defined mode. In some cases, 
we may come across distributions with two modes. Such distributions are called 
bimodal. Ifa distribution has more than two modes, it is said to be multimodal. 
(ii) It is not based upon all the observation. 

(iii) Mode can be calculated by various formulae as such the value may differ from one to 
other. Therefore, it is not rigidly defined. 

(iv) It is affected to a greater extent by fluctuations of sampling. 
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USES OF MODE 


Mode is used by the manufacturers of readymade garments, shoes and accessories in 
common use etc. The readymade garment manufacturers made those sizes more which are 
used by most of the persons than other sizes. Simila rly, the makers of shoes will make that 
size maximum which the majority people use and others in less quantity. 


15.7 RELATIONSHIP AMONG MEAN, MEDIAN AND MODE 
We have learnt about three measures of central value, namely, arithmetic mean, median and 


mode. These three measures are closely connected by the following relations. 
Mode = 3 Median - 2 Mean 


or, Median = Mode + = (Mean Mode) 
dd Маап « Made > (Median - Моде) 


15.8 CUMULATIVE FREQUENCY POLYGON CURVE (AN OGIVE) 


In class IX, we have learnt about graphical representation of frequency distributions by 
using bargraphs, histograms and frequency polygons. In this section, we will learn about 
the construction of cumulative frequency polygon and cumulative frequency curves or 
ogives. The technique of drawing the cumulative frequency polygons and cumulative 
frequency curves or ogives is more or less the same. The only difference is that in case of 
simple frequency curves and polygons the frequencies are plotted against class marks of 
the class intervals where as in case of a cumulative frequency polygon or curves the 
cumulative frequencies are plotted against the lower or upper limits of the class 
intervals depending upon the manner in which the series has been cumulated. There are 
two methods of constructing a frequency polygon and an ogive. Let us now discuss the 
two methods. 
(i) Less than method (ii) More than method. 


15.8.1 LESS THAN METHOD 
To construct a cumulative frequency polygon and an ogive by less than method, we use the 
following algorithm 


ALGORITHM 

STERI Start with the upper limits of class intervals and add class frequencies to obtain the 
cumulative frequency distribution. 

STEM Mark upper class limits along X-axis on a suitable scale. 

STEP HT Mark cumulative frequencies along Y-axis опа suitable scale. 

STEP IV Plot the points (x, fi), where x, is the upper limit of a class and f, is corresponding 
cumulative frequency. 

STEP V — Join the points obtained in step IV by a free hand smooth curve to get the ogive and to get the 
cumulative frequency polygon join the points obtained in step IV by line segments. 


15.8.2 MORE THAN METHOD 


To constructa cumulative frequency polygon and an ogive by more than method, we use the 
following algorithm. 


E 
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ALGORITHM 

STEPI Start with the lower limits of the class intervals and from the total frequency subtract the 
frequency of each class to obtain the cumulative frequency distribution. 

spp Mark the lower class limits along X-axis ona suitable scale. 

steru Mark the cumulative frequencies along Y-axis on a suitable scale. 

STEPIV Plot the points (x, f,), where x, is the lower limit of a class and f, is the corresponding 
cumulative frequency. 

STEPV Join the points obtained in step IV by a free hand smooth curve to get the ogive and to idi the 
cumulative frequency polygon join these points by line segments. a 

Following examples illustrate the above algorithm. 


Mr LES 


EXAMPLE 1 Draw an ogive and the cumulative frequency polygor for t fo ing frequency 
distribution by less than method. | 


Marks: 0-10 10-20 20-30 30-40 40-50 50-60 
Number of students: 7 10 l | 6 3 
SOLUTION We first prepare the cumulative fréque ribution table by less than 
method as given below: | ) 
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Fig. 15.1 Cumulative frequency curve or ogive 
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Marks No. of Students Marks less than Cumulative 
Frequency 
0-10 7 10 7 
20 - 30 23 30 40 
30 - 40 51 40 91 
40-50 6 50 97 
50 - 60 2 60 100 


ff ⁰ . A e ДЕГ ee: CM 
Other than the given class intervals, we assume a class – 10 - 0 before the first class 
interval 0 - 10 with zero frequency. 

Now, we mark the upper class limits (including the imagined class) along X-axis on a 
suitable scale and the cumulative frequencies along Y-axis on a suitable scale. 

Thus, we plot the points (0, 0), (10, 7), (20, 17), (30, 40), (40, 91), (50, 97) and 
(60, 100). 

Now, wejoin the plotted points by a free hand curve to obtain the required ogive as shown in 
Fig. 15.1. In order to obtain the cumulative frequency polygon, we join the plotted points 
by line segments as shown in Fig. 15.2. 
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EXAMPLE 2 Draw a cumulative frequency curve and cumulative frequency polygon for the 
following frequency distribution by less than method. 


Age (in years): 0-9 10-19 20-29 30-39 40-49 50-59 60-69 
No. of Persons: 5 15 20 23 17 11 9 


.. 
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SOLUTION The given frequency distribution is not continuous. So, we first make it 
continuous and prepare the cumulative frequency distribution as under: 


Age Gn years) Frequency Age less than Cumulative 
Frequency 

-0.5-9.5 5 9.5 5 

9.5- 19.5 15 19.5 20 
19.5 - 29.5 20 29.5 40 
29.5- 39.5 23 39.5 63 
39.5 - 49.5 17 49.5 80 
49.5- 59.5 11 59.5 91 
59.5- 69.5 9 69.5 100 


11. 
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Fig. 15.3 Cumulative frequency curve 


Now, we plot points (9.5, 5), (19.5, 20), (29.5, 40), (39.5, 63, (49.5, 80), (59.5, 91) and 
(69.5, 100) and join them by a free hand smooth curve to obtain the required ogive as 
shown in Fig. 15.3. The cumulative frequency polygon is obtained by joining these points 
by line segments as shown in Fig. 15.4. 


STATISTICS 15.53 


m — SS 
ШЕШН ШЕШ ШЕ at 
Ep 


Number of persons 
л 
e 
EE] 
f 


30 


20 E . 
1 --H- выш 
о ЕЕ ЕЕ ЧЕТ ТЕЕ a ПЕ П 8 Е 
ШШШ ЕШ ЕВ Н ts FS ШШЕ ШЕ ШШ БЕ ЕШ CB 
eet EEE 
-0.5 9.5 19.5 29.5 39.5 495 59.5 69.5 
Age (in years) — 


Fig. 15.4 Cumulative frequency polygon 


EXAMPLE 3 The frequency distribution of scores obtained by 230 candidates in a medical entrance 
test is as follows. 

Scores: 400-450 450-500. 500-550 550-600 600-650 650-700 700-750 750-800 
Number of Candidates: 20 35 40 32 24 27 18 24 
Draw cumulative freqtency curves by less than and more than method on the same axes. 
Also, draw the two typesof cumulative frequency polygons. 

SOLUTION Less than method: We first prepare the cumulative frquency table by less than 
method as given below: 


Scores Number of Scores less than Cumulative 
Candidates Frequency 

400 - 450 20 450 20 

450 - 500 35 500 55 

500 - 550 40 550 95 

550 - 600 32 600 127 
600 - 650 24 650 151 
650 - 700 27 700 178 
700 - 750 18 750 196 
750 - 800 34 800 230 


Bed th т». . LAS MR кыла SS 
Other than the given class intervals, we assume a class interval 350 - 400 prior the first 
class interval 400 - 500 with zero frequency. 


— 


15.52 MATHEMATICS ~ X 


SOLUTION The given frequency distribution is not continuous. So, we first make it 
continuous and prepare the cumulative frequency distribution as under: 


Age (in years) Frequency Age less than Cumulative 
Frequency 

-0.5-9.5 5 9.5 5 

9.5- 19.5 15 19.5 20 

19.5 - 29.5 20 29.5 40 
29.5-39.5 23 39.5 63 
39.5 - 49.5 17 49.5 80 
49.5 - 59.5 11 59.5 91 
59.5 - 69.5 9 69.5 100 
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Fig. 15.3 Cumulative frequency curve 


Now, we plot points (9.5, 5), (19.5, 20), (29.5, 40), (39.5, 63, (49.5, 80), (59.5, 91) and 
(69.5, 100) and join them by a free hand smooth curve to obtain the required ogive as 
shown in Fig. 15.3. The cumulative frequency polygon is obtained by joining these points 
by line segments as shown in Fig. 15.4. 
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Fig. 15.4 Cumulative frequency polygon 


LEVEL? 


EXAMPLE 3 The frequency distribution of scores obtained by 230 candidates in a medical entrance 


test 15 аѕ follows. 
Scores: 400-450 450-500. 500-550 550-600 600-650 650-700 700-750 750-800 
Number of Candidates: 20 35 40 32 24 27 18 24 


Draw cumulative frequency curves. by less than and more than method on the same axes. 
Also, draw the two typesof cumulative frequency polygons. 
SOLUTION Less than method: We first prepare the cumulative frquency table by less than 


method as given below: 
Scores Number of Scores less than Cumulative 
Candidates Frequency 
400 - 450 20 450 20 
450 - 500 35 500 55 
500 - 550 40 550 95 
550 - 600 32 600 127 
600 - 650 24 650 151 
650 - 700 27 700 178 
700 - 750 18 750 196 
750 - 800 34 800 230 


Other than the given class intervals, we assume a class interval 350 - 400 prior the first 
class interval 400 - 500 with zero frequency. 
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Now, we mark the upper class limits on X-axis and the cumulative frequencies along 
Y-axis on suitable scales. 

Thus, we plot the points (400,0), (450, 20), (500, 55), (550, 95), (600, 127), (650, 151), 
(700, 178), (750, 196) and (800, 230). 

Join these points by a free hand smooth curve to obtain an ogive by less than method as 
shown in Fig. 15.5. 
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Fig. 15.5 


In order to obtain.the cumulative frequency polygon by less than method join these 
points by line segments as given in Fig. 15.6. 

Other than the given class intervals, we assume class interval 800 - 850 after the last 
class interval 750 - 800 with zero frequency. 

Now, we mark the lower class limits on X-axis and the cumulative frequencies along 
Y-axis on suitable scales. 

Thus, we plot the points (400, 230), (450, 210), (500, 175), (550, 175), (600, 103), (650, 79), 
(700, 61), (750, 27) and (800, 0). 

By joining these points by a free hand smooth curve, we obtain an ogive by more than 
method as shown in Fig. 15.3. 

The cumulative frequency polygon by more than method is obtained by joining these 
points by line segments as shown in Fig. 15.4. 
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Fig. 15.6 
More than method: Let us first preparethe cumulative frequency table by more than method 
as given below: 


Scores Number of Scores more than Cumulative 
Candidates Frequency 
400 - 450 20 400 230 
450 - 500 35 450 210 
500 - 550; 40 500 175 
550 - 600 32 550 135 
600 = 650 24 600 103 
650 - 700, 27 650 79 
700 - 750 18 700 52 
750 - 800 34 750 34 
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15.8.3 SOME APPLICATIONS OF OGIVES 


Ogives can be used to find the median of a frequency distribution. In order to determine the 
same, we may use the following, algorithms: 


ALGORITHM 1 
SIEPI Draw any one of the two types of frequency curves оп the graph paper. 
STEP Ц Compute TUN = = Lf,) and mark the corresponding point on y-axis. 


STEP Ш Draw a line parallel to x-axis, from the point marked in step 11, cutting the cumulative 
frequency curve at a point P (say). 
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stepiy Draw perpendicular PM from P on the X-axis. The x-coordinate of point M gives the 
median. ; 


ALGORITHM 2 

step) — Draw less than type and greater than type cumulative frequency curves on the graph paper. 

step il Mark the point of intersection of the two curves drawn in step I. Let this point be P 

steri Draw perpendicular PM from Р on the X-axis. The x-coordinate of point M gives the 
Median. ы 

Following examples will illustrate these algorithms. 


ILLUSTRATIVE EXAMP 


EXAMPLE 1 Following is the age distribution of a group of students. Draw the cumulative 
frequency polygon, cumulative frequency curve (less than type) and hence obtain themedian value. 


Age Frequency Age Frequency 
5-6 40 11-12 92 
6-7 56 12- 13 80 
7-8 60 13- 14 64 
8-9 66 14-15 44 
9 - 10 84 15- 16 20 
10- 11 96 16-17 8 


SOLUTION We first prepare the cumulative frequency table by less then method as given 
below. 


Age Frequency Age less than Cumulative frequency 
5-6 40 6 40 
6-7 56 7 96 
7-8 60 8 156 
8-9 66 9 222 
9-10 84 10 306 
10-11 96 11 402 
11-12 92 12 494 
12-13 80 13 574 
13-14 64 14 638 
14-15 44 15 682 
15-16 20 16 702 
16-17 8 17 710 


Other than the given class intervals, we assume a class 4-5 before the first class-interval 
5-6 with zero frequency. 

Now, we mark the upper class limits (including the imagined class) along X-axis on a 
suitable scale and the cumulative frequencies along Y-axis on a suitable scale. 
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Thus, we plot the points (5, 0), (6, 40), (7, 9 06), (11, 402) 
‚ 0), (6, 40), (7, 96), (8, 156), (9, 222), (10, 306), (11, 400, 
(12,494), (13, 574), (14, 638), (15, 682), (16, 702) and (17, 710). These points are marked and 


om ed line segments to obtain the cumulative frequency polygon shown in 
ig. 15.7. 


7 


16 


+ Ж: Б Б Е) 

2H teea revo? fer tt 12171 

ti Finn 
17129: 211 # 

tit, $332 


E 
prewe eses = — 7 
E 
E 
B 


15 


14 


[ШШ ЕНШЕ 
[ЖЕ ШЕН ШШЕН 


13 


cerra pd ШИШ Б 
Sage wee ТШ БИШЕ ШЕШ 
Ae S ШЕЕ ЗЫ ш ШЕШ ШШ ЫҢ 

Msi ЖЕШ ЕШ БН ШЕШШ Н ШШ 

TEIgd qudd 


12 


N 
ia BES 


11 


Fig. 15.7 


H — 
Zlin 
ОЕШ ШШ ШЕШ ШШ ШШЕ ЕН 8 
М а нан 
[раш ШШЕ ШЕН ШШ ПИШ sp: 
UNIS EE dde] 


IM $ 


Age (in years) 


10 


fav Gi ES d EH 
[ 

[ ШЕ 

ШИНЕ И NI 


: Е N $ uu $33 Ne aH 
W» 
i ШШ ШШ ШШШ RED ER DR NGE 
T Ш Т ШШШ БЫ 


ili jb E NH 
AAR EEE ER ЕШ НЫЗ 
HE EG LY ESSER EN 
ERES RE E GH Ha 
ШШШ ШШ ШШ ШШ ЕШШ ШЕШ: 


suosJed jo um 


15.55 MATHEMATICS- X 


2238888 
e 


17 


13 14 15 16 


12 


Age (in years) ————» 
Fig. 15.8 


Eni ete ШЕШШ d 

SRS E E LELLLLIA DI T4111 

— fp EN BH! B'E BBUEBE 

БЕ ЕҢ ЕЕЕ Ек ЕЕЕ О А Fah UP ARBSRE 

с Е ЕВТР S ABB Е 
+ oy JER RE 


HGH ES ры 
WELT I S ER 
LN LN — — 


ESSE 
ЕЕЕ a 
. 
Ne 
CCC eee жшше 
335 ч. ^ SEHESEHEESERRUFREE 
. ТҮРЕ шй 
.. шаши иаа S E 
“ГИНЕ ТЕБЕ ö 
.. ШЕЮ Б ШШ ШЕ ГЕ КЕ ШЇ ЕНЕ ПЕ 
ШЕ Uk C CEE CEE ШЕШЕП 
117 
АЕ ЕЕЕ ЕЕЕ Т ЕГ " 
1 
му SSS SURE у 
. „ lg Sl 
— FF EF TF T 5f » 


$иоззәд JO 1aquinN 


In order to obtain the cumulative frequency curve, we draw a smooth curve passing 
through the points discussed above. 
The graph (Fig. 15.8) shows the total number of students as 710. The median is the age 


71 
corresponding to E - T- = 355 students. In order to find the median, we first locate the 
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point corresponding to 355" student on Y-axis. Let the point be Р. From this point draw a 


line parallel to the X-axis cutting the curve at Q. From this point Q draw a line parallel to 


Y-axis and meeting X-axis at the point M. The x-coordinate of M is 10.5 (See Fig. 15.8). 
Hence, median is 10.5. 


EXAMEN 2 The following observations relate to the height of a group of persons. Draw the two 
types of cumulative frequency polygons and cumulative frequency curves and determine the median. 
K- r ß RE Mm 


Height in cms 


Frequency 

140-143 3 

143 -146 9 

146 -149 26 
149 -152 31 
152-155 45 
155 -158 64 
158 -161 78 
161 -164 85 
164 -167 96 
167 -170 72 
170 -173 60 
173 -176 43 
176 -179 20 
179 -182 6 


SOLUTION Less than method: We first prepare the cumulative frequency table by less than 
method as given below: 


Height in cms Frequency Height less than Cumulative frequency 


140-143 3 143 3 

143-146 9 146 12 

146-149 26 149 38 

149-152. 31 152 69 

152-155 45 155 114 
155-158 64 158 178 
158-161 78 161 256 
161-164 85 164 341 
164-167 96 167 437 
167-170 72 170 509 
170-173 60 173 569 
173-176 43 176 612 
176-179 20 179 632. 
179-182 06 182 638 


. .. «˖70:!:!:!—........ß;ͤ ᷑ — — . — .. 


Other than the given class intervals, we assume a class interval 137-140 prior to the first 
class interval 140-143 with zero frequency. 
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Now, we mark the upper class limits on X-axis and cumulative frequencies along Y-axis on 


69), 


(152 


, 


a suitable scale. We plot the points (140, 0), (143, 3), (146, 12), (149, 38), 


‚ (170, 509), (173, 569), (176, 612), (179, 


,337) 


7 


(155, 114), (158, 178), (161, 256), (164, 341), (16 


652) and (182, 638). 
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These points are joined by line segments to obtain the cumulative frequency polygon as 
shown in Fig. 15.9 and by a free hand smooth curve to obtain an ogive by less than method as 


shownin fig. 15.10. 
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More than method: We prepare the emulative frequency table by more than method as given 
below: 


 Heightincms Frequency Height more than C umulative frequency 

140 - 143 3 140 638 
143 - 146 9 143 635 
146 - 149 26 146 626 
149 - 152 31 149 600 
152-155 45 152 569 
155 -158 64 155 524 
158 -161 78 158 460 
161 -164 85 161 382 
164 -167 96 164 297 
167 -170 72 167 201 
170 -173 60 170 129 
173 -176 43 173 69 
176 -179 20 176 26 
179 -182 6 179 6 


Other than the given class intervals, we assume the class interval 182-185 with zero fre- 
quency. 

Now, we mark the lower class limits on X-axis and the cumulative frequencies along 
Y-axis on suitable scales to plot the points (140, 638), (143, 635), (146, 626), (149, 600), 
(152, 569), (155, 524), (158, 460), (161, 382), (164, 297), (167, 201), (170, 129), (173, 69), 
(176, 26) and (179, 6). By joining these points by line segments, we obtain the more than 
type frequency polygon as shown in Fig. 15.9. By joining these points by a free hand 
curve, we obtain more than type cumulative frequency curve as shown in Fig. 15.10. 


We find that the two types of cumulative frequency curves intersect at point P. From 
point P perpendicular PM is drawn on X-axis. The value of height corresponding to M is 
163.2 cm. Hence, median is 163.2 cm. 


EXERCISE 15.6 


1. Draw anogive by less than method for the following data: 
No.ofrooms: 1 2 3 4 5 6 7 8 9 10 
No. of houses: 4 9 22 28 24 12 8 6 5 2 

2. The marks scored by 750 students in an examination are given in the form ofa frequency 
distribution table: 


Marks No. of students 


Marks No. of students 


600 - 640 16 760 - 800 172 
640 - 680 45 800 - 840 59 
680 - 720 156 840 - 880 18 


720 - 760 


Prepare a cumulative frequency table by less than method and draw an ogive. 
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3. Draw an ogive to represent the following frequency distribution: 
Class-interval: 0-4 5-9 10-14 15-19 20 - 24 
No. of students: 2 6 10 5 3 


4. The monthly profits (in Y) of 100 shops are distributed as follows: 
Profits per shop: 0-50 50-100 100-150 150-200 200 - 250 250 - 300 
No. of shops: 12 18 27 20 17 6 
Draw the frequency polygon for it. 


5. The following distribution gives the daily income of 50 workers of a factory: 
Daily income (іп &): 100-120 120-140 140-160 160-180 180-200 


Number of workers: 12 14 8 6 10 

Convert the above distribution toa less than type cumulative frequency distribution and 

draw its ogive. [CBSE 2018] 
6. The following table gives production yield per hectare of wheat of 100 farms of a village: 

Production yield 50-55 55-60 60-65. 65-70 70-75 75-80 

in kg per hectare: 

Number of farms: 2 8 12 24 38 16 


Draw ‘less than’ орїуе and ‘more than’ ogive. 
7. During the medical check-up of 35 students of a class, their weights were recorded as 


follows: 

Weight (in kg) Number of students 
Less than 38 0 

Less than 40 3 

Less than 42 5 

Less than 44 9 

Less than 46 14 

Less than 48 28 

Less than 50 32 

Less than 52 35 


Draw a less than typeogive for the given data. Hence, obtain the median weight from the 
graph and verify the result by using the formula. (CBSE 2009] 


8. Theannual rainfall record of a city for 66 days is given in the following table: 
Rainfall (in cm): 0 - 10 10-20 20-30 30-40 40-50 50-60 
Numberof days: 22 10 8 15 5 6 
Calculate the median rainfall using ogives of more than type and less than type. 


[NCERT EXEMPLAR] 


15 66 


10. Inthe graphical representation of a frequency distribution, if the distance between mode 


and mean is times the distance between median and mean, then write the value of k. 


11. Find the class marks of classes 10-25 and 35-55. [CBSE 2008] 
12. Write the median class of the following distribution: 
Classes: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 
Frequency: 4 4 8 10 12 8 4 [CBSE 2009] 
- м — ______ ANSWERS 
2 zero 3. Median 4. 4 5. Mode =3 Median - 2 Mean 6. Median 
7. 20-25 8. 50 9. 40 - 50 10. 3 11. 17.5, 45 12. 30-40 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. Which of the following is not a measure of central tendency? 
(a) Mean (b) Median (c) Mode (d) Standard deviation 


2. The algebraic sum of the deviations of a frequency distribution from its mean is 


(a) always positive(b)always negative (c) 0 (d) anon-zero number 


3. The arithmetic mean of 1, 2,3, ..., nis 


@ — ы “= ©» 4) 5+1 
4. For a frequency distribution, mean, median and mode are connected by the relation 
(a) Mode - 3 Mean - 2 Median (b). Mode = 2 Median - 3 Mean 
(c) Mode = 3 Median - 2 Mean (d) Mode = 3 Median + 2 Mean 
5. Which of the following cannot be determined graphically? 
(a) Mean (b) Median (c) Mode (d) Noneof these 


6. The median of a given frequency distribution is found graphically with the help of 
(a) Histogram b) Frequency curve (c) Frequency polygon (d) Ogive 
7. The mode of a frequency distribution can be determined graphically from 


(a) Histogram (b) Frequency polygon 

(с) Ogive (d) Frequency curve 
8. Modeis 

(a) leastfrequent value (b) middle most value 

(c) mostfrequent value (d) None of these 


9, The mean of n observations is X. If the first item is increased by 1, second by 2 and so on, 
then the new mean is 


(a) Xen (b X+ : (с) X+ — (d) None of these 


10. One of the methods of determining mode is 
(a) Mode = 2 Median - 3 Mean (b) Mode = 2 Median + 3 Mean 


(c) Mode = 3 Median — 2 Mean (d) Mode = 3 Median + 2 Mean 
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11. If the mean of the following distribution is 2.6, then the value of yis 


Variable (x) : 1 2 3 4 = 
Frequency : 4 5 ý 1 › 
(а) 3 (b) 8 00 13 (d) 24 
12. ен relationship between mean, median and mode for a moderately skewed distribution 
(a) Mode = 2 Median – 3 Mean (b) Mode = Median — 2 Mean 
(c) Mode = 2 Median – Mean (d) Mode = 3 Median — 2 mean 


13. The mean of a discrete frequency distribution x, /i =1,2,...," is given by 


г : У Ех, LV 
(a) ые (b) 1 È fi Xi (c) p" (d) E i 
| Е | у 


{=1 i=} 


14. If the arithmetic mean of x, x +3, x +6, x +9, and x + 12 15 10, the x = 


(a) 1 (b) 2 (c) 6 (d) 4 
15. If the median of the data: 24, 25, 26, x + 2, x + 3, 30,31, 34 is 27.5, then x = 7 
(a) 27 (b) 25 (c) 28 (d) 30 
16. If the median of the data: 6, 7, x-2, х, 17, 20, written in ascending order, is 16. Then x= 
(a) 15 (b) 16 (c) 17 (d) 18 
17. The median of first 10 prime numbers is | 
(а) 11 (b) 12 (c) 13 (d) 14 i 
18. If the mode of the data: 64, 60, 48, x, 43, 48, 43, 34 is 43, then x + 3 = 
(a) 44 (b) 45 (c) 46 (d) 48 
19. If the mode of the data: 16, 15, 17, 16, 15, x, 19, 17, 14 is 15, then x= 
(a) 15 (b) 16 (c) 17 (d) 19 


20. The mean of 1, 3, 4, 5, 7, 4 is т. The numbers 3, 2, 2, 4, 3, 3, p have mean m — 1 and 


median q. Then, p + q = 
(a) 4 (b) 5 (c) 6 (d) 7 


21. the mean of a frequency distribution is8.1 and Efix; = 132 + 5k, Ef, = 20, then x = 
(а) .3 (b) 4 (c) 5 (d) 6 

22. If the mean of 6, 7, x, 8, y, 14 is 9, then 
(a) x*«y-21 (Ы) x+y=19 (с) x- y = 19 (d х-у= 21 


23. The mean of n observations is x . If the first observation is increased by 1, the second by 
2, the third by 3, and so on, then the new mean is 
n 


(c) X + (n +1) (d 7 — 


(а) ¥+(2n+1) (b) X+ з 


5n 
24. If the mean of first п natural numbers is g’ then n= 


(a) 5 (b) 4 (c) 9 (d) 10 


— — — — E — Е. 
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25. The arithmetic mean and mode of a data are 24 and 12 respectively, then its median is 
(a) 25 (b) 18 (c) 20 (4) 22 
26. The mean of tirst л odd natural number is 
n+l n a 
(a) > ©) = (с) п (d) n“ 
27. The mean of first пода natural numbers is L, then n= 
(а) 9 (b) 81 (c) 27 (d) 18 
25. Ir the difference of mode and median of a data is 24, then the difference of median and 
mean is 
(a) 12 (b) 24 (c) 8 (d) 36 
29. It the arithmetic mean of 7,8, x, 11, 14 is x, then x = 
(a) 9 (b) 9.5 (c) 10 (d) 10.5 
30. If mode of a series exceeds its mean by 12, then mode exceeds the median by 
(a) 4 (b) 8 (c) 6 (d) 10 
31. If the mean ot first natural number is 15, then n = 
(a) 15 (b) 30 (c) 14 (d) 29 
32. If the mean of observations x, x», ..., x, is x, then the mean of x, + а, x2 + а,..., X, +a 
is 
= B x 
(a) ax (b x-a (Сх +a d) ＋ 
33. Mean of a certain number of observations is F. If each observation is divided by 
m (m = 0) and increased by n, then the mean of new observation is 
E xs b х ex zZ d eee 
* ж (b) n ey m (d) п 
х, — 25 i es 
34. If и, „о oe =20, 27, = 100, then X = 
(a) 23 (b) 24 (c) 27 (d) 25 
35. If 35is removed from the data: 30, 34, 35, 36, 37, 38, 39, 40, then the median increases by 
(a) 52 (b) 1.5 (c) 1 (d) 0.5 
36. While computing mean of grouped data, we assume that the frequencies are 
(a) evenly distributed over all the classes. 
(b) centred atthe class marks of the classes. 
(c) centred at the upper limit of the classes. 
(d) centred at the lower limit of the classes. 
37. In the formula X = a+ iXX: fu, ). for finding the mean of grouped frequency 


(a) 


distribution и, = 


ги (b) h(x, —) (c) 2" (d —® 
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38. 


39. 


їл. 


42. 


аз. 


For the following distribution: 


Class: 0-5 5-10 10-15 15-20 20-25 
Frequency: 10 15 12 20 9 
the sum of the lower limits of the median and modal class is 
(a) 15 (b) 25 (c) 30 (d) 35 
For the following distribution: 
Below: 10 20 30 40 50 60 
Number of students: 3 12 27 57 75 80 
the modal class is | 
(а) 10-20 (b) 20-30 (c) 30-40 (d) 50-60 

. Consider the following frequency distribution: 
Class: 65-85 85-105 105-125 125-145 145-165 165-185 185-205 
Frequency: 4 5 13 20 14 7 4 


The difference of the upper limit of the median class and the lower limit of the modal 
class is 


(a) 0 (b) 19 (c) 20 (d) 38 


In the formula X = a + T for finding the mean of grouped data d,* are deviations 


1 


froma of 
(a) lower limits of classes (b) upper limits of classes 
(c) mid-points of classes (d) frequency of the class marks 


The abscissa of the point of intersection of less than type and of the more than type 
cumulative frequency curves of a grouped data gives its 


(a) mean (b) median (c) mode (d) allthe three above 
Consider the following frequency distribution: 
Class: 0-5 6-11 12-17 18-23 24-29 
Frequency: 13 10 15 8 11 
The upper limit of the median class is 
(a) 17 (b) 17.5 (c) 18 (d) 18.5 
— C^ ———— ы ANSWERS 
1. (d) 2. (c) 3. (a) 4. (c) 5. (a) 6. (d) 
7. (a) 8. (c) 9. (c) 10. (c) 11. (b) 12. (d) 
13. (a) 14. (d) 15. (b) 16. (c) 17. (b) 18. (c) 
19. (a) 20. (d) 21. (d) 22. (b) 23. (b) 24. (c) 
25. (c) 26. (c) 27. (b) 28. (a) 29. (c) 30. (b) 
31. (d) 32. (c) 33. (a) 34. (c) 35. (d) 36. (b) 
37. (c) 38. (b) 39. (c) 40. (c) 41. (c) 42. (b) 


43. (b) 
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SUMMARY 
1. Three measures of central value are: 
(i) Mean (ii) Median and (iii) Mode 


2. Mean is computed by following methods: 
(i) Directmethod (ii) Short-cut Method (iii) Step-deviation method. 


3. If a variate X takes values xi, x;,..., x, with corresponding frequencies fi, far- 
fa respectively, then the arithmetic mean of these values is given by 


X- EF dns where N = Y, 
N int 1-21 


pa 1 п 
Also, X А+ 7 > fidi, where d. = x; A. 
і=1 
The number A is called the assumed mean. 


If и; 25 iz l2. n Thes 


4. The median is the middle value of a distribution i.e. median of a distribution is the value 
of the variable which divides it into two equal parts. 
The median of a grouped or continuous frequency distribution may be computed by 
using the following formula: 


ыр 


Median = / + к xh, where 


1 = lower limit of the median class 
f= frequency of the median class 
It = width of themedian class. 
Е = cumulative frequency of the class preceding the median class. 


and, N = Sy 
1=1 


5. Mode is the value of the variable which has the maximum frequency. The mode of a 
continuous or grouped frequency distribution may be computed by using the following 
formula: 

Mode = | + NL S x lt, where 
27 — H- 
l = lower limit of the modal class. 
f = frequency of the modal class 
h = width of the modal class 
f, = frequency of the class preceding the modal class. 
f = frequency of the class following the modal class. 
6. Three measures of central value are connected by the following relation: 
Mode = 3 Median 2 Mean 
7. Ogive(s) can be used to find the median of a frequency distribution. 
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16.1 INTRODUCTION 


I he word probability’ is commonl y used in our day-to-day conversa tion and we generally 
use this word even without going into the details of its actual meaning. Generally, people 
have a rough idea about its meaning. In our day-to-day life we come across statements like: 
(i) Probably it may rain today. і 

(ii) Не may possibly join politics. 

(iii) Indian Cricket team has good chances of winning World-Cup. 

(iv) Heis probably right. 

In such statements, we generally use the terms: possible, probable, chance, likely etc. All 
these terms convey the same sense that the event is not certain to take place or, in other 
words, there is uncertainty about the occurrence (or happening) of the event in question. 
Thus, in layman's terminology the word 'probability', connotes that there is uncertainty 
about what has happened or what is going to happen? However, in the theory of probability 
we assign numerical value to the degree of uncertainty. 
The concept of probability originated in the beginning of eighteenth century in problems 
pertaining to games of chance such as throwing a die, tossing a coin, drawing a card from a 
pack of cards etc. Starting with games of chance, ‘probability’ today has become one of the 
basic tools of Statistics and has vide range of applications in Science and Engineering. 


16.2 THEORETICAL APPROACH TO PROBABILITY 


What we have learnt in the chapter on probability in class IX was experimental or impirical 
approach to probability. In this approach, as we have seen, the probabilities were based on 
actual experiments and adequate recording of the happening of events. In this chapter and 
in higher classes, we will study about theoretical approach to probability. The basic 
difference between these two approaches to probability is that in the experimental approach 
to probability, the probability of an event is based on what has been actually happened 
while in theoretical approach to probability, we try to predict what will happen without 
actually performing the experiment. M | 

It has been observed that the experimental probability of an event approaches to its 
theoretical probability if the number of trials ofan experiment is very large. 

In the theory of probability we deal with events which are outcomes of an experiment. The 
word ‘experiment’ means an operation which can produce some well defined outcome(s): 
There are two types of experiments: (i) Deter тшше Gi) Random or Probabilistic. 
Deterministic experiments are those experiments which when repeated under identical 
conditions produce the same result or outcome. When experiments in science and 
engineering are repeate d under identical conditions, we obtain almost the same result every 


time. 16.1 


b о. 2 40 —ü— ee — 


— ш — - 
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If an experiment, when repeated under identical conditions, do not produce the same 
outcome every time but the outcome in a trial is one of the several possible outcomes, then it is 
known as a random or probabilistic experiment. For example, in tossing of a coin one is not 
sure if a head or a tail will be obtained, so it is a random experiment. Similarly, rolling an 
unbiased die and drawing a card from a well shuffled pack of cards are examples of a 
random experiment. 
Throughout this chapter we shall be discussing random experiments and the term 
experiment will stand for random experiment. 
Let us now discuss various terms associated with a random experiment. These terms will 
help us in introducing the theoretical concept of probability. 
ELEMENTARY EVENT An outcome ofa random experiment is called an elementary event. 
Consider the random experiment of tossing of a coin. The possible outcomes of this 
experiment are head (H) or tail (T). 
Thus, if we define 

E, = Getting head (Н) on the upper face of the coin, 


and, 
E, = Getting (T) on the upper face of the coin. 


Then, E; and Е, are elementary events associated with the experiments of tossing of a coin. 


Let us now consider the random experiment of tossing two coins simultaneously. The 
possible outcomes of this experiment are as under: 


Head on first and Head on second, 
Head on first and Tail on second, 
Tail on first and Head on second, 
Tail on first and Tail on second. 


If we define 
HH = Getting head on both the coins, 
HT = Getting Head on first and tail on second, 
TH = Getting tail on first and head on second, 
and, TT = Getting tail on both coins. 
Then, HH, HT, TH and TT are elementary events associated with the random experiment of 
tossing of two coins. 


Similarly, if three coins are tossed simultaneously, then the elementary events associated 
with this experimentare HHH, HHT, HTH, THH, HTT, THT, TTH, TTT. 
Let there be a cubical die marked with numbers 1, 2, 3, 4, 5 and 6 on its six faces. Consider 
now — the random experiment of throwing a cubical die. If the die is rolled, then any 
one of the-six faces may come upward. So, there are six possible outcomes of this 
experiment, namely 1, 2, 3, 4, 5, 6. Thus, if we define 

E, = Getting a face marked with number i, where i = 1, 2, .... 6. 
Then, E,, E; ...., E, are six elementary events associated to this experiment. 
In this experiment, elementary event Е, is generally denoted by i, where = 1,2,3, ...., б. 
Now, consider the random experiment in which two six-faced dice are rolled together or 
à die is rolled twice. If ( i, j) denotes the outcome of getting number i on first die and 
number j on second die, then possible outcomes of this experiment are: 
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(1,1), (L2, (1,3), (L4, (L5, (L6 
C1, 22, 23, 29, Q5, (06) 
G, ), (32, 6. З), (3,4), (35, (36 
41), (42, (43, (44, (4,5), (4,6) 
(5, 1), (52, 6 3, 64, (55, (56) 


(61, (62, (63, (64, (65, (69. 

Clearly, these outcomes are elementary events associated with the random experiment of 
throwing two six faced dice together. The total number of these elementary events is 36. 

If a card is drawn from a well shuffled pack of 52 cards, then any one of 52 cards can be 
the outcome. So, there are 52 elementary events associated to the random experiment of 
drawing a card from a pack of 52 playing cards. 
COMPOUND EVENT An event associated toa random experiment is a compound event if it is obtained 
by combining two or more elementary events associated to the random experiment, 

In a single throw of a die, the event “Getting an even number" isa compound event as it is 
obtained by combining three elementary events, namely, 2, 4, 6. 
Similarly, "Getting an odd number" is a compound event ina single throw of a die. 
Consider the random experiment of tossing two coins simultaneously. If we define the event 
"Getting exactly one head", then HT and TH are tW@elementary events associated to it. So, it 
is a compound event. 
OCCURRENCE OF AN EVENT An event A assótinled toa ,d experiment is said to occur if any 
one of the elementary events associated to theevent A isan outcome. 
Consider the random experiment of throwing an unbiased die. Let A denote the event 
“Getting an even number”. Elementaryevents associated to this event are: 2, 4, 6. Now, 
suppose that ina trial theoutcome is 4, then we say that the event A has occurred. In another 
trial, let the outcome be 3, then we say that the event A has not occurred. 

Let a die be rolled and the outcome of the trial be 4. Then, we can say that each of the 
following events have oceurted: 

(i) Getting a number greater than or equal to 2, 

(ii) Getting a number less than or equal to 5, 

(iii) Getting an even number. 
On the basis of the same outcome, we can also say that the following events have not 
occurred: 

(i). Getting an odd number, 

(ii) Getting a multiple of 3. 

Let us now consider the random experiment of throwing a pair of dice. If (2, 6) isan outcome 
of a trial, then we can say that each of the following events have occurred. 

(i) Getting an even number on first die. 

(ii) Getting an even number on both dice 

(iii) Getting 8 as the sum of the numbers on two dice. 

However, on the basis of the same outcome, one can also say that the following events 
have not occurred: 


lo4 
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(i) Getting a multiple of 3 on first die. 
(п) Getting an odd number on first die. 
(in) Getting a doublet. 
FAVOURABLE ELEMENTARY EVENTS An elementary event is said to be favourable to a compound 
event A, if it satisfies the definition of the compound event A. 


In other words, an elementary event E is favourable to a compound event A, if we say that the 
event A occurs when £ is an outcome ofa trial. 


Consider the random experiment of throwing a pair of dice and the compound event A 


defined by “Getting 8 as the sum,” We observe that the event A occurs if we get any oe t the 
following elementary events as outcome: 


(2, 6), (6,2), (3,5), (5,3), (44) 
So, there are 5 elementary events favourable to event A. 
If two coins are tossed simultaneously and A is an event associated toit defined.as "Getting 


exactly one head". We say that the event A occurs if we get either HT or TH as an outcome. 
So, there are two elementary events favourable to the event A. 


NEGATION OF AN EVENT Corresponding to every event.A associated with a random 
experiment we define an event "not A" which occurs when and only when A does not occur. 
The event “not A” is called the negation of event A and is denoted by А. 

Clearly, event A occurs if and only if A does not occur. 


16.3 THEORETICAL PROBABILITY OF AN EVENT 


DEFINITION If there are n elementary events associated with a random experiment and m of them are 
favourable to an event A, then the probabilityof happening or occurrence of event A is denoted by P 


m 
(A) and ts defined as the ratio r 


Thus, P(A) = 2 
п 
Clearly, 0 < т < п. 
0s < ў 
п 
=> 0 < RGA) <4 


It P(A)= 1, them is called a certain event and A is called an impossible event, if P(A) = 0. 
It m elementary events are favourable to an event A out of n elementary events, then the 


numberof elementary events which ensure the non-occurrence of A i.e. the occurrence of A is 
п-т, 


— п-т 
"e п 
— P(A) 12 
n 
x: P(A) = 1- P(A) 
8 P(A) + P(A) = 1 


The odds in favour of the occurrence of the event A are defined by m : n-m ie., Р (A): PC A) 
and the odds against the occurrence of A are defined by (it ~ т) : m ie., P(A): P(A). 


Let us now discuss some problems to illustrate the above definition, 


^w 


O °°» =ч 


ABILITY 
ай 16.5 


EXAMPLE1 Ал unbiased die is thrown. What is the probability of getting: 


” 


@ an even number (ii) a multiple of 3 [CBSE 2008] 
(ii) an even number or a multiple of 3 [CBSE 2013] 39 
(iv) an even number and a multipleof3 ) a number 3 or 4 E 9 
(vi) ап odd number [NCERT] (vii) a number less than 5 


. 5 


(viii) a number greater than 3 (ix) а number between 3 and b. Ls 

SOLUTION In a single throw of a die we can get any one of the six numbers 1, 2, ..., 6 marked - ad 

onits six faces. Therefore, the total number of elementary events associated with the random 

experiment of throwing a die is 6. 

(i) Let A denote the event “Getting an even number“ 

Clearly, event A occurs if we obtain any one of 2, 4, 6 as an outcome. 
' Favourable number ofelementary events = 3 


Hence, P(A)= 3 wk 
6 2 


e 
Ф 


>, 


(ii) Let А denote the event “Getting a multiple of 3” 
We observe that the event A occurs if we obtain either3 or 6 as an outcome. 
Favourable number of elementary events = 2 


2 1 ; 
Hen E P(A)2—2— 5 
l m | 
(iii) An even number or a multiple of 3 is Obtained if we obtain one of the numbers 2, 3, 4, 6 De { 
as ап outcome. | 
^ Favourable number of elementary events = 4 туй 
4 2 s 4 
Hence, required probability = > = = E | 
6 3 2 t | 
(iv) Let A denote the event “Getting an even number and a multiple of 3" 1 И 
Clearly, Event A happens if we get 6 as ап outcome a | 
" Favourable number of elementary events = 1 4 | 
1 
Hence, required probability = = 
n 
(v) Let A denote the event “Getting 3 or 4” 
| 
| 


Clearly, A occurs when we get either 3 or 4 as an outcome | 
S Favourable number of elementary events = 2 . 


Hence, P(A) = 2 ; 


(vi) Let A denote the event “Getting an odd number” 
We observe that the event A occurs when we get 1 огЗог5 asanoutcome. 
e Favourable number of elementary events = 3 


1 

Hence, P(A) = “2 
„ 3 2 | 

(vii) The event “Getting а number less than 5” will occur if we get one of the numbers 1, 2, 3, | 


4 азап outcome. 


— — 
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Favourable number of outcomes = 4 LH 


Hence, required probability = LAE. 
6 


(viii) Theevent "Getting a number greater than 3" will occur if we obtain one of the numbers 
4, 5, 6 as an outcome. 


Favourable number of outcomes = 3 


Hence, required probability — Dh 
6. 2 

(ix) The event “Getting a number between З and 6" occurs if we obtain either ог Sas an 

outcome. 


Favourable number of outcomes = 2 thi j 


Hence, required probability = 8 | 
€ 3 . CS „ 
eo unbiased coins are tossed simultaneously. Find the probability ofs getting 
(i) foo heads (ii) one head 
(iii) one tail [CBSE 2014] (iv) atleast one head [CBSE 2010, 2013] 
(v) at most one head. (vi) no hend 


SOLUTION If two unbiased coins are tossed simultaneously we obtain any one of the 
tollowing as an outcome. 

HH, HT, TH, TT Ф 

Total number of elementary events= 4 
(i) Two heads are obtained if the elementary event HH occurs. 

Favourable number of elementary events = 1 


| ) 
Hence, required probability = i 


" 


(ii) One head is obtained if any oneof the following elementary events occurs: 


HT,TH 
Favourable numberof elementary events = 2 
М * - 2 1 
Hence, required probability = 473 


(iii) One tail is obtained if any one of the following elementary events occurs: TH, HT 
Favourable number of RE aln events = 2 


1 
Hence, required probability = — = "> 
(iv) At ſeast one head is obtained К any one of the following dismentane events happens: 


HH, HT, TH | 
Favourable number of elementary events = 3 


: 
Hence, required probability = — 
(v) If one of the elementary events m TH, TT occurs, then we say that at most one head 
is s obtained. 


Favourable number of elementary events - 3 


3 
Hence, required probability — 4 
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(vi) No head is obtained if the elementary event T T occurs 
Favourable number of elementary events = 1 


Hence, required probability = 1, 
1 


EXAMPLES Three unbiased coins are tossed together, Find the probability of getting: 

(i) all heads (ii) two heads 
(iii). one head (iv) at least two heads ICBSE 2015] 
SOLUTION Elementary events associated to random experiment of tossing three coins are 


HHH, HHT, HTH, THH, HTT, THT, TTH, ТТТ 

Total number of elementary events = 8. 
(i) The event “Getting all heads" is said to occur, if the elementary event HHH occurs i.e. 
HHH isan outcome. 
^ Favourable number of elementary events — 1 


Hence, required probability = | 


(ii) The event "Getting two heads" will occur, if one of the elementary events HHT, THH, 
HTH occurs. 
і Favourable number of elementary events = 3 


Hence, required probability = 5 


(iii) The events of getting one head, when three coins are tossed together, occurs if one of the 
elementary events HTT, THT, TTH happens. 
Ф Favourable number of elementary events = 3 
3 m 

Hence, required probability = 55 
(iv) If any of the elementary events HHH, HHT, HTH, and THH is an outcome, then we say 
that the event “Getting at least two heads” occurs. 
S Favourable number of elementary events = 4 

1 
Hence, required probability = = ”; 
EXAMPLE 4 Tickets numbered from 1 to 20 are mixed up together and then a ticket is drown at 
random. What is theprobability that the ticket has a number which is a multiple of 3 or 7? 
SOLUTION Out of 20 tickets numbered from 1 to 20, one can be chosen in 20 ways. So, total 
number of elementary events associated with the given random experiment is 20. Out of 20 
tickets numbered tto 20, tickets bearing numbers which are multiple of 3 or 7 bear numbers 
3,6,7,9, 12, 14, 15and 18. 
fy. d^. Favourable numbers of elementary events = 8 


8 2 
Hence, required probability = er | 


REMARK A pack of playing cards consists of 52 cards which are divided into 4 suits of 13 cards each: 
Each suit consists of one ace, one king, one queen, one jac Kand 9 other cards numbered from 2 to 10. 
Four suitsare named as spades ( & ), hearts ( w ), diamonds ( e ), and clubs ( & ). 
EXAMPLES One card is drawn from à pack of 52 cards, each of the 52 cards bei ng equally likely to 
drawn. Find the probability that the card drawn is: | 


(i) anace (ii) red (ili) either red.or king 
(iv), red and a xing (v) a face card (vi) a red face card 
(vii) 2 07 spades | (viii) 10 of a black suit | 


* r 


rr „ 
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SOLUTION Ош of 52 cards, опе card can be drawn in 52 ways. 
So, total number of elementary events = 52. 


(i) There are four ace cards їп а pack of 52 cards. So, one ace can be chosen in 4 ways. 
Favourable number of om events = 4 


Hence, required probability = — = Ed 


3 
(ii) There are 26 red cards in a pack of 52 cards. Out of 26 red cards one card can be chosen 
in 26 ways. 


Favourable number of elementary events = 26. 


Hence, required probability = 52 T 


2 
(iii) There are 26 red cards, шаш two red kings, їп a pack of 52 playing cards. Also, 
there are 4 kings, two red and two black. Therefore, card drawn will be a red card or a king if 
it is any one of 28 cards (26 red cards and 2 black kings). 

Favourable number of Po events = 28 


А a 7 
Hence, required probability = — = — 
ч F 7 s 13 
(iv) A card drawn will be red as well as king, if it is a red king. There are 2 red kings ina pack 
of 52 playing cards. 


Favourable number of r^ c events - 2 


Hence, required probability = — = = 


26 
(v) Inadeck of 52 cards: aces, йыл. queens, and jacks are called face cards. Thus, there are 
12 face cards. So, one face card can be chosen in 12 ways. 
Favourable number of elementary events = 12 


Hence, required probability = 26 15 
(vi) There are 6 red face cards 3 zh from diamonds and hearts. Out of these 6 red face cards 
one card can be chosen in 6 ways. 
Favourable number of чаш events = 6 
3 
Hence, required probability = = = 26 
( va There is only one ‘2’ of ) Ma 
: Favourable number of г. events = 1 


Hence, required probability = 55 


(viii) There are two suits of black cards viz. spades and clubs. Each suit contains one card 
РИ number 10. 
Favourable number of elementary events = 2 


Hence, required probability = 2 = = а 

EXAMPLES А bag contains 3 red L- 2 blue marbles. A marble is drawn at random. What is the 
probability of drawing a blue marble? 

SOLUTION There 5 marbles in the bag. Out of these 5 marbles one can be chosen in 


5 ways. 


Total number of elementary events = 5 


Since the bag contains 2 blue marbles. Therefore, one blue marble can be drawn in 
2 ways. 
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Favourable number of elementary events = 2 


Hence, (Getting a blue marble) = 2 


EXAMPLE? Il is know that a box of 600 electric bulbs contains 12 defective bulbs. One bulb is taken 

out at random from this box. What is the probability that it is a non-defective bulb? 

SOLUTION Out of 600 electric bulbs one bulb can be chosen in 600 ways. 

; Total number of elementary events = 600 

There are 588 ( 600 - 12 ) non-defective bulbs out of which one bulb can be chosen in 588 

ways. 
. Ы Favourable number of elementa ry events = 588 


Hence, Р (Getting a non-defective bulb) = LL a 
600 50 
EXAMPLES 17 cards numbered 1, 2, 3, ..., 17 are put in a box and mixed thoroughly. One person 
draws a card from the box. Find the probability that the number on the card is: 
(i) odd (ii) a prime 
(iii) divisible by 3 (iv) divisible by 3 and 2 both 
SOLUTION Out of 17 cards, in the box, one card can be drawn in 17 ways. 


0.98 


Total number of elementary events = 17 


(i) There 9 odd numbered cards, namely, 1,3, 5,7, 9, 11,13, 15, 17. Out of these 9 cards опе 
card can be drawn in 9 ways. 
Favourable number of elementary events = 9 


Hence, required probability = 15 


(ii) There are 7 prime numbered cards, namely, 2, 3, 5, 7, 11,13, 17. Out of these 7 cards one 
card can be chosen in 7 ways. 
Favourable numberof elementary events = 7 


7 
Hence, Р (Getting a prime number) = 17 


(iii) Let A denote the event of getting а card bearing a number divisible by 3. 

Clearly, event A occurs if we get a card bearing one of the numbers 3, 6, 9, 
12,15. 
* Favourable number of elementary events = 5 


Hence, Р (Getting a card bearing a number divisible by 3) = E 


(iv) Ifa number is divisible by both 3 and 2, then itis a multiple of 6. In cards bearing number 
1, 2,3, ..., 17 there are only 2 cards which bear a number divisible by 3 and 2 both i.e. by 6. 
These cards bear numbers 6 and 12. 


Favourable number of elementary events = 2 


Hence, P (Getting a card bearing a number divisible by 3 and 2) = E 


EXAMPLE9 1000 tickets of a lottery were sold and there are 5 prizes on these tickets. If Saket has 
purchased one lottery ticket, what is the probability of winning a prize? 
SOLUTION Out of 1000 lottery tickets one ticket can be chosen in 1000 ways. 


Total number of elementary events = 1000 


— | 


— — 
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Itis given that there are 5 prizes on these 1000 tickets. Therefore, 
Number of ways of selecting a prize ticket = 5 
Favourable number of elementary events = 5 


Hence, P (Winning a prize) = E ДЕ = 0.005 


1000 
EXAMPLE 10. A child has a block in the shape of a cube with one letter written on each face as shown 
below: 

LA]B|C]D[E]A] 
The cube is thrown once. What is the probability of getting (0А? (ii) D? INCERTI 


SOLUTION In throwing the cube any one of the six faces may come upward. 
Total number of elementary events = 6 


(i) There are two faces bearing letterA. 

Favourable ir^ of elementary events = 2 
1 
3 


( ii) There is only one face EMG letter D. 
Favourable we of elementary events = 1 


Hence,  P(Getting A) = = = 


Hence, p (Getting D) = — 
EXAMPLE A bag contains 5 red balls, 8 white balls, 4 green balls and 7 black balls. If one ball is 
drawn at random, find the probability that it is: 
(1) black (ii) red (iii) not green. 
SOLUTION Total number of balls in the bag = 5 + 84 4 +7 – 24 


Total number of elementaryevents=24 


0 There are 7 black balls in the bag. 
Favourable number of elementary events = 7 


Hence, P (Getting a black ball) = 2i 
") There are 5 red balls in the bag, 
Favourablenumber of elementary events = 5 
х 
Hence, Р (Getting a red ball) = — 


Gn) There are 5 #8 +7 = 20 balls: -— are not green. 
Favourable number of elementary events = 20 


i 20 5 
Hence, P (Not getting a green ball) = 24 = $ 
EXAMPLE 12 Savita and Hamida are friends. What is the probability that both will have (i) the 
same birthday? (ii) different birthdays? (ignoring a leap year). Кк e 


SOLUTION Savita may have any one of the 365 days of the year as her birthd 
Hamida may have any one of 365 days of the year as her birthday. 


Total number of ways in which Savita and Hamida may have their birthday = 365 x 365 
(i) Savita and Hamida may have same birthday on any one of 365 days of the year. 
. Number of ways in which Savita and Hamida will have same birthday = 365 


ay. Similarly, 


Probability that Savita and Hamida will have the same birthday — __ 365 ja. 


365x365 365 


T" —I2-18H 


Laco re 


. 
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(ii) We have, 


Probability that Savita and Hamida will have different birthdays TN 
- 1- Probability that Savita and Hamida will have the same birthday 
121.38 á 

365 365 


EXAMPLE 13 A letter is chosen at random from the letters of the word ‘ASSASSINATION Find 
the probability that the letter chosen isa(i) vowel (ii) consonant. 
SOLUTION There are 13 letters in the word ‘ASSASSINATION’ out of which one letter can 
be chosen in 13 ways. 

Total number of elementary events = 13 
(i) There are 6 vowels in the word ‘ASSASSINATION’. So, there are Ways of selecting a 
vowel. 

Probability of selecting a vowel = A 
(ii) We have, 


Probability of selecting a consonant 
= 1 Probability of selecting a vowel = ~ — = 


EXAMPLE 14 Gopi buys a fish from a shop for his aquarium. The shopkeeper takes out one fish at 
random from a tank containing 5 male fish and & female fisſi. What is the probability that the fish 
taken out isa male fish? INCERT] 
SOLUTION There are 13 ( =8 + 5) fishout of which one can be chosen in 13 ways. 

Total number of elementary events = 13 
There are 5 male fish out of which one male fish can be chosen in 5 ways. 


Favourable number of elementary events = 5 


5 
Hence, required probability = 13 


EXAMPLE 15) A piggy bank contains hundred 50 paisa coins, fifty 1 coins, twenty A coins and 
ten Ss coins. If it is equally likely that one of the coins will fallout when the bank is turned up side 
down, what is the probability that the coin (i) will be a 50 paisa coin? (ii) will not be a #5 coins? 
INCERT] 
SOLUTION < Total number of coins = 100 + 50 + 20 + 10 = 180 
So, one coin can be chosen out of 180 coins in 180 ways. 
Total number of elementary events = 180 


(i) There are 100 fifty paisa coins out of which one coin can be chosen in 100 ways. 


ili 50 paisa coin will fall = 2 2 
Probability that a 50 pais m" 


9 
(ii) Other than € 5 coins there are 170 coins. 
Probability that coin fallen out is not a Y 5 coin = 170 „17 
| 180 18 
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EXAMPLE 16 A game of chance consists of spinning an arrow which comes to rest pointing at one of 
the numbers J. 2, 3, 4, 5, 6, 7, 8 (See Fig. 16.1), and these are equally likely outcomes. What is the 
probability that it will point at (i) 8? (ii) an odd number? (iii) a number greater than 2? (iv) а 
number less than 9? INCERT, CBSE 2016 
SOLUTION Since the arrow can come to rest at any one of the numbers 1, 2, 3, 4,5,6,7,8. 

к Total number of elementary events = 8 


(i) We have, 
P (Arrow points at 8) = E 


(ii) There are 4 odd numbers, namely 1, 3, 5, 7. 


4 
P (Arrow points at an odd number) = — = 


(iii) There are 6 numbers greater than 2, namely, 3, 4, 5, 6,7, 8. 


P (Arrow points at a number greater than 2) = 5 = 
(iv) We have, 


P (Arrow points at a number less than 9) = P (Arrow points at any number) = = 1. 


EXAMPLE A game consists of tossing a one rupee coin 3 times and noting its outcome each time. 
Hanif wins if all Ihe tosses give the same result i.e three heads or three tails, and loses otherwise. 
Calculate the probability that Hanif will lose the game. [NCERT, CBSE 2016, 2017] 
SOLUTION Whena coin is tossed three times, possible outcomes are 


HHH, HHT, HTH, THH, HTT, THT, TTH, TTT 
Total number of elementary events = 8 


Hanif will lose the game if all the tosses do not give the same result i.e. all heads or all tails. 
So, favourable outcomes are: HHT, HTH, THH, TTH, HTT, THT, 


Favourable number of elementary events = 6 


Hence, Р (Hanif will lose the game) = à == 


EXAMPLE18 A jar contains 24 marbles some are green are others are blue. If a marble is drawn at 
random from the jar, the probability that it is green is 2/3. Find the number of blue marbles in the jar. 


INCERT] 
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SOLUTION Let there be bblue marbles and g green marbles in the jar. Then, 
АМ Total number of marbles in the jar р +9 
It is given that there are 24 marbles in the jar. | 


bg = 24 ...(i) 
P (Getting a green marble from the jar) = x 
2 8 2 
=» — — — = — = 
3 24 >g 24 x 3 16 


Putting g = 16 in (i), wegetb = 8 
Hence, there are 8 blue marbles in the jar. 
EXAMPLE 19 A jar contains 54 marbles each of which is blue, green or white. The probability of 


selecting a blue marble at random from tlie jar is 1 ‚ and the probability of selecting a green ma rble at 
random is =, How тапу white marbles does the jar contain? 
SOLUTION Let there be h blue, g green and w white marbles in the jar. Then, 


b+g+w=54 „ЖН 


і 
P (Selecting a blue marble) = = 


` 


Z7 
It is given that the probability of selectinga blue marble is 3 


2 = > = þ=18 
3 54 
We have, 
4 
P (Selecting a green marble) = 5 
2 4 A | 4. 
E 54 Ho ы Р (Selecting a green marble) = — (Given) 
54 qo 8 


Substituting the values of b and g in (1), we get 
18 + 24 + w = 54 => w = 12 


Hence, the jar contains 12 white marbles. 


EXAMPLE 20 Two dice are thrown simultaneously. Find the probability of getting: 
(i) an even number as the sum (ii) thesum asa prime number 
(iii) a total of at least 10 (iv) a doublet of even number 
(v) a multiple of 2 on one dice and а multiple of 3 оп the other. 
(vi) same number on both dice ie. à doublet. [CBSE 2008, 2013 2018] 
(vii) a multiple of 3as the sum. 


-rer —— peer — р —1— 
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SOLUTION Elementary events associated to the random experiment of throwing two dice 
are: 


(1,1), (12) (1,3), (1,4, (5) (1,6 
(2,1), (22), (2,3), (2,4), (2,5), (29 
(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6) 
(4,1), (42, (43, (44, (45, (460 
(5,1), (5,2), (5,3), 64 (55, (5,6) 
(6,1), (62, (63, (64, (65, (6,6). 
Total number of elementary events = 6 x 6 = 36 
(i) Let A be the event of getting an even number as the sum i.e. 2, 4, 6, 8, 10; 12 
Elementary events favourable to event A are: ! ‚ 
CL, 1), (1, 3), (3, 1), (2, a (1, 5), (5, 1), (2, 4), (4, 2), (3, 3), (2, 6), (6, 2), (4, 4), 
(5, 3), (3, 5), (5, 5), (6, 4), (4, 6) and (6, 6). 
Clearly, favourable number of elementary events = 18 


Hence, required probability = 35 = i 


(ii) Let A be the event of getting dn sum as a prime number i.e. 2,3, 5,7, 11 

Elementary events favourable to event A are: 
(1, 1), (1, 2), (2, 1), (1, 4), (4, 1), 2,3); (3, 2), (4; 6), (6, 1), (2, 5), (5, 2), (3, 4), 
(4, 3), (6, 5) and (5, 6). 
Favourable number of elementary events = 15 


Hence, required probability = x E Š 


(iii) Let A be the event of getting a АМ at least 10 fle. 10, 11, 12. Then, the elementary 
events favourable to A are: | 

(6, 4), (4, 6), (5, 5) (6, 5), (5, 6) and (6, 6). 

Favourable number — events = 6 

1 

Hence, required probability = — = Е 
(iv) Let@ be the event of on a nain of even number. Then, the elementary events 
favourable to are (2, 2), (4, 4) and (6, 6) 
Favourable number of elementary events = 3 


Hence, required probability = M Р 5 


(v) Let A be the event of getting a multiple of 2 on one die and a multiple of 3 on the other. 
Then, the elementary events favourable to A are: 
(2, 3), (2, 6), (4, 3), (4, 6), (6, 3), (6, 6), (3, 2), (3, 4), (3, 6), (6, 2), (6, 4). 
Favourable number of elementary events = 11 


Hence, required probability = i 
(vi) Let A be the event of getting the same number on both dice. Then, elementary events 
favourable to A are: 
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(1, 1), (2, 2), (3, 3), (4, 4), (5, 5) and (6, 6) 
Favourable number of elementary events = 6 


Hence, required probability = D oae 
36 6 


(vii) Let A be the event of getting a multiple of 3 as the sum i.e. 3, 6, 9, 12. Then, elementary 
events favourable to A are: 
(1,2), (2, 1), (1,5), (5, 1), (2,4), (4, 2), 3, 3), (3, 6), (6, 3), (5, 4), (4, 5), (6, 6). 
Favourable number of elementary events — 12. 


Hence, required probability = zl = 1 
~ 36 З 


EXAMPLE 21 Peter throws two different dice together and finds the product of the two numbers 
obtained. Rina throws a die and squares the number obtained. Who has the better chance to get the 
number 25? [CBSE 2017] 
SOLUTION The person having higher probability of getting the number 25 has the better 
chance. 
When a pair of dice is thrown, there are 36 elementary events as given below: 

(1,1, (1, J, (1,3), (1,4), (L5), (Lug 

(2, 1), (2,2), (2,3), (2,4, (2,5), (246) 

(3,1, (3,2), G, 3), (3,4, (3, 5% (8,6 

(4, 1), (42, (4,3) (44, (45), (4,46) 

(5, 1), (52, (5,3), (5,4, (5, Э), (5/6) 

(6, 1), (6, 2), (6, 3), (6,4, (65), (6,6) 
So, the product of numbers on two dice can take values 1, 2, 3, ..., 36. 
The product of two numbers on.two dice will be 25 if both the dice show number 5. So, 
there is only one elementary event, viz., (5, 5), favourable to getting 25. 


p; = Probability that Peter throws 25 x i 


Rina throws a die on which she can get any one of the six numbers 1, 2, 3, 4, 5, 6 as an 
outcome. If she gets number 5 on the upper face of the die thrown, then the square of the 
number is 25. , 


p> = Probability that the square of number obtained is 25 = =: 
Clearly, p,» H So, Rina has better chance to get the number 25. 


EXAMPLE22 Find the probability that a leap year selected at random will contain 53 Sundays. 
SOLUTION’ Ina leap year there are 366 days and, 366 days = 52 weeks and 2 days. 


Thus, a leap year has always 52 Sundays. 
The remaining 2 days can be: 


(i) Sunday and Monday (ii) Monday and Tuesday 
(iii) Tuesday and Wednesday (iv) Wednesday and Thursday 
(v) Thursday and Friday (vi) Friday and Saturday 


(vii) Saturday and Sunday. 
Clearly, there are seven elementary events associated with this random experiment. 
Let A be the event that a leap year has 53 Sundays. 
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Clearly, the event A will happen if the last two days of the leap year are either Sunday and 
Monday or Saturday and Sunday. 


Favourable number of elementary events = 2 
Hence, required probability = 5 


EXAMPLE 23 What is the з that a number selected from the numbers 1, 2, 3, ..., 25 isa 
prime number, when each of the given numbers is equally likely to be selected? 
SOLUTION Out of 25 numbers 1, 2, 3, ...,25 one number can be chosen in 25 ways. 
Total number of elementary events = 25 
The number selected will be a prime number if it is chosen from the numbers 2, 3, 5, 7, 11, 18, 
17,19,23, 
Favourable number of elementary events = 9 


Hence, required probability = M 


EXAMPLE 24 The king, queen and jack of clubs are removed from a deck of 52 playing cards and the 

well shuffled. One card is selected from the remaining cards. Find the probability of getting. 
(i) a heart (ii) aking 
(iii) a club (iv) the'10 of hearts. 

SOLUTION After removing king, queen and jack of clubs from a deck of 52 playing cards 
there are 49 cards left in the deck. Out of these 49 cards one card can be chosen in 49 ways. 

Total number of elementary events = 49 
(i) There are 13 heart cards in the deck containing 49 cards out of which one heart card can 
be chose in 13 ways. 

Favourable number of elementary events = 13 


Hence, P (Getting a heart) $ Б 


(ii) There are3 kings inthe deck containing 49 cards. Out of these three kings one king сап 
be chosen in 3 ways. 
Favourable number of elementary events = 3 


Hence, (Getting a king) = =, . 


(iii) After removing king, queen and jack of clubs only 10 club cards are left in the deck. Out 
of these 10 club cards one club card is chosen in 10 ways. 
Favourable number of elementary events = 10 


Hence,  P(Gettingaclub) = — 


av There is only one ‘10’ of 9.9 
i Favourable number of — events = 1 


Hence, P (Getting the ‘10’ to hearts) = > 


EXAMPLE25 А bagcontains5 red balls and some blue balls. If the probability of drawing a blue ball 
is double that of a red ball, find the number of blue balls in the bag. [NCERT] 


PROBABILITY 16.17 


SOLUTION  Lettherebe x blue balls in the b 


ag. 
Total number of balls in the bag = (5 + x) 
Now, 
pı = Probability of drawing a blue ball = T 
+X 
P2 = Probability of drawing a red ball = Bae 
It is given that | 
Р = 2р, 
x к 
= = 2X 5 => z = 10 >x=10 
5+х 54x 54x 5+х 


Hence, there are 10 blue balls in the bag. 
EXAMPLE26 A bag contains 12 balls out of which x are white. 
(i) [fone ball is drawn at random, what is the probability that it will bea white ball? 


(ii) If more white balls are put in the bag, the probability of drawing a white ball will be double 
than that in (i). Find x. NCERT] 
SOLUTION (i) There are 12 balls in the bag. Out of these 12 balls one can be chosen in 
12 ways. 
з Total number of elementary events = 12 
There are x white balls out of which one can be chosen in x ways. 
{ Favourable number of elementary events =x 


Hence, p, = P(Getting a white ball) = » 


(ii) If 6 more white balls are put in the bag, then 
Total number of balls in the bag = 12 + 6 = 18 
Number of white balls in the bags = x + 6 


x46 
p, = (Getting a white ball) = Et 
Itis given that 
p = 2р 
x+6 x 
=2х— 
D 18 12 
3 
=ý x*6 x => 6(x+6)=18x > 6х + 36 = 18х => 12x =36 => aas ME um 
18 6 12 


EXAMPLE27 Cards marked with the numbers 2 to 101 are placed in a box and mixed thoroughly. 
One card is drawn from this box. Fi nd the probability that the number оп the 
card is: 
(i) aneven number (ii) a number less than 14 
(ii) a number which is a perfect square (iv) a prime number less than 20. 
SOLUTION  Thereare 100 cards in the box out of which one card can be drawn in 100 ways. 
| Total number of elementary events = 100 


(i) From numbers2 to 101, there are 50еуеп numbers, namely, 2, 4, 6, 8, ..., 100. Out of these 
50 even numbered cards, one card can be chosen in 50 ways. 


ctt 
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Favourable number of elementary events = 50 


Hence, (Getting an even numbered card) = Im 43 
100 2 

(ii) There are 12 cards bearing numbers less than 14 i.e, numbers 2, 3, 4, 5, , 13 
Favourable number of elementary events = 12 


' * 2 3 
Hence, required probability 100 25 
(iii) Those numbers from 2 to 101 which are perfect squares are 4, 9, 16, 25, 36, 49, 64, 81, 100 
пе squares of 2, 3, 4,5, , and 10 respectively. Therefore, there are 9 cards marked with the 
numbers which are perfect squares. 


Favourable number of elementary events =9 


Hence, Setting a card marked with a number which is a perfect square) = 100 


(iv) Prime numbers less than 20 in the numbers from 2 to 101 are 2, 3, 5,7, 11, 13, 47 and 19. 
Thus, there are 8 cards marked with prime numbers less than 20. Outof these 8 cards one 
card can be chose in 8 ways. 


Favourable number of elementary events = 8 


Hence, (Getting a card marked witha prime number less than 20) = 100 = E 
EXAMPLE28 There are 40 students in class X of a school of whony25 are girls and 15 are boys. The 
class teacher has to select one student as а class representative; He writes the name of each student on a 
separate card, the cards being identical. Then she puts cards in hug and stirs them thoroughly. She 
then draws one card from the bag. What is the probability that the name written on the card is the name 
of (D a girl? (її) a boy? [INCERT] 
SOLUTION Since there are 40 students/and there is one card for each student. So, one card 
can be chosen out of 40 cards in40 ways. 


Total number of elementary events = 40 


(i) There are 25 girls and corresponding to each girl there is card of her name. Therefore, a 
card with the name of a girl can be chosen in 25 ways. 


Favourable number of elementary events = 25 


Hence, P (Getting аага with the name of a girl) = = = i 


(ii) We have, 
P (Getting a card with name of a boy) = 1 - P (Getting a card with name of a girl) 


EXAMPLE29 A carton consists of 100 shirts of which 88 are good, 8 have minor defects and 4 have 
mayor defects. Jimmy, a trader, will only accept the shirts which are good, but Su jatha, another trader, 
will only reject the shirts which have major defects. One shirt is drawn at random from the carton. 
What is the probability that it is acceptable to (i) Jimmy? (ii) Sujatha? 


[NCERT] 


SOLUTION Оле shirt is drawn at random from the carton of 100 shirts. This сап be done in 


100 ways 
Total number of elementary events = 100. 


PROBABILITY 16.19 ы 
(i) Since Jimmy accepts only good shirts and the number of good shirts is 88 
Number of elementary events favourable to Jimmy = 88 
So, probability that a shirt is acceptable to Jimmy = B8 _ 0,88 
| 100 
(ii) Sujatha accepts good as well as shirts having minor defects. The number of such shirts s 


is 88 + 8 = 96 


Number of elementary events favourable to an event of selecting a good 
shirt or a shirt with minor defect is 96 


ett 


Hence, probability that a shirt is acceptable to Sujatha = И = 0.96 3 


EXAMPLE30 If a number x is chosen at random from the numbers 2, 1, 0, 1 2. What is the 
probability that x^ « 2? " 
SOLUTION Clearly, number x can take any one of the five given values. 

So, total number of elementary events = 5 

We observe that x” < 2whenx takes any one of the following three values –1,0 and 1. 


| 
# 
i 
| - - 
So, favourable number of elementary events = 3 
3 
Hence, P (х? < 2)= : 
EXAMPLE 31 А number x is selected from the numbers 1, 2, 3 and then a second number y is 
* 


randomly selected from the numbers 1, 4, 9. What is the probability that the product xy of the two 
numbers will be less than 9? 


SOLUTION Number x can be selected in three ways and corresponding to each such way 
there are three ways of selecting number y. Therefore, two numbers can be selected in9 ways 1 
as listed below: = | | 


(1, 1), (1, 4), (1, 9), (2, 1), (2, 4), (2, 9), (3,1), (3, 4), (3, 9) 


So, total number of elementary events = 9 
The product xy will be less than 9, if x, and y are chosen in one of the following ways: 


(1, 1), (14), (2, , (2, 4), (3, 1) | 
Favourable number of elementary events = 5 | 


5 
Hence, required probability = 9 | 


| l a 
EXAMPLE 32 On the disc shown below, a player spins the arrow twice. The fraction 5 is formed, 
where a is the number of the sector where the arrow stops after the first spin and b is the number of 
sector where the arrow stops after the second spin, On every spin each of the numbered sector has an 
equal probability of being the sector on which thearrow stops. What is the probabilit y that the fraction 


a 
p is greater than 1? (CBSE 2016] 


SOLUTION Since the arrow can stop in any one of the six sectors. So, a and b both can 
assume values from 1 to 6. Thus, the ordered pair (a,b) can assume the following values: 
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Fig. 16.2 
й, ie, 2), (1, 3), (1, 4), (1, 5), (1, 6) 


(2. ) G2, 2 (2, , (2,4), (2,5), (2,6) 


15 ordere pairs G. , (3,2); G. I-03, 4), (3,5), (3,6) 15 ordere pairs (a, b) 
(a, b) where a > b n where a « b 
(4,1), (4,2), (4, 3);-..04, 4);-. (4,5), (4.6) 
M M ч. мы а 21 
5 (5,1), (5,2), (5,3, (5, 4);--. (5..5), (546) Ee 5 


(6, 1), (6, 2), (6, 3), (6, 4), (6, hee, y 


Clearly, there are 36 elementary events out of which we have 6 elementary events (a, b) in the 
diagonal for which a =b and 15 elementary events (a, b) below the diagonal for which a > b. 
& Favourable number of elementary events = 15 


Hence, required probability = 35 N 


12 
— ы — — EXERCISE 16.1 


1. The probability that it will rain tomorrow is 0.85. What is the probability that it will not 
rain tomorrow? 
2. Adie is throw. Find the probability of getting: 


(i) a prime number [NCERT] (ii) 20г4 
(iii) a multiple of 2 or 3 (iv) an even prime number [CBSE 2008] 
(v)a number greater than 5 [CBSE 2008] (vi) anumber lying between 2 and 6 


[NCERT] 
3. Three coins are tossed together. Find the probability of getting: 
(i) exactly two heads (ii) at most two heads 
(iii) at least one head and опе tail. (iv) no tails 
4. A and B throw a pair of dice. If A throws 9, find B's chance of throwing a higher number. 
5. Two unbiased dice are thrown. Find the probability that the total of the numbers on the 
dice is greater than 10. [CBSE 2018] 
6. A card is drawn at random from a pack of 52 cards. Find the probability that the card 
drawn is 
(i) a black king (ii) either a black card or a king 


2 


aipa | 


PROBABILITY 16.21 


N. 


18. 


19. 


20. 


21. 


(iii) black and a king (iv) a jack, queen or a king 
(v) neither a heart nora king (vi) spade or an ace 
(vii) neither an ace nor a king (viii) neither a red card nor a queen. [CBSE 2005] 
(ix) other than an ace aten 
(xi) a spade (xii) a black card 
(xiii) the seven of clubs (xiv) jack 
(xv) the ace of spades (xvi) a queen \ 
(xvii) a heart (xviii) a red card 
(xix)neither a king nor a queen [CBSE О - 
In a lottery of 50 tickets numbered 1 to 50, one ticket is drawn. Find the probability that 


the drawn ticket bears a prime number. 


. An urn contains 10 red and 8 white balls. One ball is drawn at random. Find the 


probability that the ball drawn is white. 


. А bag contains З red balls, 5 black balls and 4 white balls. A ball is drawn at random 


from the bag. What is the probability that the ball drawn is: 
(i) white? (ii) red? (iii) black? (iv) not red? [CBSE 2008] 


What is the probability that a number selected from the numbers 1, 2, 3, ..., 15 is a 


multiple of 4? 


A bag contains 6 red, 8 black and 4 white balls. A ball is drawmat random. What is the 


probability that ball drawn is not black? 


A bag contains 5 white and 7 red balls. One ball is drawn at random. What is the 


probability that ball drawn is white? 


. Tickets numbered from 1 to 20 are mixed up and a ticket is drawn at random. What is the 


probability that the ticket drawn has a number which is a multiple of 3 or 7? 


. Inalottery there are 10 prizes and 25 blanks. What is the probability of getting a prize? 
. If the probability of winning a game is 0.3, what is the probability of loosing it? 
A bag contains 5 black, 7 red and 3 white balls. A ball is drawn from the bag at random. 


Find the probability that the ball drawn is: 
(i) red (ii) black or white (iii) not black 


A bag contains 4 red, 5 black and 6 white balls. A ball is drawn from the bag at random. 
Find the probability that theball drawn is: 
(i) white (i) red (iii) notblack (іу) red or white (CBSE 2004] 
One card is drawn froma well shuffled deck of 52 cards. Find the probability of getting: 
(i) a king of red suit (ii) a face card (iii) a red face card 
(iv) a queen of black suit (v) a jack ot hearts (vi) a spade [МСЕКТ] 


Five cards—ten, jack, queen, king, and an ace of diamonds are shuffled face 

downwards. One card is picked at random. 

(i) Whatis the probability that the card is a queen? 

(ii) If a king is drawn first and put aside, what is the probability that the second 
card picked upis the (i) асе? (ii) king? [CBSE 2014, NCERT] 

A bag contains 3 red balls and 5 black balls. A ball is drawn at random from the bag. 

What is the probability that the ball drawn is: 

(i) red (ii) black — 

A game of chance consists of spinning an arrow which is equally likely to come to rest 

pointing to one of the number, 1, 2, 3, , 12 as shown in Fig. 16.3. What is the 

d as that it will point to: 


E 
— 4.4 
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16.22 
Fig. 16.3 
(i) 10? (ii) anodd number? 
(iii) a number which is multiple of 3? (iv) an even number? 


27. 


ч 


31. 


In a class, there are 18 girls and 16 boys. The class teacher wants to choose one pupil for 
class monitor. What she does, she writes the name of each pupil on a card and puts them 
into a basket and mixes thoroughly. A child is asked to pick one card from the basket. 
What is the probability that the name written on the card is: 

(i) the name of a girl (ii) the name of a boy? 


. Whyistossing a coin considered to bea fair way of deciding which team should choose 


ends in a game of cricket? 
What is the probability that a number selected at random from the number 1, 2, 2, 3, 3,3, 
1, 4,4, 4 will be their average? чаш 


There are 30 cards, of same size, їп а bag on which numbers 1 to 30 are written. One card 
is taken out of the bag at random, Find the probability that the number on the selected 
card is not divisible by 3. [CBSE 2005] 
A bag contains 5 red, 8 white and 7 black balls. A ball is drawn at random from the bag. 
Find the probability that the drawn ball is (i) red or white (ii) not black (iii) neither white 
nor black. | | {CBSE 2005] 
Find the probability that a number selected from the number 1 to 25 is not a prime 
number when each of the given numbers is equally likely to be selected. [CBSE 2005] 
A bag contains 8 red, 6 white and 4 black balls. A ball is drawn at random from the bag. 
Find the probability that the drawn ball is 
(i) red or white (i) not black (iii) neither white nor black. 


Find the probability that a number selected at random from the numbers 1,2, 3. % GO іва 
(i) prime number (ii) multiple of? (iii) a multiple of 3 or 5 [CBSE 2006C] 
From a pack of 52 playing cards Jacks, queens, kings and aces of red colour are removed. 
From the remaining, a card is drawn at random. Find the probability that the card drawn 
is 
(i) ablack queen (ii) ared card (iii) a black jack 
(iv) a picture card (Jacks, queens and kings are picture cards). [CBSE 2006C] 
A bag contains lemon flavoured candies only. Malini takes out one candy without 
looking into the bag. What is the probability that she takes out 
(i) an orange flavoured candy ? 
(ii) a lemon flavoured candy? INCERT] 


C — 
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32. 


33. 


35. 


37. 


39. 


40. 


41. 


43. 


38. 


—1 —. ÉÓÉEREA 


It is given that in a 


Broup of 3students, t ility of 2 students not having the same 
birthday is 0.992, P idents, the probability of 2 5 


What is the probability that the 2 students have the same birthday? 

[NCERT] 
A bag contains 3 red balls and 5 black balls. A ball is drawn at random from the bag. 
Whatis the probability that the ball drawn is (i) red? (ii) not red? 


A box contains 5 red marbels, 8 white marbles and 4 green marbles. One marble is taken 


out of the box at random. What is the probability that the marble taken out will be (i) red? 
(ii) white? (iii) not green? [NCERT] 
A lot consists of 144 ball pens of which 20 are defective and others good. Nuri will buy 
a pen if it is good, but will not buy if itis defective. The shopkeeper draws one pen at 
random and gives it to her. What is the probability that 

(i She will buy it? (ii) She will not buy it? [NCERT] 


. 12 defective pens are accidently mixed with 132 good ones. It is not possible to just look 


at pen and tell whether or not it is defective. one pen is taken out at random from this lot. 
Determine the probability that the pen taken out is good one. [NCERT] 
Five cards — the ten, jack, queen, king and ace of diamonds, are well-shuffled with their 
face downwards. One card is then picked up at random. 

(i) What is the probability that the card is the queen? 
(ii) If the queen is drawn and put a side, what is the probability that the second card 
picked up is (a) an ace? (b) a queen? 
Harpreet tosses two different coins simultaneously (say; one is of Re 1 and other of € 2). 
What is the probability that he gets at least one head? [NCERT] 
Cards marked with numbers 13,14,1560 are placed in a box and mixed thoroughly. 
One card is drawn at random from the box. Find the probability that number on the card 
drawn is 

(i) divisibleby 5 (ii) anumber isa perfect square [CBSE 2007] 
А bag contains tickets numbered 11, 12, 13,..., 30. A ticket is taken out from the bag at 
random. Find the probability that the number on the drawn ticket (i) is a multiple of 
7 (ii) is greater than 15 and a multiple of 5. [CBSE 2008] 
Fill in the blanks: 

(i) Probability of a sure event is .......... я 
(ii) Probability of an impossible event is .......... à 
(iii) The probability of an event (other than sure and impossible event) lies between 


—— 


ТОТТЫ 


(v) Probability of an event A + Probability of event ‘not A’ = .......... . 
(vi) Sum of the probabilities of each outcome in an experiment is .......... А [NCERT] 


. Examine each of the following statements and comment: 


(i) If two coins are tossed at the same time, there are 3 possible outcomes—two 
heads, two tails, or one of each. Therefore, for each outcome, the probability of 
occurrence is 1/3. [NCERT] 

(ii) If a die is thrown once, there are two possible outcomes—an odd number or 
an even number. Therefore, the probability of obtaining an odd number is 1/2 
and the probability of obtaining an even number is 1/2. [NCERT] 

A box contains 100 red cards, 200 yellow cards and 50 blue cards. If a card is drawn at 

random from the box, then find the probability that it will be (i) a blue card (ii) not a 

yellow card (iii) neither yellow nor a blue card. [CBSE 2012] 
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— 
drawn at random from the 
prime number. 


16.24 
Er 37.^ card is 


9,. 


umbered 3 5,7, i 
t c the drawn card is a 


44. A box contains cards 
at the number on 
(CBSE 2013] 


box. Find the probability th 
h 3 are extremely patient, other 6 are extremely 


honest and rest person from the group is selected at random. 
Assuming that each person !* ikely to be selected, find the probability of 
selecting à person who is (i) extremely patient (ii) extremely kind or honest. Which of the 
above you prefer тоге. | (CBSE 2013] 

A card is drawn at random from this bag. Find 


ards numbered 1 to 30are putin 

that the number on 
(ii) aprime 

mber. 

d 50 paise coins, 


s of 12 persons, 


45. A group consist ) 
are extremely kind ; 
is equally li 


the drawn card is á 


46. € 
number greater than 7 


the probability 
(i) not divisible by 3 
(iii) nota perfect square nu 


А 6. 201 
n 


47. A piggy bank contains hundre 
1 5 coins. If itis equally likely that one of the coins will fall out when fhe ball is 
upside down, find the proba bility that the coin which fell is turned 
(i) will be a 50 paise win (ii) will be of value more than 11 à 
less than & 5 (iv) will be a or S 2 coin и 
BSE 2014] 


(iii) will be of value 
48. A bag contains ca rds numbere 
after mixing the card thoroughly. 


card is 
(i) an odd number 


d from 1 to 49. A card isdrawn from 

; „4 the ba 
Find the probability ache number к y "o me 
wn 


(ii) a multiple of 5 
(iii) a perfect square (iv) an even prime number. “BSE 
49. A box contains 20 cards numbered from 1 to 20. A card is drawn at random i а th Fin 
rom the box. 


Find the probability that the number on the drawn card is 


(i) divisible by 20r3 (ii) a prime number 
[CBSE 2015] 
ý 


— 


ln a simultaneous throw of a pair of dice find th ili i 
0 Бои 155 : is guests of getting: 
p^ 1 f T нә (iv) a doublet of odd numbers = 2017] 
(v i (vi) an even numb i 
(y ii) an eten number on one and а multiple of 3 on the “the ш 
dl p n 11 as the sum of the numbers on the faces 
) a 
ia ү" r ipe (X) a sum less than 7 | 
ore than 7 (xii) at least once 


(xiii) a number other than 5 on any dice. 
[CBSE 2044, 2015] 


(xiv) even number on each die 
(xv) 5 as the sum 
Pai 2 will come up at least once [CBSE 3984, 2015) 
E irse carm — 
2 ия Рет that an ordinary year has 53 Sundays? = | 
M Abika P : ied that a leap year has 53 Tuesdays and 53 Mondays? |CBSl 2015! 
T кузп! 59 Mondays? ich por 
“= is the probability — thrown at the same time. Write all the possible ou comes. 
ab ees of the two numbers that turn up 1s 82 * 
of obtaining a total of 6? Te. 1: 2014) 
} 


С % 


a C49 Tun 
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55. 


57. 


59. 


61. 


62. 


(iii) of obtaining a total of 10? [CBSE 2014 
(iv) of obtaining the same number on both dice? 
(V) of obtaining a total more than 9? 
(vi) that the sum of the two numbers appearing on the top of the dice is 13? 
(vii) that the sum of the numbers appearing on the top of the dice is less than or 
equal to 12? 
that the product of numbers appearing on the top of the dice is less than 9. 
: [CBSE 2014] 
(ix) that the difference of the numbers appearing on the top of the two dice is 2. 
[CBSE 2014] 
(х) that the numbers obtained have a product less than 16. | CBSE 2017] 


(viii) 


. A bag contains cards which are numberered from 2 to 90. A card is drawn at random 


from the bag. Find the probability that it bears 
(i) a twodigit number (ii) a number which is a perfect square [CBSE 2010] 


The faces of a red cube and a yellow cube are numbered from 1 to 6. Both cubes are rolled. 
What is the probability that the top face of each cube will have the same number? 


he probability of selecting a green marble at random from à jar that contains only green, 


white and yellow marbles is 1/4. The probability of selecting a white marble at random 
from the same jar is 1/3. If this jar contains 10 yellow marbles, What is the total number 
of marbles in the jar? 

(i) A lotof 20 bulbs contain4 defective ones. One bulb is drawn at random from the lot. 
What is the probability that this bulb is defective? 

(ii) Suppose the bulb drawn in (i) is not defective and not replaced. Now bulb is drawn 
at random from the rest. What is the probability that this bulb is not defective? [NCERT] 


. A box contains 90 discs which are numbered from 1 to 90. If one discs is drawn at 


random from the box, find the probability that it bears (i) a two digit number (ii) a perfect 
square number (iii) a number divisible by 5. 
Two dice, one blue and one grey, are thrown at the same time. Complete the following 


table: 

Event: 

Еа 000000001009 
pProbability (Е 


From the above table а student argues that there are 11 possible outcomes 2, 3, 4, 5, 6, 


1 
7, 8, 9, 10, 11 and 12. Therefore, each of them has a probability TÉ Do you agree with 
this argument? [NCERT] 


A bag contains 6 red balls and some blue balls. If the probability of drawing a blue ball 


from the bag is twice that of a red ball, find the number of blue balls in the bag. 
[CBSE 2007] 

The king, queen and jack of clubs are removed from a deck of 52 playing cards and the 
remaining cards are shuffled. A card is drawn from the remaining cards. Find the 
probability of getting 

(i) a card of heart (ii) a queen (iii) a card of clubs 
(iv) a face card (v) a queen of diamond. 
Two dice are thrown simultaneously. What is the probability that: 

(i) 5 will not come up on either of them? (ii) 5 will come up on at least one? 
(iii) 5 will come up at both dice? 


[CBSE 2009, 2017] 


[CBSE 2017, NCERT]. 


[CBSE 2009] 
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64. 


65. 


67. 


69. 


A number is selected at random from first 50 natural numbers. Find the probability that 
it is a multiple of 3 and 4. 

A dice is rolled twice. Find the probability that 

(i) 5willnotcome up either time. (ii) 5 will come up exactly one time. — 


All the black face cards are removed from a pack of 52 cards. The remaining 
cards are well shuffled and then a card is drawn at random. Find the probability of 
getting a 

(i) face card (ii) red card (iii) black card (iv) king 


. Cards numbered from 11 to 60 are kept in a box. If a card is drawn at random from the 


box, find the probability that the number on the drawn cards is 
(i) an odd number (ii) a perfectsquare number 
(iii) divisibleby 5 (iv) a prime number less than 20 [CBSE 2014] 


All kings and queens are removed from a pack of 52 cards. The remaining cards are well- 
shuffled and then à card is randomly drawn from it. Find the probability that this card 
is (i) a red face card (ii) a black card. [CBSE 2014] 


. All jacks, queens and kings are removed from a pack of 52 cards. The remaining cards 


are well-shuffled and then a card is randomly drawn from it. Find the probability that 
this cards is (i) a black face card (ii) a red card [CBSE 2014] 
Red queens and black jacks are removed froma pack of 52 playing cards. A cards is 
drawn at random from the remaining cards, after teshuffling them. Find the probability 
that the card drawn is 


(i) aking (ii) of red colour (ii) a face card (іу) a queen [CBSE 2014] 


ln a bag there are 44 identical cards with figure of circle or square on them. There are 24 


circles, of which 9 are blue and rest are green and 20 squares of which 11 are blue and 
rest are green. One card is drawn from the bag at random. Find the probability that it has 
the figure of (i) square (ii) green colour, (iii) blue circle and (iv) green square. 

[CBSE 2015] 


. All red face cards are removed from a pack of playing cards. The remaining cards are 


well shuffled and then a card is drawn at random from them. Find the probability that 
the drawn card is (i) a red card (ii) a face card and (iii) a card of clubs. 


[CBSE 2015] 


‚ Two customers are visiting a particular shop in the same week (Monday to Saturday). 


Each is equally likely to visit the shop on any one day as on another. What is the 
probability that both will visit the shop on: 


(i) thesame day? (ii) different days? (iii) consecutive days? 


[NCERT] 
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| (xix) 13 7 16 8. > 9. 0 = (ii) n (iii) 12 
1 3 5 5 2 2 
(iv) — 10. — 7 ‚ 2 872 5 
4 "9 12. 12 5 5 
-" таа " „у^ hw 
15. 0.7 16. (i) 15 (ii) = (iii) 5 17.6) 5 (ii) T 
* m xi 3 i 18, . 
(iii) 3 (iv) 2 18. (i) 26 (ii) 13 ШЕ? (iv) 25 
1 94 xi abad » 4; 5 
(v) 52 (vi) 4 19. (i) 5 (її) 1/0 20. (i) 8 ii) 8 
m 23 =i {1 Neuf. С! 
21. (i) 12 (ii) 2 (iii) 3 (iv) 3 22. (i) 17 (i) 17 
23. When we toss a coin, the outcomes head and tail are equally likely. So, the result of an 
individual coin toss is completely unpredictable. 
3 2 „з , 
24, 10 25. 3 26. (i) 20 (ii) 20 (iii) 4 27. 25 
| „ „бм чил п E 
28. (i) 9 (ii) 9 (iii) 9 29. (i) 35 (ii) - (iii) 35 
9 3 
| 30. (i) — (ii) 2 (iii) 5 | (iv) 22 31. (i) 0 (ii) 1 
N „ асб. NE 
32. 0.008 33.0). 8 fii) g 34. (i) 17 (ii) 17 (iii) 17 
| 31 . n adi aus 0 2 
35. (i) 36 (ii) 36 36. T 37. (i) 5 (ii) (a) 4 (b) 38. 1 
| 2 1 SE ae 
39, (i) 24 (ii) 16 40. (1) 20 (ii) 20 
41. (i) 10 0 (iii) o and 1 (iv) equal (v) 1 (vi) 1 


42. (i) Incorrect: 
We can classify the outcomes like this but in such a case they are not equally likely, 
because the event ‘one of each’ is twice as likel to occur as the remaining two. 
(ii) Correct: The two outcomes considered in the question are equally likely. 
1 € an 2 5 „1 a m 
43. (i) 7 (ii) 7 (ii) 7 44. 9 45. (1) 4 (ii) 1 
1 = mE: r 17 
46. (i) 3 (ii) 5 (iii) 6 47. (i) 9 (ii) 6 (iii) 18 
7 E ees 8 1 A 
| (iv) 18 48. () 45 (u) 40 (iii) 7 (iv) 45 
4 2 а D As 1 1 1 
NE! oa. 50. (i) > i 1150 1 a У 
49. (i) 5 (ii) 5 (i) 36 (її) 6 (iii) 3 (iv) 17 
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| 
1 "X m T m 
00 6 wi) (уй (vii) , (99 18 00 12 
5 x ы 25 1 1 1 
(xi) 15 (xii) 6 (xiii) = (xiv) 4 (ху) 9 (xvi) 36 
25 1 1 5 255 "и. 
(xvii) 36 51. = 52. 5 53. (i) 36 (ii) 36 (iii) 15 
1 1 4 222 
(iv) c (v) е (vi) o (vii) 1 (viii) 5 (ix) g 
m "i - 1 56. 24 
54. (1) 89 (ii) 89 (iii) 17 55. 6 . 
1 4 ax 19 x5 zx d T 
57. () 5 (u) 19 58. () 10 (i) 10 (iii) т 
59. Event: | 7 
шов ане 2 [2 |45] [7] 8] 9 ой 
еы |] | | as Lae э{ €) 
36 | 36 36 36 | 36 | 36 36 
No, the outcomes are not equally likely. 
13 1 MW. =e a EA 
60. 12 61. () 45 (ii) ло (ü) 45 (iv) 40 (V) 3g 
` 11 5 
62. (i) EB (ii) x (iii) x 63. = 64.0) 36 00) 18 
3 13 4.10 ie 
65. (i) 55 (ii) 55 (iii) 23 (iv) 55 
"E "E "M RESTE: oy cll 1 
66. (i) 2 (ii) 25 fii) = (G) 10 67-0) 2 (ii) 2 
42 1 1 1 1 
68. (i) 0 (i) 5 69.0) 13 (0 2 (ш) = (iv) 5r 
5 6 Зб "- 
70. (i) e" (ii) i (iii) a (iv) al 
= 10 МЕ M za De т on 2 1 
71. (i) 23 (ii) 23 (ili) 46 - (i) 6 (ii) 6 (iii) 36 


33. (i) P (Getting red ball) = i (if) P (Not Getting red ball) = 1 -2 


34. (i) P (Getting a red marble) = 3 


= 1- 0.992 = 0.008 


1 
(iii) P (Not getting a green marble = = 


\ 


— HINTS TO SELECTED PROBLEMS 
32, 2 Required probability - 1 1 - Probability that they have thesame birthday 


MATHEMATICS- X 


оо | л 


(ii) P (Getting a white marble) = 5 


2 
(х) 36 


5 


36 


" — — ͤ B— — — 


= аша 


| 
PROBABILITY ые 
35. (i) Probability that Мин buys the pen 
= Probability of Selecting a geod pen = Le 
144 36 
(ii) P (Nuri will not buy pen) = P (Selecting a defective pen) = 22. = > . 
i 144 36 4 
36. Required probability = = E 
9 14 i 
38. All possible outcomes are HH, HT, TH, TT 
^ Total number of elementary events = 4 
2 Un one head is obtained if she gets any one of the following as an outcome: HH, нт, = 
, dus 8 б de. 
Required probability = 4 * E 
57. (i) Required probability = =, (ii) Réquired probability = = | 
i > — 


58. (i) There afe81 two-digit numbers from 1 to 90. 


(Getting a disc bearing a two digit number) = a = т 


(ii) There are9 perfect squares from 1 tò 90, namely f, 4,9, 16,25, 36, . 


ut 
P(Getting a disc bearing a peste square) = " 5 10 
(iii) P (Getting a disc bearing a 2 divisible by 5) = И" » : : Р 


72.. Two customers can visit the shop on two Mays iné x6- 36 ways. 
Total number of elementary evetits 4. ' А 
(i) Two customers can visit the shop on the same ау i » one of tlie rt ways. 
| Monday, Tuesday, m Thürsdiy, 2 у л E pro 


Favourable numberofways=6 * , . $5 5 x, 
6 1 s. D. ^ 
So, required probability = 36 6 M . + Po 
CE AN ua 
(ii) Required probability ul--- РЕР" 5 al 


(iii) Two» customers can m the shep. on "cohsécutivé days in the “allowing 
Ways: 
(Monday, Tuesday), (Tuesday, Wednesday), (Wednesday, aan 
(Thursday, Friday), (Friday, Saturday) 


5 j 
| ES Require probability = 36 ЖЫ ы ee 
16.4 GEOMETRIC | PROBABILITY pte | 
' The definition of thé probability of éccurenes. n" event Gi a tdfal nümber of 
outcomes (elementary events) of a trial in a random & is infinite For example, 
if it is asked to find the probability that a point selectéd at random fn ; а given region will 
lie in a specified рана! that region, then me definition Siren ix sectibn 16. N is unable to 
answer this. In sdch cases, the definition erde e is modified ang extended 0 what 


е т<; . 


4 
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is called geometric probability. In such cases, the formula for finding the probability p of 
occurrence of an event is given by 


, _ Measure of the specified part of the region 


Measure of the whole region 


Here ‘Measure’ means length, area or volume of the region or space. 
Following examples will illustrate the use of the above definition. 


кчы sc 00 ALLUSTRATIVEEXAMPLES лоч. J ҸӘ 
[ГЕУЕ!-1| 


INAMPIEI A missing helicopter is reported to have crashed somewhere in the rectangulawregion in 
Fig. 16.4. What is the probability that it is crashed inside the lake shown in the figure? | 

[NCERT] 
SOLUTION Wehave, 


+ 2km —» 


9 km 
Fig. 16.4 
Area of the entirefegion where the helicopter can crash = (4.5 x 9) km? = 40.5 km? 


Area of the lake = (2.5 х 3) km? = 7.5 km? 


7, 
Probability that the helicopter crashed inside the lake = = = E = = 


EXAMPLE? Inamusical chair game, the person playing the music has been advised to stop playing 
the music at any time within 2 minutes after she starts playing. What is the probability that the music 
will stop within the first half minute after starting? i [NCERT] 
SOLUTION Here the possible outcomes are all the numbers between 0 and 2. This is the 
portion of the number une from 0 to 2 as shown in Fig. 16.5. 

Let A be the event that the music is stopped within the first half minute’. Then, Outcomes 
favourable to the event A are all points on the number line from O to Q i.e. from 0 to 1/2 


№! 


— — —————— 


PROBABILITY 16.3 
6.31 


The total numbe 


r of outcomes 
are 
0 to 2. 


the points on the numberline from O to P i.e. from 

pia) = Length OQ 1/2 1 
Length OP 2 4 

EXAMPLE 3 In Fig. 16.6, a dart is thrown and lands in the interior of the circle. What is the 

probability that the dart will land in the shaded region? 

SOLUTION We have, 


AB = CD - 8 and AD = BC = 6 


Fig. 16.6 
Using Pythagoras theorem in A ABC, we have 
АС? = АВ? + ВС? 


= АС? = 8° + 6° = 100 

= AC = 10 

= ОА = ОС #5 O is the mid-point of AC] 
Area of the circle = x (OA). = 25 п sq. units [ Area = N=] 
Area of rectangle ABCD = AB x BC = 8x 6 = 48 sq. units 

85 Area of shaded region = Area of the circle - Area of rectangle ABCD 

=> Area of shaded region = 25 л – 48 sq. units 


Area of shaded region 25 л – 48 


: - d regi = 
Hence, P (Dart lands in the shaded region) Area of circle 25 д 


EXAMPLE 4 Figure 16.7, shows the top view of an open square box that is divided into 6 
compartments with walls of equal height. Each of the rectangles D, E, F has twice the area of 
each of the squares A, В and С. When a marble is dropped into the box at random, it falls into 
one of the compartments. What is the probability that it will fall into compartment F? 


SOLUTION Let x square units be the area of the upper face of each of the compartments A, B 
and C. Then, area of the upper face of each compartment D, E and F is 2x sq. units. 


o . 


I 
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Area of the square box = (x + x + x + 2x + 2x + 2x) sq. units = 9x sq. units. 
Area of compartment F 2x _ 2 


P (Marble falls in compartment F ) = Area of square box 9х 9 


Fig. 16.7 


EXAMPLES A square dart board is placed i in the first quadrant from x 20 tox = бапа y =0 to y= 6. 
A triangular region on the dart board is enclosed by the lines / 2, x = 6 and y = х. Find the 
probability that a dart that randomly hits the dart board will land in the triangular region formed by 
the three lines. 


SOLUTION Тл Fig. 16.8, OABC is the square dart board such that OA =6 = AB = BC. 
Area of the square dart board = (QA)! = 36 square units. 
А ВЕР is a right triangle formed by the lines y = 2, x = 6 and y= x. 
Wehave, DE = 4 and BE = 4 


Area of triangle BED - 5 (DE x BE) = 5 (4x4) = 8 sq. units. 


Area of ABED _ 


| 8 
Hence, Р (Dart lands in the triangul on) = i 
нь. а оеро ЛЕС "36 


SIN 
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а 
] EXERCISE 16.2 


1. Suppose you d ; - 
ilie жее Pu d at random on the rectangular region shown in Fig. 16.9. What is 
y that it will land inside the circle with diameter 1 m? [NCERT] 
3m 


2m 


Fig. 16.9 


П EVEL-3 
2. = the accompanying diagram a fair spinner is placed at the centre O of the circle. 
iameter АОВ and radius OC divide the circle into three rigions labelled X, Y and Z. 
If Z BOC = 45°. What is the probability that the spinner will land in the region X? 
(See Fig. 16.10). | 


3. A target shown in Fig. 16.11 consists of three concentric circles of radii 3, 7 and 
9 cm respectively. A dart is thrown and lands on the target. What is the probability 
that the dart will land on the shaded region? 
4. In Fig. 16.12, points A, B, Cand D аге the centres of four circles that each have a radius of 
length one unit. If a point is selected at random from the interior of square ABCD. What | 
is the probability that the point will be chosen from the shaded region? 


| 
Fig. 16.10 Fig. 16.11 | 
| 


Fig. 16.12 3 


5. In the Fig, 16.13, JKLM isa square with sides of length 6 units. Poin A and Bare the mid- 
points of sides KLand LM respectively. Ifa point is selected at random from the interior 
of the square. What is the probability that the point will be chosen from. the interior of 


AJAB? 
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Fig. 16.13 


6. In the Fig. 16.14, a square dart board is shown. The length of a side of the larger square 
is 1.5 times the length of a side of the smaller square. If a dart is thrown and lands on the 
larger square. What is the probability that it will land in the interior of the smaller 


square? 
Fig. 16.14 
ANSWERS 
x 3 "1 ag f 
n 3 4 
1 p ! т) | { 
F | А "h, ж eig а 


VERY SHORT ANSWER TYPE TN TP 

1. Cards each marked with one of the numbers 4,5,6,...,20 are placed in a box and mixed 

thoroughly. One card is drawn at random from the box. Whatis the probability of getting 
aneven number? | 


2. Опе card is drawn from а well shüffled deck of 52 playing cards. What is the probability 
of getting a non-face card? 


3. A bag contains 5 red, 8 green and 7 whitd balls. One ball is drawn at random from the 
bag. What is the probability of getting a white ball or a green ball? 


4. A die is thrown once. What is the probability of getting a prime number? 
5. A die i thrown once. Whatis the probability of getting a number lying between Z and 6? 
* A die is thrown once. What is the probability of getting an odd fufcper? nod 


PROBABILITY 16.35 


‚ If E denote the complement or negation of aneven E, what is the value of P(E) + P(E)? 


8. One card is drawn at random from a well shuffled deck of 52 cards. What is the 


probability of getting an ace? 


. Two coins are tossed simultaneously. What is the probability of getting at least one 


head? 


. Tickets numbered 1 to 20 are mixed up and thena ticket is drawn at random. Whatis the 


probability that the ticket drawn bears a number which is a multiple of 3? 


11. From a well shuffled pack of cards, a card is drawn at random. Find the probability of 
getting a black queen. [CBSE 2008] 
12. A dieis thrown once. Find the probability of getting a number less than 3. 
| CBS E 2008 
13. Iwo coins are tossed simultaneously. Find the probability of getting exactly one head. 
| | m [CBSE 2009] 
14. Adieisthrownonce. Whatis the probability of getting a number greater than 4? 
| <А e BSE 2010] 
15. What is the probability that a number selected at random from the numbers 3545, ...,9 is 
a multiple of 4? [CBSE 2010] 
16. A letter of English alphabet is chosen at random, Determine the probability that the 
chosen letter is a consonant... _ | | [CBSE 2015] 
17. A bag contains 3 red and 5 black balls, A ball is drawn at random from the bag. What is 
the probability that the ball drawnis notred? [CBSE 2017] 
18. A number is chosen at random from the numbers, – 3, - 2, - 1,0, J, 2, 3. What will be the 
probability that the squareof this number is less than or equal to 1? [CBSE 2017] 
i ! i ' 
*$— 9 == — ANSWERS 
8. = = a> ‘ee a ie 1 1 
x 13 9, 4 | U 10 26 12. 3 13. 2 14, 3 
&. = 2 ae 18. 5 
AY > "$8 7 


— =i MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1 


2. 


If a digit is chosen at random from the digits J, 2, 3, 4, 5, 6, 7, 8, 9, then the probability that 
it is odd, is 


1 \ а 1 . 2 
(а) 5 ow D | © 5 | (d) 3 
In Q. No. 1, the probability that the digit is even, is 

4 8 ls * 
а) 9 1 on 9 © 5 (d) 3 


M a — 
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3. In Q. No. 1, the probability that the digitis a multiple of 3 is 
l 2 1 2 
(а) 3 (b) 3 © 5 (d) 9 | 
4. If three coins are tossed simultaneously, then the probability of getting at least two 
heads, is 
(a) 4 (b) 8 (c) 2 (d) n 
In a single throw of a die, the probability of getting a multiple of 3 is 
i à | @ 5 
(а) 2 | (b) 3 (c) 5 3 
x 
6. The probability of guessing the correct answer to a certain test questions is 12 If the 


probability of not guessing the correct answer to this question is 3 then x = 
(a) 2 (b) 3 (c) 4 (d) 6 


7. A bag contains three green marbles, four blue marbles, and two orange marbles. If a 
marble is picked at random, then the probability that it is not an orange marble is 


| 1 4 7 

(а) 4 (b) 4 () 3 (d 5 

A Anumberis selected at random from the numbers 3, 5, 5, 7, 7, 7, 9,9, 9,9 
The probability that the selected number is their average is 


A 3 ka = 
0 % © 19 0 10 @ 10 
9. The probability of throwing a number greater than 2 with a fair dice is 
3 R 4 2 2 1 
es — ©) 5 (© 3 (d) 5 
10. A card isaccfdently dropped from a pack of 52 playing cards. The probability that it is 
3 an ace is 
M C EP ET x 12 
(a) 4 -— zx " ы 13 (с) 52 (4) 13 
A number isselécted from numbers 1 to 25. The probability that it is prime is 
2 | L 1 5 
(a) 2 | (b) 6 (с) 3 (d) 6 
12. Which of the following cannot be the probability of an event? 
S x ^" 3 
(a) 2 Lt (c) 15% (d) 0.7 
13. If P(E) = 0.05, then P(not E) = 
(a) –0.05.` „ (Ы) 65 (c) 0.9 (d) 0.95 
14. Which of the following cannot be the probability of occurrence of an event? 
(a) 02 z (5 04 (c) 0.8 (d) 1.6 


15. The probability of a tertain event is 
Q0 ^7 ^1 (c) 1/2 (d) no existent 
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16. 


17. 


18, 


23. 


24. 


25. 


26. 


27. 


A month is selected 


20. 


21. 


16.37 
The Probability of an impossible event is 
(a) 0 (b) 1 (c) 1/2 (d) non-existent 
Aarushi sold 100 lotte 


i ry tickets in which 5 tickets carry prizes. If Priya purchased a 
ticket, what is the prob 


ability of Priya winning a prize? 


@ > Ы = T 
20 ) 25 (c) 20 (9) 20 
A number is selected from first 50 natural numbers. What is the probability that it is a 
multiple of 3 or 52 
13 21 12 2 
(а) 25 ® 50 © 25 © 50 


at random in a year. The probability that it is March or 
October, is | 


3 
(а) i5 (b) 6 © т (9) None of these 


From the letters of the word “MOBILE”, a letter is selected. The probability that the letter 
is a vowel, is 


E ч 1 „1 
Ө: 3 0 5 ©; @ > 
A die is thrown once. The probability of getting a prime number is 
2 1 1 1 
3 a = = ; 2013 
(а) 3 b) 3 () 5 (d) = [CBSE 2013] 


The probability of getting an even number, when a die is thrown once is 


À d 4 2 [CBSE 2013] 
(а) 5 6) 5 0 5 (a) = 


A box contains 90 discs, numbered from 1 to 90. If one disc is drawn at random from the 
box, the probability that it bears a prime number less than 23, is 


10 4 9 зна 

(а) 90 (6) 90 (с) 45 (d) 89 [CBSE 2013] 
The probability thata number selected at random from the numbers 1, 2, 3,...,15 isa 
multiple of 4, is 

: 2 | 1 : 
(a) 15 (b) 15 (c) 5 (d) 3 [CBSE 2014] 
Two different coins are tossed simultaneously. The probability of getting at least one 
head is 

- ! ) £ d a [CBSE 2014] 
00 4 0 8 ©) 4 @ 5 в: 
If two different dice are rolled together, the probability of getting an even number on both 

ice, is 

: : 0 = a) 1 

(a) 36 ® 5 9 е (d) - [CBSE 2014] 


A number is selected at random from the numbers 1 to 30. The probability that it is a 
prime number is 
1 


2 1 11 
(а) = b) е (© 3 (d) 30 [CBSE 2014] 
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31. 


IE 32. 


37. 
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A^ card is drawn at random from a pack of 52 cards. The probability that the drawn card 


is not an ace is 
C 


| J 4 12 
(а) 13 (b) 15 (8 т (d) 13 


13 
[LEVEL-2) 


[CBSE 2014] 


‚ A number x is chosen at random from the numbers-3, -2,-1, 0, 1,2, 3 the probability that 


lx] < 2 is 
5 2 3 1 
(а) 5 00 5 () 5 e 7 
‚ Ifa number x is chosen from the numbers 1, 2, 3, and a number y is selected from the 
numbers 1, 4,9. Then, P(xy < 9) 
7 5 2 1 
(a) 9 b) 5 (© 3 (d) 9 
The probability that a non-leap year has 53 Sundays, is 
2 5 6 1 
(a) 7 0 5 © 5 (d) 7 
Ina single throw of a pair of dice, the probability of getting the sum a perfect square is 
1 7 1 2 
(a) 18 (b 36 © 7 (d) 3 
. Whatis the probability that a non-leap year has 53 Sundays? 
6 1 5 
(a) 7 (b) 7 (с) 7 (d) None of these 


. Two numbers ‘a’ апа are selected successively without replacement in that order 
from the integers 1 to.10. The probability that : is an integer, is 
17 М. 1 17 8 
(а) 45 (b) 5 (c) 90 (d) 45 
Io dice are rolled simultaneously. The probability that they show different faces is 
2 1 1 5 
(a) E (b) 6 (c) 3 (d) 2 
What is the probability that a leap year has 52 Mondays? 
= A 5 6 
(a) = (b) 7 (c) 7 (d) 7 


If a two digit number is chosen at random, then the probability that the number chosen 
is a multiple of 3, is 
3 = 1 7 
(а) 10 (D 100 () 3 (d) = 
. Two dice are thrown together. The probability of getting the same number on both dice is 
1 1 1 1 | 
(а) 5 (b) 3 () = (d) 12 [CBSE 2012] 


T 


PROBABILIT 16.39 


39. 


. The sum of the probabilities of all the outcomes (elementary events) of 
experimentis 1. 


Ina mi of 3 children, the probability of having at least one boy is 

4 1 5 3 ; 
(а) 8 0 8 ay = @ 4 ICBSE 2014] 
A bag contains cards numbered from 1 to 25. A card is drawn at random from the bag. 
The probability that the number on this card is divisible by both 2 and 3 is 


1 3 4 2 
(a) 5 Ы 25 () 5 (d) 55 [CBSE 2014] 
— | ANSWERS 
1. (b) 2. (a) 3. (a) 4. (c) 5. (b) 6. (с) 
7. (d) 8. (b) 9, (c) 10. (b) 11. (c) 12. (b) 
13. (d) 14. (d) 15. (b) 16. (a) 17. (c) 18. (d) 
19. (b) 20. (d) 21. (c) 22. (a) 23. (c) 24. (c) 
25. (c) 26. (d) 27. (c) 28. (d) 29. (c) 30. (b) 
31. (d) 32. (b) 33. (b) 34. (c) 35. (d) 36. (С) 
37. (c) 38. (c) 39. (a) 40. (c) 
SUMMARY 


. Intheexperimental approach to probability, we find the probability of the occurrence of 


an event by actually performing the experiment à number of times and adequate 
recording of the happening of event. 


. In thetheoretical approach to probability, we try to predict what will happen without 


actually performing the experiment, 

An outcome of a random experiment is called an elementary event. 

An event associated to a random experiment is a compound event if it is obtained by 
combining two or more elementary events associated to the random experiment. 

An event A associated to à random experiment is said to occur if any one of the 
elementary events associated to the event A is an outcome. 

An elementary event is said to be favourable to a compound event A, if it satisfies the 
definition of the compound event. 


. If thereare elementary events associated with a random experiment and т of them are 


favourable to an event A, then the probability of happening occurrence of event A is 


т 
denoted by P(A) and is defined as the ratio = 


. Favourable number of elementary events 
i€, PRA) = 


Total number of elementary events 
Forany event A associated to a random experiment, we have 


(i) 0< P(A)<1 (ii) P(A) =1-Р(А) 
The probability of a sure eventis 1. 
The probability of an impossible event is 0. 


an 
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